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1. Introduction and Preliminaries

Takahashi [1] introduced a notion of convex metric spaces and studied the fixed point theory
for nonexpansive mappings in such setting. For the convex metric spaces, Kirk [2] and
Goebel and Kirk [3] used the term “hyperbolic type space” when they studied the iteration
processes for nonexpansive mappings in the abstract framework. For the Banach space,
Petryshyn and Williamson [4] proved a sufficient and necessary condition for Picard iterative
sequences and Mann iterative sequence to converge to fixed points for quasi-nonexpansive
mappings. In 1997, Ghosh and Debnath [5] extended the results of [4] and gave the sufficient
and necessary condition for Ishikawa iterative sequence to converge to fixed points for
quasi-nonexpansive mappings. Liu [6-8] proved some sufficient and necessary conditions
for Ishikawa iterative sequence and Ishikawa iterative sequence with errors to converge to
fixed point for asymptotically quasi-nonexpansive mappings in Banach space and uniform
convex Banach space. Tian [9] gave some sufficient and necessary conditions for an Ishikawa
iteration sequence for an asymptotically quasi-nonexpansive mapping to converge to a fixed
point in convex metric spaces. Very recently, Wang and Liu [10] gave some iteration sequence
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with errors to approximate a fixed point of two uniformly quasi-Lipschitzian mappings in
convex metric spaces. The purpose of this paper is to give some sufficient and necessary
conditions for a new Noor-type iterative sequence with errors to approximate a common
fixed point for a finite family of uniformly quasi-Lipschitzian mappings in convex metric
spaces. The results presented in this paper generalize, improve, and unify some main results
of [1-14].

First of all, let us list some definitions and notations.

Let T be a given self mapping of a nonempty convex subset C of an arbitrary real
normed space.The sequence {x,},- defined by

xo € C,

Xn+1 = ApXy + ﬁnT]/n + Ynln, nz 0/ (11)
Yn = AnXy + b Tz, + Uy,

Zp = dpXy + enTXy + frwn,

is called the Noor iterative procedure with errors [11], where ay, By, Yn, an, bn, cn, dn, €5, and
fn are appropriate sequences in [0,1] with a, + f, + y» = an + by + ¢y = dp +€p + fn =
1, n > 0 and {u,},{v,}, and {w,} are bounded sequences in C. If d, = 1 (e, = f, =
0), n > 0then (1.1) reduces to the Ishikawa iterative procedure with errors [15] defined as
follows:

xo € C,
Xn+l = ApXy + ﬁnTyn + YnlUn, n>0, (12)

Yn = AnXpn + by Txy + C1 0.

If a, =1 (by = ¢, = 0) then (1.2) reduces to the following Mann type iterative procedure with
errors [15]:

xo € C,
(1.3)
Xn+1 = OnXy + PnT Xy + Yutty, 1 20.

Let (E,d) be a metric space. A mapping T : E — E is said to be asymptotically
nonexpansive, if there exists a sequence {K,} € [1,00],lim, K, = 1, such that

d(T"x,T"y) < K,d(x,y), Vx,y€E, n>0. (1.4)

Let F(T) be the set of fixed points of T in E and F(T) #0, a mapping T is said to be
asymptotically quasi-nonexpansive, if there exists {K,} C [1,00) with lim,,, K, = 1 such
that

d(T"x,p) < K,d(x,p), Vx€E, peF(T), n>0. (1.5)
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Moreover, T is said to be uniformly quasi-Lipschitzian, if there exists L > 0 such that

d(T"x,p) < Ld(x,p), VYx€E, peF(T), n>0. (1.6)

Remark 1.1. If F(T) is nonempty, then it follows from the above definitions that an
asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive, and an
asymptotically quasi-nonexpansive mapping must be a uniformly quasi-Lipschitzian with
L =sup,.,{K,} < 0. However, the inverse is not true in general.

Definition 1.2 (see [9]). Let (E,d) be a metric space, and let I =[0,1],{a,},{fn} {yn} be real
sequences in [0,1] with a, + B, + ¥» = 1. A mapping W : E® x I — X is said to be a convex
structure on E if, for any (x,y, z, &y, fu, Yn) € E> x P and u € E,

AW (x,y,2,an, Bn, Yn)u) < and(x,u) + Brd(y,u) + yud(z, u). (1.7)

If (E,d) is a metric space with a convex structure W, then (E, d) is called a convex metric
space. Let (E, d) be a convex metric space, a nonempty subset C of E is said to be convex if

W(x,y,z,01,42,43) €C, V(x,y,2z,M,A,13) € CPx I°. (1.8)

Definition 1.3. Let (E,d) be a convex metric space with a convex structure W : E® x I° and
T; : E — E be a finite family of uniformly quasi-Lipschitzian mappings withi =1,2,...,N.
Let {an}, {Bn}, {yn}), {an}, {bn}{cu}, {dn}, {en}, and { f} be nine sequences in [0, 1] with

Ap+Pu+n=an+by+cp=dp+e,+frn=1 n=0,12.... (1.9)
For a given xj € E, define a sequence {x,} as follows:

Xn+l = W(xn/ T,Zl]/n, Uy, Xy, ,Bn/ Yn)/ n>0,
Yn = W(f(xn)/ T;len/ Un; An, by, Cn)/ (110)
Zy = W(f(xn)/ T::xn/ Wh, drl/ en/fn)/

where T} = T:(mo AN)/ f + E — E is a Lipschitz continuous mapping with a Lipschitz
constant ¢ > 0 and {u,}, {v,},{w,} are any given three sequences in E. Then {x,} is called the
Noor-type iterative sequence with errors for a finite family of uniformly quasi-Lipschitzian
mappings {T;}~,. If f = I (the identity mapping on E) in (1.10), then the sequence {x,}

defined by (1.10) can be written as follows:

Xn+1 = W<xnr T:ll]/n/ Up; Xn, ,Bn/ Yn)/ n>0;
Yn = W(xn/ngn/vn; an, by, Cn)/ (111)
Zp = W(xn/ T::xn/ Wy, dy, en, fn)
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If d, =1 foralln > 0in (1.10), then z, = x, for all n > 0 and the sequence {x,} defined by
(1.10) can be written as follows:

Xne1 = W (f (%), T2 Yn, n; &, P, Yn), 120,
Yn = W (f (xa), T}/ Xn, On; @n, bu, Cn).

(1.12)

If f=1and d, =1 for all n > 0, then the sequence {x,} defined by (1.10) can be written as
follows:

Xne1 = W (5, T tn, tn; @, P, ¥n), 120,
(1.13)

n .
Yn = W(xn/ Tn Xn, On; An, bnr Cn)/

which is the Ishikawa type iterative sequence with errors considered in [9]. Further, if f = I
and d, = a, =1 foralln > 0, then z, = y, = x, for all n > 0 and (1.10) reduces to the
following Mann type iterative sequence with errors [9]:

Xn+1 = W(xn/ T::xnr Up; Ay, ﬁnl Yn)/ n2>0. (114)

In order to prove our main results, the following lemmas will be needed.

Lemma 1.4. Let (E,d) be a convex metric space, T; : E — E be a uniformly quasi-Lipschitzian
mapping fori = 1,2,..., N such that F := (\Y,F(T:) #0. Then there exists a constant L > 1 such
that, foralli=1,2,...,N,

d(T'x,p) <Ld(x,p), VxeX, peF, n>0. (1.15)

Proof. In fact, for each i = 1,2,...,N, since T; : E — E is a uniformly quasi-Lipschitzian
mapping, we have

d(T!'x,p) < Lid(x,p) < Ld(x,p), Vx€E, peF, n>0, (1.16)
where
L= l_:{g?fN{max{Li, 1}}. (1.17)

This completes the proof. O
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Lemma 1.5 (see [7]). Let {pn}, {qn}, (v} be three nonexpansive squences satisfying the following
conditions:

Prit S (L4 Gu)pn+10, Yn>0, an < oo, Zrn < oo. (1.18)
n=0 n=0

Then
(1) limy, -, py, exists;

(2) In addition, if liminf, . o, p,, = 0, then lim,, .o, p, = 0.

Lemma 1.6. Let (E, d) be a complete convex metric space and C be a nonempty closed convex subset
of E. Let T; : C — C be a finite family of uniformly quasi-Lipschitzian mapping fori =1,2,...,N
such that F := Y, F(T;) #@ and f : C — C be a contractive mapping with a contractive constant
¢ € (0,1).Let {x,} be the iterative sequence with errors defined by (1.10) and {u,}, {v,},{w,} be
three bounded sequences in C. Let {an}, {Bn}, {Yn}, {an} Abn} {cn}, {dn}, {en) { fn} be sequences in
[0,1] satisfying the following conditions:

(D an+Pn+yn=an+by+cpn=dp+e,+fn=1 VYn>0;

(i) ZnZo(Bn+1n) <oo;

(ifi) Mo = Sup,cp s {d(ttn, p) + d(vn, p) + d(ws, p) + d(f(p), p)} < .

Then the following conclusions hold:

(1) forallp € Fand n >0,
d(xn1,p) < [L+ Bl (14 L+ L2)|d(xn, p) + M, (1.19)

where L = maxi=12, N{Li}, 1n = Pn + Yu for all n > 0 and

M =L(1+L)[d(un,p) +d(vs,p) +d(wn,p) +d(f(p).p)]. (1.20)

(2) there exists a constant M; > 0 such that

n+m-1

d(xpem, p) < Mad(xn,p) + MM, Z nk, Vp€F, (1.21)
k=n

foralln,m > 0.
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Proof. (1) It follows from (1.7),(1.10), and Lemma 1.4 that

d(xne1,p) = d(W (Xn, Ty Y, tn; @, P, V), P)

< and(xn,p) + Pud (T3 Yn, p) + Yud (ttn, p) (1.22)
< and(xn,p) + Puld (Yn, p) + Yud (un, p),

A(Yn,p) = d(W (f (xn), Ty/Zn, Un; @n, b, €n), p)
< and(f(xn),p) +bad(T};zn,p) + cad (vn, p)
< and(f(xn), f(p)) + and(f (p). p) + buLd(zn, p) + cad(n, p)
< anéd(xn,p) + and(f (p),p) + buld(zn, p) + cnd(vn,p),

d(zn,p) = d(W (f (xn), T%xn, Wn; dn, €n, fn), P)
< dnd(f (xn),p) + end(Tyi%xn, p) + fud(wn, p)
< dud(f (xn), f(p)) + dud (f (p), ) + enLd (xn,p) + fud (wn,p) (1.24)
< dyéd(xn,p) +dud(f (p),p) + enld(xn,p) + fud (wn, p)
< (dné + enl)d (xn, p) + dnd(f (p),p) + fud(wn, p).

(1.23)

Substituting (1.23) into (1.22) and simplifying it, we have

d(xn1,p) < and(xn, p)
+ BuL[anéd(xn, p) + and(f (), p) + buld(zn, p) + cnd(vn, p)] + yud (tn, p)
< (an + ﬂnL‘gan)d(xnrp) + ﬂnLand(f(p),p)

+ ﬂanbnd(zn,p) + BuLcnd(vn, p) + Yud (un, p).
(1.25)

Substituting (1.24) into (1.25) and simplifying it, we get

d(xns1,p) < (g + PuLang)d (2, p)
+ PuL?bu [(dné + enl)dn (xn, p) + dud (f (p), p) + fud (wn, p)]
+ PuLand(f(p),p) + PuLlcnd (Vn, p) + Ynd (t4n, p)
= {atn + PuLlang + Lby(dug + eaL)1}d (2, p) + PuL?budud (f (p), p)
+ PuLand (f (p), p) + Pul?bu fud (wn, p) + PuLcnd (vn, p) + Yud (4, p)
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< [1+BuL(1+ L+ 12)]|d(xn, p) + [BaL2budy + BuLan|d(f (p), p) + Yud (1, p)
+ BuLcud(Vn, ) + Pul?by frd (wn, p)
< [1+BuL(1+ L+ 12)]d(xn p) + BuL(L+ L)A(f (p),p) + 1L (L + DA(f (), p)

+ LA+ L) (B + ) d(thn, p) + L(1 + L) By + Y)d (0n, p)
+L(1+L)(Bn +yn)d(wn, p)

= [1 +ﬁnL<1+L+L2>]d(xn,p)
+ L1+ L)(Bu + yn) [d(un,p) + d(vn, p) + d(wy,p) +d(f(p),p)]
= [1+BL(1+ L+ 12)]d(xnp) + M, Y20, peF,

(1.26)

where
M =LQ1+L)[d(un,p) +d(vs,p) +d(wn,p) +d(f(p),P)], 1n=Bn+Yn (1.27)
(2) Since 1 + x < e* for all x > 0, it follows from (1.26) that, forn,m > 0and p € F,

d(nem p) < [1+ Burema L(1+ L+ 12)]d(nem1, P) + Myt
< eﬁn+m_1L(1+L+L2)d(xm_m_llp) " MTln+m—1
< eProm LD L 4 B o L(1 4+ Lot 12)|d (i, ) + MTfuem-2 | + Ml

< L(HLAL) (Bron-t4nen2) d(Xnim-1,p) + M[eﬁn+m,1L(1+L+Lz)nn+m72 +7Zn+m71]

n+m-1
< Mid(xy,p) + MiM " 1,
k=n
(1.28)
where
M, = b (WL SEop (1.29)

This completes the proof. O
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2. Main Results

Theorem 2.1. Let (E, d) be a complete convex metric space and C be a nonempty closed convex subset
of E. Let T; : C — C be a finite family of uniformly quasi-Lipschitzian mapping fori = 1,2,...,N
such that F := NY,F(T;) #@ and f : C — C be a contractive mapping with a contractive constant
¢ €(0,1). Let {x,,} be the iterative sequence with errors defined by (1.10) and{u,},{v,},{wn} be three

bounded sequence in C and {a,} {Pu} Avn} an}, {bu} {cn} {dn} {en} and { f,,} be nine sequences in
[0,1] satisfying the following conditions:

(i) ap +Pp+yn=a,+by+cy Zdn+€n+fn =1,Vn>0,
(ii) ZZO:O (ﬂn + Yn) < oo,
(iif) Mo = Sup,cf, 0 (d(ttn, p) + d(0n, p) + d(wy, p) +d(f (p), p)} < co.

Then the sequence {x,} converges to a common fixed point p € F if and only if
liminf, ., d(x,, F) =0, where d(x, F) = inf{d(x, F),p € F}.

Proof. The necessity is obvious. Now prove the sufficiency. In fact, from Lemma 1.6, we have
d(xs1, F) < [1 + an(1 +L+ L2>]d(xn,F) + M1, ¥n>0, (2.1)

where 77, = p,, + ¥». By conditions (i) and (ii), we know that
dtm<o, D Pu<oo. (2.2)
n=0 n=0

It follows from Lemma 1.5 that lim,, _, ,.d(x,,, F) exists. Since liminf, _, ,.d(x,, F) = 0, we have

lim d(x,, F) = 0. (2.3)

n—oo

Next prove that {x,} is a Cauchy sequence in C. In fact, for any given ¢ > 0, there exists
a positive integer Ny such that

£ = £
nrs S 7 n S 7 2 . 4
d(xy, F) SM, n;\joq MM Vn>0 (2.4)

From (2.4), there exist p; € F and positive integer N1 > Ny such that

d(le,pl) < 4LA41 (25)
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Thus Lemma 1.6 implies that, for any positive integers n, m with n > N,

d(xn+m/ xn) < d(xm-m/ Pl) + d(Pl/ xn)

n+m-1 n-1
< Myd(xn,, Pr) + MiM D g+ Mad(xn,, p1) + MiM D 1k
k:N1 k=N1 (2.6)
<OIMy—— 4 2MM—
=M, Y M
=E.

This shows that {x,} is a Cauchy sequence in a nonempty closed convex subset C of a
complete convex metric space E. Without loss of generality, we can assume that lim,, _, ,x,, =
p* € E. Next prove that p* € F. In fact, for any given &' > 0, there exists a positive integer N,
such that for all n > N>,

/! /

£ €
)< — < —. .
d(xn,p*) < i d(x,, F) < o7 (2.7)
Again from (2.7), there exist p, € F and positive integer N3 > N such that
dxen, Py) < & (2.8)
N3 12) S 77 .

Thus, foranyi=1,2,...,N, from (2.7) and (2.8), we have

d(T;P*, P*) < d(T;P", P») + d(P, Tixn;) + d(Tixn,, P7)
< Ld(P*,p2) + Ld(p2, xn,) + Ld(xn,, P*)
< L{d(P*,xn,) + d(xn,,p2) } + Ld(p2, xN,) + Ld(xn,, P¥) (2.9)
= 2Ld(P*, xn,) + 2Ld(xn,,p2)

<€I+€, !
—+—=£.
2 2

By the arbitrariness of ¢’ > 0, we know that T;P* = P* foralli = 1,2,...,N, that is, p* € F.
This completes the proof of Theorem 2.1. O

Taking f = I in Theorem 2.1, then we have the following theorem.

Theorem 2.2. Let (E,d) be a complete convex metric space and C be a nonempty closed
convex subset of E. Let T; : C — C be a finite family of uniformly quasi-Lipschitzian
mapping for i = 1,2,...,N such that F = (\N,F(T;)#0. Let {x,} be the iterative seq-
uence with errors defined by (1.11) and {u,},{v,} {w,} be three bounded sequence in C,
and {a, Y A Bu} Avn ) {an} Abn ) {cn) {dn}, {en), and {fn} be nine sequence in [0,1] satisfying the
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conditions (i)—(iii) of Theorem 2.1. Then the sequence {x,} converges to a common fixed point p € F
if and only if

liminf d(x,, F) = 0, (2.10)
n— oo

where d(x, F) =inf {d(x, F),p € F}.
Taking d,, = 1 in Theorem 2.1, then we have the following theorem.

Theorem 2.3. Let (E, d) be a complete convex metric space and C be a nonempty closed convex subset
of E. Let T; : C — C be a finite family of uniformly quasi-Lipschitzian mapping fori = 1,2,...,N
such that F := Y, F(T;) #@ and f : C — C be a contractive mapping with a contractive constant
¢ € (0,1). Let {xy,} be the iterative sequence with errors defined by (1.12) and {u,},{v,} be two
bounded sequences in C and {a,} {Bn} {yn} {an} {bn} {cn} be nine sequences in [0, 1] satisfying the
conditions (ii) and (iii) of Theorem 2.1 and a, + P + Yn = an + by + ¢, = 1 for all n > 0. Then the
sequence {x,} converges to a common fixed point p € F if and only if

liminf d(x,, F) =0, (2.11)

n—oo

where d(x, F) = inf {d(x,p),p € F}.

Remark 2.4. Theorems 2.1-2.3 generalize, improve, and unify some corresponding results in
[1-14].

Similarly, we can obtain the following results.

Theorem 2.5. Let (E,d) be a complete convex metric space and C be a nonempty closed convex
subset of E. Let T; : C — C be a finite family of asymptotically quasi-nonexpansive mapping for
i =1,2,...,N such that F := N\X,F(T;))#® and f : C — C be a contractive mapping with a
contractive constant & € (0,1). Let {x,} be the iterative sequence with errors defined by (1.10) and
{un} {vn} {wn} be three bounded sequences in C and {a,} {Pu}, {Yn} {an} bn} {cu} {dn}, {€n},
and {fn} be nine sequences in [0,1] satisfying the conditions (i)—(iii) of Theorem 2.1. Then the
sequence {x,} converges to a common fixed point p € F if and only if

liminfd(x,, F) =0, (2.12)

n— oo

where d(x, F) = inff{d(x,p),p € F}.

Proof. From Remark 1.1, we know that each asymptotically quasi-nonexpansive mapping T; :
C — C,i=1,2,...,N must be a uniformly quasi-Lipschitzian with

Li=Sup {k} < oo, (2.13)

n>0

where {k,(f )} C [1, o) is the sequence appeared in (1.5). Hence the conclusion of Theorem 2.5

can be obtained from Theorem 2.1 immediately. This completes the proof. O
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Theorem 2.6. Let (E,d) be a complete convex metric space and C be a nonempty closed
convex subset of E. Let T; : C — C be a finite family of asymptotically quasi-nonexpansive
mapping for, i = 1,2,...,N such that F := (\N,F(T;)#0. Let {x,} be the iterative
sequence with errors defined by (1.11) and {u,},{v,} {wn} be three bounded sequence in C
and {a,} APn) Ayn} lan}, {bu} {ca} Adn} {en}, and {fu) be nine sequence in [0,1] satisfying the
conditions (i)—(iii) of Theorem 2.1. Then the sequence {x,} converges to a common fixed point p € F

if and only if

liminfd(x,, F) =0, (2.14)

n— oo

where d(x, F) = inf {d(x,p),p € F}.
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