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Let X be a reflexive Banach space which has a weakly sequentially continuous duality mapping. In
this paper, we consider the following viscosity approximation sequence x,, = A, f (x,)+(1-1,) T Xy,

where \,, € (0,1), {T,} is a uniformly asymptotically regular sequence, and f is a weakly contractive
mapping. Strong convergence of the sequence {x,} is proved.

1. Introduction

Let C be a nonempty closed convex subset of a Banach space X. Recall that a self-mapping
T : C — Cisnonexpansive if

ITx)-TW)| <|lx-v|| YxyeC (1.1)

Alber and Guerre-Delabriere [1] defined the weakly contractive maps in Hilbert spaces, and
Rhoades [2] showed that the result of [1] is also valid in the complete metric spaces as follows.

Definition 1.1. Let (X, d) be a complete metric space. A mapping T : X — X is called weakly
contractive if

d(Tx,Ty) < d(x,y) - ¢(d(x,y)), (12)
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where x,y € X and ¢ : [0,00) — [0,0) is a continuous and nondecreasing function such
that ¢s(t) = 0 if and only if t = 0 and lim;_, ¢ (¢) = oo.

Theorem 1.2. Let T : X — X be a weakly contractive mapping, where (X, d) is a complete metric
space, then T has a unique fixed point.

In 2007, Song and Chen [3] considered the iterative sequence

Xn=Anf () + (1= X)) Tx, ne{l,2,...}. (1.3)

They proved the strong convergence of the iterative sequence {x,}, where f is a contraction
mapping and {T,} is a uniformly asymptotically regular sequence of nonexpansive mappings
in a reflexive Banach space X, as follows.

Theorem 1.3 (see [3, Theorem 3.1]). Let X be a reflexive Banach space which admits a weakly
sequentially continuous duality mapping J from X to X*. Suppose that C is a nonempty closed convex
subset of X and {T,},n € {1,2,...}, is a uniformly asymptotically reqular sequence of nonexpansive
mappings from C into itself such that

F:= ﬁ Fix(T,) #0, (1.4)
n=1

where Fix(T,) = {x € C : x = Tyx},n € {1,2,...}. Let {x,} be defined by (1.3) and A,, € (0,1),
such that lim, _, A, = 0. Then as n — oo, the sequence {x,} converges strongly to p, such that p is
the unique solution, in F, to the variational inequality:

(f(p)-p,J(y-p)) <0, VyeF (1.5)

In this paper, inspired by the above results, strong convergence of sequence (1.3) is
proved, where f is a weakly contractive mapping.

2. Preliminaries

A Banach space X is called strictly convex if

x|l =|lyl|=1 x#y implies ||x;_y|| <1. (2.1)

A Banach space X is called uniformly convex, if for all € € [0, 2], there exist 6, > 0 such that
+
x| = |ly|| =1 with ||x —y|| > & implies that M <1-6,. (2.2)

The following results are well known which can be founded in [4].
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(1) A uniformly convex Banach space X is reflexive and strictly convex.

(2) If C is anonempty convex subset of a strictly convex Banach space X and T : C — C
is a nonexpansive mapping, then the fixed point set F(T) of T is a closed convex
subset of C.

By a gauge function we mean a continuous strictly increasing function ¢ defined on [0, o0)
such that ¢(0) = 0 and lim, , .¢(r) = oo. The mapping J, : X — 2% defined by

Jp(x) = {x" € X" : (x,x") = [lx|lllx"[l, Ix*|| = ¢(llx]) }, for each x € X, (2.3)

is called the duality mapping with gauge function ¢. In the case where ¢(t) = t, then J, = |
which is the normalized duality mapping.

Proposition 2.1 (see [5]). (1) J = I if and only if X is a Hilbert space.

(2) ] is surjective if and only if X is reflexive.

(3) Jp(Ax) = sign M (|A] - [|x]1) /||x|]) J (x) for all x € X \ {0}, X € R; in particular J(-x) =
—J(x), forall x € X.

We say that a Banach space X has a weakly sequentially continuous duality mapping
if there exists a gauge function ¢ such that the duality mapping J, is single-valued and
continuous from the weak topology to the weak™ topology of X.

We recall [6] that a Banach space X is said to satisfy Opial’s condition, if for any
sequence {x,} in X, which converges weakly to x € X, we have

limsup||x, — x|| < limsup||x, —y| VyeX, y#x. (2.4)

n—oo n—oo

It is known [7] that any separable Banach space can be equivalently renormed such that it
satisfies Opial’s condition. A space with a weakly sequentially continuous duality mapping
is easily seen to satisfy Opial’s condition [8].

Lemma 2.2 (see [9, Lemma 4]). Let X be a Banach space satisfying Opial’s condition and C a
nonempty, closed, and convex subset of X. Suppose that T : C — C is a nonexpansive mapping. Then
I — T is demiclosed at zero, that is, if {x,} is a sequence in C which converges weakly to x and if the
sequence x, — Tx, converges strongly to zero, then x — Tx = 0.

Definition 2.3 (see [3]). Let C be a nonempty closed convex subset of a Banach space X and
T, : C — C, where n € {1,2,...}. Then the mapping sequence {T,} is called uniformly
asymptotically regular on C, if for all m € {1,2,...} and any bounded subset K of C we have

lim sup||T,(Tnx) — Tyx|| = 0. (2.5)
n=40 ek

3. Main Result

In this section, we prove a new version of Theorem 1.3.
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Theorem 3.1. Let X be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping ] from X to X*. Suppose that C is a nonempty closed convex subset of X and T,, :
C — Cm e {1,2,...}, is a uniformly asymptotically regqular sequence of nonexpansive mappings
such that

F:= ﬁ Fix(T,) # 0. (3.1)
m=1

Let f : C — C be a weakly contractive mapping. Suppose that {t,,} is a sequence of positive numbers
in (0,1) satisfying lim,, , oot = 0. Assume that {x,,} is defined by the following iterative process:

X =t f(Xm) + (L= tp) Tnxn, me{l,2,...}. (3.2)

Then the above sequence {x,,} converges strongly to a common fixed point p of {T,,},m € {1,2,...}
such that p is the unique solution, in F, to the variational inequality

(f(p)-p.J(y-p)) <0, VyeF. (3.3)
Proof.

Step 1. We prove the uniqueness of the solution to the variational inequality (3.3). Suppose
that p, g € F are distinct solutions to (3.3). Then

(f(p)-pJ(a-p)) <0,

(3.4)
{(f(@)-49.](p~-q)) <0.
By adding up the above relations, we get
02((p-f(p))~(a-f(@) J(p-a))
2(p-4,J(p-49)) - (f(p) - f(a), ] (p-a))
(3.5)

>lp=all*~lf(p) - F @I (P - )|

2 2
>|lp=qll” = llp-al” +¢lp-al)llp-4qll-

Thus ¢(|lp - ql)|lp — gl < 0, hence p = g. We denote by p the unique solution, in F, to(3.3).
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Step 2. We show that the sequence {x,,} is bounded. Let g € F; from (3.2) we get then that

% = a1l = (b (f tm) = @) + (1 = ) (T — 4), J (2 — 4))
= tw((f(xm) = f(9)) + (f(9) = 9), T (xm = 9))
(1= tw) (T — Ty J (xm — )
< t| £ Gem) = F(@ T Cem = @) | + tm{f () = 0, T (xm = q))
+ (1= tw) | T = Tong|[ || ] (i — 9) |

<t [(lm = qll = ¢ = aID) lm = all + (£ (@) @ T Gem—aq))] OO
(1= t) [Tt = T | Gom - )|
< [l = al1* =l = all) 1 = all + (£ (9) = 0, ) (o — 0)))]
+ (1=t ||xm - |
< |l = 4117 = tull % — alle (1% = all) + tull £ (@) = all | - ]l
Thus
% = aller ([l = all) < 1£(a) - all 1% = 4. (37)
or
o (% -all) < I1£(@) - all (3.8)

Therefore {x,,} is bounded.

Step 3. We prove that lim,, —, 1o || — Txm|| = 0, forall n € {1,2,...}. Since the sequence {x,}
is bounded, so { f(x,,)} and {T,,x,,} are bounded. Hence lim,, —, oot || TrnXm — f (xm)|| = 0, thus
lim, - ool — Txm|| = 0. Let K be a bounded subset of C which contains {x,,}. Since the
sequence {T,} is uniformly asymptotically regular, we can obtain

Ji_I)nOOHTn(mem) = TnXml| < JilnwsuPHTn (Tinx) = Tx|| = 0. (3.9)

xeK
Letm — oo, then

lm = TuxXmll < 112¢m = TmnXmll + | TmXm — Tu(TmXm) || + 1T (TinXm) = TnXm|| (3.10)
<2||xm = TnXmll + | TmXm — Tn(Tmxm)|| — O.

Hence lim,, _, o ||x;n — Thxm|| =0, foralln € {1,2,...}.
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Step 4. We show that the sequence {x,,} is sequentially compact. Since X is reflexive and {x, }
is bounded, there exists a subsequence {x,,, } of {x;,} such that {x,, } is weakly convergent
tog e Cas k — oo.Since limg, oo|| Xy, — Ty, || = 0 forall m € {1,2,...}, by Lemma 2.2, we
have g=T,q foralln € {1,2,...}. Thusg € F.

Step 2 implies that

N1, = a1 <t [(1me = a1l = ¢ (1% = ql)) 12 = qll + (£ (@) =, T (m, = 7))]

(3.11)
(1=t | %me — ™
Hence
b [|Xm, = 1l ([|xme = qll) < b (£ (9) =4, T Geme = ))- (3.12)
Since J is single valued and weakly sequentially continuous from X to X*, we have
liinﬁszpllxmk = qllg ([|xm = qll) < lim (f(q) = q,] (xm. = q)) = 0. (3.13)

Thus limg _, . X, = q. Hence the sequence {x,,} is sequentially compact.

Step 5. We now prove that g € F is a solution to the variational inequality (3.3). Suppose that
y € F, then

26 = 117 = b (f o) = 2m) + (X = 1), T (m = 7))
+ (L= tw) (T — Ty, ] (Xm = y)) (3.14)

2

< b (f (m) = Xm), T (0m = 1)) + || 20m — y|| ™
Hence
((f(xm) =2xm), J(y —xm)) <0 for each m € {1,2,...}. (3.15)
Since (X, } — qask — oo, we have

| Geme = f(xm)) = (q= f(@)| —0 ask— oo,

[ Gemy = £ Cem)) T (xmi = y)) = ((a = £(a)), T (@ - y))|
= [{Cem = fem)) = (@ = £(@)), ] Come =) +((a = F(@), ] (xm. = y) = J(a-))|
< || Gemy = £ Cem)) = (@ = F@) M |m, = vl

+[{((a-f@) J(xm —y) - T(@-y))| —0,
(3.16)
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as k — oo. Hence

(f(@)=4q,J(v=a)) = lim (f (Xm) = Xm, J (¥ = Xm)) <O (3.17)

Thus g € F is a solution to the variational inequality (3.3). By uniqueness, g = p. Since the
sequence {x,,} is sequentially compact and each cluster point of it is equal to p, then {x,,} —
pasm — oo. The proof is completed. O

It is known that [10, Example 2] in a uniformly convex Banach space E, the Cesaro
means T,, = (1/n) Z}tol T/ for nonexpansive mapping T is uniformly asymptotically regular.
So we have the following corollary, which is a new version of [10, Theorem 3.2].

Corollary 3.2. Let X be a real uniformly convex Banach space which admits a weakly sequentially
continuous duality mapping | from X to X* and C a nonempty closed convex subset of X. Suppose
that T : C — C is a nonexpansive mapping, F(T)#® and f : C — C is a weakly contractive
mapping. Let {z,,} be defined by

1 .
Zm =t f (2m) + (1 - tm)mZ].”ioT]zm, m >0, (3.18)

where t,, € (0,1) and lim,, _, oty = 0. Then as m — oo, {zm} converges strongly to a fixed point p
of T, where p is the unique solution in F(T) to the following variational inequality:

(f(p)-p, j(u-p)) <0 YueF(T). (3.19)
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