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A new applicable Leray-Schauder alternative is presented for weakly-strongly sequentially
continuous maps. This result is then used to establish a general existence principle for
operator equations.

1. Introduction

This paper presents new fixed point results for weakly sequentially upper semicontinu-
ous maps defined on locally convex Hausdorff topological spaces which are angelic when
furnished with the weak topology. Moreover, we establish an applicable Leray-Schauder
alternative (Theorem 2.12) for a certain subclass of these maps. Our alternative combines
the advantages of the strong topology (i.e., the sets are open in the strong topology) with
the advantages of the weak topology (i.e., the maps are weakly-strongly sequentially con-
tinuous and weakly compact). In Section 3, we illustrate how easily Theorem 2.12 can be
applied in practice.
Finally, we recall the following definition from the literature [9].

Definition 1.1. A Hausdorff topological space X is said to be angelic if for every relatively
countably compact set C < X, the following hold:
(i) Cis relatively compact,

(ii) for each x € C, there exists a sequence {x,},=1 < C such that x,, — x.

Remark 1.2. All metrizable locally convex spaces equipped with the weak topology are
angelic (see the Eberlein-Smulian theorem).

2. Fixed point theory

We begin with some fixed point results which will be needed to obtain our applicable
nonlinear alternative of Leray-Schauder type (see Theorem 2.12).

THEOREM 2.1. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology, and let C be a weakly compact, convex subset of E.
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2 Leray-Schauder alternative

Then any weakly sequentially upper semicontinuous map F : C — K(C) has a fixed point
(here K(C) denotes the family of nonempty, convex, weakly compact subsets of C).

Remark 2.2. Recall F: C — K(C) is weakly sequentially upper semicontinuous if for any
weakly closed set A of C, F!1(A) is sequentially closed for the weak topology on C.

Notice that the proof of Theorem 2.1 is immediate from Himmelberg’s fixed point
theorem [10] and the next result.

THEOREM 2.3. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology, and let D be a weakly compact subset of E. If F :
D — 2F (here 2F denote the family of nonempty subsets of E) is a weakly sequentially upper
semicontinuous map, then F : D — K(E) is a weakly upper semicontinuous map.

Proof. Let A be a weakly closed subset of E. We first show that F~!(A) is sequentially
closed in D (with respect to the strong topology). (Recall that a subset M is sequentially
closed in E (with respect to the strong topology) if whenever x, € M forn e N = {1,2,...}
and x,, — x (strong topology), then x € M.)

Let y, € F'(A) and y, — y (strong topology). Then y, — y (i.e., y, — y in (E,w)).
Now since F : D — 2F is weakly sequentially upper semicontinuous (i.e., F~'(A) is se-
quentially closed in (E,w)), we have y € F"}(A). Consequently if A is a weakly closed
subset of D, then F~!(A) is sequentially closed in E (of course also weakly sequentially
closed).

Now since D is weakly compact, we have that F-1(A)" is weakly compact. Let x €
F~1(A)». Now since E is angelic when furnished with the weak topology, there exists a
sequence x, € F~1(A) with x, — x. Also since F~'(A) is weakly sequentially closed, we
have x € F!(A). Thus F-1(A)¥ = F"1(A), so F!(A) is weakly closed. Thus F: D — 2 is
a weakly upper semicontinuous map. O

Our next result replaces the weak compactness of the space C with a weak compactness
assumption on the operator F. We present a number of results (see also [2, 5, 6, 11, 12]).

THEOREM 2.4. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology, and suppose the Krein-Smulian property holds, and
let C be a closed, convex subset of E. Then any weakly compact, weakly sequentially upper
semicontinuous map F : C — K(C) has a fixed point.

Remark 2.5. The Krein-Smulian property states that the closed convex hull of a weakly
compact set is weakly compact.

Remark 2.6. If E is a Banach space, then we know [7, page 434] that the Krein-Smulian
property holds. For other examples, see [8, page 553] and [9, page 82].

Proof. There exists a weakly compact subset A of C with F(C) € A < C. The Krein-
Smulian property guarantees that 6(A) is weakly compact. Notice also that F : co(A) —
K(co(A)), so Theorem 2.1 guarantees that there exists x € c0(A) with x € F(x). O

TaeoreM 2.7. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology, and let C be a closed convex subset of E with x € C.
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Suppose F : C — K(C) is a weakly sequentially upper semicontinuous map with the following
property holding:

AcC, A=co({xo} UF(A)) implies A is weakly compact. (2.1)

Then F has a fixed point.

Proof. Consider & the family of all closed convex subsets Q of C with xp € Q and F(x)
Q for all x € Q. Note that F # @ since C € F. Let Cy = Nqeg Q. The argument in [11]
guarantees that

Co =0 ({xo} UF(Cy)). (2.2)

Now (2.1) guarantees that Cy is weakly compact and notice that (2.2) implies F(Cy) <
Co. Also F: Cy — K(Cp) is weakly sequentially upper semicontinuous so Theorem 2.1
guarantees the existence of an xy € Cy with xy € Fx. O

THEOREM 2.8. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology, and let C be a closed convex subset of E with x, € C.
Suppose F : C — K(C) is a weakly sequentially upper semicontinuous map with the following
properties holding:

AcC, A=co({xo} UF(A)) implies A" is weakly compact, (2.3)
F~'(Av) is weakly closed for any weakly compact subset A of C. (2.4)
Then F has a fixed point.
Proof. Let
Do = {xo}, D,=co({xo} UF(D,_1)) forme {1,2,...}, )5
D = U;o=0Dn. ( ’ )
The argument in [2, page 918] guarantees that
D = co({xo} UF(D)), (2.6)

so (2.3) implies that D" is weakly compact. Consider the map F* : D¥ — K(D") given by
F*(x) = F(x) nDv. (2.7)

We need of course to check that F*(x) # @ for each x € D*. Notice that (2.6) implies
that F(D) < D < D so D < F~1(D¥). Also F~!(D") is a weakly closed from (2.4) so
Dv < F-Y(Dv), that is, F* (x) # @ for each x € D".

Also notice that F* : D¥ — K(D") is weakly sequentially upper semicontinuous (note
that (F*)~'(A) = F"1(A) n D for any subset A of D*). Theorem 2.1 implies that there
exists x € D¥ with x € F* (x) € F(x). O

THEOREM 2.9. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology and suppose that the Krein-Smulian property holds,
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and let C be a closed convex subset of E with xy € C. Suppose F : C — K(C) is a weakly se-
quentially upper semicontinuous map with (2.4) satisfied and also assume that the following
properties hold:

AcC, A=co({xo} UF(A)) withA¥ = Q" and

Q < A countable, implies A¥ is weakly compact (28)
and

for any relatively weakly compact subset A of E,

there exists a countable set B < A with B¥ = Av. 29)
Then F has a fixed point.

Proof. Let D, and D be as in Theorem 2.8 and notice that (2.6) holds. We claim D,, is rel-
atively weakly compact for each n € {0,1,2,...}. The case n = 0 is immediate. Suppose Dy
is relatively weakly compact for some k € {0,1,...}. Then Theorem 2.3 guarantees that F :
D_,”{" — K(E) is weakly uppervsemicontinuous so [4] guarantees that F (D—,‘f) is weakly com-
pact. Now since the Krein-Smulian property holds, then Dy, is relatively weakly com-
pact. Thus D, is relatively weakly compact for each n € {0,1,2,...}. Now (2.9) implies that
there exists Cp,; C, countable with C, < D,, and C? = D}. Let C = U;*_C,. The argument
in [2, page 922] guarantees that C¥ = D*. This (together) with (2.8) and (2.6) implies
that D" is weakly compact. Let F* : D¥ — K(D") be given by F* (x) = F(x) n D*. Notice
also that F* : D¥ — K(D") is weakly sequentially upper semicontinuous so Theorem 2.1
implies that there exists x € D" with x € F* (x) < F(x). O

In applications, it is difficult and sometimes impossible to construct a set C so that F
takes C back into C. As a result, it makes sense to discuss map F : C — K(E). We present
three Leray-Schauder alternatives. Our first result is for weakly sequentially upper semi-
continuous maps, whereas our second and third results are for completely continuous
maps (to be defined later).

THEOREM 2.10. Let E be a locally convex linear Hausdor{f topological space which is angelic
when furnished with the weak topology and suppose the Krein-Smulian property holds, and
let C be a closed convex subset of E, U a weakly open subset of C, 0 € U, and U" weakly
compact (here U denotes the weak closure of U in C). Suppose F : U¥ — K(C) is a weakly
sequentially upper semicontinuous map which satisfies the following property:

x & AFx foreveryx € 0U, A € (0,1); (2.10)

here dU denotes the weak boundary of U in C. Then F has a fixed point in U".

Proof. Suppose F does not have a fixed point in dU (otherwise we are finished), so x ¢
AFx for every x € 0U and A € [0, 1]. Consider

A={xe€U":x€tF(x)forsomet € [0,1]}. (2.11)
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Now A # @ since 0 € U and Theorem 2.3 guarantees that F : U¥ — K(C) is weakly upper
semicontinuous. Thus A is weakly closed, and in fact weakly compact since U" is weakly
compact.

Also AN oU = & so there exists (since (E,w), the space E endowed with the weak
topology, is completely regular) a weakly continuous map y: U* — [0,1] with 4(U) = 0
and p(A) = 1. Let

w
J(x) = {‘“(x)F(x)’ xeur, (2.12)
{0}, x € C\Uv.

Clearly, ] : C — K(C) is a weakly compact, weakly sequentially upper semicontinuous
map. Theorem 2.4 guarantees that there exists x € C with x € J(x). Notice that x € U
since 0 € U. As aresult x € y(x)F(x), so x € A. Thus u(x) = 1 and so x € F(x). O

Remark 2.11. Notice that the assumption that U is weakly compact can be removed in
Theorem 2.10 if F : U¥ — K(C) is weakly upper semicontinuous.

In applications, it is extremely difficult to construct the weakly open set U in Theorem
2.10. This motivated us to construct a Furi-Pera-type theorem in [3]. In this paper, we
present a new approach to maps which arise naturally in applications. Of course we would
like also to remove the weak compactness of the domain space in Theorem 2.10 and re-
place it with the map being weakly compact. Our next theorem establishes such a result
for a certain subclass of weakly sequential maps. The theorem combines the advantages of
the strong topology (the sets are open in the strong topology) with the advantages of the
weak topology (the maps are weakly-strongly sequentially continuous and weakly com-
pact). As a result, we get a new applicable (see Section 3) fixed point theorem. We present
the result for single-valued maps.

THEOREM 2.12. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology. Let C be a closed convex subset of E, U a convex
subset of C, and U an open (strong topology) subset of E with 0 € U. Suppose F: U — C
is a weakly-strongly sequentially continuous map (i.e., F: U — C is completely continuous,
i.e., if xp,x € U with x, — x, then Fx, — Fx, i.e., for any closed set A of C, we have that
F~Y(A) is weakly sequentially closed); here U denotes the closure of U in C. In addition,
suppose either U is weakly compact or F : U — C is weakly compact with the Krein-Smulian
property holding. Also assume that

x#AFx forx €ocU, A€ (0,1); (2.13)

here dcU denotes the boundary (strong topology) of U in C. Then F has a fixed point in U.

Remark 2.13. Note thatintcU = U (interior in the strong topology) since U is open in C
so as a result, dcU = dgU; here dgU denotes the boundary of U in E.

Proof. Let u be the Minkowski functional on U and let 7 : E — U be given by

X

rix) = max {1,u(x)}

forx € E. (2.14)
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Note that r: E — U is continuous. Also since F : U — C is weakly-strongly sequentially
continuous, we have immediately that rF : U — U is weakly sequentially continuous. No-
tice also that rF: U — U is a weakly compact map if F: U — C is weakly compact; note

that F(U)" is weakly compact so the weak compactness of rF follows from

r(F(U)") (10} UF(D)") (2.15)

and the Krein-Smulian property.

We apply Theorem 2.1 if U is weakly compact and Theorem 2.4 if F: U — C is weakly
compact. Thus there exists x € U with x = rF(x). Thus x = r(y) with y = F(x) and x €
U = U U U (note that intc U = U since U is also open in C). Now either y € U or
y¢ U.Ify € U,thenr(y) = ysox = y = F(x), and we are finished. If y ¢ U, then r(y) =
y/u(y) with u(y) > 1. Then x = Ay (i.e., x = AF(x)) with 0 < A = 1/u(y) < 1; note that
x € dcU since p(x) = u(Ay) = 1 (note that dcU = dgU since intc U = U). This of course
contradicts (2.13). O

Remark 2.14. The argument above breaks down in the multivalued case (i.e., when F :
U — K(C)) since rF : U — 2V but the values may not be convex. We will consider the
multivalued case at a later stage using a different argument.

THEOREM 2.15. Let E be a locally convex linear Hausdorff topological space which is angelic
when furnished with the weak topology. Let C be a closed convex subset of E, U a convex
subset of C, and U an open (strong topology) subset of E with 0 € U. Suppose F: U — C
is a weakly-strongly sequentially continuous map and assume that (2.13) and the following
condition hold:

DcU, Dcco({0}UF(D)) implies D" is weakly compact (2.16)

Then F has a fixed point in U.

Proof. Letyand r be asin Theorem 2.12 and note that rF : U — U is a weakly sequentially
continuous map.
Let A < U with A = co({0} UrF(A)). Now since rF(A) < co({0} U F(A)), we have

A c({0} Uco ({0} UF(4))) = ({0} U F(A)), (2.17)

s0 (2.16) guarantees that A*(= A) is weakly compact. Theorem 2.7 guarantees that there
exists x € U with x = rF(x). Essentially, the same reasoning as in Theorem 2.12 completes
the proof. O

3. Application

In this section, we show how easily Theorem 2.12 can be applied in practice. We remark
here that when one uses the standard Leray-Schauder (strong topology) alternative [1] in
the literature, most of the work involves checking that the map is compact. This work is
removed if one uses Theorem 2.12 (see Theorem 3.1).
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Consider the Dirichlet boundary value problem

Y+ f(t,y,y')=0 ae.on[0,1],

y(0) = y(1) =0, (3.1)

where f:[0,1] X R? — R is an L?-Carathéodory function with p > 1. By this we mean

(i) t — f(t,u,v) is measurable for all (u,v) € R?,
(ii) (u,v) — f(t,u,v) is continuous for a.e. t € [0, 1],
(iii) for any r > 0, there exists h, € LP[0,1] with | f(t,u,v)| < h,(¢) for a.e. t € [0,1]
andall |u| <rand|v| <r.
By a solution to (3.1) we mean a function y € W>#[0,1] (i.e., y' € AC[0,1] and y' €
LF[0,1]), which satisfies the differential equation a.e. and y(0) = y(1) =0
Define the operators

Hy,H, : LP[0,1] — C[0,1] = LP[0,1] (3.2)
by
1 1
Hyu(t) = J G(t,s)u(s)ds,  Hyu(t) = J Gi(t,s)u(s)ds, (3.3)
0 0
where
Glt.s) = (t—1)s, 0<s=<t=<]l, (3.4)
T 0stss<1. :

It is easy to see that solving (3.1) is equivalent to finding a solution u € L?[0,1] to
u= _f(t>Hl(u)1H2(u)) (35)
Note that if u is a solution of (3.5), then y t) fO G(t,s)u(s)ds is a solution of (3.1),
whereas if w is a solution of (3.1), then v = w"’ is a solution of (3.5).
Define an operator F : LP[0,1] — LP[0,1] by
Fu(t) = — f(t, H (u(t)), Hy (u(t))). (3.6)
Consequently, solving (3.1) is equivalent to finding a fixed point u € L?[0,1] to

u = Fu. (3.7)

THeOREM 3.1. Let f:[0,1] X R? = R be an LP-Carathéodory function with p >1 and
suppose there is a constant My, independent of A, with

| p
Iy Nl = (Jo Iy”(t)lpdt) + My (3.8)
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for any solution y to the problem

Y +Af(t,y,y')=0 a.e onl0,1],

y(0) = y(1) =0 3
forany A € (0,1). Then (3.1) has at least one solution.
Proof. We will apply Theorem 2.12 with
E=C=17[0,1], U=1{uecLl[0,1]: lullLr < My} (3.10)

Notice that U = {u € L*[0,1] : lull» < My} is closed and convex, so weakly closed. More-
over, U is weakly compact (recall that in a reflexive Banach space a subset is weakly com-
pact if and only if it is closed in the weak topology and bounded in the norm topol-
ogy). Also (3.8) guarantees that (2.13) holds. It remains to show that F: U — LP[0,1] isa
weakly-strongly sequentially continuous map. Let y,,, y € U with y, — y in LP[0,1] (i.e.,
Iy yugdt — |y ygdt for all g € L9[0,1] with 1/p + 1/ = 1). We must show that Fy, — Fy
in L?[0,1]. Notice that

1 1
L | Eya(t) — Fy(t)|Pdt < L | f(t,Hy (yu), Ha(yn)) = f (L, Hi (), Ha(p)) | Pdt.  (3.11)

If we show that

1
JO | f(&.Hi (), Ha(yn)) = f(t, Hi (), Ha(y)) |[Pdt — 0 as y, — , (3.12)

then we are finished.
First we show, for each t € [0,1], that

yn — y implies H;(ya(t)) — H;(y(¢)) fori=1,2. (3.13)

We prove (3.13) when i = 1 (the case i = 2 is similar). Fix t € [0, 1]. Then

1
|Hi (yu(t)) = Hi(y(1)) | = ‘ JO G(t,5)[yn(s) — y(s)]ds| — 0 (3.14)

as y, — y since G(t,-) € L1[0,1] for fixed ¢ € [0,1]. Now (3.13) (together) with the fact
that f is an LP-Carathéodory function gives

yn—y= f(t,Hi(yn),H2(yn)) — f(t,Hi(y),H:(y)) a.e.on[0,1]. (3.15)

Also for u € U and t € [0, 1], we have

1
|Hy(u(t)) ] = ‘ JO G(t,s)u(s)ds

< (Ll |u\Pds) v sup (Jl |G(t,5)|‘1ds) v (3.16)

te[0,1] \JO

1 1/q
< M, sup (J |G(t,s)|qu> .
0

te[0,1]
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Thus there exists an r > 0 with
|Hi(u(t))| <r Vte[0,1],uecU, i=1,2 (3.17)

Now (3.12) follows immediately from (3.15), (3.17), and the Lebesgue dominated con-
vergence theorem.
We may now apply Theorem 2.12 to deduce that F has a fixed point in U. g

The argument in Theorem 3.1 establishes the following existence principle for the op-
erator equation

u="Tu, (3.18)
where T : LP[0,1] — LP[0,1] with p > 1.

THEOREM 3.2. Suppose there is a constant My, independent of A, with
lylle # Mo (3.19)
for any solution y to the problem
y=ATy (3.20)

for any A € (0,1). In addition, assume that T : U — LP[0,1] is a weakly-strongly sequen-
tially continuous map; here U = {u € LP[0,1] : lullr < Mo}. Then (3.18) has at least one
solution in U.

Remark 3.3. Of course there is an analog of Theorem 3.2 for the operator equation (3.18)
where T : E — E with E a reflexive Banach space (e.g., E could be the Sobolev space
WHhe([0,1],R") withk > 0and 1 < p < ).
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