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Abstract

In this paper, we construct a sequence by using some appropriated closed convex
sets based on the hybrid shrinking projection methods to find a common solution of
fixed point problems of a Lipschitz pseudo-contraction and generalized mixed
equilibrium problems in Hilbert spaces. The strong convergence theorems are proved
under some mild conditions on scalars. The results not only cover the research work
of Yao et al. (Nonlinear Anal. 71:4997-5002, 2009) but can also be applied for finding
the common element of the set of zeroes of a Lipschitz monotone mapping and the
set of generalized mixed equilibrium problems in Hilbert spaces.
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1 Introduction

The equilibrium problem theory provides a novel and unified treatment of a wide class of
problems which arise in economics, finance, image reconstruction, ecology, transporta-
tion, network, elasticity and optimization, and it has been extended and generalized in
many directions; see [1, 2]. In particular, equilibrium problems are related to the prob-
lem of finding fixed points problems of some nonlinear mappings. Therefore, it is natural
to construct a unified approach to these problems. In this direction, several authors have
introduced some iterative schemes for finding a common element of the set of the solu-
tions of equilibrium problems and the set of fixed points (see also [3—7] and the references
therein). In this paper, we suggest and analyze a hybrid algorithm for solving generalized
mixed equilibrium problems and fixed point problems of a Lipschitz pseudo-contraction
in the framework of Hilbert spaces.

Let E be a real Banach space, and E" the dual space of E. Let C be a nonempty closed
convex subset of E. Let ® : C x C — R be a bifunction, ¢ : C — R be a real-valued func-
tion,and A : C — E’ be a nonlinear mapping. The generalized mixed equilibrium problem
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is to find x € C such that

O,y + (Ax,y—x) + p(y) —px) >0, VyeC. (1.1)
The solution set of (1.1) is denoted by GMEP(®, A, ¢), i.e.,

GMEP(©,A,¢) = {x € C: O(x,y) + (Ax,y —x) + p(y) — (x) > 0,¥y € C}.

If A = 0, the problem (1.1) reduces to the mixed equilibrium problem for ®, denoted by
MEP(®, ¢), which is to find x € C such that

O,y +¢() —ekx) >0, VyeC.

If ® = 0, the problem (1.1) reduces to the mixed variational inequality of Browder type,
denoted by VI(C, A, ¢), which is to find x € C such that

(Ax,y —x) + p(y) —p(x) >0, VyeC.

If A =0 and ¢ = 0, the problem (1.1) reduces to the equilibrium problem for ©® (for short,
EP), denoted by EP(®), which is to find x € C such that

O(,y) >0, VyeC. (1.2)

Let O(x,y) = (Ax,y—x) forallx,y € C. Then p € EP(®) ifand only if (Ap,y—p) > 0 for all
y € C, i.e., p is a solution of the variational inequality; there are several other problems, for
example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP. In other words, the EP is a unifying model
for several problems arising in physics, engineering, science, optimization, economics, etc.
Many papers on the existence of solutions of EP have appeared in the literature (see, for
example, [1, 8-10] and references therein). Motivated by the work [3, 11, 12], Takahashi
and Takahashi [4] introduced an iterative scheme by the viscosity approximation method
for finding a common element of the set of solutions of the EP (1.2) and the set of fixed
points of a nonexpansive mapping in the setting of a Hilbert space. They also studied the
strong convergence of the sequences generated by their algorithm for a solution of the EP
which is also a fixed point of a nonexpansive mapping defined on a closed convex subset
of a Hilbert space.

Recall, amapping 7 with domain D(T) and range R(T') in H is called firmly nonexpansive
if

| T — Ty|* < (Tx — Ty,x — ), Vx,y€D(T),
nonexpansive if

1Tx - Tyl < llx—yll, Vx,ye€D(T).
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Throughout this paper, I stands for an identity mapping. The mapping 7 is said to be a
strict pseudo-contraction if there exists a constant 0 < « <1 such that

1T = Tyl® < llx =yl + x| (T = T)x— (I = Ty

, Vx,ye D(T).

In this case, T may be called a « -strict pseudo-contraction mapping. In the even that x =1,
T is said to be a pseudo-contraction, i.e.,

2
ITx - TylI> < llx - yl* + | (I - T)x = (I - T)y

, Vx,yeD(T). (1.3)
It is easy to see that (1.3) is equivalent to

(x—y, I-Tx-U- T)y) >0, Vx,yeD(T).
By definition, it is clear that

firmly nonexpansive = nonexpansive = strict pseudo-contraction

= pseudo-contraction.

However, the following examples show that the converse is not true.

Example 1.1 (Chidume and Mutangadura [13]) Take H=R? B={x € R?: ||x|| <1}, B; =
{xeB:|xll < 3}, By ={x€B:} < ||x|| <1}.1fx = (a,b) € H,we definex" tobe (b, -a) € H.
Define T: B — B by

x+axt, x € By,
Tx =
”;‘—”—x+xL, x € By.

Then, T is Lipschitz and a pseudo-contraction but not a strict pseudo-contraction.

Example 1.2 Take H = R! and define T : H — H by Tx = —3x. Then, T is a strict pseudo-
contraction but not a nonexpansive mapping.

Indeed, it is clear that T is not nonexpansive. On the other hand, let us consider
2
ITx = Tyl* = [[(=3%) - (=39)]" = 9llx = ylI* = llx - yII* + 8llx - yI|*
16 1
= Jo—yl* + Ellx—yll2 = llx—yI* + EII‘LJC—‘IJ’II2
1 2
==y + S (1= (3)x— (1= (-3)y]
2 1 2
= =yl + S (= T)x— (1 = Ty
< lle=yI” + |1 = Tx— (1 = T)y|*

forall k € [%, 1). Thus T is a strict pseudo-contraction.
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Example 1.3 Take H # {0} and let T = -/, it is not hard to verify that T is nonexpansive

but not firmly nonexpansive.

From a practical point of view, strict pseudo-contractions have more powerful applica-
tions than nonexpansive mappings do in solving inverse problems (see [14]). Therefore, it
is important to develop a theory of iterative methods for strict pseudo-contractions.

Takahashi and Zembayashi [5, 6] proposed some hybrid methods to find the solution of
a fixed point problem and an equilibrium problem in Banach spaces. Subsequently, many
authors (see, e.g. [15-19] and references therein) have used the hybrid methods to solve
fixed point problems and equilibrium problems.

Recently, Yao et al. [20] introduced the hybrid iterative algorithm which just involved
one sequence of closed convex set for a pseudo-contractive mapping in Hilbert spaces as
follows:

Let C be a nonempty closed convex subset of a real Hilbert space H. Let T: C — C be
a pseudo-contraction. Let {«,} be a sequence in (0,1). Let xg € H. For C; = C and x; =

P¢, (x9), define a sequence {x,} of C as follows:

In = (= an)x + o, Tzy,
Cinn={veCy,:lla, - T)yn”z <20,{x,—v,(I - T)yn>}r (1.4)

X1 = Pc,,,; (%0).

Theorem 1.4 ([20]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be an L-Lipschitz pseudo-contraction such that F(T) # &. Assume the sequence
{a,} C [a,b) for some a,b € (0,

» 171)- Then the sequence {x,} generated by (1.4) converges
strongly to Pr(ry(x0).

Very recently, Tang et al. [21] generalized the hybrid algorithm (1.4) in the case of the
Ishikawa iterative process as follows:

Vn = (1= )%y + 0, T2y,

zy = (1= Bu)xn + BuTxy,

Cui1 ={v e Cy: llan = T)yull* < 20 (s — v, (I = T)y,) (1.5)
+ 20, B L% = Txnlllyn = %n + (I = T)ynll},

Xn+l = PC,Hl (xO)

Under some appropriate conditions of {«,} and {8,}, they proved that (1.5) converges
strongly to Pr(r)(%o).

Motivated and inspired by the above research work, in this paper, by employing (1.4) and
(1.5), we construct a sequence by using some appropriated closed convex sets based on the
hybrid shrinking projection methods to find a common solution of fixed point problems
of a Lipschitz pseudo-contraction and generalized mixed equilibrium problems in Hilbert
spaces. More precisely, we also provide some applications of the main theorem for finding
the common element of the set of zeroes of a Lipschitz monotone mapping and the set of

generalized mixed equilibrium problems in Hilbert spaces.
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2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C be a closed
convex subset of H. For every point x € H, there exists a unique nearest point in C, denoted
by Pc(x), such that

lle = Pex|| < llx—yll VyeC,

where P¢ is called the metric projection of H onto C. We know that P¢ is a nonexpansive
mapping. It is also known that H satisfies Opial’s condition, i.e., for any sequence {x,} with
%, — %, the inequality

liminf ||x, — x| < liminf|x, — ||
n— 00 n— 00

holds for every y € H with y # x.

For a given sequence {x,} C C, let w,(x,) = {x: Ixy, — x} denote the weak w-limit set of
{xn}.

Now we recall some lemmas which will be used in the proof of the main result in the
next section. We note that Lemmas 2.1 and 2.2 are well known.

Lemma 2.1 Let H be a real Hilbert space. There holds the following identity
@) llx=yI* = %l = IylI* = 2(x ~3,) Y,y € H.

Lemma 2.2 Let C be a closed convex subset of a real Hilbert space H. Given x € H and
z € C. Then z = Pcx if and only if there holds the relation

x—2zy-2) <0 VyeC.

For solving the equilibrium problem for a bifunction ® : C x C — R, let us assume that
© satisfies the following condition:

(Al) O(x,x)=0forallx € C;

(A2) © is monotone, i.e., O(x,y) + O(y,x) <0 forall x,y € C;

(A3) foreachx,y,z€C,

lim Otz + (1-t)x,y) < Ox,);
t
(A4) for eachx € C, y —> O(x,y) is convex and lower semi-continuous.
For a real Banach space E with norm || - ||, duality product {-,-) and dual space E’, the
normalized duality mapping J : E — 2F is defined by
Jx = {x €E: (x,x> = |lx|® = ||x ||2}, forx € E.
Lemma 2.3 (Blum and Oettli [1]) Let C be a nonempty closed convex subset of a smooth,

strictly convex and reflexive Banach space E, and let © be a bifunction of C x C into R
satisfying (A1)-(A4). Let r > 0 and x € E. Then, there exists z € C such that

1
Oz, ) + ;(y—z,]z—]x) >0, forallyeC.
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The proof of the following lemma appears in [5, Lemma 2.8].

Lemma 2.4 Let C be a closed convex subset of a uniformly smooth, strictly convex and
reflexive Banach space E, and let ® be a bifunction from C x C to R satisfying (A1)-(A4).
Forr>0 and x € E, define a mapping T, : E — C as follows:

1
T,x = {zeC:@(z,y)+ ;(y—z,]z—]x) zO,forallyeC}

forall x € C. Then, the following hold:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive-type mapping, i.e., for any x,y € H,

(T,x— Ty' ,]Trx—]Try> < (Trx_ Tr 1]x_]y>x

(iii) E(T,) = EP(©);
(iv) EP(®) is closed and convex.

Lemma 2.5 (Zhang [22]) Let C be a closed convex subset of a smooth, strictly convex and
reflexive Banach space E. Let A : C — E' be a continuous and monotone mapping, ¢ : C —
R be a lower semi-continuous and convex function, and © be a bifunction of C x C to R
satisfying (A1)-(A4). For r > 0 and x € E. Then, there exists u € C such that

1
O(u,y) + (Au,y —u) + 9(y) — p(u) + ;(y —u,Ju-Jx) >0, VyeC.

Define a mapping K, : C — C as follows:
1
K, (x) = {u €C:0(,y) + (Au,y —u) + o(y) — o) + =(y —u,Ju—Jx) > 0,Vy € C}
r

forall x € C. Then, the following conclusions hold:
(i) K, is single-valued;
(ii) K, is firmly nonexpansive-type mapping, i.e., for any x,y € E,

(Kwx — Ky, JKox = JKyy) < (Kwx — Ky, Jx = Jy);

(iii) F(K,) = GMEP(®, A, );
(iv) GMEP(®, A, ¢) is closed and convex;
) ¢, K,.2) + $(K,z,2) < ¢(p,2), Vp € F(K,), z € E.

Remark 2.6 In the framework of a Hilbert space, it is well known that J = I and then K

is firmly nonexpansive.

Lemma 2.7 ([23]) Let H be a real Hilbert space, C a closed convex subset of H and T :
C — C a continuous pseudo-contractive mapping, then
(i) F(T) is a closed convex subset of C.
(ii)) I—T is demiclosed at zero, i.e., if {x,} is a sequence in C such that x,, — z and
(I-T)x,— 0, then I-T)z=0.
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Lemma 2.8 ([24]) Let C be a closed convex subset of H. Let {x,} be a sequence in H and
u € H. Let g = Pcu. If {x,,} is such that w,,(x,) C C and satisfies the condition

%0 —ull < llu—qll  Vn.
Then x, — q.

Lemma 2.9 Let @ # C C H be a closed convex set, a € R and
K= {VeC:aff(v)},
where f is continuous and concave functional. Then the set K is closed and convex.

Proof 1t is easy to see that the continuity of f yields the closeness of K. Notice that for all
x,y € K and ¢ € [0,1], we have tx + (1 - t)y € C, f(x) > a, f(y) > a, and then the concavity
of f allows

f(tx+(1—t)y) >tf(x)+(1-8)f(y) > ta+(1-t)a=a.
Thus K is convex. O

The following lemma provides some useful properties of a firmly nonexpansive mapping
on a Hilbert space.

Lemma 2.10 ([7, Lemma 2.5]) T is firmly nonexpansive if and only if (I — T) is _firmly
nonexpansive.

3 Main result

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H, T : C —
C be an L-Lipschitz pseudo-contraction. Let ® be a bifunction from C x C into R satisfying
(A1)-(A4), ¢ : C — R be a lower semicontinuous and convex function, A: C — H be a
continuous and monotone mapping such that Q := F(T) N GMEP(®, A, ¢) # @. Let xo € H.
For Cy = C and x; = Pc, (o), define a sequence {x,} of C as follows:

In = 1= an)xy + ot T2y,
zy = (L= B)%n + Butdn,
u, € C  such that ©(u,,y) + (A, y — un) + () — (1)
+ o (Y = Uy Uy = %) > 0, (3.1)
Cui1 = (v € Cu: llan = TNyl + 1126 = sl < 20 = v, (I = T)y)
+ N =V, % = 1) 20 BuL |y = % + (I = Tyl + 1)},

X1 = Pc,,, (%0).

Assume the sequence {«,}, {8,} and {r,} are such that

1) 0<a§a,,§b<ﬁ<lforallneN,

(2) 0<B,<1forallneN,
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(3) ry>0 forall n € N with liminf,_, 1, > 0.
Then {x,} converges strongly to Pq(xo).

Proof ByLemma 2.7(i) and Lemma 2.5(iv), we see that F(7') and GMEP(®, A, ¢) are closed
and convex respectively, then €2 is also. Hence Pg, is well defined. Next, we will prove by
induction that Q C C,, for all n € N. Note that Q2 C C = C;. Assume that Q C C; holds for
some k > 1. Let p € Q, thus p € Ci. We observe that

ok = p — eI - T)yk||2
=l = p1% = ot = Ty = 200{I = T)yio 24 — p — el = Ty
= Il — pII? = ol = Doy ||” = 204{I = Ty — (I = T)p, 3~ p)
= 204{(I = Ty, xx = yx — eI = T)yi)
< o~ pI = et = Ty ||* = 20{(I = Ty e — 3 = oI — T)yi)
= lloce = pI1> = || @k = 31) + (7 — 206 + e = Ty ||2
= 20u{(I = Ty % = yi — eI = T)yi)
=l = p1% = vk = 9l = 7k = 54 + 0l = T
= 200k = yioo i — % + o = T)yie) = 20{(I = Tyier %1 — yic — o = T) i)
< i = oI = e = 2l = 9 = 2 + el = Ty

+ 2|<xk — ik —ax(L = T)yr, %k — Y — o (I — T)yk>|. (3.2)
Consider the last term of (3.2), we obtain

|k = vk — = Ty, yx — 201 + oI = T)yie)|
= aye|(x — Tz = (I = T)yio yc = % + oI = T) )|
= aye| (o — Toox + T — Tzi — (I = Ty yic — 1 + el = T)yie)|
= oe|(( = Tk = (= T)yioo yx — % + oI = T) i)
+(Txx = Tzioo yx — % + oI = T) )|

< o(L + Dl — yill | yx =k + el = T)yie|| + oL lloek — zicll |y = + o0 = Ty |

L+1
< D P + Iyl = T )
+ o BL |k — vl || vk — a0k + ot = Ty (3.3)

By connecting (3.2) and (3.3), and then by the assumption (1) on {«,}, we obtain

|k = p =l = Doy |” < Nl = pI® = N = gl = |7k = 2a + el = Ty
(L + 1) (Il = el + |3k = xx + ol = Thye|))
+ 200 BiL I — wll | yi — %k + e = Ty |

< Ik = pI1* + 200 BLllxe — wll | vk — %k + T = T)yre||.  (3.4)


http://www.fixedpointtheoryandapplications.com/content/2012/1/147

Ungchittrakool and Jarernsuk Fixed Point Theory and Applications 2012, 2012:147 Page 9 of 14
http://www.fixedpointtheoryandapplications.com/content/2012/1/147

Notice that #; = K, x and by Lemma 2.10, we observe that

ek — wxl® = | (T = Koy )ex — (L= K )p |
< (U - Ky )% = (I = Ky, )p, %k — p)

= ((1 - 1<rk)xk: Xk _P)
So, we have

ek — sl < v/ {xk — pyxi — ug). (3.5)

Joining (3.4) and (3.5), we obtain
ok = — eI - T)kaz
< llxx = pI1? + 20k B/ (xx — p, 2k — ) |y = xx + el = Ty | (3.6)
Notice that
o = p = el = Thy||” = ek = p 11> = 200doec = p, (1 = T} + oult = Dy |”. - (3.7)
By (3.6) and (3.7), we have
ot = Ty
< 20wk — p, (I = T)yx) + 20 BL/ (k= pyoex — ) |y — %k + oxI = Ty | (3.8)
Combining (3.8) and (3.5), we obtain

leexd = Ty ||2 + [k — ol
< Z(xk<xk -p, I - T)yk) + v/ Xk — py Xk — uk) (205k/3kL||J’k —xi + ol = T)yk H + 1)'

Therefore, p € Cy,1. By mathematical induction, we have Q C C, for all n € N.

Let £,(-) 1= 20 (%0 — (), U= T)yn) + /(6w = () % = th) (200 BaL |y = 50 + (I = T)y | +1),
itis not hard to see that the linearity of (x,—(-), /- T)y,) and {(x,, — (), x, —u,) together with
the continuity and concavity of v/(-) allow f, to be continuous and concave. By Lemma 2.9,
C, is closed and convex for all n € N. Therefore, {x,} is well defined. From x,, = P¢, (x0),
we have (xo —x,,x, —y) > 0 for all y € C,,. Using Q2 C C,, we also have (xo —x,,x, —u) > 0
for all u# € Q. So, for u € 2, we have

0 < (%0 — %X, X — ) = (X0 = Xn, X — X0 + X0 — U)

2
= —|lwo — x4 1" + (%0 — %0, X0 — 1)

2
=< —llxo = xull” + [0 — xull [0 — ull.
Hence,

[0 — x|l < |lxo —u| forall u e Q. (3.9)
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This implies that {x,} is bounded and then {y,}, {T¥,} and {u,} are bounded too.
From x,, = Pc,(xo) and x,,.1 = Pc,,, (%0) € Cy11 C Cyy, we have

<x0 — Xy Xn _xn+1) > 0. (310)
Hence,

0 < (%0 — Xy Xy — Xpa1) = (X0 — Xy Xy — X0 + X0 — Xpri1)
2
= =[x — X l” + (X0 — X, %0 — Xppi1)

< —llxo = 21> + llx0 — %ull 10 — X [l
and therefore
llco = %1l < llxo = xuaall,
which implies that lim,,_, o, ||, — x| exists. From Lemma 2.1 and (3.10), we obtain

”xn+l _xn”z = H (xn+1 - xO) - (xn - xO) ”2

2 2
”xVH-l - xO” - ”xn - xO” - 2(xn+1 — Xy Xnp — xO)

2 2
< %1 = xoll” = % =20l — 0 asn— oo.
Since x,,,1 € C,41 C C,,, we have

et = Ty + 1 — ]

< 20‘n<xn — Xn+l» (1 - T)yn>

+ /= X1, %0 — ) (2000 BuL | 9 — % + 00u (I = Ty || +1)

— 0 asn— oo.
Therefore, we obtain
1y — Tyull > 0 and |x, —u,| -0 asn— oo.
We note that

% = Tl < 1% = Yl + 190 = Tyl + 1 Ty = Tyl
< L+ D% = yull + 1yn = Tyull
< au(L + Dlxy = Tznl + |0 = Tyull
< ap(L + Dllwn = Tyl + an(L + DI Txy, = Tzl + |y = Tyall

< an(L + Dllwy — Txull + 0 Bul(L + 1) |26y — uull + lyn = Tyull,

that is,

L(L+1 1
el —— =Tyl > 0 asn— oo,

n_TVl 57
I %l 1-o,(L+1) 1-a,(L+1)
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Next, we will show that
wy(x,) C Q. (3.11)

Since {x,} is bounded, the reflexivity of H guarantees that w,(x,) # I. Let p € w,(x,), then
there exists a subsequence {x,,} of {x,} such that x,, — p and by Lemma 2.7(ii), we have
p € F(T). On the other hand, since ||x, — u,|| = 0 and x,, — p, we have u,, — p. Define
G:C x C— RbyG(x,y) = O(,y) + (Ax,y —x) + ¢(y) — ¢(x) for all x,y € C. It is not hard
to verify that G satisfies conditions (Al)-(A4). It follows from u, = K;, x, and (A2) that

1
—(y = Uy, tty —xn) > G(y,u,) forallyeC.
Tu

Replacing n by n;, we have

<y o, > > G(y, ).
14

nj

By using (A4) and the assumption (3) on {r,}, we obtain 0 > G(y,p) for all y € C. For
te€(0,1]andy € C, let y, =ty + (1 — t)p. So, from (A1) and (A4) we have

0=GWny) = G(ytr ty+(1- t)P) <tG(y,y) + (1 -t)Gly,p) < tG(1, ).
Dividing by ¢, we have
G(y,y) >0 forallyeC.

From (A3) we have 0 < lim;_, ¢ G(y;,y) = lim,,0 G(ty + (1 — £)p,y) < G(p,y) for all y € C,
and hence p € GMEP(®, A, ¢). So, p € F(T)NGMEP(B, A, ¢) = Q and then we have (3.11).
Therefore, by inequality (3.9) and Lemma 2.8, we obtain {x,} converges strongly to Pq(xo).

This completes the proof. O

Remark 3.2 It is interesting that the assumption on a sequence of scalars {f,} is a very
mild condition. This is a direct result of the firmly nonexpansiveness of I — K, together
with the structure and the definition of the set C,. If 8, = 0 for all #, then z, = x,, and
the sequence {y,} and {u,} are independent. However, the properties of C, still force to

produce the sequence {x,} to cause a convergence to the common solution Pg(xy).
If A =0 and ¢ = 0, then we have the following corollary.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H, T : C —
C be an L-Lipschitz pseudo-contraction. Let ® be a bifunction from C x C into R satisfying
(AI)-(A4), such that Q := F(T)NEP(®) # @. Let xo € H. For C, = C and x; = Pc, (xo), define
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a sequence {x,} of C as follows:

Vn = (1= 0)xy + 0y 12y,
zn = (1= Bu)xn + Bultn,
u, € C  such that O(u,,y) + i(y — Uy, Uy — %y) >0,
Cu1 = {v € Gy llan = T)yull® + 1196 = snll < 20 (x5 = v, (I = T)yn)
+ X =V, 20— 1) (20 BuL ||y — % + u(I = T)y, || + 1)},

Xntl = PC,,+1 (x())'

Assume the sequence {,}, {B,} and {r,} are as in Theorem 3.1. Then {x,,} converges strongly
to Pq(xg).

Corollary 3.4 (Yao et al. [20, Theorem 3.1]) Let C be a nonempty closed convex subset
of a real Hilbert space H. Let T : C — C be an L-Lipschitz pseudo-contraction such that
F(T) # @. Assume that {a,,} is a sequence such that 0 <a <a, <b< ﬁ <1 forall n. Then
the sequence {x,} generated by (1.4) converges strongly to Pr(r)(xo).

Proof Put ® =0,A=0,¢9 =0and r, =1 for all #> 1 in Theorem 3.1. Then, K,, = P for
all n > 1. So, u,, = Pcx, for all n > 1 (note that x; = Pcxg). Since x, = Pc,x0 € C,, C C for
all # > 1, so we have u,, = x,, and then z, = x,, for all # > 1. Thus x,, — u,, = 0 for all » > 1.
For this reason, (1.4) is a special case of (3.1). Applying Theorem 3.1, we have the desired
result. O

Recall that a mapping B is said to be monotone, if (x — y, Bx — By) > 0 for all x,y € H and
inverse strongly monotone if there exists a real number y > 0 such that (x — y, Bx — By) >
v |Bx — By||? for all x,y € H. For the second case, B is said to be y -inverse strongly mono-
tone. It follows immediately that if B is y -inverse strongly monotone, then B is monotone
and Lipschitz continuous, that is, |Bx — By|| < % |z — y||. The pseudo-contractive mapping
and strictly pseudo-contractive mapping are strongly related to the monotone mapping
and inverse strongly monotone mapping, respectively. It is well known that

(i) Bis monotone <= T := (I — B) is pseudo-contractive.
(ii) Bis inverse strongly monotone <= T := (I — B) is strictly pseudo-contractive.
Indeed, for (ii), we notice that the following equality always holds in a real Hilbert space:

| ~B)x— (U ~B)y|* = lx = yI> + 1Bx~ Byl® ~2(x ~y,Bx~ By) Vx,yeH, (3.12)
without loss of generality, we can assume that y € (0, %], and then it yields

(x—y,Bx - By) > y | Bx - By||”
& -2(x-yBx-By) <-2y|Bx-By|’
= |U-Bx-U-By|’ <lx-yI>+1-2y)|Bx-By|* (via (3.12))
= =D <le—y?+x |- Tx-U-T)y|’

(where T:=(-B)andk:=1- 2y).
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Corollary 3.5 Let C, H, ©, A and ¢ be as in Theorem 3.1 and let B: H — H be an L-
Lipschitz monotone mapping such that Q = B1(0) N GMEP(®,A, ¢) # @. Let xo € H. For
C, = C and x, = P, (xo), define a sequence {x,} of C as follows:

Vn = %n — (X — Zn) — €nBzp,
zn = (1= Bu)%n + Buttn,
u, € C  such that O(u,,y) + (Auy,y — uy,) + () — o(uy,)

+ i(y — Uy, Uy — Xy) > 0, (3.13)
Cui1 = {ve Cy: [la,By,l*
+ V=V, 20 = 1) 20 BuL ||y = % + @u Byl + 1)},

X = Pc,,, (%0).

+ 1% — |l < 200, (%, — VrByn)

Assume 0 <a<a, <b< ﬁ <1forallneN, {B,} and {r,} are as in Theorem 3.1. Then

{x,} converges strongly to Pg(xy).

Proof Let T := (I — B). Then T is pseudo-contractive and (L + 2)-Lipschitz. Hence, it fol-
lows from Theorem 3.1, we have the desired result. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Acknowledgements

The authors would like to thank the Centre of Excellence in Mathematics under the Commission on Higher Education,
Ministry of Education, Thailand. They also thank the Editor and two anonymous referees for reading this paper carefully
and providing valuable comments to improve the original version of this paper. The project was supported by Centre of
Excellence in Mathematics, CHE, Si Ayutthaya Road, Bangkok, 10400, Thailand.

Received: 18 February 2012 Accepted: 29 August 2012 Published: 12 September 2012

References
1. Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problem. Math. Stud. 63(1), 123-145
(1994)
2. Noor, MA, Oettli, W: On general nonlinear complementarity problems and quasi equilibria. Matematiche 49, 313-331
(1994)
3. Combettes, PL, Hirstoaga, SA: Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal. 6, 117-136 (2005)

4. Takahashi, S, Takahashi, W: Viscosity approximation methods for equilibrium problems and fixed point problems in
Hilbert spaces. J. Math. Anal. Appl. 331, 506-515 (2007)

5. Takahashi, W, Zembayashi, K: Strong and weak convergence theorems for equilibrium problems and relatively
nonexpansive mappings in Banach spaces. Nonlinear Anal. 70, 45-57 (2009)

6. Takahashi, W, Zembayashi, K: Strong convergence theorem by a new hybrid method for equilibrium problems and
relatively nonexpansive mappings. Fixed Point Theory Appl. 2008, Article ID 528476 (2008)

7. Jarernsuk, A, Ungchittrakool, K: Strong convergence by a hybrid algorithm for solving equilibrium problem and fixed
point problem of a Lipschitz pseudo-contraction in Hilbert spaces. Thai J. Math. 10(1), 181-194 (2012)

8. Flores-Bazan, F: Existence theory for finite-dimensional pseudomonotone equilibrium problems. Acta Appl. Math. 77,
249-297 (2003)

9. Hadjisavvas, N, Komlosi, S, Schaible, S: Handbook of Generalized Convexity and Generalized Monotonicity. Springer,
New York (2005)

10. Hadjisavvas, N, Schaible, S: From scalar to vector equilibrium problems in the quasimonotone case. J. Optim. Theory
Appl. 96, 297-309 (1998)

11. Moudafi, A: Viscosity approximation methods for fixed-point problems. J. Math. Anal. Appl. 241, 46-55 (2000)

12. Tada, A, Takahashi, W: Strong convergence theorem for an equilibrium problem and a nonexpansive mapping. In:
Takahashi, W, Tanaka, T (eds.) Nonlinear Analysis and Convex Analysis, pp. 609-617. Yokohama Publishers, Yokohama
(2006)

13. Chidume, CE, Mutangadura, SA: An example on the Mann iteration method for Lipschitz pseudocontractions. Proc.
Am. Math. Soc. 129(8), 2359-2363 (2001)

Page 13 of 14


http://www.fixedpointtheoryandapplications.com/content/2012/1/147

Ungchittrakool and Jarernsuk Fixed Point Theory and Applications 2012, 2012:147
http://www.fixedpointtheoryandapplications.com/content/2012/1/147

20.

21.

22.
23.

24.

. Scherzer, O: Convergence criteria of iterative methods based on Landweber iteration for solving nonlinear problems.

J.Math. Anal. Appl. 194, 911-933 (1991)

. Kumam, P, Petrot, N, Wangkeeree, R: A hybrid iterative scheme for equilibrium problems and fixed point problems of

asymptotically k-strict pseudo-contractions. J. Comput. Appl. Math. 233(8), 2013-2026 (2010)

. Kumam, P, Wattanawitoon, K: Convergence theorems of a hybrid algorithm for equilibrium problems. Nonlinear Anal.

Hybrid Syst. 3, 386-394 (2009)

. Qin, XL, Zhou, HY, Kang, SM: Convergence theorems of common elements for equilibrium problems and fixed point

problems in Banach spaces. J. Comput. Appl. Math. 225(1), 20-30 (2009)

. Plubtieng, S, Ungchittrakool, K: Approximation of common fixed points for a countable family of relatively

nonexpansive mappings in a Banach space and applications. Nonlinear Anal. 72(6), 2896-2908 (2010)

. Ungchittrakool, K: A strong convergence theorem for a common fixed point of two sequences of strictly pseudo

contractive mappings in Hilbert spaces and applications. Abstr. Appl. Anal. 2010, Article ID 876819 (2010)

Yao, Y, Liou, Y-C, Marino, G: A hybrid algorithm for pseudo-contractive mappings. Nonlinear Anal. 71, 4997-5002
(2009)

Tang, Y-C, Peng, J-G, Liu, L-W: Strong convergence theorem for pseudo-contractive mappings in Hilbert spaces.
Nonlinear Anal. 74(2), 380-385 (2011)

Zhang, S: Generalized mixed equilibrium problem in Banach spaces. Appl. Math. Mech. 30, 1105-1112 (2009)
Zhang, QB, Cheng, CZ: Strong convergence theorem for a family of Lipschitz pseudocontractive mappings in a
Hilbert space. Math. Comput. Model. 48, 480-485 (2008)

Matinez-Yanes, C, Xu, HK: Strong convergence of the CQ method for fixed point process. Nonlinear Anal. 64,
2400-2411 (2006)

doi:10.1186/1687-1812-2012-147

Cite this article as: Ungchittrakool and Jarernsuk: Strong convergence by a hybrid algorithm for solving generalized
mixed equilibrium problems and fixed point problems of a Lipschitz pseudo-contraction in Hilbert spaces. Fixed
Point Theory and Applications 2012 2012:147.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 14 of 14


http://www.fixedpointtheoryandapplications.com/content/2012/1/147

	Strong convergence by a hybrid algorithm for solving generalized mixed equilibrium problems and ﬁxed point problems of a Lipschitz pseudo-contraction in Hilbert spaces
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main result
	Competing interests
	Authors' contributions
	Acknowledgements
	References


