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1 Introduction

Throughout this paper, we always assume that C is a nonempty closed convex subset of a
real Hilbert space H with inner product and norm denoted by (-,-) and || - ||, respectively.
For a sequence {x,} in H, we denote the strong convergence and the weak convergence of
{x,} to x € H by x, — x and x,, — x, respectively.

Recall that P¢ is the metric projection of H onto C; that is, for each x € H, there exists the
unique point Pcx € C such that ||x — Pcx|| = minyec ||x - y|l. Amapping T : C — Cis called
nonexpansive if | Tx — Ty|| < |lx — y|| for all x,y € C, and uniformly L-Lipschitzian if there
exists a constant L > 0 such thatforeachn e N, | T"x— T"y|| < L||x—y|| forallx,y € C, and
a mapping f : C — C is called a contraction if there exists a constant « € (0,1) such that
If@x) —fW] <allx—y| forall x,y € C. A point x € C is a fixed point of T provided that
Tx = x. We denote by F(T) the set of fixed points of T; that is, F(T) = {x € C: Tx =x}. If C
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is a nonempty bounded closed convex subset of H and T is a nonexpansive mapping of C
into itself, then F(T) is nonempty (see [1]). Recall that a mapping 7': C — C is said to be
(i) monotone if

(Ix-Ty,x—y) >0, Vx,yeC, (1.1)
(ii) k-Lipschitz continuous if there exists a constant k > 0 such that

if k =1, then A is nonexpansive,

(iii) ce-strongly monotone if there exists a constant « > 0 such that
(Tx - Ty,x—y) > allx—-y|>, VxyeC, (1.3)

(iv) a-inverse-strongly monotone (or a-cocoercive) if there exists a constant « > 0 such
that

(Tx — Ty, x —y) > || Tx - Ty||>, Vx,y€C, (1.4)

if « =1, then T is called firmly nonexpansive; it is obvious that any «-inverse-strongly
monotone mapping T is monotone and (1/e)-Lipschitz continuous,
(v) kc-strictly pseudocontractive [2] if there exists a constant « € [0,1) such that

1T = Tyl® < llx =yl + x| (T = T)x— (I = T)y|

, Vx,yeC. (1.5)

In brief, we use k-SPC to denote «-strictly pseudocontractive. It is obvious that T is non-
expansive if and only if 7" is 0-SPC,

(vi) asymptotically k-SPC [3] if there exists a constant « € [0,1) and a sequence {y,} of
nonnegative real numbers with lim,_, » ¥, = 0 such that

| 7%= T |* < @+ y)llx = y1? + | (I = T")x = (1= T")y|?, VxyeC, (1.6)

foralln € N.If« = 0, then T is asymptotically nonexpansive with k,, = \/1 + y, foralln e N;
that is, T is asymptotically nonexpansive [4] if there exists a sequence {k,} C [1,00) with
lim,,_, s k;; = 1 such that

|| Tnx - T"y” S kn”x —J’|| S (1 + yn)”x —J’||, Vx,}/ € C’ (17)

for all n € N. It is known that the class of x-SPC mappings and the class of asymptotically
k-SPC mappings are independent (see [5]). And the class of asymptotically nonexpansive
mappings is reduced to the class of asymptotically nonexpansive mappings in the interme-
diate sense with €, = y,K for all n € N and for some K > 0; that is, T is an asymptotically
nonexpansive mapping in the intermediate sense if there exists a sequence {¢,} of nonneg-
ative real numbers with lim,,_, o, €, = 0 such that

” T"x — T"yH <lx-yll+€, VxyeC, (1.8)

foralln e N,


http://www.fixedpointtheoryandapplications.com/content/2012/1/214

Tianchai Fixed Point Theory and Applications 2012,2012:214 Page 3 of 26
http://www.fixedpointtheoryandapplications.com/content/2012/1/214

(vii) asymptotically k -SPC mapping in the intermediate sense [6] if there exists a constant
k € [0,1) and a sequence {y,} of nonnegative real numbers with lim,_, o ¥, = 0 such that

timsup sup ([| 7% - T"y|* = @ + y)llx = yI2 = & | (I - T")x — (1 - T")y|*) < 0.

n—-oo xyeC

If we define

Ty = max{o,x§;%(|| %= T"y[* = (L vl =912 = & (1 = 77— (1= 7))},
then 1im,, o, T, = 0, and the last inequality is reduced to

| 7% = T9))* < W+ y)llx=yI2 + | (I = T")x = (I = T")y|* + 70y ¥x9€C, (19)

for all m € N. It is obvious that if 7, = 0 for all # € N, then the class of asymptotically «-SPC
mappings in the intermediate sense is reduced to the class of asymptotically «-SPC map-
pings; and if t, = k¥ = 0 for all n € N, then the class of asymptotically «-SPC mappings in
the intermediate sense is reduced to the class of asymptotically nonexpansive mappings;
and if y, = 7, =k = 0 for all n € N, then the class of asymptotically «-SPC mappings in
the intermediate sense is reduced to the class of nonexpansive mappings; and the class of
asymptotically nonexpansive mappings in the intermediate sense with {¢,} of nonnega-
tive real numbers such that lim,,_, o €, = 0 is reduced to the class of asymptotically «-SPC
mappings in the intermediate sense with 7, = €,K for all n € N and for some K > 0. Some
methods have been proposed to solve the fixed point problem of an asymptotically «-SPC
mapping in the intermediate sense (1.9); related work can also be found in [6-13] and the

references therein.

Example 1.1 (Sahuetal. [6]) Let X = Rand C = [0,1]. Foreachx € C,we define T:C — C
by

«kx, ifxe[0,1],

0, ifxe(%,l],

Tx =

where « € (0,1). Then
(1) T is an asymptotically nonexpansive mapping in the intermediate sense. Therefore,
T is an asymptotically «-SPC mapping in the intermediate sense.
(2) T is not continuous. Therefore, T is not an asymptotically ¥ -SPC and

asymptotically nonexpansive mapping.

Example 1.2 (Hu and Cai [7]) Let X = R, C = [0,1], and « € [0,1). For each x € C, we
define T: C — C by

1 /1 N/ 1
T - o —x+%, ifxe[0,3],

NES ifx e (3,1.

Then
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(1) T is an asymptotically nonexpansive mapping in the intermediate sense. Therefore,
T is an asymptotically «-SPC mapping in the intermediate sense.
(2) T is continuous but not uniformly L-Lipschitzian. Therefore, T is not an

asymptotically x-SPC mapping.

Example 1.3 Let X =R and C = [0,1]. For each x € C, we define T: C — C by

2 .
Tx _ Ji;l - %y lfx S [07 %]7

2 ifxe (3,1,
where « € [0,1). Then
(1) T is an asymptotically nonexpansive mapping in the intermediate sense. Therefore,
T is an asymptotically «-SPC mapping in the intermediate sense.
(2) T is not continuous. Therefore, T is not an asymptotically «-SPC and

asymptotically nonexpansive mapping.

Iterative methods are often used to solve the fixed point equation Tx = x. The most well-
known method is perhaps the Picard successive iteration method when T is a contraction.
Picard’s method generates a sequence {x,} successively as x,,; = Tx, for all # € N with
x1 = x chosen arbitrarily, and this sequence converges in norm to the unique fixed point
of T. However, if T is not a contraction (for instance, if T is nonexpansive), then Picard’s
successive iteration fails, in general, to converge. Instead, Mann’s iteration method for a

nonexpansive mapping 7 (see [14]) prevails, generates a sequence {x,} recursively by
Kps1 = Ay + (1 —0,)Tx,, VmeN, (1.10)

where x; = x € C chosen arbitrarily and the sequence {«,} lies in the interval [0, 1].

Mann'’s algorithm for nonexpansive mappings has been extensively investigated (see
[2, 15, 16] and the references therein). One of the well-known results is proven by Re-
ich [16] for a nonexpansive mapping T on C, which asserts the weak convergence of the
sequence {x,} generated by (1.10) in a uniformly convex Banach space with a Frechet dif-
ferentiable norm under the control condition ) -, a,(1 — a,;) = 0o. Recently, Marino and
Xu [17] developed and extended Reich’s result to a SPC mapping in a Hilbert space setting.
More precisely, they proved the weak convergence of Mann’s iteration process (1.10) for a
k-SPC mapping T on C, and subsequently, this result was improved and carried over the
class of asymptotically x -SPC mappings by Kim and Xu [18].

It is known that Mann’s iteration (1.10) is in general not strongly convergent (see
[19]). The way to guarantee strong convergence has been proposed by Nakajo and Taka-
hashi [20]. They modified Mann’s iteration method (1.10), which is to find a fixed point of
a nonexpansive mapping by the hybrid method, called the shrinking projection method
(or the CQ method), as the following theorem.

Theorem NT Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be
a nonexpansive mapping of C into itself such that F(T) # (). Suppose that x, = x € C chosen
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arbitrarily and {x,} is the sequence defined by

Yn=0pXy + (1 _an)Txm
Ci={z€C:llyn—2zll < llxun—2zll},
Qu={ze€C: (xy—z,x% —x,) = 0},

Xne1 = Pcyng, (1), VmeN,
where 0 < a,, <« <1. Then {x,} converges strongly to Pr)(x1).

Subsequently, Marino and Xu [21] introduced an iterative scheme for finding a fixed

point of a k-SPC mapping as the following theorem.

Theorem MX Let C be a nonempty closed convex subset of a real Hilbert space H and let
T :C — C be a k-SPC mapping for some 0 < « < 1. Assume that F(T) # ). Suppose that
x1 = x € C chosen arbitrarily and {x,} is the sequence defined by

Vn = QuXy + (1 - an)Txn;
Co={zeC:llyn—2zl* < I%n — 21> + (1 — @) (k — &) ll%s — Txull*},
Q.,={zeC:{x, —z,x1 —x,) >0},

X1 = Pcyng, (1), VmeN,
where 0 < a,, < 1. Then the sequence {x,} converges strongly to Pgr)(x1).

Quite recently, Kim and Xu [18] have improved and carried Theorem MX over a wider

class of asymptotically k -SPC mappings as the following theorem.

Theorem KX Let C be a nonempty closed convex subset of a real Hilbert space H and
let T : C — C be an asymptotically «-SPC mapping for some 0 < k <1 with a bounded
sequence {y,} C [0,00) such thatlim,_, o, v, = 0. Assume that F(T) is a nonempty bounded
subset of C. Suppose that x, = x € C chosen arbitrarily and {x,} is the sequence defined by

Yn =0pXy + (1 - an)Tnxm
Ch={z€C:llyn—zl* < llxn — zlI* + (k — an(L — ) 1%, — T"%41* + 0},
w={ze€C: (%, —2z,% —x,) = 0},

Xn+l = PC,,OQ,, (xl)y Vnel,

where 0, = A%(1 - o)y, — 0 as n — 00, A, = sup{|lx, —z|| :z€ F(T)} <00 and 0 <a,, < 1

such thatlimsup,_, . o, <1—«. Then the sequence {x,} converges strongly to Pr(r)(x1).
The domain of the function ¢ : C — R U {+00} is the set
domg = {x eC:px)< +oo}.

Let ¢ : C - RU{+00} be a proper extended real-valued function and let ® be a bifunction
from C x C into R, where R is the set of real numbers. The so-called mixed equilibrium
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problem is to find x € C such that

P, 9) +9() —9px) =0, VyeC. (1.11)
The set of solutions of problem (1.11) is denoted by MEP(®, ¢), that is,

MEP(®, ) = {x € C: D(x,5) + ¢(y) — ¢(x) = 0,Vy € C}.

It is obvious that if x is a solution of problem (1.11), then x € dom . If ¢ = 0, then problem
(1.11) is reduced to finding x € C such that

d(x,y) >0, VyeC. (1.12)

We denote by EP(®) the set of solutions of the equilibrium problem. The theory of equi-
librium problems has played an important role in the study of a wide class of problems
arising in economics, finance, transportation, network and structural analysis, elasticity,
and optimization and has numerous applications, including but not limited to problems
in economics, game theory, finance, traffic analysis, circuit network analysis, and mechan-
ics. The ideas and techniques of this theory are being used in a variety of diverse areas and
have proved to be productive and innovative. Problem (1.12) is very general in the sense
that it includes, as special cases, optimization problems, variational inequalities, minimax
problems, the Nash equilibrium problem in noncooperative games, and others; see, for
instance, [22, 23] and the references therein. Some methods have been proposed to solve
equilibrium problem (1.12); related work can also be found in [7, 12, 24-34].

For solving the mixed equilibrium problem, let us assume that the bifunction ® : C x
C — R, the function ¢ : C — R U {+00}, and the set C satisfy the following conditions:

(A1) ®(x,x)=0forallxe C;

(A2) @ is monotone; that is, ®(x,y) + ®(y,x) <0 forallx,y € C;

(A3) foreachx,y,z€C,

ltlfgl dD(tz +(1- t)x,y) < ®(x,y);

(A4) foreachx € C, y > ®(x,y) is convex and lower semicontinuous;

(A5) foreachy € C, x> ®(x,y) is weakly upper semicontinuous;

(B1) for each x € C and r > 0, there exists a bounded subset D, C C and y, € C such
that for any z € C\D,

1
D(z,7x) + 9(¥x) — 9(2) + ;(yx -2,z-%) <0;

(B2) Cisabounded set.

Variational inequality theory provides us with a simple, natural, general, and unified
framework for studying a wide class of unrelated problems arising in elasticity, structural
analysis, economics, optimization, oceanography, and regional, physical, and engineering
sciences, efc. (see [35—41] and the references therein). In recent years, variational inequal-
ities have been extended and generalized in different directions, using novel and innova-
tive techniques, both for their own sake and for their applications. A useful and important
generalization of variational inequalities is a variational inclusion.
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Let B: H — H be a single-valued nonlinear mapping and let M : H — 2’ be a set-valued
mapping. We consider the following quasivariational inclusion problem, which is to find
a point x € H such that

0 € Bx + Mx, (1.13)

where 6 is the zero vector in H. The set of solutions of problem (1.13) is denoted by
VI(H, B, M).

A set-valued mapping T : H — 2/ is called monotone if forallx,y € H,f € Txand g € Ty
imply (x —y,f —g) > 0. A monotone mapping T : H — 2/ is maximal if the graph of G(T)
of T is not properly contained in the graph of any other monotone mappings. It is known
that a monotone mapping T is maximal if and only if for (x,/) e H x H, (x —y,f —g) > 0
for all (y,g) € G(T) implies f € Tx.

Definition 1.4 (see [42]) Let M : H — 2/ be a multi-valued maximal monotone mapping.
Then the single-valued mapping /i1, : H — H defined by Jy;, (1) = (I + AM)™1(u), for all
u € H, is called the resolvent operator associated with M, where A is any positive number
and [ is the identity mapping.

Recently, Qin et al. [43] introduced the following algorithm for a finite family of asymp-
totically x;-SPC mappings T; on C. Let xy € C and {«,,}{°, be asequencein [0,1]. Let N > 1

be an integer. The sequence {x,} generated in the following way:

x1 = apxo + (1 — o) Tixo,

%o = onx1 + (1 — o) Toxy,

xn = an-_1xn-1 + (1 —an-1) Tnxn-

xns1 = oy + (1 — o) T, (1.14)

2
XN = dan—1%on-1 + (1 — oon—1) TXon-1,

3
Xons1 = danXon + (1 — aan) TyXon,s

is called the explicit iterative scheme of a finite family of asymptotically x;-SPC mappings
T; on C, where i =1,2,...,N. Since, for each n € N, it can be written as n = (4 — 1)N + i,
where i = i(n) € {1,2,...,N}, h = h(n) > 1 is a positive integer and /(1) — oo as n — oo.

Foreachi=1,2,...,N,let {T;: C — C} be a finite family of asymptotically «;-SPC map-
pings with the sequence {y,,;}52, C [0,00) such that lim,_, o ¥, = 0. One has

h h 2
| 7o x = Ty |* < 1+ Vi) e = 9112

2 VxyeC, (1.15)

+xion | (1= T )= (1= T )y
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for all » € N, and we can rewrite (1.14) in the following compact form:

h
X = QpaXyg + (11— an—l)Ti(%)xn—lx VneN.

To be more precise, they introduced an iterative scheme for finding a common fixed
point of a finite family of asymptotically «;-SPC mappings as the following theorem.

Theorem QCKS Let C be a nonempty closed convex subset of a real Hilbert space H. Let
N >1 be an integer. Foreach i=1,2,...,N, let {T; : C — C} be a finite family of asymptoti-
cally k;-SPC mappings defined as in (1.15), when k; € [0,1) with the sequence {y,,;} C [0, 00)
such that lim,,_, oo ¥,; = 0. Let k = max{k; :1 <i < N} and y, = max{/T+ y,,:1 <i < N}.
Assume that Q := ﬂZIF(T[) is a nonempty bounded subset of C. For xy = x € C chosen
arbitrarily, suppose that {x,} is generated iteratively by

h
Yn-1 = 0p1Xp-1 + (1 - an—l)Tl’(,(,Sl)xn—l:
Co1={2€ C: |yn1 —2l* < |%n1 — 2] + O
h
— (1= o) (@t = )| Ty %1 = X1},

Qu-1=1{z€ C: (%41 —2,%0 — %1) = 0},

Xn = PCn,lﬁQn,l (xO)) Vn e N;

where 0,_; = (yhz(n) -1 - ay1) - A2, — 0 as n— 0o such that A,_1 = sup{||lx,1 — 2| :
z € Q} < 0o. If the control sequence {a, )., is chosen such that 0 < o, < o < 1. Then the

sequence {x,} converges strongly to Pq(xo).

Recall that a discrete family S = {T}, : n > 0} of self-mappings of C is said to be an asymp-
totically k-SPC semigroup [44] if the following conditions are satisfied:
(1) To =1, where I denotes the identity operator on C;
(2) Tpemx=T,T,x,Vn,m=>0,Vx € C;
(3) there exists a constant « € [0,1) and a sequence {y,} of nonnegative real numbers
with lim,,_, « ¥, = 0 such that

I T = Tuyll* < L+ y)llx = yII>
vk | -Tx-U-T)y|*, ¥xyeC, (1.16)

for all # > 0. Note that, for a single asymptotically «-SPC mapping T : C — C, (1.16) im-
mediately reduces to (1.6) by taking T}, = T" for all n > 0 such that 7° = I.

On the other hand, Tianchai [24] introduced an iterative scheme for finding a common
element of the set of solutions of the mixed equilibrium problems and the set of common
fixed points for a discrete asymptotically x -SPC semigroup which is a subclass of the class
of infinite families for the asymptotically «-SPC mapping as the following theorem.

Theorem T Let C be a nonempty closed convex subset of a real Hilbert space H, ® be a
bifunction from C x C into R satisfying the conditions (A1)-(A5), and let ¢ : C — RU {+00}
be a proper lower semicontinuous and convex function with the assumption that either (B1)
or (B2) holds. Let S = {T,, : n > 0} be an asymptotically k-SPC semigroup on C for some
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k € [0,1) with the sequence {y,} C [0, 00) such thatlim,,_, « v, = 0. Assume that Q := F(S)N
MEP(®, ¢) = (2o F(T,,) N MEP(®, ¢) is a nonempty bounded subset of C. For xg =x € C
chosen arbitrarily, suppose that {x,}, {y.} and {u,} are generated iteratively by

u, € C such that

D, y) + @) = @(tn) + - (= thy thy = %) = 0, ¥y €C,
Vn = oty + (1= ) Typthy,
Cin={z€ CiNQu: Iy —2lI* < %y — 217

+ (1= ) O + (€ = ) [l — Tt |1)},

Qui1={z€ C, N Qy: {xu —2,%0 — x,) > 0},
Co=Qo=C,
X1 = Pc,nQu *0),  Yme NU ({0},

where 8, = y, - sup{||x, — z||> : z € Q) < 00, {@0,} C [a,b] such thatk <a<b<1,{r,} C[r,o0)
Jor some r >0 and Y . |ru — 1yl < 00. Then the sequences {x,}, {y,}, and {u,} converge

strongly to w = Pq(xo).

Recently, Saha et al. [6] modified Mann’s iteration method (1.10) for finding a fixed point
of the asymptotically k-SPC mapping in the intermediate sense which is not necessarily

uniformly Lipschitzian (see, e.g., [6, 7]) as the following theorem.

Theorem SXY Let C be a nonempty closed convex subset of a real Hilbert space H and let
T : C — C be a uniformly continuous and asymptotically k -SPC mapping in the interme-
diate sense defined as in (1.9), when « € [0,1), with the sequences {y,},{t,} C [0, 00) such
that limy,_, o Yy = im0 T, = 0. Assume that F(T) is a nonempty bounded subset of C.
Suppose that x) = x € C chosen arbitrarily and {x,} is the sequence defined by

IYn = (1 _an)xn +a, T"xy,,
Co={zeC:llys—zl* < % —zlI* + 64},
Qu={zeC: (%, —z,% —x,) =0},

X1 =Pc,nq,(*1), VmeN,

where 0, =y, - Ay + T, > 0 as n — 00, A, = sup{||x,, — z|| : z € F(T)} < 00 and {a,,} C (0,1]

such that 0 < < o, <1—«. Then the sequence {x,} converges strongly to Prry(x1).

Let N > 1 be an integer. For each i = 0,1,...,N — 1, let {T; : C — C} be a finite fam-
ily of asymptotically «;-SPC mappings in the intermediate sense with the sequences

{Vnitocrs {Tniloe, C [0,00) such that limy,, o ¥, = limy,—, o Tp,; = 0. One has

I Ti}(’fs)x - Ti}(’f,')’)yﬂ2 < (L + Yumion) % = y1I?
+aeon | (1= T = (1= T

+ Th(n),i(n)» Vx,y S C, (1.17)

Page 9 of 26
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for all # € NU {0} such that n = (# — 1)N + i, where i = i(n) € {0,1,...,N -1}, h = h(n) > 1
is a positive integer and h(n) — oo as n — 0.

Subsequently, Hu and Cai [7] modified Ishikawa’s iteration method (see [45]) for finding
a common element of the set of common fixed points for a finite family of asymptotically
k;-SPC mappings in the intermediate sense and the set of solutions of the equilibrium

problems (see also Duan and Zhao [8]) as the following theorem.

Theorem HC Let C be a nonempty closed convex subset of a real Hilbert space H, ® :
C x C — R be a bifunction satisfying the conditions (Al)-(A4), and let A: C — H be a
&-cocoercive mapping. Let N > 1 be an integer. For each i=0,1,...,N -1, let {T; : C — C}
be a finite family of uniformly continuous and asymptotically k;-SPC mappings in the in-
termediate sense defined as in (1.17) when k; € [0, 1) with the sequences {yy,;}, {t4,:} C [0,00)
such that limy,_, o Y, = lim, o0 7, = 0. Let k =max{x;: 0 <i <N -1}, y, = max{y,;: 0 <
i <N -1} and 1, = max{t,;: 0 < i < N — 1}. Assume that Q := ﬂf\ial F(T;) NEP(®) is a
nonempty bounded subset of C. For xo = x € C chosen arbitrarily, suppose that {x,} and

{u,} are generated iteratively by

u, € C such that
DUy, y) + (Axy,y — Uy) + i(y— U, Uy — %) >0, VyeC,
Zu = (1= Bu)ttn + BTy thns
Vn =1 = an)tty + oz,
Co={zeH:|lyn—2zl* < llxn — 2| + 64},

Qn:{ZGC:(xn—z,xo—xn) ZO};

Xntl = PCnﬂQn (x0)7 Vne NU {0}7

where 6, = V() - Afl + Ty — 0 as n — oo such that A, = sup{||x, —z|| : z € Q} < 0. If the
control sequences {a,},{B,} C (0,1], and {r,} C [a, b] are chosen such that 0 <o <, <1,
0<B<PB, <1l-k,and 0<a<r, <b<?2§, then the sequences {x,} and {u,} converge

strongly to Pg(xo).

In this paper, we study the sequences {x,,;}2, generated by modifying Mann’s iteration
method (1.10) for an infinite family of asymptotically «;-SPC mappings in the intermediate
sense. Foreach i =1,2,..., let {T; : C — C} be an infinite family of asymptotically «;-SPC
mappings in the intermediate sense with the sequences {y,;}52;, {7}, C [0,00) such

that lim,, & ¥,; = lim,,— & Tp,; = 0. One has

| T =Ty < @+ i)l -y

v (=T = (1= TP)y|* + 7 Va5 €C, (1.18)

forallme N. Foreachi=1,2,..., let x;; € C and {,;}32, be a sequence in [0,1], and let

the sequences {x,,;}:°; be generated in the following way:

n
KXn+l,i = (1 - an,i)xn,i + an,iTj KXni VneN.
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Quite recently, Ezeora and Shehu [9] introduced an iterative scheme for finding a com-
mon fixed point of an infinite family of asymptotically x;-SPC mappings in the intermedi-

ate sense as the following theorem.

Theorem ES Let C be a nonempty closed convex subset of a real Hilbert space H. For each
i=12,...,let {T;: C — C} be an infinite family of uniformly continuous and asymptoti-
cally k;-SPC mappings in the intermediate sense defined as in (1.18) when «; € [0,1) with
the sequences {y,;}o21,{Tni}oe; C [0,00) such that lim,_, o Yy = lim,—, o T = 0. Assume
that Q := (5, F(T) is a nonempty bounded subset of C. For x, = x € C chosen arbitrarily,
suppose that {x,}.°, is generated iteratively by

— n
yn,i = (1 - an,i)xn + O‘n,iTi X n=> ].,

Cri = {2 € Ctllyni—21* < 120 = 2II> + 6},

Cy= ﬂzofl Cn,i:
Qu={z€Qu1: (X —2,%1—%,) =0}, n=>2,
Q=C,

Xna = Pc,ng,(%1), VmeN,

where 0, = Vi - A2 + 7, (i =1,2,...), A, = sup{|lx, — z|| : 2 € R} < 00 and {e,,;}52; C (0,1]
(i=1,2,...) such that 0 < a; < a; <1 - «;. Then the sequence {x,}°, converges strongly to
Pg(x1).

Inspired and motivated by the works mentioned above, in this paper, we introduce a
new iterative scheme (3.1) below by modifying Mann’s iteration method (1.10) to find a
common element for the set of common fixed points of an infinite family of asymptot-
ically «;-SPC mappings in the intermediate sense, the set of solutions of the cocoercive
quasivariational inclusions problems, and the set of solutions of the mixed equilibrium
problems in Hilbert spaces. The strong convergence theorem of the iterative scheme to
a common element of the three aforementioned sets is obtained based on the shrinking
projection method which extends and improves that of Ezeora and Shehu [9] and many
others.

2 Preliminaries
We collect the following lemmas which be used in the proof of the main results in the next

section.

Lemma 2.1 (see [1]) Let C be a nonempty closed convex subset of a Hilbert space H. Then
the following inequality holds:

(x—Pcx,Pcx—y) >0, VxeH,yeC.

Lemma 2.2 (see [46]) Let H be a Hilbert space. For all x,y,z € H and o, B,y € [0,1] such
thata + 8 +y =1, one has

lax + By + vzl = allxl? + BlIyI* + v l2l1* - aBllx = ylI* —ay lx - zI* - By lly - zI1*.
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Lemma 2.3 (see [25]) Let C be a nonempty closed convex subset of a real Hilbert space H,
® : C x C — R satisfying the conditions (A1)-(A5), and let ¢ : C — R U {+00} be a proper
lower semicontinuous and convex function. Assume that either (Bl) or (B2) holds. Forr > 0,
define a mapping S, : C — C as follows:

Si(x) = {zeC:dD(z,y)+go(y)—g0(z)+ %(y—z,z—x) zO,VyeC}

for all x € C. Then the following statements hold.:
(1) foreachx € C, S,(x) #0;
(2) S, is single-valued,;
(3) S, is firmly nonexpansive; that is, for any x,y € C,

1S, = 7112 < (S = S, - 9);

(4) E(S;) = MEP(®, p);
(5) MEP(®, @) is closed and convex.

Lemma 2.4 (see [42]) Let M : H — 2! be a maximal monotone mapping and let B: H —
H be an a-inverse-strongly monotone mapping. Then, the following statements hold:
(1) Bisa (1/a)-Lipschitz continuous and monotone mapping.
(2) u € H is a solution of quasivariational inclusion (1.13) if and only if
u = Jpp5.(u — ABu), for all 1. > 0, that is,

VI(H,B,M) = F(Jy,(I - AB)), VA >0.

(3) If » €(0,2wt], then VI(H, B, M) is a closed convex subset in H, and the mapping
I — AB is nonexpansive, where I is the identity mapping on H.

(4) The resolvent operator J ;. associated with M is single-valued and nonexpansive for
all A > 0.

(5) The resolvent operator J, is 1-inverse-strongly monotone; that is,
2
17005 @) = Taaa @) |~ < (% = 3 Jn1a ) = Jagn (), ¥,y € H.

Lemma 2.5 (see [47]) Let M : H — 2" be a maximal monotone mapping and let B: H —
H be a Lipschitz continuous mapping. Then the mapping S = M + B: H — 2! is a maximal
monotone mapping.

Lemma 2.6 (see [6]) Let C be a nonempty closed convex subset of a real Hilbert space H
andlet T : C — C be a uniformly continuous and asymptotically k -strictly pseudocontrac-
tive mapping in the intermediate sense defined as in (1.9) when k € [0,1) with the sequences
{yu} {Ta} C [0,00) such that lim,_, oy, = lim,_, T, = 0. Then the following statements
hold:
) 17"~ T < 2 (ellx =yl + /A + A= y)llx =17 + A —)5), for all x,y € C
and n e N.

(2) If {x,} is a sequence in C such that lim,_, « ||X, — Zy41|| = 0 and
lim,_ o0 |%, — T"x,|| = 0. Then lim,_,  ||x, — Tx,|| = 0.
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(3) I—T is demiclosed at zero in the sense that if {x,} is a sequence in C such that
X, —~x € Casn— oo,and limsup,,_, . limsup,_, |, — T"x,| =0, then
(I-T)x=0.

(4) F(T) is closed and convex.

3 Main results

Theorem 3.1 Let H be a real Hilbert space, ® be a bifunction from H x H into R satisfying
the conditions (A1)-(A5), and let ¢ : H — R U {+00} be a proper lower semicontinuous and
convex function with the assumption that either (B1) or (B2) holds. Let M : H — 2" be a
maximal monotone mapping and let B: H — H be a &-cocoercive mapping. For each i =
1,2,..., let {T;: H — H} be an infinite family of uniformly continuous and asymptotically
k;i-SPC mappings in the intermediate sense defined as in (1.18) when «; € [0,1) with the
sequences { Yy, }oo1, {Tnitooy C [0,00) such that lim,_, o Yy = limy,_, o0 Ty = 0. Assume that
Q:= N F(T;) N VI(H,B, M) N MEP(®, ¢) is a nonempty bounded subset of H. For x, =
x € H chosen arbitrarily, suppose that {x,}2, is generated iteratively by

u, € H such that

(1, 9) + @) = @(ttn) + 1y = s th = 20) 20, Vy €H,
Yimi = (1= 0t = Bui)thy + i T} thy + BruiJan (vt — ABusy,),
Cuni = {2 € Cu N Qut lymi — 211 < 1% — 211> + O},
Cua1 = izt Crrvi
Quin={z€ CiNQy: (Xn —2,%1 —x,) = 0},
Ci=CGi=Qi=H,

(3.1)

X1 = PcnQun 1), VreN,

where 0, = Vi - A2+ 1, (i=1,2,...) and A, = sup{|lx, — z|| : z € Q} < 00 satisfying the
following conditions:
(C) {ani}52 C lavi bl and {Bnitee, C lag byl (i=1,2,...) such that 0 < a;; < bj; < 1
foreachj=1,2,and by; +by; <1—x; (i=1,2,...);
(C2) 1 e(0,2¢] and {r,};2, C [r,00) for somer > 0.
Then the sequence {x,);°, converges strongly to w = Pg(x;).

Proof Pickp € Q and fix i =1,2,.... From (3.1), by the definition of S,, in Lemma 2.3, we
have

Uy = Sy, %, € domg, (3.2)
and by T;p = p, Lemmas 2.3(4) and 2.4(2), we have
Tp =S,,p=Jur(I—AB)p =p. (3.3)

From Lemma 2.3(3), we know that S, is nonexpansive. Therefore, by (3.2) and (3.3), we
have

lotn =PIl = 1Sr,%n = Srupll < %0 = pII- (3.4)
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Let ¢, = Jp,. (4, — ABu,). From Lemmas 2.4(3) and 2.4(4), we know that J;, and I — AB

are nonexpansive. Therefore, by (3.3), we have
ltn =PIl = | a1, (1 = ABut) = Tt (p = 2Bp) | < llst = plI. (3.5)

By (3.3), (3.4), (3.5), Lemma 2.2, and the asymptotically «;-SPC in the intermediate sense
of T;, we have

i =PI = | (0= @i = Br)at = P) + i (T7't45 = ) + Built P
= (U=t = Bt =PI + i | TVt = p||* + Brilitn — I
= i (1= ot = Bud) ||t = T/t ”2
= Bui0 = ot = Bu) = 61> = i T2t — |
< (1= api = Bud)llun — pII?
iU+ yu )ty = pI? + kit = T | + 7
4 Builltn = PI? = i1 = s = B ||t — TVt
= B = i = Bui) Nt = bl = B | Tt —
< (1 + Vi) 11t =PI + T
— (1= i = i — k) ||t = T} th ”2
= Buil = ot = Bui) lttn — tull® = i | T} thn — ||2
< (L + Vi)t = DI + T = i (1= G = B = k) |t = TV
< lw = pI1? + Oy (3.6)
where 0,,; := v, - Af, + 1, and A, = sup{||x, — z|| : z € Q}.
Firstly, we show that C,,NQ,, is closed and convex for all # € N. It is obvious that C; N Q; is

closed and, by mathematical induction, that C, N Q, is closed for all n > 2, that is, C, N Q,
is closed for all # € N. Since, for any z € H, ||y, — z||> < %, — z||* + 6, is equivalent to

”.yn,i _xn”2 + 2<yn,i — Xy Ky — Z) — en,i <0 (3‘7)
for all n € N. Therefore, for any z1,2; € Cys1 N Quia C C, N Q, and € € (0,1), we have

19 = %nll> + 2(ymi = Xns26n — (€21 + (L = €)22)) — O
= €(I1yni = %all® + 2ni = X X — 21) = O)
+ (L= €)(Iymi = %ull® + 2V — Xs X — 22) — O
<0, (3.8)
(x,, - (ez1 +(1- e)zz),xl —x,,)
= €(xy — 21,%1 — %) + (1 = €){x, — 22, %1 — %)

=0 (3.9)

Page 14 of 26
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for all n € N. Since C; N Q is convex, by putting # =1 in (3.7), (3.8), and (3.9), we have
that C; N Q; is convex. Suppose that xy is given and C; N Qx is convex for some k > 2. It
follows by putting # = k in (3.7), (3.8), and (3.9) that Cy,1 N Q.1 is convex. Therefore, by
mathematical induction, we have that C,, N Q,, is convex for all # > 2, that is, C, N Q,, is
convex for all n € N. Hence, we obtain that C, N Q, is closed and convex for all n € N.

Next, we show that Q2 ¢ C, N Q, for all n € N. It is obvious that p e Q C H = C; N Q.
Therefore, by (3.1) and (3.6), we have p € C,; for all i, and so p € C;, and note that
peEH=Q,, and so p € C; N Q. Hence, we have Q C C; N Q,. Since C; N Q, is a
nonempty closed convex subset of H, there exists a unique element x, € C, N Q; such
that x, = Pcynq, (x1). Suppose that x; € Cx N Q is given such that xx = Pc ng, (x1), and
p € Q C Cy N Q for some k > 2. Therefore, by (3.1) and (3.6), we have p € Cy,;,; for all i,
and so p € Cg,1. Since xx = P, (*1), therefore, by Lemma 2.1, we have

Xk —z, 41 —x1) >0

for all z € Cx N Q. Thus, by (3.1), we have p € Qi;1, and so p € Cry1 N Q1. Hence, we
have Q C Ciy1 N Qpy1- Since Cyy N Qiy1 is @ nonempty closed convex subset of H, there
exists a unique element xz,; € Ciq N Qra such that xx,1 = P, ng,,, (x1)- Therefore, by
mathematical induction, we obtain that ¢ C,, N Q,, for all » > 2,and so 2 C C,, N Q,, for
all n € N, and we can define x,,; = Pc,,,nq,,, (*1) for all # € N. Hence, we obtain that the
iteration (3.1) is well defined, and by Lemmas 2.3(5), 2.4(3), and 2.6(4), we also obtain that
Pq(x;) is well defined.
Next, we show that {x,} is bounded. Since x,, = P¢c,nq,(*1) for all n € N, we have

llocn — 21l < Nz = x4, (3.10)
for all z € C, N Q,. It follows by p € @ C C, N Q,, that ||x, — x1|| < ||p — x| for all » € N.
This implies that {x,} is bounded, and so are {u,}, {¢,}, and {y,,;} foreachi=1,2,....

Next, we show that [x, — x,.1]| = 0 as n — o0. Since %41 = Pc,,;n0,,, (*1) € Cus1 N

Qui1 C Cy N Qy, therefore, by (3.10), we have ||x, — x1]| < |l#,41 — 1| for all n € N. This
implies that {||x, — x1]|} is a bounded nondecreasing sequence, there exists the limit of
[, — %1]|, that is,

lim ||, — x| = (3.11)

n—00
for some m; > 0. Since x,,,1 € Qy41, therefore, by (3.1), we have

(xn — Xn+1r X1 _xn> = 0. (312)

It follows that

2 2 2
16 = Xpet 17 = Mot — X117 + 2(0n — X1, %1 — %) + 2(% — X1, % — K1) + (X1 — X1l

< et = 1l|® = vy — 1|1
Therefore, by (3.11), we obtain

[[%; = %ps1ll = O asn— oo. (3.13)
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Next, we show that {x,} is a Cauchy sequence. Observe that
GNQiDCNQD---2C,NQ, DDA
It follows that
Xnem =P,y nnQuim ®1) € Cm N Quam C Crrat N Quit C Qi
for each m > 1. Therefore, by (3.1), we have
(Xn = Xpms X1 — %) = 0. (3.14)
Thus, we have

2 2 2
n+m — An = n+m — ¥1 n — X1 — n+m — A Xp — K1
llx Xull® = Il 2l + % — 2|17 = 2(x X1, %y — X1)
2 2
= n+m — A1l T n — AL — nim — AnrAn T AL
llx 2 l* = o — 21 []” = 2 X X — X1)

= %nem — %1 ”2 — |lxn — 21 ”2 (3.15)
Hence, by (3.11), we obtain that ||x,,, — x,|| — 0 as n — oo, which implies that {x,} is a
Cauchy sequence in H, and then there exists a point w € H such that x, - was n — oo.
Next, we show that ||y,,; —x,|| — 0 as n — oc. From (3.1), we have x,,.1 = Pc,.;nqg,., (*1) €
Cui1 N Quy1 C Cyy1 C Cpy1,i- Therefore, we have
1yn,i _xn+1||2 < %n — X1 ||2 + 6. (3.16)
It follows by (3.13) and lim,,—, o0 6,,; = O that
1Yni = %pi1ll > 0 asn— oo. (3.17)
Since,
1y = %l < NYmi = Xer |l + %41 — %l (3.18)
Therefore, by (3.13) and (3.17), we obtain

lyn; —xull > 0 asn— oo. (3.19)

Next, we show that |lu, —x,| — 0 and | %41 — u,|| — 0 as n — oco. By (3.2), (3.3), and
the firmly nonexpansiveness of S,, in Lemma 2.3(3), we have

”Mn —P”Z < (Srnxn _Sr,,prxn _p) = (”n DXy —P)
1
= E(Ilun =pI? + 1% = pII* = Nl = %4ll*),

which implies that

4 — pI* < 1% — pI* = llttw — %112 (3.20)
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By (3.4), (3.6), and (3.20), we have

Iymi = PI* < L+ Yl =PI + Tri < Nty =PI + 6

< 1% = pI* = lttn = %0 ]1* + O
which implies that

2
I

2 2
et — % ll” < 10 = PI° = 1Yni =PI + O

< 1% = il (%0 = 21| + 1Yni = P1I) + O (3.21)

Therefore, by (3.19) and lim,,_, » 8,,,; = 0, we obtain

|ty — x4l > 0 asn— oo. (3.22)
Since

lni1 = tnll < Nttnir = X | + 181 = Xull + 160 — 2l (3.23)
therefore, by (3.13) and (3.22), we obtain

|tpe1 — tn]l = 0 asm— oo. (3.24)

Next, we show that w € (5, F(T}). From (3.4) and (3.6), we have

2 2 2
lyn: —plI” < 1+ Vn,i)”un =pl"+Thi— an,i(l — i — B — Ki) ”un - Tl'nun ”

2
< ”un —19||2 + en,i - an,i(l — Oy, — ,Bn,i - Ki)”un - Tlnun )
which implies that
2
a1,i(1 = by — ba; — )|y — TVu|
2
< an,i(l — Oy, — ﬂn,i - Ki) H Uy — Tl‘nun ||
< llttn = pI* = yni = pII* + O
< llun _yn,i”(”un =l + yni _P”) + O,
< (Nt = 2 ll + 1% = yuill) (Nt = PN + 11 = PI) + O (3.25)
Therefore, by (3.19), (3.22), and lim,_, o 6,,,; = 0, we obtain
||un - T!'uy, || —0 asn— 0. (3.26)

From (3.24) and (3.26), by Lemma 2.6(2), we have

||ty — Tiuy|| — 0 asm — oo. (3.27)
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Therefore, by (3.27) and the uniform continuity of Tj, it is easy to see, by mathematical
induction on m € N, that

|| T"u, — T 'u, || —0 asn—> o0 (3.28)
for each m € N. Since, for any m € N, we have
tn = Tt | < Nt = Tittn|l + | Tithn = Tt || + - + | T st — T |
[ = 77" | : z ;

such that Tio = I, where I is the identity mapping on H. Therefore, by (3.27) and (3.28), we
obtain

||u,, - T"u, || — 0 asn— oo. (3.29)

From (3.22) and x, — w, we have u, — w as n — oo. Therefore, from (3.29), by
Lemma 2.6(3), we obtain that w € F(T;) for all i = 1,2,...; thatis, w € (5, F(T}).
Next, we show that w € MEP(®, ). From (3.1), we have

1
0§q>(un»y)+<.0()’)—¢(un)+ —(y—uy,uy —x,), VyeH.

n

It follows by the condition (A2) that

1
CD(y, u,) < ‘D(% Up) + ‘D(Mmy) + </’(V) —o(u,) + r—()’— Upy Uy —Xy), Yy€EH

n

1
§<P(y)—<ﬂ(un)+r—O’—MmMn—xn), VyGH

n

Hence,

w(v)—w(un)+<y—um u;x>z O(y,u,), VyeH. (3.30)

n

From (3.22) and x,, — w, we have u,, — w as n — 00. Therefore, we obtain
O(y,w) + p(w) —p(y) <0, VyeH. (3.31)

For a constant £ with 0 <¢<1and y € H, let y, = ty + (1 — t)w. Since y,w € H, thus, y, € H.
So, from (3.31), we have

@y, w) + (W) — p(y;) < 0. (3.32)
By (3.32), the conditions (Al) and (A4), and the convexity of ¢, we have

0 = Dy, 91) + 9() — 9 ()
< (t2(ny) + A=) w)) + (te(y) + (L - D)) — 9
= t(P(1y) + 90) — 90r) + (L= 1)(P(e, w) + o(W) — 0(31))
<tH(@Uny) +90) - e),
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which implies that

P(ey) +9) - o) = 0.
Therefore, by the condition (A3) and the weakly lower semicontinuity of ¢, we have
D(w,y) + ¢(y) — p(w) > 0 as t — O for all y € H, and hence we obtain that w € MEP(®, ¢).
Next, we show that w € VI(H, B, M). From (3.1), we have
Yni = (1- Oy — ﬂn,i)un + o[;'I,iTl'nI/‘n + Buitn,

which implies that

aZ,i”un - tn” = ﬂn,i”un - tn” = ”un _yn,i” + an,iHun - T,'nun H

=< ”Mn _xn” + ”xn _yn,i” + an,i”un - Tl'n”n ||
Therefore, by (3.19), (3.22), and (3.26), we obtain
|ty —ty]l > 0 asnm— oo. (3.33)

From Lemma 2.4(1), we have that B is (1/£)-Lipschitz continuous. Therefore, by Lem-
ma 2.5, we have that M + B is maximal monotone. Let (y,g) € G(M + B), that is,

g—ByeMy. (3.34)
Since ¢, = Jar, (4, — ABu,,), we have u,, — ABu,, € (I + AM)t,,. Therefore,

1

X(un —t, — ABu,) € Mt,. (3.35)
By (3.34), (3.35), and M is maximal monotone, we have

0 < (y - tu, My — Mty)

1
= <y— g — B —X(un—tn—ABun)>.

It follows by the monotonicity of B that
1
(y—tng) > <y —t,By + X(u,, -t - )»Bu,,)>
1
=\y—tw (By - Bt,) + (Bt, — Buy,) + X(un —ty)
1

> (y — t,, Bt, — Bu,) + X(y—t,,,un—t,,). (3.36)
From (3.33), we have ||Bt, — Bu,|| — 0, and since x, — w, by (3.22) and (3.33), we have
t, = w as n — 00. Therefore, by (3.33) and (3.36), we obtain that (y — w,g) > 0 as

n — oo. It follows from the maximal monotonicity of M + B that 0 € (M + B)w; that is,
we VI(H,B,M), and so w € Q.
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Finally, we show that w = Pg(x;). Since Q2 C Cy11 N Qyy1 C Qyy1. Therefore, by (3.1), we

have
(%n—2,%1—%,) >0, VzeQ.
It follows by x,, — w as n — oo that
w—z,21—w) >0, VzeQ.
Therefore, by Lemma 2.1, we obtain that w = Pg(x;). This completes the proof. O

Remark 3.2 The iteration (3.1) is different from the iterative scheme of Ezeora and Shehu

[9] as follows:
1. The sequence {x,} is a projection sequence of x; onto C,, N Q,, for all #n € N such that

GNAUDGNQRD--26GNQ D D

2. The proof to the strong convergence of the sequence {x,} is simple by a Cauchy
sequence.

3. An approximate solution to a common element for the set of common fixed points of
an infinite family of asymptotically strictly pseudocontractive mappings in the
intermediate sense, the set of solutions of the cocoercive quasivariational inclusions
problems, and the set of solutions of the mixed equilibrium problems by iteration is

obtained.

We define the condition (B3) as the condition (B1) such that ¢ = 0. If ¢ = 0, then Theo-

rem 3.1 is reduced immediately to the following result.

Corollary 3.3 Let H be a real Hilbert space and let ® be a bifunction from H x H into R
satisfying the conditions (A1)-(A5) with the assumption that either (B2) or (B3) holds. Let
M : H — 2 be a maximal monotone mapping and let B: H — H be a &-cocoercive map-
ping. Foreachi=1,2,...,let{T; : H — H} be an infinite family of uniformly continuous and
asymptotically k;-SPC mappings in the intermediate sense defined as in (1.18) when «; €
[0,1) with the sequences {yy,i}oc1, {Tui )y C [0,00) such that 1imy,_, o0 Yy = lim,_, o0 Tp; = 0.
Assume that Q := (- F(T;) N VI(H, B, M) N EP(®) is a nonempty bounded subset of H.
For x1 = x € H chosen arbitrarily, suppose that {x,}-, is generated iteratively by

u, € H such that ®(u,,y) + i(y— Uy, Uy —%y) >0, VyeH,
i = (L= 0ti = B by + i T} thy + Buuifaa (st — ABuy,),

Curni = {2 € Cu N Qut lymi — 211> < 1% — 211> + O},

Cus1 = (Niey Crsnio

Qui ={z€ G N Qu: (%0 — 2,41 — %) = O},
Ci=CGi=Qi1=H,

Xntl = PC,H.lﬁQ,H.l (xl); Vn e N)
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where 0,; = Vi A2 + 1, (i =1,2,...) and A, = sup{||x, — z|| : z € Q} < 00 satisfying the
following conditions:
(CD) {ani}52 Clavi, b and {Buitne; C las, byl (i=1,2,...) such that 0 < a;; < bj; <1
foreachj=1,2,and by; + by <1—x; (i=1,2,...);
(C2) 1€ (0,2¢] and {r,};2, C [r,00) for somer > 0.

Then the sequence {x,);°, converges strongly to w = Pg(x;).

If ® =0, then Corollary 3.3 is reduced immediately to the following result.

Corollary 3.4 Let H be a real Hilbert space, M : H — 2 be a maximal monotone map-
ping, andlet B: H — H be a & -cocoercive mapping. Foreachi=1,2,...,let {T;: H — H} be
an infinite family of uniformly continuous and asymptotically «;-SPC mappings in the in-
termediate sense defined as in (1.18) when «; € [0,1) with the sequences {y,,;}221, {Tu,i )52, C
[0, 00) such that limy,_, o Vi = limy,_o0 Tn; = 0. Assume that Q := (5 F(T:) N VI(H, B, M)
is a nonempty bounded subset of H. For x, = x € H chosen arbitrarily, suppose that {x,};°,

is generated iteratively by

Vi = (L=t — Brui)%n + 0 Ty + B iJan (%, — ABxy),
Cr1i = {2 € Cu N Qg = 201> < llwn = 2117 + 61},
Cui1 = (Nieg Crenio

Quia ={z€ C,NQy: (xy —2,%1 —x,) = 0},
Ci=C=Q1=H,

X1 = Pc,nQu ®1), YreEN,

where 0, = Vi - A2+ 1,; (i=1,2,...) and A, = sup{|lx, — z|| : z € Q} < 00 satisfying the
following conditions:
(CD) {ani}52) C lavi, b and {Buitne; Clas, by (i=1,2,...) such that 0 < a;; < bj; <1
foreachj=1,2,and by;+ by; <1—k; (i=1,2,...);
(C2) 1 e(0,2¢].

Then the sequence {x,},°, converges strongly to w = Pg(x).

If B=0and M = 0, then Theorem 3.1 is reduced immediately to the following result.

Corollary 3.5 Let C be a nonempty closed convex subset of a real Hilbert space H, ® be a
bifunction from C x C into R satisfying the conditions (A1)-(A5), and let ¢ : C — RU {+00}
be a proper lower semicontinuous and convex function with the assumption that either
(B1) or (B2) holds. For each i =1,2,..., let {T; : C — C} be an infinite family of uniformly
continuous and asymptotically k;-SPC mappings in the intermediate sense defined as in
(1.18) when «; € [0,1) with the sequences {yy,i}o21, {Tni}ooy C [0,00) such that lim,_, o Vi =
lim,,—, o0 Ty = 0. Assume that Q := ﬂfl F(T;) " MEP(®, ¢) is a nonempty bounded subset
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of C. For x; = x € C chosen arbitrarily, suppose that {x,}.°, is generated iteratively by

u, € C such that

(1, 9) + @) = @(tt) + 1y =ttt = 22) 20, Vy€C,
Yni = (1= 0ttty + 0t Tl
Cuni =12 € Cu N Qut lymi — 211 < 1% — 211> + O},
Cue1 = Nz Crrti
Quin={z€ CiNQy: Xy —2,%1 —x,) = 0},
Ci=Ci=Q1=C,

X1 = PcnQu 1), VreN,

where 0, = Vui - A2+ 1, (i=1,2,...) and A, = sup{|lx, — z|| : z € Q} < 00 satisfying the
following conditions:

(CL) {ani}s2, Cla,b] (i=1,2,...)suchthat0<a<b<1-«;

(C2) {ru}2, C[r,00) for somer > 0.
Then the sequence {x,}.°, converges strongly to w = Pg(x1).

If ¢ = 0, then Corollary 3.5 is reduced immediately to the following result.

Corollary 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H and let
be a bifunction from C x C into R satisfying the conditions (A1)-(A5) with the assumption
that either (B2) or (B3) holds. For each i =1,2,..., let {T; : C — C} be an infinite family
of uniformly continuous and asymptotically «;-SPC mappings in the intermediate sense
defined as in (1.18) when «; € [0,1) with the sequences {yy,i}oo1, {Tni}o0; C [0,00) such that
limy, s o0 Vi = limys 0 Ty = 0. Assume that Q := (o F(T;) N\ EP(®) is a nonempty bounded
subset of C. For x; = x € C chosen arbitrarily, suppose that {x,}5, is generated iteratively
by

uy, € C such that ®(u,,y) + %0/— Uy Uy —xy) >0, VyeC,
Vi = (1= )ty + 0 T} thys

Cr1i = {2 € Cu N Qg = 201> < llwn — 2117 + 61},

Cui1 =Ny Crevio

Qui={z€ CiNQy: Xy —2,%1 —xn) = 0},
Gi=CG=Q1=C,

Xne1 = Pc,nQun (1), Y EN,

where 0,; = Vi - A2 + 1, (i =1,2,...) and A, = sup{||x, — z|| : z € Q} < 00 satisfying the
following conditions:

(CL) i}, Cla, bl (i=1,2,...)suchthat 0 <a<b<1—«k;

(C2) {ru}2, Clr,00) for somer > 0.
Then the sequence {x,);°, converges strongly to w = Pg(x;).

If ® = 0, then Corollary 3.6 is reduced immediately to the following result.


http://www.fixedpointtheoryandapplications.com/content/2012/1/214

Tianchai Fixed Point Theory and Applications 2012,2012:214 Page 23 of 26
http://www.fixedpointtheoryandapplications.com/content/2012/1/214

Corollary 3.7 Let C be a nonempty closed convex subset of a real Hilbert space H. For each
i=12,...,let {T;: C — C} be an infinite family of uniformly continuous and asymptoti-
cally k;-SPC mappings in the intermediate sense defined as in (1.18) when «; € [0,1) with
the sequences { V)01, {Tnitooq C [0,00) such that lim,_, o yyu,; = lim,_, o T, = 0. Assume
that Q := (5, F(T) is a nonempty bounded subset of C. For x| = x € C chosen arbitrarily,

suppose that {x, )2, is generated iteratively by

Vi = (L= i)y + 0 T} %,

Cusri = {2 € Cu N Qyt Y — 2II* < 1% — 21> + 6},
Cui1 = (Niey Crenio

Quia ={z€ CNQy: (xn —2,%1 —x,) = 0},
Gi=C=Q1=¢C,

Xntl = PC,HlﬂQ,Hl (xl); Vn e Nr

where 6,; = Vi A2+ 1, (i=1,2,...), A, = sup{[lx, — || : z € R} < 00 and {a,,;}°; C [a, b]

n=1
(i=1,2,...) such that 0 < a < b <1 - k;. Then the sequence {x,};°, converges strongly to
w = Pg(x1).

Recall that for each i =1,2,..., a mapping T; : C — C is said to be asymptotically non-

expansive if there exists a sequence {y,,;} C [0, 0c0) with lim,,_, », ¥;,; = 0 such that

|T7% = Ty| < 1+ puillx =51, VxyeC (3.37)

forallne N.Ifx;=0and 7,; =0 foralli=1,2,... and n € N, then Corollary 3.7 is reduced

immediately to the following result.

Corollary 3.8 Let C be a nonempty closed convex subset of a real Hilbert space H. For each
i=12,...,let {T;: C — C} be an infinite family of asymptotically nonexpansive mappings
defined as in (3.37) with the sequence {y,;}5°; C [0,00) such that lim,_, o yy,; = 0. Assume
that Q := (5, F(T}) is a nonempty bounded subset of C. For x| = x € C chosen arbitrarily,

suppose that {x, )02, is generated iteratively by

Vi = (L= i) + 0 T},

Cusri = {2 € Cu N Qyt Y — 2II* < 1% — 21> + 6},
Cui1 = (Nieg Crenio

Quia ={z€ CiNQy: (xn —2,%1 —%,) = 0},
Gi=C=Q1=¢C,

Xne1 = Pc,nQua (1), YHEN,

where 0,; = yu; - A2 (i=1,2,...), A, = sup{|lx, — z|| : 2 € Q} < 00, and {a,,;}°, C [a,b] (i =

1,2,...) such that 0 < a < b < 1. Then the sequence {x,}°, converges strongly to w = Po(x;).
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4 Applications

We introduce the equilibrium problem to the optimization problem:
min ¢ (x), (4.1)
xeC

where C is a nonempty closed convex subset of a real Hilbert space H and ¢ : C — RU
{+o0} is proper convex and lower semicontinuous. We denote by Argmin(¢) the set of
solutions of problem (4.1). We define the condition (B4) as the condition (B3) such that
@ : C x C — Risabifunction defined by ®(x,y) = ¢ (y) — ¢ (x) for all x,y € C. Observe that
EP(®) = Argmin(¢). We obtain that Corollary 3.3 is reduced immediately to the following
result.

Theorem 4.1 Let H be a real Hilbert space and let ¢ : H— R U {+00} be a proper lower
semicontinuous and convex function with the assumption that either (B2) or (B4) holds. Let
M : H — 2 be a maximal monotone mapping and let B: H — H be a &-cocoercive map-
ping. Foreachi=1,2,...,let{T;: H — H} be an infinite family of uniformly continuous and
asymptotically k;-SPC mappings in the intermediate sense defined as in (1.18) when «; €
[0,1) with the sequences {yy,;}o21, {Tni}ocq C [0,00) such that limy,_, o, Vi = limy,—, o0 T = 0.
Assume that Q2 := (.o F(T;) N VI(H, B, M) N\ Argmin(¢) is a nonempty bounded subset of H.
For x, = x € H chosen arbitrarily, suppose that {x,}02, is generated iteratively by

u, € H such that ¢ (y) — ¢ (u,) + i(y—u,,,u,, -x,) >0, VyeH,
i = (L= 0ti = Bui)tby + i Ti'thy + BruiJprp (6 — ABusy,),

Curri = {2€ Cu N Qut Iy — 2II* < 1% — 21 + 61},

Cui1 =iy Crevio

Qui={z€ CiNQy: Xy —2,%1 —xn) = 0},

Ci=C=Qi1=H,

Xne1 = Pc,nQun (K1), Y EN,

where 0,; = Vi - A2 + 1, (i=1,2,...) and A, = sup{||x, — z|| : z € Q} < 00 satisfying the
following conditions:
(C1) {ani}52 Clavi, bl and {Buitne, C lagi, byl (i=1,2,...) such that 0 < a;; < bj; <1
foreachj=1,2,and by; + by <1—«; (i=1,2,...);
(C2) A €(0,28] and {r,}2, C [r,00) for somer > 0.
Then the sequence {x,}0, converges strongly to w = Pg(x1).
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