Et et al. Fixed Point Theory and Applications 2013, 2013:165 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2013/1/165 a SpringerOpen Journal

RESEARCH Open Access

Some geometric properties of a new modular
space defined by Zweier operator

Mikail Et', Murat Karakas?” and Muhammed Cinar®

Dedicated to Professor Hari M Srivastava

“Correspondence:
m.karakas33@hotmail.com
2Department of Statistics, Bitlis Eren
University, Bitlis, 13000, Turkey

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we define the modular space Z, (s, p) by using the Zweier operator and
a modular. Then, we consider it equipped with the Luxemburg norm and also
examine the uniform Opial property and property 8. Finally, we show that this space
has the fixed point property.
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1 Introduction

In literature, there are many papers about the geometrical properties of different sequence
spaces such as [1-9]. Opial [10] introduced the Opial property and proved that the se-
quence spaces £, (1 < p < 00) have this property but L,[0,27] (p #2, 1 < p < 00) does not
have it. Franchetti [11] showed that any infinite dimensional Banach space has an equiv-
alent norm that satisfies the Opial property. Later, Prus [12] introduced and investigated
the uniform Opial property for Banach spaces. The Opial property is important because
Banach spaces with this property have the weak fixed point property.

2 Definition and preliminaries

Let (X, || - ||) be a real Banach space and let S(X) (resp. B(X)) be the unit sphere (resp. the
unit ball) of X. A Banach space X has the Opial property if for any weakly null sequence
{x,} in X and any x in X \ {0}, the inequality lim,,_, o inf || x|| < lim,_, o inf||x,, + x| holds.
We say that X has the uniform Opial property if for any ¢ > 0 there exists r > 0 such that
for any x € X with ||x|| > ¢ and any weakly null sequence {x,} in the unit sphere of X, the
inequality 1 + r < lim,,_,  inf ||x,, + x|| holds.

For a bounded set A C X, the ball-measure of noncompactness was defined by B(A) =
inf{e > 0 : A can be covered by finitely many balls with diameter < ¢}. The function A de-
fined by A(e) = inf{1 — inf(||x|| : x € A) : A is closed convex subset of B(X) with B(A4) < ¢}
is called the modulus of noncompact convexity. A Banach space X is said to have prop-
erty (L), iflim,_,1- A(e) = 1. This property is an important concept in the fixed point theory
and a Banach space X possesses property (L) ifand only if it is reflexive and has the uniform
Opial property.
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A Banach space X is said to satisfy the weak fixed point property if every nonempty
weakly compact convex subset C and every nonexpansive mapping T : C — C(|| Tx—Ty|| <
Il — yll,Vx,y € C) have a fixed point, that is, there exists x € C such that T(x) = x. Prop-
erty (L) and the fixed point property were also studied by Goebel and Kirk [13], Toledano
et al. [14], Benavides [15], Benavides and Phothi [16]. A Banach space X is said to have
property (H) if every weakly convergent sequence on the unit sphere is convergent in
norm. Clarkson [17] introduced the uniform convexity, and it is known that the uniform
convexity implies the reflexivity of Banach spaces. Huff [18] introduced the concept of
nearly uniform convexity of Banach spaces. A Banach space X is called uniformly convex
(UC) if for each ¢ > 0, there is § > 0 such that for x,y € S(X), the inequality |lx — y|| > ¢
implies that ||%(x +9)| <1-46. For any x ¢ B(X), the drop determined by x is the set
D(x,B(X)) = conv({x} U B(X)). A Banach space X has the drop property (D) if for every
closed set C disjoint with B(X), there exists an element x € C such that D(x, B(X))NC = {«}.
Rolewicz [19] showed that the Banach space X is reflexive if X has the drop property. Later,
Montesinos [20] extended this result and proved that X has the drop property if and only
if X is reflexive and has property (H). A sequence {x,} is said to be ¢-separated sequence

for some ¢ > 0 if
sep(x,) = inf{||xn — Xyl i m #m} > éE.

A Banach space X is called nearly uniformly convex (NUC) if for every ¢ > 0, there exists
8 € (0,1) such that for every sequence (x,) € B(X) with sep(x,) > ¢, we have conv(x,) N
(1 - 8)B(X)) # 9. Huff [18] proved that every (NUC) Banach space is reflexive and has
property (H). A Banach space X has property (8) if and only if for each ¢ > 0, there exists
8 > 0 such that for each element x € B(X) and each sequence (x,,) in B(X) with sep(x,) > ¢,
there is an index k for which || % |<1-36.
For a real vector space X, a function p : X — [0, 00] is called a modular if it satisfies the
following conditions:
(i) px)=0ifandonlyifx =0,
(if) p(ax) = p(x) for all scalar o with || =1,
(iii) plax+ By) < px) + p(y) forallx,ye X andall o, > 0 with + S = 1.
The modular p is called convex if
(iv) plax+ By) <ap(x)+ Bp(y) forallx,ye X andall, B >0 witha + B =1.

For any modular p on X, the space
X, = {x € X : p(ox) < oo for some o >O}

is called a modular space. In general, the modular is not subadditive and thus it does not
behave as a norm or a distance. But we can associate the modular with an F-norm. A func-
tional || - || : X — [0, 0o] defines an F-norm if and only if
(i) llxl =0« x=0,
(ii) |lax|| = |lx|| whenever |a| =1,
(iii) [l + Il < llxll + lIyll,
(iv) if ¢, — « and ||x, —x|| — O, then |la,x, — ax| — 0.
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F-norm defines a distance on X by d(x,y) = ||x — y||. If the linear metric space (X,d) is
complete, then it is called an F-space. The modular space X, can be equipped with the

following F-norm:

[J]| :inf{a > 0:p<f> < Ol}.
o

If the modular p is convex, then the equality ||| = inf{a > 0: p($) <1} defines a norm
which is called the Luxemburg norm.

A modular p is said to satisfy the §,-condition if for any ¢ > 0, there exist constants
K > 2, a> 0 such that p(2u) < Kp(u) + ¢ for all u € X, with p(u) < a. If p provides
the §,-condition for any a > 0 with K > 2 dependent on 4, then p provides the strong
8,-condition (briefly p € 63).

Let us denote by £° the space of all real sequences. The Cesaro sequence spaces

[e'9) n p
Cesp:[xeé‘):Z(n‘lzlxil) <oo}, 1<p<oo,
n=1 i=1

and

n
Cesy = {xe 00 supn’IZ|xi| < oo},

" i=1

were introduced by Shiue [21]. Jagers [22] determined the Kothe duals of the sequence
space Ces, (1 < p < 00). It can be shown that the inclusion £, C Ces,, is strict for 1 < p < 00
although it does not hold for p = 1. Also, Suantai [23] defined the generalized Cesaro se-

quence space by
ces(p) = {x € £%: p(Ax) < oo for some A > 0},

where p(x) = 221(% Yo k@) If p = (p,) is bounded, then

o0 n Pn
ces(p) = [x=(xk):z<n"12|x(i)|) <oo}.
i=1

n=1

The sequence space C(s, p) was defined by Bilgin [24] as follows:

C(s,p) = {x = (o) Z(Z"Zk‘ﬂx”)pr < 00,8 > 0}
r=0 r

for p = (p,) with infp, > 0, where ) denotes a sum over the ranges 2" < k < 2"*1. The

special case of C(s, p) for s = 0 is the space

o pr
Ces(p) = [x:(xk):Z(Z"ZIxH) <oo}
r=0

r
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which was introduced by Lim [25]. Also, the inclusion Ces(p) € C(s, p) holds. A paranorm
on C(s,p) is given by

o o\ UM
p(x) = (Z (2"Zk‘slxkl) )

r=0

for M = max(1,H) and H = sup p, < o0.
The Z-transform of a sequence x = (xy) is defined by (Zx), = y, = ax, + (1 — @)x,1 by
using the Zweier operator

o, k=n,
Z=(zw)=31-a, k=n-1, fornkeNanda e F\{0},
0, otherwise
where F is the field of all complex or real numbers. The Zweier operator was studied by

Sengoniil and Kayaduman [26].
Now we introduce a new modular sequence space Z, (s, p) by

Zy(s,p) = {x € 0°: o (tx) < 0o, for some ¢ > O},

where o(x) = > 72, (27" >, k™ |oxg + (1 — )1 |)Pr < 00 and s > 0. If we take « = 1, then
Z:(s,p) = C(s,p); if @« =1 and s = 0, then Z,(s,p) = Ces(p). It can be easily seen that
0 : Z4(s,p) = [0,00] is a modular on Z,(s,p). We define the Luxemburg norm on the
sequence space Z, (s, p) as follows:

%]l = inf{t 50: a(i;) < 1}, Vx € 2, (s,p).

It is easy to see that the space Z, (s, p) is a Banach space with respect to the Luxemburg
norm.

Throughout the paper, suppose that p = (p,) is bounded with p, > 1 for all » € N and

i-1

—
ei=(0,0,...,0,1,0,0,0,...),
x, = (x(1),2(2),%(3),...,%(i),0,0,0,...),

Xy = (0,0,0,...,x( +1),%( +2),..),

for i € Nand «x € £°. In addition, we will require the following inequalities:
|ax + bilPx < C(|axlP* + |by[¥), la + bi|* < |ax|™ + |by|*,

where #; = 28 <1 and C = max({1,2"7'} with H = sup p;.

3 Main results

Since ¢, is reflexive and convex, £(p)-type spaces have many useful applications, and it
is natural to consider a geometric structure of these spaces. From this point of view, we
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generalized the space C(s, p) by using the Zweier operator and then obtained the equality
Z,(s,p) = Ces(p), that is, it was seen that the structure of the space Ces(p) was preserved. In
this section, our goal is to investigate a geometric structure of the modular space Z, (s, p)
related to the fixed point theory. For this, we will examine property (8) and the uniform
Opial property for Z, (s, p). Finally, we will give some fixed point results. To do this, we

need some results which are important in our opinion.

Lemma 3.1 [2] Ifo €85, then for any L > 0 and ¢ > 0, there exists § > 0 such that
|a(u +v) — a(u)| <&,

where u,v € X, with o(u) <L and o(v) <.

Lemma 3.2 [2] Ifo € &3, convergence in norm and in modular are equivalent in X, .

Lemma 3.3 [2] Ifo €63, then for any € > 0, there exists § = 6(¢) > 0 such that ||x|| =1+
implies o(x) > 1+ ¢.

Now we give the following two lemmas without proof.
Lemma 3.4 If||x|; <1 forany x € Z,(s,p), then o (x) < ||x||.-
Lemma 3.5 Forany x € Z,(s,p), ||x|L =1 if and only if o (x) = 1.

Lemma 3.6 Ifliminfp, > 1, then for any x € Z,(s, p), there exist kg € N and p € (0,1) such
that

k-1
———

for all k € N with k > ko, where x* = (0,0,...,0,> 5 _, ¢ lx(@) |, x(k + 1), x(k + 2),...) and

2" < k<2,

Proof Let k € N be fixed. Then there exists r, € N such that k € I,, . Let y be a real number
1 <y <liminfp,, and so there exists ko € N such that y < p,, for all kK > k. Choose u €
(0,1) such that (%)V < 1_7” Therefore, we have

)pr

ax(k) + (1 —a)x(k —1)

o(%):??@’Z?kg

2
o0 1 Pr pr
_ Z<§> <2ers|05x(k) + (1—a)x(k—1)})
r=0 r
1 y 00 ~ . pr
< (5) ZO:<2 Xr:k |owx(k) + (1 — a)w(k - 1)|)
PR

for each x € Z,(s,p) and k > k. O


http://www.fixedpointtheoryandapplications.com/content/2013/1/165

Et et al. Fixed Point Theory and Applications 2013, 2013:165 Page 6 of 10
http://www.fixedpointtheoryandapplications.com/content/2013/1/165

Lemma 3.7 If o € §;, then for any ¢ € (0,1), there exists § € (0,1) such that o(x) <1-¢
implies ||x] <1-3.

Proof Suppose that lemma does not hold. So, there exist ¢ > 0 and %, € Z,(s,p) such
that o(x,) <1 - ¢ and % < |l%,|| = 1. Take s, = m, and so s, — 0 as n — oo. Let
P =sup{o(2x,) : n € N}. There exists D > 2 such that

o(2u) < Do (u)+1 (3.1)
for every u € Z, (s, p) with o () <1, since o € §5. We have

o(2x,) <Do(x,)+1<D+1

for all n € N by (3.1). Therefore, 0 < P < oo and from Lemma 3.5 we have

= g( 5 ) =0 (28555 + (1 = 5,)%)

[l I
< 5,0 (2%,) + (1 —s,)0 (%)

<s,P+(1-¢)—> (1-¢).
This is a contradiction. So, the proof is complete. g
Theorem 3.8 The space Z,(s, p) has property (B).

Proof Let e >0 and (x,) C B(Z,(s,p)) with sep(x,) > ¢ and x € B(Z,(s,p)). For each / € N,
we can find r¢ € N such that 2% < [ < 21 Let

-1
quz(o,o,...,o, > |x)

2k <i<l

y (0 +1),x,(0+2),.. )

Since for each i € N, (x,,(7))2, is bounded, by using the diagonal method, we can find a sub-
sequence (x,,l,) of (x,,) such that (xy,j(i)) converges for each i € N with 1 <i <. Therefore,
there exists an increasing sequence of positive integers ¢; such that sep((xf,i )j=y;) = €. Thus,
there exists a sequence of positive integers (r;)7° with 7, <7, < --- such that ||xl,l | > 5 for
all / € N. Since o € &3, there is 7 > 0 such that

o(x,)=n forallleN (3.2)

from Lemma 3.3. However, there exist ko € N and © € (0,1) such that

k
a(%) < I_T'ua(vk) (3.3)

for all v e Z,(s,p) and k > ko by Lemma 3.6. There exists § > 0 such that
c=1-21 = Iyl=1-3 (3.4)

for any y € Z, (s, p) by Lemma 3.7.
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By Lemma 3.1, there exists §, such that

ya(u +v) —o(u)‘ < %,

where o (1) <1and o (v) < §o. Hence, we get that o (x) < 1 since x € B(
exists k > ko such that o (%) < 8. Let u = xﬁl and v = x'. Then

a(z><1 and a(z><80.
2 2

We obtain from (3.3) and (3.5) that

+v 1-
o 4 <o 4 +M§—M0(u)+ﬂ.
2 2 4 2 4

Choose s; = r;,. By the inequalities (3.2), (3.3), (3.6) and the convexity of the function

f(u) = |ulPr, we have

a(x(k) +x5,(k) + (1 — o) (x(k — 1) + x4,

(3.5)

Z4(s,p)). Then there

(3.6)

2

a(x(k) +x5,(k) + (1 — o) (x(k — 1) + x4,

.

2

X + X (-, .
a( . )Z(z >k
(2’2/{5

(k) + x5, (k) + (L — o) (x(k — 1) + x5, (k — 1)

.

2

)

re—1
< % 0( >k aa(k) + (1 - e)x(k 1)|)
. Wi(z- Zk et (k) + (1= o) (k - 1)|>
T3 o i :
_ _ pr
s ;j;( Zk_s axs, (k) + (1 . a)xg, (k ) s %
1t r
<= Z( Y ko) + (1-a)x(k-1)y>

re—1

IZ( Zk vy, (k) + (1 = @), (k = 1)|)p,

1-u i _ o oxg (k) + (1 — a)xy,
(X

2
r=ri r

re—1

: Zo<z Sl (1t~ 1)|)p’
Z(z— Zk_s|axs,(k)+(1 ), (k - 1)|>

r=0

IA

~
Il

l\Jl'—‘

MU

4
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E | o, (k) + (1 — ), (k — 1) p’+ﬂ
2 2 4
rr

1 L mm omn

-2 2 2 4

=1- M
4

So, the inequality (3.4) implies that || =% S" || <1 - 8. Consequently, the space Z,(s,p)
possesses property (8). d

Since property (8) implies NUC, NUC implies property (D) and property (D) implies
reflexivity, we can give the following result from Theorem 3.8.

Corollary 3.9 The space Z,(s, p) is nearly uniform convex, reflexive and also it has prop-
erty (D).

Theorem 3.10 The space Z,(s, p) has the uniform Opial property.

Proof Let ¢ > 0 and x € Z,(s, p) be such that |lx|| > ¢ and (x,) be a weakly null sequence
in S(Z,(s,p)). By o € &), there exists ¢ € (0,1) independent of x such that o(x) > ¢ by
Lemma 3.2. Also since o € 83, by Lemma 3.1, there is ¢; € (0, ¢) such that

06+ 2 -0t < 5 (3.7)

whenever o (y) <1 and o(z) < &. Take ry € N such that

oo

Z <2—r Z kS |ax(k) +(1—a)x(k - 1)|)Pr < % (3.8)

r=ro+1

Hence, we have

1o

¢ < Z(z-’ 3k fax) + (1 - @)tk - 1)|)p,

r=1

£y (2’Zk5|ax(k) + (1 a)w(k - 1)|>p,

r=ro+1
( Zk‘s‘ax Yk — 1)|)pr+% (3.9)

and this implies that

Z(z- Zk-S]ax + (1 - a)w(k — 1)\>m c—%

r=1

>§—%
.3

T (3.10)
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Since x,, —" 0, by the inequality (3.10), there exists 1y € N such that

;(2_ Zkﬂ’a (k) + (k) + (1 — o) (% (k — 1) + x(k — 1))|>Pr > %

(3.11)
Again, by x, —" 0, there is r; > rp such that forall >
¢ UM
(1% Il < 1= <1 - Z) , (3.12)
where p, <M € N for all r € N. Therefore, we obtain that
¢ 1M
1%y NI > (1 - Z) (3.13)

norm that

N|N-r,
| N
l/M

S /2" st|ax,,(k)+(l o), (k= 1)\
2( )

1- &M
r=ro+1 ( 4)

by the triangle inequality of the norm. It follows from the definition of the Luxemburg

M o0 pr
< (W) Z <2"Zk‘s|axn(k) +(1 —a)xn(k—1)|>
-4 .

(3.14)
r=ro+1
and this implies that
[e'¢) br é—
27" “Slax, 1- a(k—1 >1--=. 3.15
Zl( Zk |t (K) + (1 = or)ac (K )|) >1- - (315)

By (3.7), (3.8), (3.11), (3.15) and since x, =" 0 = x, — 0 (coordinatewise), we have for
any r > r that

0

(2’ Zk’s |or (3 (k) +2(K)) + (1 = ) (3 (k = 1) + x(k — 1)) ’>Pr
r=1 r

o(x, +x) =

r=ro+1

+ Z (2_’ Z k‘s|a(x,,(k) + x(k)) +(1- oz)(xn(k —1) +x(k - 1)) |)Pr

oo

v

r=ro+1

> <2_’ DK (ank) + 2(0) + (1 - @) (xulk ~ 1) + 2k ~ 1) ’)pr

¢ 3
+
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Since o € &3, it follows from Lemma 3.3 that there is t depending on ¢ only such that
|, +x]l > 1+ 7. O

Corollary 3.11 The space Z,(s, p) has property (L) and the fixed point property.
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