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1 Introduction

The theory of variational inequalities represents, in fact, a very natural generalization of
the theory of boundary value problems and allows us to consider new problems arising
from many fields of applied mathematics, such as mechanics, physics, engineering, the
theory of convex programming, and the theory of control. While the variational theory of
boundary value problems has its starting point in the method of orthogonal projection,
the theory of variational inequalities has its starting point in the projection on a convex
set.

Let C be a nonempty closed and convex subset of a real Hilbert space H. The classical
variational inequality problem is to find # € C such that (v—u, Au) > 0 forall v € C, where
A is a nonlinear mapping. The set of solutions of the variational inequality is denoted by
VI(C, A). The variational inequality problem has been extensively studied in the literature;
see [1-9] and the references therein. In the context of the variational inequality problem,
this implies that u € VI(C,A) < u = Pc(u — AAu), VA > 0, where P¢ is a metric projection
of H into C.

Let A be amapping from C to H, then A is called monotone if and only if for each x,y € C,

(x—y,Ax — Ax) > 0. (1.1)
An operator A is said to be strongly positive on H if there exists a constant 7 > 0 such that

(Ax,x) >V |x||>, VxeH.
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A mapping A of C into itself is called L-Lipschitz continuous if there exits a positive num-
ber L such that

A mapping A of C into H is called «-inverse-strongly monotone if there exists a positive
real number « such that

(x -y, Ax - Ay) > o || Ax - Ay|®

for all x,y € C; see [9-14]. If A is an a-inverse strongly monotone mapping of C into H,
then it is obvious that A is é—Lipschitz continuous, that is, |[Ax — Ay|| < éllx —y|| for all
x,y € C. Clearly, the class of monotone mappings includes the class of a-inverse strongly
monotone mappings.

A mapping A of C into H is called y-strongly monotone if there exists a positive real
number § such that

(x—y,Ax ~ Ay) = 7 |« —y|)*

for all x,y € C; see [15]. Clearly, the class of y-strongly monotone mappings includes the
class of strongly positive mappings.

Recall that a mapping T of C into H is called pseudo-contractive if for each x,y € C, we
have

(Tx— Ty, x—y) < |l —y*. 1.2)

T is said to be a k-strict pseudo-contractive mapping if there exists a constant 0 < k <1
such that

(x—y, Tx — Ty) < ||lx — y|? —kH I-T)x-(I- T)y”2 for all x,y € D(T).

A mapping T of C into itself is called nonexpansive if | Tx — Ty|| < |lx — y|| for all x,y € C.
We denote by F(T) the set of fixed points of T. Clearly, the class of pseudo-contractive
mappings includes the class of nonexpansive and strict pseudo-contractive mappings.

For a sequence {«,} of real numbers in (0,1) and arbitrary u € C, let the sequence {x,}
in C be iteratively defined by xy € C and

Xni1 = b+ (1 - 0y1)Tx,, 120, (1.3)

where T is a nonexpansive mapping of C into itself. Halpern [16] was first to study the con-
vergence of algorithm (1.3) in the framework of Hilbert spaces. Lions [17] and Wittmann
[18] improved the result of Halpern by proving strong convergence of {x,} to a fixed point
of T if the real sequence {«,} satisfies certain conditions. Reich [19], Shioji and Taka-
hashi [20], and Zegeye and Shahzad [21] extended the result of Wittmann [18] to the case
of a Banach space.
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In 2000, Moudafi [22] introduced a viscosity approximation method and proved that if
H is areal Hilbert space, for given x € C, the sequence {x,} generated by the algorithm

Kntl = argf(xn) + (1 - an)Txm n=>0, (14)

where f : C — C is a contraction mapping and {«,} C (0,1) satisfies certain conditions,
converges strongly to the unique solution x* in C of the variational inequality

(U -f)x*,x-x*)>0, xeC. (1.5)

Moudafi [22] generalized Halpern’s theorems in the direction of viscosity approxima-
tions. In [23], Zegeye et al. extended Moudafi’s result to the case of Lipschitz pseudo-
contractive mappings in Banach spaces more general that Hilbert spaces.

In 2006, Marino and Xu [24] introduced the following general iterative method:

Knil = anyf(xn) + (1 - O5;'114)7—:75;1’ n>0. (16)

They proved that if the sequence {«,} of parameters satisfies appropriate conditions,
then the sequence {x,} generated by (1.6) converges strongly to the unique solution of the
variational inequality

(A-yf)x"x-x")>0, xe€C, (1.7)
which is the optimality condition for the minimization problem

1
min 2 (Ax, x) — h(x),
where / is a potential function for yf (i.e., ' (x) = yf(x) for x € H).

Recently, Zegeye and Shahzad [25] introduced an iterative method and proved that if C
isanonempty subset of areal Hilbert space H, T; : C — Cis a pseudo-contractive mapping
and T, : C — H is a continuous monotone mapping such that F := F(T7) N VI(C, T) # 0.
For {r,} C (0,00) defined T, F,, : H — C by the following: for x € H and {r,,} C (0,00),

define
1
T,,% = {ze C:(y—2zTz) - r—(y—z,(1+rn)z—x)§ 0,y€e C}, (1.8)
1
F, x:= {ze C:(y-2z,Tz)+ —(y—-2z2z-x)>0,y€ C}. (1.9)

Then the sequence {x,} generated by x; € C and
Kpa1 := Qf () + U= ) Ty, Fr %y, n>1, (1.10)

where f: C — C is a contraction mapping and {«,} C [0,1] and {r,} satisfy certain condi-
tions, converges strongly to z € F, where z = Prf(z).

In this paper, motivated and inspired by the method of Marino and Xu [24] and the work
of Zegeye and Shahzad [25], we introduce a viscosity approximation method for finding a
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common fixed point of a set of fixed points of continuous pseudo-contractive mappings
more general than nonexpansive mappings and a solution set of the variational inequality
problem for continuous monotone mappings more general than «-inverse strongly mono-
tone mappings in a real Hilbert space. Our result extend and unify most of the results that
have been proved for important classes of nonlinear operators.

Let C be a nonempty closed and convex subset of a real Hilbert space H. Let T3, T : C —
H be a continuous pseudo-contractive mapping and a continuous monotone mapping,
respectively. For x € H and {r,} C (0,00), let T}, F,, : H — C be defined by (1.8) and (1.9).

We consider the three iterative methods given as follows:

x1 € H,
Xns1 = 0V (%n) + [ — 0, A) T, Frpy, n>1, (1.11)
y1 €H,
Yust 1= OV f (T o) 4 (= an) T By 121, (112)
z1 € H,
Zns1 := Ty, Fy, (ay,yf(zn) + (- ay,A)zy,), n>1, (1.13)

where A is a y -strongly monotone and L-Lipschitzian continuous operatorand f : H — H
is a contraction mapping. We prove in Section 3 that if {&,} and {r,} of parameters satisfy
appropriate conditions, then the sequences {x,}, {y,} and {z,} converge strongly to z =
PsI-A+v)@).

2 Preliminaries
Let C be a closed and convex subset of a real Hilbert space H. For every x € H, there exists
a unique nearest point in C, denoted by Pcx, such that

lx = Pex|l =[x —yll, VyeC. (2.1)

Pc is called the metric projection of H onto C. We know that P¢ is a nonexpansive mapping
of H onto C. In connection with metric projection, we have the following lemma.

Lemma 2.1 Let H be a real Hilbert space. The following identity holds:
I+ y11* < %1% + 2(p,2 +3),  Vx,y€H.

Lemma 2.2 Let C be a nonempty closed convex subset of a Hilbert space H. Let x € H and
y € C. Then y = Pcx if and only if

(x—y,y—2)>0, VzeC. (2.2)
Lemma 2.3 [26] Let {a,} be a sequence of nonnegative real numbers such that
apn < (1 - Vn)dn +0, VYn=>0,

where
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(1) {VVI} - [Or l]v Z;il Yn =00 and
(11) limsupn—nx) ;_z = 0 or ZEO:l |Un| < OQ.

Then a,, — 0 as n — oo.

Lemma 2.4 [27] Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let A : C — H be a continuous monotone mapping. Then, for r >0 and x € H, there exists
z € C such that

1
(y—z,Az)+;(y—z,z—x)zO, VyeC. (2.3)

Moreover, by a similar argument as in the proof of Lemmas 2.8 and 2.9 in [28], Zegeye [27]
obtained the following lemmas.

Lemma 2.5 [27] Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let A : C — H be a continuous monotone mapping. For r > 0 and x € H, define a mapping
F,:H — C as follows:

1
Fox:= {zeC:(y—z,Az)+ -(y—2z,z—x) EO,VyGC}
r

for all x € H. Then the following hold:
(1) F, is single-valued,;
(2) F, is a firmly nonexpansive type mapping, i.e., for all x,y € H,

|Ex — Eyll* < (Fox — Fryx — y);

(3) F(F,) = VI(C,A);
(4) VI(C,A) is closed and convex.
In the sequel, we shall make use of the following lemmas.

Lemma 2.6 [27] Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let T : C — H be a continuous pseudo-contractive mapping. Then, for r >0 and x € H,
there exists z € C such that

1
(y-z Tz)—;(y—z,(1+r)z—x)§0, Vy e C. (2.4)

Lemma 2.7 [27] Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let T : C — C be a continuous pseudo-contractive mapping. For r >0 and x € H, define a
mapping T, : H — C as follows:
1
Tox:= {ze C:(y-z1z) + —<y—z,(1 +r)z—x) <0,Vye C}
r
forall x € H. Then the following hold:

(1) T, is single-valued,;
(2) T, is a firmly nonexpansive type mapping, i.e., for all x,y € H,

1Ty = Toyll* < (Tox — Tpy, % = y);
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() F(T,) = F(T);
(4) F(T) is closed and convex.

Lemma 2.8 [15] Let 0 < @ <1 and let f be an a-contraction of a real Hilbert space H into
itself, and let A be a y -strongly monotone and L-Lipschitzian continuous operator of H into
itself with y >0 and L > 0. Take i, y to be real numbers as follows:

12

=

<

N‘

2y
0</Jc<ﬁ, O<y<

Iffon) € (0,1), lim,, ., =0 and T = 7 — 2L, then
”(I — oA — (I—a,,A)yH <(1-o,7)x-yll, Vx,yeH.

3 Main results
Now, we prove our main theorems.

Theorem 3.1 Let H be a real Hilbert space, Ty : C — C be a continuous pseudo-contractive
mapping and T, : C — H be a continuous monotone mapping such that § := F(T1) N
VI(C,T;) #9. Let 0 < a < 1 and let f be an a-contraction of H into itself, and let A be a
y -strongly monotone and L-Lipschitzian continuous operator of C into H with y > 0 and
L > 0. Take ., y to be real numbers as follows:

12

=

<1
'N‘

2y
0<M<ﬁ’ O<y<

For x; € H, let {x,} be a sequence generated by (1.11), where {«,} C [0,1] and {r,} C (0, c0)
are such that lim,_, o0, = 0, Y 02 0ty = 00, I oo |01 — &ty| < 00, liminf, oo 7y > 0 and
Zzil |Fus1 — 1a| < 00. Then the sequence {x,} converges strongly to z € §, where z = Pg(I —
A +yf)2).

Proof Since a,, — 0 as n — 00, we may assume, without loss of generality, «,, < 1 for all .
For Q = Pz, it implies that Q(/ — A + yf) is a contraction of H into itself. Since H is a real
Hilbert space, there exists a unique element z € H such that z = Pz (I — A + yf)(2).

Let v € §, and let u,, := T,, w,, where w, := F,, x,. Then we have from Lemma (2.5) and
(2.7) that

letn = vl = | Ty, Wy = Ty, |l < Wi = VIl = [|1Fy 20 = Er, Il < |l — VIl (3.1)
Moreover, from (1.11) and (3.1), we get that

%1 = VIl = ety f(en) + (I = ctuA)ua = v
= o (yf(xn) —AW)) + (I - 0uA)uty — (I — ct,A)v |
< (1= 0) % = VIl + any el — vl + | yf (V) - AW) |
< (1=t = y))lwn = VIl + o | f (V) - AW) ||

- lyf(v) - AW ’

= (L-an(t —ya)) o, — vl + (T -
T-y«a
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It follows from induction that

M } n>1 (33)

% — vl < maX{ ller = vII,
yo

Thus {x,} is bounded, and hence so are {u,}, {w,} and {f(x,)}. Next, to show that |x,,; —
%, — 0, we have
%1 = %ull = [ty f(en) + (I = pA)ty = (o vf Hn-1) + (I = 1At |
= [y f ®n) = cnyf (uct) + v f (1) = u1 v f (Hno1)
+ (I = apA)tty — ([ = 0ty A)ttny + ([ = 0y A)ttyy = (I = 0ty 1 Aty |
< oy llty — x|l + ot — anea |y |[f () |
+ (= an )by — s |l + |ty — ot [ Atk |
< apyallx, — x|l + 1+ y)ley — a1 |K + (1= 0, 7) [ty — sl
<apyalx, —xpall + L+ )y — o1 K+ (L= D)Wy —wyall,  (3.4)

where K = sup{||f (x,) || + ||Au,| : n € N} < 0.
Moreover, since wy, = Fy, %y, Wyi1 = Fy,, %041, We get that

1
(y=wy, Tow,) + —(y—wy,w, —x,) >0 forallyeC, (3.5)
T,

n

¥ = Wi, Towpa1) + (Y = Wins1s Wil — Xns1) =0 for ally eC. (3.6)

n+l

Putting y = w41 in (3.5) and y = w,, in (3.6), we get that

1
(Wn+l — Wn, T2Wn> + _<Wn+l - Wy, Wy _xn> > O, (37)
n
1
(Wn — Wnsls T2Wn+l> + (Wn — Winils Wil — xn+1> > 0. (38)
n+l

Adding (3.7) and (3.8), we have

Wy =%y Wyl — X
(Wn+l - Wu, T2Wn - T2wn+l> + <Wn+1 - Wn, ‘ o el n+1> = O¢ (39)
T'n Tn+l
which implies that
Wy — Xy Wyel — X
—(Wys1 — Wy, Towyn — Towy,) + <wn+1 — W, 2 T n+1> > 0. (3.10)
'n Tns1
Now, using the fact that 75 is monotone, we get that
Wy — Xy Wil — X,
<Wn+l - Wy ——— — el n+1> >0, (3.11)
T'n Tni1

and hence

I'n
<Wn+1 Wi Wp — Wyl + Wyl — Xy — r_(WnJrl _xn+1)> > 0. (3.12)
n+l
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Without loss of generality, let us assume that there exists a real number b such that
r, > b >0 for all € IN. Then we have

Tn+1

T'n
(1_
Tnel

2 Ty
IWie1 = Will” S AWis1 = Wiy X1 =%, + [ 1 - (Wil — Xpa1)

) ’ ||Wn+1 — Xn+l ” }: (313)

< W1 = wall { 1641 — x|l +

and hence from (3.13) we obtain that

Wis1 = Wall < 1% — %l + 17041 = Pl Wit — X |l

n+l

1
< ns1 = xull + — 7041 = 1ulLs (3.14)

b

where L = sup{||w,, —x,| : n € N} < c0.
Furthermore, from (3.4) and (3.14) we have that

”xn+l _xn” =< Oln)/Olen _xrl—ln + (1 + V)|an - 0ln71|K

+(1- Otnf)(llxn = Xnall + %VW - rn-llL)- (3.15)
Hence by Lemma 2.3, we have
%441 —xull > 0 asn— oo. (3.16)
Consequently, from (3.14) and (3.16), we have that
[Wye1 — Wyl > 0 asn— oo. (3.17)

Moreover, since u,, = T, Wy, U1 = T,

Tn+l

Wyi1, We get that

1
(y — uy, Thuy) — —(y — Uy, L+ 1)1y — wn> <0 foralyeC. (3.18)
7,

n

and

1
¥ =t T1th41) — r_<,y = Upit, L+ Pt U1 — Wn+1> <0 for ally eC. (3.19)

n+l

Putting y = u,,,1 in (3.18) and y = u,, in (3.19), we get that

1
(um—l — Up, T2un) - _(Mn+l — Uy, (1 + rn)un - Wn> = 0 (320)
n

and

(thy — Ups1, Tothyir) — <un = Uity (L + Fpa1) U1 — Wn+1> <0. (3.21)

Tn4l
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Adding (3.20) and (3.21), we have

(U1 — Uy Totty — Toth 1)

1+r)u,—w 1+7,)Up —w
_ <un+1 —u, ( n) n "o ( n+1) n+l n+1> < 0’ (3'22)
'y Tnyl
which implies that
(Mn+l — Up, (un+1 - T2un+l) - (un - T2un)>
Uy — Wy Upsl — W,
_ <un+1 —u, n no n+l n+1> < 0. (323)
T'n Tnil
Now, using the fact that 7 is pseudo-contractive, we get that
Uy — Wy Upe1 — W
<Mn+1 —u,, n n n+l rz+1> > O, (324)
I'n sl
and hence
Ty
Upil = Uny Uy — Uit + Ups1 — Wy — —— (Us1 — Wia1) ) > 0. (3.25)
T'ns1
Thus, using the method in (3.13) and (3.14), we have that
1
ete1 = uull < %01 = Xull + ——1re1 = 1l | the1 = Wi ll
Tnil
1
< %1 —xall + E|rn+1 —1ulL, (3.26)
where L = sup{||u,, — wy|| : n € IN} < c0.
Therefore, from (3.16) and the property of {r,}, we have that
|tpe1 — tn]l — 0 asm— oo. (3.27)
Furthermore, since x,, = a,_1yf (x,_1) + ([ — @,,.1A)u,,_1, we have that
”xn - un” = ”xn - un—l” + ”Mn—l - Mn”
= ||Ofn—1)/f(xnfl) + ([ = oy Aty 1 — ty 1 ” + [[#t-1 — Uy ||
=0p ” vf (X)) — Ay ” + [tpo1 — tnll. (3.28)
From «,, — 0, we have ||x, — u,| — 0.
Now, for v € §, using Lemma 2.5, we get that
Iy = vI* = | Fy, %0 — F, V1>
< (Fryn — Fp, vy %0 — V)
= (W, —V,%, — V)
1
= 5 (W = vI® + lls = vI* =l = wall?), (3:29)
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and hence
2 2 2
lwn = vII” < llxn = vI” = ll%n — wall”.
Therefore, we have

%41 = V||2 = ||Oanf(xn) + ([ — oy A)uy, — VHZ
= Hay,(yf(xn) —Av) + (I - a,A)(u, —v) ”2

< U= an)ltn = VI* + 2004(yf (%n) — AV, 2001 — V)

< (=)W = VI + 20y f (xn) = vf V) + ¥ (V) = AV, K1 = V)

< (L= ant)?[lwy = VII* + 20,7 ([ (0) = f (V) %01 — V)
+ 2<¥n()’f(V) - AV: Xn+l — V)
< A=) Wy = vI* + 20,y e[, = VIl [%n1 — V]I

+ 20, | Y (v) = Av|| 1651 = VIl

2 2 2
< (L= an)* (2 = VII* = %0 = wall?) + 20ty @l = VIl |01 = V]

+ 20| v (v) = Av| | %1 — VIl

= (1 =20, T + (anf)z) llc, — V”2 -(1- anf)2||xn — Wy

+20,y |2 = VI 1%na1 = VI + 20| v f (v) = AV || %001 = VI

Hence

(1= o T)* |50 — Wyl
< % = VI = %1 = VII® + a P [l — v
+ 200,y & ||% = VIl [%1 = VI + 200 | vf (V) = AV|| 6001 = V]
<t = e 1 1% = VI + %001 = VI } + 0Tl = v

+ 20,y ||y = VIl %ne1 = VIl + 20 | ¥ (V) = AV | %001 = V.
So, we have
[[%; —w,|| > 0 asn— oo.
Since ||u, — Wyl < |ty — x|l + ||, — Wy ||, it follows that
||2£, — wy|| > 0 asn— oo.
Next, we show that

limsup((A - yf)z,z - %,) <0,

Hn— 00

where z=Pz(I - A + yf)(2).

(3.30)

(3.31)

(3.32)

(3.33)

Page 10 of 17
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To show this equality, we choose a subsequence {x,,} of {x,} such that

lim sup((A -yf)z,z - xni> =lim sup((A -yf)z,z - xn>.
n—00 n—00
Since {x,,} is bounded, there exists a subsequence {x”"i} of {x,,} and w € H such that
Ky, — W Without loss of generality, we may assume that x,, — w. Since {x,,} C H and
H is closed and convex, we get that w € H. Moreover, since x, — w, — 0 as n — 0o, we
have that w,,, — w.
Now, we show that w € §. Note that from the definition of w,,, we have

W, — X,

(y = Wiy Towy,) +<y—w,,i, >20 forally e C. (3.34)

nj

Putz; =tv+ (1 — t)w for all ¢ € (0,1] and v € H. Consequently, we get that z; € H. From
(3.34) it follows that

Wy, — Xp;
(2t = Wiy, Taze) > (2e — Wy, Toze) — (2 — Way, Towy,) — (20 — Wy, ————

nj

Wy, — X, >

Ty

= {zr = Wy, Tozg — Towy,) — <Zt - Wi

From the fact that w,, —x,, — 0 as n — 00, we obtain that m — Qasun— o0.

Since T, is monotone, we have that (z; — w,,;, Toz; — Towy,,) > 0. Thus, it follows that

0 < llm <Zt — W}’ll" T2Zt> = (Zt - W, T22t>’

I—> 00

and hence

(z—=w,Trz;) >0 forallzeC. (3.35)
Letting ¢ — 0 and using the fact that 7, is continuous, we obtain that

(z=w, Tow) >0 forallveC. (3.36)

This implies that w € VI(C, T3).
Furthermore, from the definition of u,, we have that

1
(¥ =ty Toudy;) — —(y — Uy (P + D)ty — x,,l.> <0 forallyeC. (3.37)
T,

nj

Put z; =tv+ (1 - t)w for all ¢ € (0,1] and v € H. Consequently, we get that z, € H. From
(3.33) and pseudo-contractivity of T, it follows that

1
(tn; = 26, T12e) = (th; — 2, T12e) + (2¢ — Uy Thhy,) — r_<Zt = Uy (g + 1)k, — Wi,)
nj

= —(z; - Uy, Tz, - Tl”n,—) - r_(zt — Up; Uy; — Wn,-) —(z; - uni;un,-)
ni
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1
2
= _”Zt - uVl,‘” - r_<zt - unpun,' - an) - <Zt - uni»uni)
nji

Uy, — W,
= _<Zt - uniyzt> - <Zt — Uy, u> (3‘38)
T,
Then, since w, —x, — 0 as n — 00, we obtain that % — 0asi— 0o. Thus,asi— o0,
it follows that
W=z, Thze) > (W~ 21, 2), (3.39)
and hence
—(v-w,T1z;) > —(v—w,z;) forallveC. (3.40)

Letting ¢ — 0 and using the fact that 7} is continuous, we obtain that
—(v—-w,T1w) >—(v—w,w) forallvecC. (3.41)

Now, let v = Tiw. Then we obtain that w = Tyw and hence w € F(T3).
Therefore, w € F(T1) N VI(C, T3) and since z = Pg(I — A + yf)(z), by Lemma 2.2, implies
that

lim sup((yf - A)(2),x, — z) =lim sup<(1 —A+yf)(2), %, — z)

n—00 i—o00

=((yf -A)2),w-2z)<0. (3.42)

Now, we show that x,, — z as n — 00. From x,,1 — z = o, (y f (x,,) — AZ) + (I — 00, A) (1, — 2),

we have that

et =202 = et (vf (6n) — A2) + (I - 00, A) (1t~ 2) |

< (L= ayT)* Nty — 2|1* + 200 (yf (%) — A2 X1 — 2)

< (- an7) %y — 27
+20,(yf (%) = v (2) + [ (2) = Az, %001 — 2)

< (1= an )% — 2l1* + 20y {f (%) = f (2), %11 — 2)
+ 2an<yf(z) - Az, %1 — z)

< (1= au7) [l — 2l1% + 20y |1, = 2] %1 — 2]
+ 2a,,<yf(z) - Az, %1 — Z>

< (A= aut)? %0 — 2lI” + anya{lln, — zII* + [|xn1 — 201}
+ 20,y f(2) — Az, %041 — 2)

= (L an) + anya) %, — zl|* + apy el — 2

+ Zan(yf(z) - Az, X1 — z). (3.43)
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This implies that

1-20,T + (a,7)? + a,ya

%01 — 21> < ll%, — 2%
l-a,ya
2,
by f(2) Az, X1 — 2)
l-a,ya
2(t - yo)a (0t 7)?
= (1= = |l = 2 o+ |, — 2]
l-a,ya l-a,ya
20
+ ————(yf(2) — Az, %p1 — 2)
1-o,ya
2(t - o
< |:1 _ W} %, — z||?
l-a,ya

2t —ya)a, [ (a,T)M 1
+ — +
l-ayya (2(y -ya) T-va
= (1 - 8n)||xn - Z||2 + 84, (3‘44)

(vf(2) - Az, 201 — z)}

2(t— n
where M = sup{||x, — z||>: n € N}, §,, = %‘%” and 8, = 2(‘(’;_7}% + #(yf(z) — Az, Xy —

z). We put &, = 8,8,. It is easy to see that §, — 0, > -, 8, = 0o and limsup,,_, ., i—: <0by

(3.42). Hence, by Lemma 2.3, the sequence {x,} converges strongly to z. This completes
the proof. d

Theorem 3.2 Let H be a real Hilbert space, Ty : C — H be a continuous pseudo-
contractive mapping and T, : C — H be a continuous monotone mapping such that § :=
F(Th)NVI(C,Ty) #D. Let 0 < o < 1 and let f be an a-contraction of H into itself, and let A
be a y-strongly monotone and L-Lipschitzian continuous operator of H into itself H with
vy >0andL >0. Take 11, y to be real numbers as follows:

- - 12 w

2y
0<M<ﬁ’ O<y<

2

For y, € H, let {y,} be a sequence generated by (1.12), where {«,} C [0,1] and {r,} C (0, c0)
are such that lim,_oot, = 0, Y o0 0ty = 00, D oo otyy1 — | < 00, liminf, 007, > 0 and
> o |Fws1 — 1wl < 00. The sequence {y,} converges strongly to z € §, where z = Pz(I — A +

v/)(z).
Proof Let {x,} be the sequence given by x; = y; and
Xl = anyf(xn) + (1 - anA)TrnFr,,xm Vn>1.

From Theorem 3.1, x,, — z. We claim that y, — z. Indeed, we estimate

1041 = Yns1ll < ”an)’f(xn) _anyf(TrnFrnyn)||
+ | = wA) Ty, Epn — (I = 0uA) Ty, Er v |
S oyl Ty, Fryyn — %ull + (1= 0, T) 1560 =yl

<ayyalT,,Fnyn— TrnFrnZ“ +ayal TrnFrnZ =%l + (1 — 0t 7) 1% = Iull
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<apyaly, -zl + apyallz — x| + (1 - o, )%, — yall

<apyally, —xall + anyallx, -zl + apy oz —x,ll + (1 —o,7) |y = nll

2y«

= (]-_an(": —]/Ol)) %60 =yl + au(T _Va)r llx, — z]|. (3.45)
It follows from Y 77, a, = 00, lim,_ 6 ||, — z|| = 0 and Lemma 2.3 that [|x, — y,|| — 0.
Consequently, y, — z as required. 0

Theorem 3.3 Let H be a real Hilbert space, Ty : C — H be a continuous pseudo-
contractive mapping and T, : C — H be a continuous monotone mapping such that § :=
F(T)NVI(C,Ty) #D. Let 0 < o < 1 and let f be an a-contraction of H into itself, and let A
be a y-strongly monotone and L-Lipschitzian continuous operator of H into itself H with
¥y >0andL >0. Take 11, y to be real numbers as follows:

5 _ Lu
2

2y
O<M<ﬁ’ O<y<

For z; € H, let {z,} be a sequence generated by (1.13), where {«,} C [0,1] and {r,} C (0, c0)
are such that lim,_,oo o, = 0, Y ooy, = 00, D o) otys1 — aty| < 00, liminf, o0 7, > 0 and
Z;il |Fus1 — 1ul| < 00. The sequence {z,} converges strongly to z € §, where z = Pz(I — A +

v)(2).

Proof Define the sequences {y,} and {8,} by
Yn=nVf(zy) + ([ —a,A)z, and B, =0y, Vr>1
Taking p € §, we have

”Zn+1 —P” = ” TrnFrnyn - Tr,,Fr,,P” = ”yn _p”
= Hanyf(zn) +(-a,A)z,— (- OlnA)P - Ol,,A(p)”

< (1 -au0)llzn —pll +ay ” vf(z,) - Alp) ”

—-A
= (1 -a,1)|z, - pl +anrw. (3.46)
It follows from induction that
llyf(z1) = A(p)l
Vzwn — I < max{ o pi, L AR (3.47)

Thus both {z,} and {y,} are bounded. We observe that
Vn+l = Oln+1J/f(Zn+1) + (1 - an+1A)zn+l = ,Bnyf(TrnFrnyn) + (1 - ﬂnA)TrnFrnyn'
Thus Theorem 3.2 implies that {y,} converges to some point z. In this case, we also have

20 = zll < 12w = yull + lyn = 2l = ot | ¥f (24) = A(za) || + llyn — 2Il = O.
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Hence the sequence {z,} converges to some point z. This completes the proof. O

Setting y =1, A = I, where [ is the identity mapping in Theorem 3.1, we have the fol-
lowing result.

Corollary 3.4 Let H be a real Hilbert space, T1 : C — C be a continuous pseudo-
contractive mapping and T, : C — H be a continuous monotone mapping such that § :=
F(Ty) N VI(C, T,) # 0. Let f be a contraction of H into itself and let {x,} be a sequence
generated by x, € H and

Xl = ar(f(xn) + (1 - an)Frn Tr,,xn: (34'8)

where {a,} C [0,1] and {r,} C (0,00) are such that lim, . a, = 0, > oo, = 00,
Yol lo — oyl < 00, liminf, oo 1y > 0 and Y o2 |rus1 — 1l < 00. The sequence {x,} con-
verges strongly to z € §, where z = Pzf (z).

In Theorem 3.1, y =1, A=1,f := u € H is a constant mapping, then we get z = Pz(u). In
fact, we have the following corollary.

Corollary 3.5 Let H be a real Hilbert space, T1 : C — C be a continuous pseudo-
contractive mapping and T, : C — H be a continuous monotone mapping such that § :=
F(Th) N VI(C, Ty) # 9. Let {x,} be a sequence generated by x,,u € H and

Xn+l = Oplh + (1 - an)Frn Trnxn; (349)

where {a,} C [0,1] and {r,} C (0,00) are such that lim, .oca, = 0, > ropot, = 00,
> o 1o — iyl < 00, liminf, oo 7y > 0 and Y ooy |Fue1 — 1| < 00. The sequence {x,} con-
verges strongly to z € §, where z = Pg(u).

In Theorem 3.1, y =1 and A, T; = I, where [ is the identity mapping, then we have the
following corollary.

Corollary 3.6 Let H be a real Hilbert space and T, : C — H be a continuous monotone
mapping such that VI(C, T,) # (. Let f be a contraction of H into itself, and let {x,} be a
sequence generated by x, € H and

Xn+l = ar(f(xn) + (1 - an)Trnxm (350)

where {a,} C [0,1] and {r,} C (0,00) are such that lim, .ca, = 0, > oo, = 00,
Y ooio | — oyl < 00, liminf, o1y, > 0 and Y2 |7us1 — ul < 00. The sequence {x,} con-
verges strongly to z € F(T1), where z = Ppr)(2).

Remark 3.7 Our results extend and unify most of the results that have been proved for
these important classes of nonlinear operators. In particular, Theorem 3.1 extends The-
orem 3.1 of liduka and Takahashi [12] and Zegeye et al. [25], Corollary 3.2 of Su et al.
[29] in the sense that our convergence is for the more general class of continuous pseudo-
contractive and continuous monotone mappings. Corollary 3.4 also extends Theorem 4.2
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of liduka and Takahashi [12] in the sense that our convergence is for the more general class

of continuous pseudo-contractive and continuous monotone mappings.
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