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1 Introduction

The topic of fuzzy differential equations has been extensively developed in recent years
as a fundamental tool in the description of uncertain models that arise naturally in the
real world. Fuzzy differential equations have become an important branch of differential
equations with many applications in modeling real world phenomena in quantum optics,
robotics, gravity, artificial intelligence, medicine, engineering and many other fields of sci-
ence. The fundamental notions and results in the fuzzy differential equations can be found
in the monographs [1] and [2].

The concept of fuzzy fractional differential equations has been recently introduced in
some papers [3—10]. In [7], the authors established the existence and uniqueness of the so-
lution for a class of fuzzy fractional differential equations, where a fuzzy derivative is used
in the sense of Seikkala. In [5], the authors proposed the concept of Riemann-Liouville
H-differentiability which is a direct extension of strongly generalized H-differentiability
(see Bede and Gal [11]) to the fractional literature. They derived explicit solutions to
fuzzy fractional differential equations under Riemann-Liouville H-differentiability. In [6],
the authors established an existence result for fuzzy fractional integral equations using a
compactness-type condition. In this paper, we present an existence result for a class of
fuzzy fractional integral equations without a Lipschitz condition. For this we use a vari-
ant of the Schauder fixed point theorem. Since the space of continuous fuzzy functions
is a semilinear Banach space, we prove a variant of the Schauder fixed point theorem in
semilinear Banach spaces.

The paper is organized as follows. Section 2 includes the properties and results which we
will use in the rest of the paper. We present an example which shows that a fuzzy fractional
differential equation is generally not equivalent to a fuzzy fractional integral equation. In
Section 3, we establish the Schauder fixed point theorem in semilinear Banach spaces. In
Section 4, we prove an existence result for a class of fuzzy fractional integral equations
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without a Lipschitz condition. Finally, using Weissinger’s fixed point theorem, we give an

existence and uniqueness result.

2 Preliminaries
In the sequel, R” will denote the n-dimensional Euclidean space with the norm || - ||. Let
K (R") denote the family of all nonempty, compact and convex subsets of R”. A semilinear
structure in K (R”) is defined by

(i) A+B={a+b:acA,be B},

(i) MA={ra:aecA},
forall A,B € K .(R"), A € R.

The distance between A and B is defined by the Hausdorff-Pompeiu metric

dy(A,B) = max{sup inf ||x — y||, sup inf ||x — y|| }
xeA YEB yeB x€A

K. (R") is a complete and separable metric space with respect to the Hausdorff-Pompeiu
metric [12].

In the following, we give some basic notions and results on fuzzy set theory. We denote
by E” the space of all fuzzy sets in R”, that is, E” is the space of all functions y : R” — [0, 1]
with the following properties:

(i) yisnormal, ie., there exists xy € R” such that y(x¢) = 1;
(ii) [y]° = {x € R": y(x) > 0} is compact;
(iii) y is a convex fuzzy function, i.e., for all x;,x, € R”, and for all A € (0,1), we have

y(2x1 + (1= A)xp) = min{y(xy), y(x2) };

(iv) y is an upper semi-continuous function.
The fuzzy null set is defined by

~ 0, x#0,
0(x) = 7
1, x=0.

If y € E”, then the set
D" = {xeR%yx) = o}, «€(0,1],
is called the a-level set of y. Then from (i)-(iv) it follows that the set [y]* € K (R") for all
o €[0,1].

The following operations, based on a generalization of Zadeh'’s extension principle, de-

fine a semilinear structure on E":

(y +2)(¥) = sup min{y(x),z(v)},

/), A#O0,
o = |7 17
XO(x), A= 01

where y,z € E” and A € R. The «a-level set of fuzzy sets satisfy the following properties
(see [2]):

Page2of 13


http://www.fixedpointtheoryandapplications.com/content/2013/1/306

Agarwal et al. Fixed Point Theory and Applications 2013, 2013:306 Page3of 13
http://www.fixedpointtheoryandapplications.com/content/2013/1/306

(0) [y+2]" =[] + [2]
(i) [Ay]* =Aly]
forally,ze E",® € [0,1] and A € R.
We define a metric d on E” by

d(y,z) = sup du([y]* [2]°),

0<a<l

where dy is the Hausdorff-Pompeiu metric. Then (E”,d) is a complete metric space (see

[13]).

Proposition 2.1 [2] Ify,z,w,w € E”", then
(i) dy+w,z+w)=d(y,2),
(i) d(\y, z) =21d(y,z2) forall » >0,
(i) dy+w,z+w) <d(y,z) + d(w,w').

Define E” as the space of fuzzy sets y € E” with the property that the function o = [y]*
is continuous with respect to the Hausdorft-Pompeiu metric on [0, 1].

Let T C R be an interval. We denote by C(T', E") the space of all continuous fuzzy func-
tionson 7.

It is known that (E?, d) is a complete metric space (see [14]). Therefore, (C([0, 4], E?), D)
is a complete metric space where

D(y,z) = sup d(y(t),z(t)).

te(0,a]

A subset A C E! is said to be compact-supported if there exists a compact set K € R”
such that [y]° C K forall y € A.

A subset A C E” is said to be level-equicontinuous at «g € [0,1] if for all € > 0, there
exists § > 0 such that

|l —ap| <8 implies dH([y]"‘, [y]“o) <e forallyeA.
A is level-equicontinuous on [0,1] if A is level-equicontinuous at « for all « € [0,1].

Theorem 2.2 [14] Let A be a compact-supported subset of E!. Then the following are
equivalent:

(a) A is a relatively compact subset of (El, d);

(b) A is level-equicontinuous on [0,1].

Remark 2.3 [14] Let K be a compact subset of R” and
I~(l= {X{E} S I(}
Then K is relatively compact in E”.

A continuous function f : [0,a] x E! — E is said to be compactif I € [0,a] and A C E!
is bounded imply that f(I x A) is relatively compact in E”.
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Let L}([0,a], R") denote the space of Lebesgue integrable functions from [0,4] to R”.
Let u € L([0,a], R"). The fractional integral of order g > 0 of y is given by

1

q -
")

t
/ (t—s)17y(s)ds
0
provided the expression on the right-hand side is defined.
We denote by Sk the set of all Lebesgue integrable selections of F : [0,a] — K,(R"), that

is,
S} = {f € Ll([O,a],R") :f(¢) e F(t) a.e.}.

The Aumann integral of F is defined by

/aF(t)dt: {/af(t)dt:fes;}.
0 0

A function F : [0,a] — K.(R") is called measurable (see [15]) if F~}(B) € B for all closed set
B C R”, where B denotes the Borel algebra of [0, 4]. A function F : [0,a] — K.(R") is called
integrably bounded if there exists a function / € L'(R,) such that sup{||x|;;x € F(£)} < k(%)
for a.e. t € [0,a]. If such F has measurable selectors, then they are also integrable and Sk
is nonempty.

The fractional integral of the function F : [0,a] — K .(R") of order g > 0 is defined by
(see [16])

IF@t) = {17 (t) dt - f € Sp}.

A fuzzy function y : [0,a] — E” is measurable if, for all « € [0, 1], the set-valued function
Yo : [0,a] — K (R"), defined by

Yo () = [y(t)]a = {x e R": y(t)(x) > a},

is measurable.

A fuzzy function y : [0,4] — E” is integrably bounded if there exists a function 4 €
LY(R,) such that ||x| < k() for all x € [y(#)]°. A measurable and integrably bounded fuzzy
function y : [0,4] — E” is said to be integrable on [0, a] if there exists v € E” such that
Vo = [y ya(t)dt for all a € [0,1].

Lemma 2.4 [6] Let g € (0,1], and let y: [0,a] — E”" be an integrable fuzzy function. Then
foreach t € [0,a] there exists a unique fuzzy set v(t) € E" such that

I1y,(t) = {x e R":v(t)(x) > a} forall « € [0,1].

Lety:[0,a] — E” be an integrable fuzzy function. The fuzzy fractional integral of order
q > 0 of the function y,

1

! -1
o /0 (- 9)Ty(s) ds,

Iy(t) =
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is defined by (see [6])
Iy(t)(x) = sup{a €[0,1]:xe 1 a}.
Its level sets are given by
[I9y(0)]" = {x e R": Iy(t)(x) = a}, @ €[0,1];

that is, we have
[199®)]" = %ﬂl)fo (-5 [¥(s)]" ds.

Lety € [0,a] — E”. If the fuzzy function ¢ fot (t—s)"7y(s) ds is Hukuhara differentiable
on [0, a], then we define the fractional derivative of order g € (0,1) of y by

L4
rl-gq)de

Diy(t) = —8)y(s) ds,
) /0 (- 5 Ty(s) ds

provided that the equation defines a fuzzy number D7y(¢) € E”. It is easy to see that
Diy(t) = £1y(t), t € [0, al.

Lemma 2.5 [6] Let0<g<landy € [0,a] > E¢ be integrable. Then
DiI%y(t) = y(t), te[0,al.

Remark 2.6 Let 0 < g < 1. The equality

-1
Dy, (£) = yu6) - %)11-%(0), te0.a] 1)

is not true in the fuzzy case. Indeed, let y: [0,1] — E be a fuzzy function defined by

HOW = l—ﬁ, 0<x<1-tte]0,1),
1, t=1.

Then it is easy to see that
5. =[O =[0,0-a)1-1)], te(0,1],a€0,1],

define the «o-level intervals of y(z).
Now take g =1/2. Then

12DV2y (8) = [0, 1-a)1- t)] = Ya(0).

Since

-1/2

T, ov2lo 2a -
F(%)I Ya(O)—[O,n(l oz)],
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then
t—1/2 " ~ E
Ve (t) - —r(%)l Y4 (0) = [o, 1 —a)(l —t- n)]

which is a fuzzy number for ¢ € [0,1 - %]‘ However, it is not a fuzzy number for £ > 1 - %
Thus y,(t) does not satisfy equation (2.1).

3 Schauder fixed point theorem for semilinear spaces
In this section, we prove the Schauder fixed point theorem for semilinear Banach spaces.
First, we recall the Schauder fixed point theorem.

Theorem 3.1 ([17], Schauder fixed point theorem) Let Y be a nonempty, closed, bounded
and convex subset of a Banach space X, and suppose that P: Y — Y is a compact operator.
Then P has at least one fixed point in Y.

We recall that a semilinear metric space is a semilinear space S with a metricd : S x S —

R, which is translation invariant and positively homogeneous, that is,
(i) d(a+c,b+c)=d(a,b),

(ii) d(ra,Ab) = Ad(a,b) for all A > 0,
forall a,b,c € Sand A > 0.

In this case, we can define anorm on S by ||x|| = d(x, 0), where 0 is the zero element in S. If
S is a semilinear metric space, then addition and scalar multiplication on S are continuous.
If S is a complete metric space, then we say that S is a semilinear Banach space.

Let S be a semilinear space having the cancelation property. Define an equivalence rela-
tion ~on S x S by

(a,b) ~(c,d) ifandonlyif a+d=b+c

for all (a,b), (c,d) € S x S, and let (a, b) denote the equivalence class containing (a, b). Let
G denote the collection of all equivalence classes of S x S. On G define addition and scalar
multiplication as follows:

(a,b) + {c,d) = {a+c,b+d)
and

(Aa, AD), A >0,
(—Aa,—Ab), otherwise

Ma, b) =

for all (a,b),(c,d) € S x S, and A € R. Further define amap j:S — G by

forall a € S. Let S be a semilinear metric space. On G, defineanorm | - || : G — R, by
|(a, b)| = d(a, b)

for all (a,b) € G.
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Theorem 3.2 [18] Suppose that S is a semilinear space having the cancelation property.
Then G is a vector space satisfying G = j(S) — j(S) and j is an injection such that

(i) jla+b) = j(@) + j(b);

(i) j(a) = Aj(a)
foralla,be S and > 0.

Theorem 3.3 [18] Suppose that S is a semilinear metric space. Then the set all equivalence
classes G, constructed above, is a metric vector space and j is an isometry.

Now, we are able to prove a variant of the Schauder fixed point theorem in semilinear
Banach spaces.

Theorem 3.4 (Schauder fixed point theorem for semilinear spaces) Let B be a nonempty,
closed, bounded and convex subset of a semilinear Banach space S having the cancelation
property, and suppose that P : B— B is a compact operator. Then P has at least one fixed
point in B.

Proof By Theorem 3.3, there exists an embedding j: S — G. Let B be a nonempty, closed,
bounded and convex subset of S. Since j is isometry, it follows that j(B) is also a closed and
bounded subset of G. For convexity, let &, v € j(B) and A > 0. Then there exist %, v € B such
that u = j(u) and v = j(v). By Theorem 3.2, we obtain

A+ (L= 2)v=Aj(@) + (1 - 1)j) = j(Az + 1 - 1)p).

Since B is convex, we have Au + (1 — A)V € B, which implies Au + (1 — A)v € j(B). Hence j(B)
is convex. Let P: j(B) — j(B) be defined by P =j o P o, thatis, P = j o P o j. First we

show that P is a compact operator. Note that D is a continuous operator because P, j and

j! are continuous. Further, we have

P(iB) = (jo Poj) (i(B) = j(P(B))-

Since P(B) is relatively compact, it follows that j(P(B)) is relatively compact. Hence, by
the Schauder fixed point theorem, P has a fixed point u, € j(B), that is, Puo) = uo. Let
Vo :j_l(uo) € B. Then

P(vo) = (7 0 P o) (7 (u0)) =/~ (P(uo)) =/ (s0) = vo.
Thus vy € B is a fixed point of P. O

Remark 3.5 The space of fuzzy sets E” is a semilinear Banach space S having the cance-
lation property. Therefore, the Schauder fixed point theorem holds true for fuzzy metric
spaces.

4 Existence and uniqueness
Consider the following fuzzy fractional integral equation:

y(®) = yo(t) + I (2, 5(2)), (4.1)

where 0 < g <1, y0(t) € C([0,a],E}) and f : [0,a] x E} — E is continuous on [0,a] x E].
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A function y € C([0, 4], E!) is called a solution for (4.1) if

y(t) = yo(®) + I (£, 5(2))
holds for all ¢ € [0, a].

Remark 4.1 Let 0 < g < 1. Consider the following fuzzy fractional differential equation:
Dy(t) = f(,y(2)), liI(I)l ty(t) =y, te[0,al. (4.2)
t—0*t
If y: [0,a] — EZ is a solution of the integral equation

y(8) =ty + I (£,(2)), (4.3)
then by Lemma 2.5 y() is a solution of (4.2), but the converse is not true.

In [19], the authors showed that the space E” can be embedded in C([0,1] x §"!), the
Banach space of continuous real-valued functions defined on [0,1] x "1, where §"~! =
{x € R% ||lx|| =1} is the unit ball. In [14], an Ascoli-Arzeld-type theorem was proved. We
use this theorem to establish an existence theorem for fuzzy fractional integral equations.
Let 0 be the zero function in C([0, a], E7).

Theorem 4.2 Let 0 <q<1,R>0 and a* > 0. Define

G={(ty) €[0,a*] x E*: d(y,0) <R}.
Suppose that f : G — B is a compact function and M = sup, . d(f (¢, %),0). Let yo(t) €
C([0,al, E") such that yo([0,a*]) is compact-supported and N = D(yo,0). Then integral
equation (4.1) has at least one solution y(t) € C([0,a],E), where a € (0,a*] is chosen such
that

Ma1

N + <R
I'g+1)

Proof Define the set
Q={ye C([0,a],E) : D(y,0) <R}.

It is evident that Q is a closed, bounded and convex subset of the Banach space
C([0,a], EZ). On the set 2, we define the operator T': 2 — C([0, a], E!) by

- L ' _ )1
(16 =300) + s [ =95 509)

In order to prove our desired existence result, we show that 7" has a fixed point. First

we show that the operator T is continuous on Q. For this, let y, — y in Q. Then we
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have

d(Ty,(0), Ty(0))

:—d(/ (¢ —s)7 (S,y,,(s) ds,/(t s)? (s,y(s)) )

=< m/() (t—5)*" sup d(f(s,y,,(s )f(s,y(s))) ds

s€[0,¢]

=< %q)t:;pu d(f (£,.(0)).f (£, 5(2))) /0 (t—s)""ds

= Tl P AU 0).f (20)

aq
<

I'(g+1) ZGS[%IZ d(f(ty”(t)f( (t)))—>0, n— 00.

This implies that 7 is a continuous operator on Q2. For y € Q and t € [0, 4], we have
d(Ty(t),0) = (yo £+ —— f (t-9)17Y (s, 5(5)) ds, o)

yo (t), A) + — F( 7)) —s)q_ld(f(s,y(s)),a) ds

I} -1
SD(yo,O)+Tq)/o(t—s)q ds

Mt
<N+ .
I'(g+1)
It follows that
_ Mal
D(Ty,0) <N + <
I'g+1)

Thus, T maps the set Q2 to itself. Now we will prove that T(2) is relatively compact in
C([0,4a], EZ). Using the Arzela-Ascoli theorem, we just need to prove:

(i) T(£2)is an equicontinuous subset of C([0,a], E");

(ii) T(2)(¢) is relatively compact in E} for each ¢ € [0,4].
Let t1,5 € [0,4], t; < t; and y € 2, we obtain

d(Ty(&), Ty(tr))
<d(yo(t2), yo(tr)) + %d( 2(,;2 9T (5,50)) ds,/(; l(tl — )T (s5,5(5)) ds)
=dbolta) o) + r( ) (/ (-9 (57(6) s, /0 (-9 (s305) dS)

R Y A)
+F(q)d</tl (t2 —5) f(Syy(s))ds,o

<d(yo(t2), y0(t1)) + F%( / l((tl—s)q‘l—(tz—s)q-l)dw / (-5t ds)
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d(yo(t2), y0(t1)) + (2t —t)7 + ¢ - t])

I'g+1)

<d(yo(t2), yo(tr)) + (t2 —t1)?,

I'(g+1)
so d(Ty(ty), Ty(t1)) — 0 when t; — £, for all y € Q. This implies that T(S2) is equicontin-
uous on [0,a]. Now we show that T'(€2)(t) is relatively compact in E? and by Theorem 2.2
this is equivalent to proving that T'(2)(¢) is a level-equicontinuous and compact-supported
subset of E”.

Fixing ¢ € [0, a], we see that T(Q)(¢) € E” and if v € T(2)(¢), then

v=yo(t) + %q) /Ot(t - 9)7f(s,5(s)) ds for somey € Q.

Since f([0,a] x ) is relatively compact in E/, Theorem 2.2 implies that f([0,a] x ) is
level-equicontinuous. Then for each ¢ > 0 there exists § > 0 such that

C(g+1)e

a=pl<s = du([f(sr6)]" [F506)]) < 2

for all (s,y) € [0,a] x Q2.
Also, |a — B| < § implies

dH([yo(t)] [yo(t)] ) for all ¢ € [0,4].

l\J|°‘>

Hence, we obtain
dy ([v]*, 17)

= du([TG)O]" [TH)®)]")
<du([3®]". [»®]")

" o t B
+%q)d11<|:/0 (t_s)q—lf(s,y(s))ds] ,[/0 (t—s)q‘lf(S,y(S))ds] )

<du([p@]" [0®)]") ”)/G@“@@@WM[MMMW%

<e¢ forall |- B| <.

Therefore T(2)(¢) is level-equicontinuous in E”. Finally, due to the relative compactness
of £([0,a] x ©2) and y([0, a]), we have that there exist compact sets Kj, Ky C R” such that
[f(s,9(s))]° C K, for all (s,y) € [0,a] x Q2 and [y,(t)]° C K, for all £ € [0,a]. Thus, we have

0
|:}’0(1f / (t -9 f (s,5(5)) d i|
= [y()(t)]o + F—/ (t—s)q_l[f(s,y(s))]o ds
c I,If;)/ (t-s)1Vds + K,
1Ky

= K.
I'g+1) R
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Since t7 is bounded on [0, 4], hence there exists a compact set Ky € R” such that

¢ 0
[%q) /0 (t - s)q‘lf(s,y(s)) ds:| C Ko,

which proves that T(2)(¢) is compact-supported. Thus, T is a compact operator. Hence,
by Theorem 3.4, it follows that T has a fixed point in €2, which is a solution of integral
equation (4.1). O

The following Weissinger fixed point theorem will be used to prove an existence and
uniqueness result.

Theorem 4.3 [20] Let (U,d) be a nonempty complete metric space, and let y, > 0 for
all n €{0,1,2,...} be such that Y .. v, converges. Moreover, let the mapping T : U — U
satisfy the inequality

d(T”u, T”v) < y,du,v)

for all n € N and for all u,v € U. Then the operator T has a unique fixed point u* € U.

Furthermore, for any ug € U, the sequence {T"uy},°, converges to the above fixed point u*.

Theorem 4.4 Let 0 < q <1. Suppose thatf : G — E! is continuous and satisfies a Lipschitz
condition, that is, there exists L > 0 such that

d(f(t, u),f (¢, V)) < Ld(u,v), (4.4)
for all (t,u),(t,v) € G, where G = {(t,u) € [0,a] x E] : d(u,0) < R}. Then there exists a
unique solution y(t) € C([0,al, E})) to integral equation (4.1).

Proof From Theorem 4.2, we have that the integral equation has a solution. In order to
prove uniqueness of this solution, we prove that the operator T has a unique fixed point.
For this, we shall first prove that, foralln € {0,1,2,...}, 7 € [0,a] and &, v € €, the following

inequality holds:
sup d(T"'y(t), T"'2(t)) < sup ﬂd(y(t) 2(2)). (4.5)
tel0,7] ~ tefo,e] T+ g(n +1))

For n = 0, this statement is trivially true. Suppose that (4.5) is true for some # > 1. Then
from inequality (4.4) we have

sup d(T”*ly(t), T””z(t))

te[0,7]

= sup d(TT"y(t), TT"z(¢))

te[0,7]
= t:[lég] %q)d(/ot(t — )T (s, T"y(s)) dis, /Ot(t - 8) T (s, T"2(s)) ds)

= eton %,,) /0t<f—s>‘f‘1d(f(s» T"y(9).f (5, T"2(s))) ds
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= m tes[l(l)pf],/ (t=5)" ld(Tny(s) Tnz(s))

= %q) /Of(r -9 B d(T"y(t), T"z(t)) ds

Ln+1 T
<——— | (r=95)""1T" sup d(y(¢t),z(t)) ds
F(q)r(1+qn)/o sup Abe)2(0)

Ln+1
<— d (¢), z(t) (1: )7L ds
Farsgm i,V

Ln+1 ( ) (1 + qn)
T T(@T+qn) te[lég 4y()2(0) Ird+qn+ 1))t

q(n+1)

Taking the supremum over [0, 4], we get

(Lﬂq)wrl

STA+qn+ 1y P02

D(Tn+1_)/, Tn+1 )

(La®)"
1+qn)

by Theorem 4.3 we deduce the uniqueness of the solution of our integral equation. [

The series Y - v, with y,, = isa convergent series (see Theorem 4.1in [21]). Thus
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