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Abstract

In this paper, we construct generating functions for higher-order Euler-type
polynomials and numbers. By using the generating functions, we obtain functional
equations related to a generalized partial Hecke operator and Euler-type polynomials
and numbers. A special case of higher-order Euler-type polynomials is eigenfunctions
for the generalized partial Hecke operators. Moreover, we give not only some
properties, but also applications for these polynomials and numbers.
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1 Introduction

In this section, we define generalized partial Hecke operators and we give some nota-
tion for these operators. Also, we define generalized Euler-type polynomials, Apostol-
Bernoulli polynomials and Frobenius-Euler polynomials.

Throughout this paper, we use the following notations:

N={1,2,...}, Ng ={0,1,2,...} = NU {0}. Also, as usual, Z denotes the set of integers, R
denotes the set of real numbers and C denotes the set of complex numbers. We assume
that In(z) denotes the principal branch of the multi-valued function In(z) with an imag-
inary part J(In(z)) constrained by —7 < J(In(z)) < m. Furthermore, 0" =1 if n = 0, and
0"=0ifneN.

N(M) = (N1’N27"‘)NM))

where M € N and N, Ns,...,Ny € N.
Let a € N and y,n ) be a function depending on @, Nj, Ny, ..., Ny such that

Xa,N(M) : NO e (C.

XaN(v) is defined by

M
k
Xanon (k) = [ TN,
j=1
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where 0 <k <a-1,j€({1,2,...,M} and

2mi

XaN(m) satisfies the following properties:
(i) xanu is a periodic function with NiNy - - - Njy.
(ii) If we take N7 > 2 and N, = N3 = --- = N = 1, we have

Xauin,.n (k) = EXNDERER Q) - - £5Q) = g5 ().

We note that replacing N(M) by (N1,1,1,...,1), xanr) is reduced to EK(N7) (cf. [1])
Let Clx] be a ring of polynomials with complex coefficients. By using x, ), we give
the following definition.

Definition 1.1 [2] Let P € C[x]. The generalized partial Hecke operator of TXa,N(M) is de-
fined by

a-1 X
TXaNM) P(x) ZXaN(M (/()P( * )

The operator Ty, ,,, satisfies the following properties:
@i T

Yanw) 1S linear on C[x] and

Tyonan : Clxl = Clxl.

(ii) Ty, s breserves the degree of the polynormals on Cl[x].

(iii) If we take N7 > 2 and N, = N3 = --- = Ny = 1, we have
&l x+k
Tan, (P®) =Y _&* (N1>P( )
k=0
Remark 1.2 Setting N(M) = (N,1,1,...,1), Txa'(N],l,l,_“ y is reduced to TXaN (¢f [1]).

The generating function of generalized Euler-type numbers P, n( is given by

oo M
tn 1_[‘=1 ";:(]\[/) - l
]:N(M)(t) = Pn,N(M)_ =0
; nto—l+e 1—[]1\:11 §(N))

(2].

Now, we give the definition of Euler-type polynomials as follows.

Definition1.3 [2] The polynomial P, x () is defined by means of the following generating
function:

& (T4 EN)) —1)em
FN(M)(t:x)—;Pn,N(M)(x)E— (H; e
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where
M
2mi
t+ —| <27,
> 2 <am
j=1

The polynomial P, x(a) satisfies the following properties:

(i) Punw € Clx].

(ii) Py is a polynomial with degree n and depends on N, N, ..., Nas.
(iii) If we take Ny > 2 and Ny = N3 =--- = Nj; = 1, we have

> " ( _ 1)6”6
S Py = Eu D
n=0

n! Evef -1

where

2mi
t+ —
1

<2m.

(iv) We derive the following functional equation:
Fnon (&%) = Fnon (t)e™, (2)
so that, obviously,
Pyunon(0) = Pynian-
We now are ready to define Euler-type numbers and polynomials with order k.

Definition 1.4 Euler-type numbers with order %, P}(f])v(M), are defined by means of the
following generating functions:

3)

o0
® ®)
Fatn® =) P N M) 77
=0 ‘

where k € N and

Euler-type polynomials with order k are given by the following functional equation:

tVI

oo
k k k
Frn(63) = Fong 06 = 3P () — (4)

n=0

We see that

0
F](\,()[W)(t,x) =™,
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Thus we obtain
sz(,)z)\z( an(®) ="
Remark 1.5 Substituting k = 1 into (4), we get (2). Therefore, (3) reduces to (1); that is,
P an @) = Panan @)
mN(@) ¥ = LN
so that, obviously,
Ps,g\r(M)(O) = Py

By using (4) and (3), we obtain

— (0 e e

p— —_ n_
2 Paxan® = > Paxan sy 25"
n=0 n=0 n=0

Therefore, we get the following theorem.

Theorem 1.6

n
(k) n —j plk)
PH,N(M)(x) = (j)x” /Pj,N(M)' (5)
=0

J

Hence, we arrive at the following definition.

Definition 1.7 Euler-type polynomials with order &, ng])\]( > are defined by means of the
following generating functions:

& n
k k ¢
Frin®x) = Y Pitan® — (6)
o n!
where
M
2mi
t+ — | <27
Ly
j=1
Note that there is one generating function for each value of k. These are given explicitly
as follows:
M
FO () L+ T W) VL
N (B%) = = e
~l+e ]_[j=1 E(N))
o n
) z

=2 Paxan @

n=0

We derive the following functional equation:

Fh (6,%) = Frnn 65 Fioan (©)- @)
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By using the above functional equation, we arrive at the following theorem.

Theorem 1.8

" n
i@ = 3 () P iy ®
o

Proof By using (3), (6) and (7), we get

o0 n n

k+l) (k) 4

> a0 = 3 2 ()P | 5
nt n=0 \ j=0 '

By comparing the coefficients of 7 on both sides of the above equation, we get the desired
result. O

Substituting x = 0 into (8), we obtain a convolution formula for the numbers by the

following corollary.
Corollary 1.9
"\ (n
(k+D) & pO
Ponan = ( j)P N Lnj Ny
j=0

By differentiating both sides of equation (2) with respect to the variable x, we obtain the
following higher-order differential equation:

B .
a_xj-FN(M)(t: x) = ¢ Fnon (t, %). )

Remark1.10 Setting N(M) = (N1,1,1,...,1), Py 1,1,..1) is reduced P, n, () (cf. [1]). There-
fore P, y(x) was defined by generalized Bernoulli-Euler polynomials in [1] as follows:

tel*

00
tn f_17 N = 11
Z P, N(x) —=1c"
’ n! (En-1)e™
n=0 Enei-1 ’ N > 2,

so that, obviously,
Py (%) = By ()
and
Py (%) = En(%).

Here B,(x) and E,(x) are Bernoulli polynomials and Euler polynomials, respectively (cf.
[1-19]).

The Frobenius-Euler polynomial is defined as follows:
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Let u be an algebraic number such that 1 # # € C. Then the Frobenius-Euler polynomial
H,(x,u) is defined by

1-

el —

o0
u t"
etx: E Hn(x¢u)_;
U n!
n=0
where

1
t+In—| <27

u

(¢f. [1-19)).

Remark 1.11 Frobenius-Euler number is denoted by H, () such that H,(0,u) = H,(u).
Also, H,(x,-1) = E,(x) (cf [1-19]).

By using Frobenius-Euler numbers, one can obtain the Frobenius-Euler polynomials as

follows:
Hy(x,u) =) (’7>x”"H;<u>
(RO
(cf. [1-19]).

The Apostol-Bernoulli polynomial is defined as follows.

Definition 1.12 [3,16] The Apostol-Bernoulli polynomial 5,(x, 1) is defined by

t . ¢
me = ;Bn(%)\);,
where A is the arbitrary real or complex parameter and
[t] < |InAl.
Remark 1.13 For A =1, we obtain that B, (x,1) = B, (x) (¢f [1-19]).

2 A functional equation of generalized Euler-type polynomials
Bayad, Aygunes and Simsek showed that for 2 = 1 mod(N), there exists a unique sequence
of monic polynomials (P, x)sen, in Q(én)[x] with deg P, x = 1 such that

Ty (P nN (x)) =a "Pyn(x),

where a, N € N (¢f [1]).
In this section, we give the following theorem.

Theorem 2.1 Let a,Ni,N>,...,Ny; € N and a = 1(mod N1 N, - - - Ny;). Then there exists a

sequence (PyNwi))nen, in

Q(ENDE(Na) - - - §(Np)) []
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with
deg PNy =1
such that
Ty (Prnan () = @™ Py (x).

Proof Since P,y € Clx] and TX%N(M) : Clx] — Clx], we get

a-1
x+k
Ty (Prnon () = Z Xa,N(M) (k)Pn,N(M)< ~ )

k=0

From the definition of x,n ) (k), we have

a-1 27!1/( x+k
Tanon Pronan®) = He / nNM)(7>~

k=0

By using the generating function of P, x)(x), we get

n=0 k=0 \j=1
-1 M
< 2mik | 2 x+k\ t"
= e’ E Py -
. a n
k=0 \j=1 n=0

I
>~ 2
I |
o —
S
e
*
N—
—
IS
o
i
®
|
—_

j=1

(! ﬁ) e e(exp(y 2y -1

I e%)et 1 ea(exp(Zj\fl 27”1")) -1

Since a = 1(mod N1N; - - - Nyy), the following relation holds:

j=1 j=1

Therefore, we have

S () S ri

k=0

(10)
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By comparing the coefficients of % on both sides of the above equation, we get the de-
sired result. O

Remark 2.2 A different proof of (10) is given in [2]. If we take N; > 2 and N, =N3 = --- =

N =1, we have the following functional equation:

TXa,Nl (anNl (x)) = a_npn,Nl (x)
which is satisfied for generalized Bernoulli-Euler polynomials in [1].

3 Some properties of generalized Euler-type polynomials
In this section, we obtain some relations between generalized Euler-type polynomials,
Apostol-Bernoulli polynomials and Frobenius-Euler polynomials. Also, we give a formula

to obtain the generalized Euler-type polynomials.

Theorem 3.1 Let n € N. Then we have

[T5EN) & (n
P () = Punon(®) + m ; ( k)P,E?;,(M) ().

Proof By differentiating both sides of equation (2) with respect to the variable ¢, we have

ad "9
;PnJrl,N(M)(x)E = a]:N(M)(t’x)

[T E(N)

= Fvan(t, A= SV
N (&%) + (1—]_[11»\415(1\1;)

)etet"(}"N(M)(t))z
- t" [T £ = t"

=) Py )(x)—,+(’4)€t( Povon@— |-
; NODE -T2 6 ; NGOy

Therefore, we obtain

iP e i(l’ " 46N i(n)l,(z) o) 2
na LN \X) — = mN@)\X) + kN@nF) |
P i 1-TT5 6N g \K n!
By comparing the coefficients of ;—”!, we obtain the desired result. O

In the following theorem, we give a relation between the polynomials P,y (x) and

Frobenius-Euler polynomials.

Theorem 3.2 [2] Let n € Ny. Then we have

M

Pn,N(M) (x) = Hrl (x’ 1_[ %_(:]l\[) ) .
]

Jj=1
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Proof By using the generating function of P, x)(x), we have

oo . oo M 1 m
;PM,N(M)(x)E = an (x,l_[ W) ;

n=0 j=1

In the above equation, if we compare the coefficients of %, we get the desired result.
O

In the following theorem, we give a relation between P, xr)(x) and Apostol-Bernoulli

polynomials.

Theorem 3.3 [2] Let n € N. Then we have

M 1 M
PN (%) = (1_[ E(N)) - 1) ;Bn (x, H 5(]\[,')).
1 1

Proof We arrange the generating function of generalized Euler-type polynomials as fol-

lows:

il’ o [[LEN) -1 -
n-1,N(M) = .
n=1 (-1 et H;j\f1 EWN) -1

Therefore, we have

n=1

e (A (e -1)a (= TTeon ) ) 22
N Gy ) n\1 "\l ) -

n-1
In the above equation, if we compare the coefficients of m, we get the desired result.
O

In the following theorem, it is possible to find the generalized Euler-type polynomials.

Theorem 3.4 Let n € Ny. Then we have
" (n
Py non(x) = Z (},)xn_’ Pinowy- (11)
j=0

Proof of (11) is the same as that of (5), so we omit it [2].

1
Pinony = —F——
aN(M) — 1
p 2 1
2,N(M) = =] +—3 ’
anan — 1 Xanan —1
6 6 1

= + +
-1 -1 -1
(Xangn — 1)? (Kanom ~ 1)? Xanon ~ L
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and

24 36 14 1
— +—3 +—3 .
(Xa,N(M) -1t (Xa,N(M) 1)3 (Xa,N(M -1)? Xanan — 1

Panon =

By using (11), we have the following list for the generalized Euler-type polynomials:

Ponny(x) =

Pl,N(M)(x) AT A E—
Xanon ~ 1

2 2 1
Panon®) =x2+x( . ) <( Tty —1)'
XaNwi) ~ Xa N(M) XaNM)

3 6 3
Ponvon(e) = +x2(17—1> <( e 1)
XaNM) Xa N(M) XaNuM)

( 6 6 1 )
+ + +
Otanvon =D Canvon =D Xanon — 1

and

. s 4 ) 12 6
Pynon(x) =" +x°| ——— ) +x >+~
N (Xa N(M) -1 Xanon ~1
( 24 24 4 )
+X - + —
(Xa,ll\[(M) 1 (Xa N(M) -1)? Xa,zl\I(M) -1

( 24 36 14 1 )
+ + + + .
Otanon =" Uanan = D*  Gaxan =D Xanon —1
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