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1 Introduction
The goal of the present paper is to study the nonlocal boundary value problems (BVPs) for
parameter-dependent linear differential-operator equations (DOEs) with discontinuous

top-order coefficients

2m-1
sa(@)u®(x) + A@u) + Y 537 AP @) + hul) = £ (), (1)
k=0

and the nonlinear equation
a(x)u® (x) + B(x, w,uV, ..., u(zm_l))u(x) = F(x, w,u, ..., u(2m_1)),

where a is a complex-valued function, s is a positive and X is a complex parameter;
A = A(x), Ay = Ax(x) are linear and B is a nonlinear operator in a Banach space E. Here
the principal coefficients a and A may be discontinuous. More precisely, we assume that
a and A(-)A™!(xp) belong to the operator-valued Sarason class VMO (vanishing mean os-
cillation). Sarason class VMO was at first defined in [1]. In the recent years, there has
been considerable interest to elliptic and parabolic equations with VMO coefficients. This
is mainly due to the fact that VMO spaces contain as a subspace C(Q2) that ensures the
extension of L,-theory of operators with continuous coefficients to discontinuous coef-
ficients (see, e.g., [2—11]). On the other hand, the Sobolev spaces W"(Q2) and W (Q),
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0 <0 <1, are also contained in VMO. Global regularity of the Dirichlet problem for ellip-
tic equations with VMO coeflicients has been studied in [2—4]. We refer to the survey [3],
where excellent presentation and relations with similar results can be found concerning
the regularizing properties of these operators in the framework of Sobolev spaces.

Itis known that many classes of PDEs (partial differential equations), pseudo DEs (differ-
ential equations) and integro DEs can be expressed in the form of DOEs. Many researchers
(see, e.g., [12—24]) investigated similar spaces of functions and classes of PDEs under a
single DOE. Moreover, the maximal regularity properties of DOEs with continuous coef-
ficients were studied, e.g, in [12, 14, 18, 19].

Here the equation with top-order VMO-operator coefficients is considered in abstract
spaces. We will prove the uniform separability of the problem (1), i.e., we show that for
each f € L?(0,1; E), there exists a unique strong solution u of the problem (1) and a positive

constant C depending only p, E, m and A such that

2m

R A
Zsm )2 || ) ||Lp(0’1;5) + [|1Aullzro,8) < Clif lr0,1:8)-
i=0

Note that the principal part of a corresponding differential operator is non self-adjoint.
Nevertheless, the sharp uniform coercive estimate for the resolvent and Fredholmness are
established. Then, the existence and uniqueness of the above nonlinear problem are de-
rived. In application, we study maximal regularity properties of anisotropic elliptic equa-
tions in mixed L? spaces and systems (finite or infinite) of differential equations with VMO
coefficients in the scalar L? space.

Since (1) involves unbounded operators, it is not easy to get representation for the Green
function and the estimate of solutions. Therefore we use the modern harmonic analy-
sis elements, e.g., the Hilbert operators and the commutator estimates in E-valued L”
spaces, embedding theorems of Sobolev-Lions spaces and semigroup estimates to over-
come these difficulties. Moreover, we also use our previous results on equations with con-
tinuous leading coefficients and the perturbation theory of linear operators to obtain main

assertions.
2 Notations and background

Throughout the paper, we set E a Banach space and © C R". L?(2; E) denotes the space of

all strongly measurable E-valued functions that are defined on 2 with the norm

Wl = I e = ( / Hf(x)Hidx)ﬁ, 1<p<oo.

BMO(E) (bounded mean oscillation, see [25, 26]) is the space of all E-valued local inte-
grable functions with the norm

SgP/BIlf(x) — /]| dx = |If Il < o0,

where B ranges in the class of the balls in R”, | B| is the Lebesgue measure of B and f is the

average ﬁ [of &) dx.


http://www.fixedpointtheoryandapplications.com/content/2013/1/42

Shakhmurov Fixed Point Theory and Applications 2013, 2013:42 Page 3 of 21
http://www.fixedpointtheoryandapplications.com/content/2013/1/42

For f € BMO(E) and r > 0, we set

sup / 1F @~ fo ] dx = n(r),
p<r JB

where B ranges in the class of balls with radius p.

We will say that a function f € BMO(E) is in VMO(E) if lim,_, ,o n(r) = 0. We will call
n(r) the VMO modulus of f.

Note that if E = C, where C is the set of complex numbers, then BMO(E) and VMO(E)
coincide with John-Nirenberg class BMO and Sarason class VMO, respectively.

The Banach space E is called a UMD-space if the Hilbert operator

EY@=1m [ LD g

=0 [x—y|>e x—=y
is bounded in L,(R,E), p € (1,00) (see, e.g., [27]). UMD spaces include, e.g., L, [, spaces
and Lorentz spaces L, p,q € (1,00).
Let

Sp={reClagil <p}uU{0}, 0<g<m.

A linear operator A is said to be ¢-positive (or positive) in a Banach space E with bound
M >0 if D(A) is dense on E and

(A + 1) <M(1+A)"

e

for A € Sy, ¢ € (0,7], I is an identity operator in E and L(E) is the space of bounded linear
operators in E. Sometimes A + Al will be written as A + A and denoted by A,. It is known
[28, §1.15.1] that there exist fractional powers A° of the positive operator A. Let E(A%)
denote the space D(A”) with the graphical norm

lloell a0y = (lsll?” + ||A9u||p)1l’, 1<p<00,-00<6 <00,

Let E; and E; be two Banach spaces. A set W C L(E;, E,) is called R-bounded (see [14,
23]) if there is a positive constant C such that for all T3, T5, ..., T, € W and uy uy, ..., U, €

El,WlEN,
1 m 1 m
[1Xromu) d=c[|>nom| a
O j=1 E 0= E

where {r;} is a sequence of independent symmetric {-1,1}-valued random variables on
[0,1].

Let S(R"; E) denote the Schwartz class, i.e., the space of all E-valued rapidly decreas-
ing smooth functions on R". Let F denote the Fourier transformation. A function ¥ €
L*®°(R"; B(Ey,E,)) is called a Fourier multiplier from L,(R";E;) to L,(R"; E;) if the map
u— Ayu=F YWV (E)Fu, u € S(R*;E,) is well defined and extends to a bounded linear op-

erator

Ay :L,(R%Ey) — L,(R%Ey).
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The set of all multipliers from L,(R"; E;) to L,(R"; E>) will be denoted by Mﬁ(El,Ez). For
E, = E, = E, it will be denoted by M} (E).
Let

u,= {/3 = (13171321"41311) ENnZ,BkE {0)1}}

Definition 1 A Banach space E is said to be a space satisfying a multiplier condition if
for any W € C"(R"; L(E)), the R-boundedness of the set {éf’Dg\Il(S) :£eR"\0,B8 € U,}
implies that W is a Fourier multiplier in L,(R"; E), i.e., ¥ € M5 (E) for any p € (1, 00).

Definition 2 The ¢-positive operator A is said to be an R-positive in a Banach space E if
there exists ¢ € [0, ) such that the set

Lyi={AA+1) "2 eSs,}

is R-bounded.
A linear operator A(x) is said to be positive in E uniformly in x if D(A(x)) is independent
of x, D(A(x)) is dense in E and

[(AG) + 1) | < M@+ 1)~
forall A € S(p), ¢ € [0, 7).

Let 00 (E;, E2) denote the space of all compact operators from E; to E;. For Ey = E; = E,
it is denoted by o.(E). Assume Ey and E are two Banach spaces and E, is continu-
ously and densely embedded into E. Let m be a natural number. W”#(Q; Ey, E) (the so-
called Sobolev-Lions type space) denotes a space of all functions u € LP(2; Ey) possess-
ing the generalized derivatives D}'u = 3:1—25 such that Dj’u € LP(Q; E) is endowed with the
norm

n
letllwmp(ie0,£) = 12l L2 (2:E0) + Z”kauuw(gf) < 00
k=1
For Ey = E the space W™?(Q2;Ey,E) will be denoted by W"?(2;E). It is clear to see
that

W™P(Q; Ey, E) = W™P(Q; E) N LP(2; Ep).

Let s be a positive parameter. We define in W"#(Q; Ey, E) the following parameterized

norm:

n

lall g ey ) = Ntlliriuzg) + D NsDFw] -
k=1

Function u € W2P(0,1;E(A),E, Lx) = {u € W*?(0,1;E(A),E), Lyu = 0} satisfying equa-
tion (1) a.e. on (0, 1) is said to be a solution of the problem (1) on (0, 1).
From [21] we have the following theorem.
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Theorem A; Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00) and
A is an R-positive operator in E;
(2) = (o1, a9,...,0,) are n-tuples of nonnegative integer numbers such that

let]
w=—=<1 and O<u<1l-s
m

(3) Q€ R"is aregion such that there exists a bounded linear extension operator from
W"P(Q; E(A),E) to W™P(R"; E(A), E).
Then the embedding

D* W™ (Q;E(A),E) C LP (S E(A'7))

is continuous and there exists a positive constant C,, such that

o]

sm ”DauHLP(Q;E(Al‘”‘“)) =Cu [hM”””WSm”’(Q;E(A),E) + B ”u”L”(Q%E)]
forallu e W™P(;E(A),E) and 0 <h < hy < c0.

Theorem A, Suppose all conditions of Theorem A, are satisfied. Assume 2 is a bounded
region in R" and A™' € 6(E). Then, for 0 < u <1 — , the embedding

D* W™ (Q;E(A),E) C IP (S E(A'™))
is compact.
In a similar way as in [2, Theorem 2.1], we have the following result.

Lemma A; Let E be a Banach space and f € VMO(E). The following conditions are equiv-
alent:
(1) f € VMO(E);
(2) f is in the BMO closure of the set of uniformly continuous functions which belong to
VMO;
(3) limy_o |[f(x—y) = f(*)ll+£ = 0.
Forf € LP(%E), p € (1,00), a € L*(R"), consider the commutator operator

[a(x) —a(y)]

Hlaf)(x) = (o 3) - Hiaf) () = tmy [ £0)dy.

leyl>e, X~

Proof Indeed, we observe thatif f € VMO(E) with VMO modulus 7, there exists a constant
C such that ||f(x — y) — f(x) ||« < Cn(r) for ||y|| < r so that the E-valued usual mollifiers
converge to f in the BMO norm. More precisely, given f € VMO(E) with VMO modulus
n(r), we can find a sequence of E-valued C* functions {f;} converging to f in E-valued
BMO spaces as h — 0 with VMO moduli 1, such that n, < n(r). In a similar way, other
cases are derived. O

From [26, Theorem 1] and [29, Corollary 2.7], we have the following.
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Theorem A; Let E be a UMD space and a € VMO N L*(R"). Then Hla,f] is a bounded
operator in LY (R;E), p € (1,00).

From Theorem Aj and the property (2) of Lemma A;, we obtain, respectively:

Theorem A, Assume all conditions of Theorem As are satisfied. Also, let a € VMO N
L>®(R") and let n be the VMO modulus of a. Then, for any ¢ > 0, there exists a positive
number 8 = 5(g,n) such that

||H[6Z,f] ||l}’(0,r;E) < Me ”f”LP(O,r;E)) re (07 8)'

Theorem As Let E be a UMD space, p € (1,00) and A(-) uniformly R-positive in E. More-
over, let A(-)A™ (x0) € Loo(R; L(E)) N BMO(L(E)), x¢ € R. Then the following commutator
operator is bounded in L7 (R; E):

HIA,f1(x) = A()A™ (o) Hf (x) - H(A®)A™ (x0)f ) ()
- lim [AWA™ (x0) = A(B)A™ (x0)]

e70 Jjx—yl>e, x—)y

f(y)dy.

Note that singular integral operators in E-valued L? spaces were studied, e.g, in [30].
Theorem Ay Assume all conditions of Theorem As are satisfied and n is a VMO modulus
of A(-)A™Y(xo).

Then, for any € > 0, there exists a positive number § = §(&,1) such that

|HIA A i, i) <= Mellflp@,m, 7€ (0,9).

Consider the nonlocal BVP for parameter-dependent DOE with constant coefficients

(L + AM)u = sau®(x) + (A + Mux) =f(x), x<(0,1),

vk
Liu = Zsm [xitd?(0) + B W] = fir  k=1,2,...,2m, 2)

i=0
where v; € {0,1,...,2m -1}, a, oy, Br; are complex numbers, w; = ﬁ + %, O = 2‘)—;’; + ﬁ,

s is a positive and A is a complex parameter; A; = A + A and A is a linear operator in E. Let
1, ®3, ..., Wy, be roots of the equation aw?” +1 = 0, [v] be a 2m-dimensional matrix and
1 = |[v;]] be a determinant of the matrix [v;], where

. , vj ,
vj = oj(-wy)¥, i=12,...,m, vj= B, i=m+lm+2,...,2m,

ak:akmk’ ﬂk:ﬁkmkx k,j=1,2,...,2m.

It is known that (see, e.g., [24, §1.15]) if the operator A is ¢-positive in E, then operators
1
wks‘ﬁAf'", k=1,2,...,2m generate the following analytic semigroups:
1 L 1 1
Uyys(x) = exp(xa)ls’WAf’” ), Uy (x) = exp(xa)zs_WAfm ), s

L L
Umks(x) = exp(xme*ﬁA)%m ): um+lks(x) = exp(_(l - x)wm+lsiﬁA)?m ),

Page 6 of 21
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1 1
Uppiors(x) = CXP(—(l _x)wm+2s_mA)%m)y cees

Uypis(x) = exp(—(l - x)a)gms_ﬁAk%’”) for A € S(p).
Let
= (E(A)’E)ek,p
From [19, Theorem 1] and [22, Theorem 3.2], we obtain the following.

Theorem A; Assume the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00);
(2) A isan R-positive operator in E for 0 < ¢ < and n #0;
(B) largwj—7m| <5 -9, j=12,....m, |arigw| < 5 —@,j=m+1,. 2mandwij € S(p).

Then
(1) for f € L,(0,1;E), fx € Ex, A € S(¢) and for sufficiently large |A|, the problem (2) has
a unique solution u € W2"#(0,1; E(A), E). Moreover, the following coercive uniform esti-

mate holds:

2m
Zsmml 2 Hu ”1;1(015 + | Aut]| o (0,1,8) <C|:”f||LP(OlE +Z|lfk||£k:|

i=0 k=1
(2) For f; = 0, the solution is represented as

1
u(x) =/0 G)»s(x’y)f(y) d)’, Gks(x’y)

2m 2m Vg 1
— 5= (2m+vg—i-1
=3 S S B (7 A) U (0 Us (- )] + Unisx =), (3)

k=1 j=1 i=0

where By;(1) are uniformly bounded operators in E and

A1l 05 P
asmA, 2 Z L (=DPHPALL (x — y),x > 9},
— —om (1 m m+i p—
—a M s 7 S ()PP (x - y),x < y),

Upys(x—y) =
where
P; = (w; — ) - (0; — wim1) (@i — @) -+ (0o —@y), i=12,...,2m
Consider the BVP for DOE with variable coefficients

sa(x)u®™ (x) + (A(x) + A)u(x) =fx), x€(0,1),

L= Zsk at?(0) + puu®(1)] =0, k=1,2,...,2m, (4)
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where a = a(x) is a complex-valued function, my € {0,1,...,2m — 1}, a;, Br are complex

1

numbers, s is a positive and X is a complex parameter, 6 = Zu—y’; + 5

and A(x) is a linear
operator in E.

Let w; = w1 (x), w2 = w2(X), ..., w2, = wyu(x) be roots of the equation a(x)w?” + 1 = 0,
[ujj] be a 2m-dimensional matrix and n(x) = |[v;]| be a determinant of the function matrix

[vij], where

. . Vi s
vj = Ui(®) = aj(-w;)V, i=1,2,...,m, vj =B/, i=m+1lLm+2,...,2m,

Qg = s Bi = Bumy»  kij=1,2,...,2m.

In the next theorem, we consider the case when principal coefficients are continuous.
The well-posedness of this problem occurs in studying of equations with VMO coeffi-
cients. From [19, Theorem 3] and [22, Theorem 3.2], we get the following.

Theorem Ag Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00);
Q) largwj—-7| <% -9, j=12,...,m, |agay| <L —¢,j=m+1,...,2m andwij € S(p)
a.e.x€(0,1);
(3) a € C[0,1], a(0) = a(1) and n(x) # 0 for a.e. x € [0,1];
(4) A(x) is a uniformly R-positive operator in E and

A()A™ () € C([0,1;L(E)), %o €(0,1),  A(0)=A(D).

Then, for f € L#(0,1;E), » € S(¢) and for sufficiently large ||, there is a unique solu-
tion u € W*?(0,1; E(A), E) of the problem (4). Moreover, the following coercive uniform
estimate holds:

2m

I Iy
Zszm )2 || ) ||Lp(0,1;5) + | Aullzr o) < Clif llro18)-
i=0

3 DOEs with VMO coefficients
Consider the principal part of the problem (1)

(L + Mu = sa(x)u® (x) + (A(x) + A)u(x) =f(x), x€(0,1),

mjy
L=y s"[aqu®(0) + B (M)] =0, k=1,2,...,2m. (5)
i=0

Condition 1 Assume the following conditions are satisfied:
(1) Eisa UMD space, p € (1,00);
(2) a € VMONL*®(R), n1 is a VMO modulus of a;
@) largwj—7m| <5 —9,j=12,...,m |argwj| <5 —¢,j=m+1,...,2m and wi] € S(p)
for0 <@ <m, nx) #0a.e. xe[0,1];
(4) A(x) is a uniformly R-positive operator in E and

A()A™ (%) € Lo (0,1;L(E)) N VMO(L(E)), 0 € (0,1);


http://www.fixedpointtheoryandapplications.com/content/2013/1/42

Shakhmurov Fixed Point Theory and Applications 2013, 2013:42
http://www.fixedpointtheoryandapplications.com/content/2013/1/42

(5) a(0) =a(l), A(0) = A(1) and 1, is a VMO modulus of A(-)A™(x).
First, we obtain an integral representation formula for solutions.

Lemma 1 Let Condition 1 hold and f € L¥(0,1; E). Then, for all solutions u of the problem
(5) belonging to W"?(0,1; E(A), E), we have

1
W) = [ T n= ) [a) - a)]u0)

[ AO’]M()/ +f(y}dy+f(x ©)
A(x)u(x) = fo ;565 = 9){[a(00) — a() |u® () + [Ax) = AW) |u() + ()} dy +f(x)

where

FUAs(x:x —J’)
2m 2m Vg
-1 2L (2m+vg+v—i-1)
Z Z Z Bl M)(s'4) U s(x)Uips(1 = 9) | + Upors(x = ).

k=0 j=1 i=0

Here B}dj()\) are uniformly bounded operators and

l—u

_ _lwv o —(1-50) m+i v p—
a s mA, Y (=12 ()" PP U (% — 9), 5 > 9},
I_M

Ups(x—y) = Ly , X
mA ey (FDP )P U (x - ), x < ),

—als
and the expression I'y, (x,x — ) is a scalar multiple of Ty (x,x — y).
Proof Consider the problem (5) for a(x) = a(xy) and A(x) = A(x), i.e.,
(Lo + A)u = sa(xo)u'®™ (x) + (A(xo) + M)u(x) =f(x), x€(0,1),

L= Zs"l au®(0) + puu® ()] =0, k=1,2,...,2m. 7)

Let u € C?"([0,1]; E(A)) be a solution of the problem (7). Taking into account the equal-
ity Lou = (Lo — L)u + Lu and Theorem A7, we get

1
ul (x) = /0 Tois( % — y){[alx0) — a() ] (9) + [A(xo) — AW |u(y) + ()} dy +f (%),
1
Aot = [ 30 as0) - a)]u0)
+ [A(xo) =AW |u() +f ()} dy + f ().

Setting x = x, in the above, we get (6) for u € C*"([0,1]; E(A)). Then a density argument

and Theorem Aj give the conclusion for

ue W (0,;EA),E), Lwu=0.

Page 9 of 21
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Consider the problem (5) on (0, b), i.e.,

(Ly + M = sa(x)u®(x) + (A@) + Mux) =f(x), xe€(0,b),

Vk
L=y s"[eiu(0) + B (B)] =0, k=1,2,...,2m. (8)
i=0 g

Theorem 1 Suppose Condition 1 is satisfied. Then there exists a number b € (0,1) such
that the following uniform coercive estimate holds:

2m . . .
Zsﬁ |)"|l_m Hu(l) ”Lp(O,b;E) + ”AM”U’(O,b;E) < CH (Lb + )\')MHLP(O,b;E) (9)
i=0

for u € W¥"P(0,b; E(A),E), ) € S(p) with large enough |1|.

Proof By Lemma 1, for any solution u € W?™?(0, b; E(A), E) of the problem (8), we have

b
w69 = [Pt [a) - a0)]u®0)
0
+[AWw) = AG) Ju) + ()} dy +f (), (10)

where

Fvbks(x; X — J’)

2m 2m Vg 1 )
=SSN B (57 A 2 U U (b - 9)] + Uowase—3) (1)
k=0 j=1 i=0
here By;;(A) are uniformly bounded operators, and
sty —0-35) Im+i p-1
a{s " Ax Zizl(_l) Pi Ups(x —y);x = y};

Ukas(x_y)z 1oL —(l—ﬁ) 2m 2m+i p-1
—a {S ZWIA)\ Z 1(—1) Pi ui)»s(x_y)!xiy}'

i=m+

Moreover, from (10) and (11), clearly, we get

b
Au(x) = /0 T}x = {[a) — a()]u® () + [Ax) - AQ) Juy) + £ ()} dy, (12)

where the expression I'y, (x,x — y) differs from I'y4, (x, x — y) only by a constant.
Consider the operators

1 b

BO/\f:/ Gbxs(xr)’)f()’)d)” Bilif:f Fih/\s(x:x—)’)f()’) dy’
0 0
b

St = /0 P (6 = ) [alx) — a()]u® ) dy,

b
Distt = f Tinns (% = ) [A) —AW) |u@)dy,  i=0,1,2,
0
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b

Dyjou = /0 [} x = y)[a(x) — a(y)]u® () dy,
b

Doy u = /(; Iy, (% —y)[A(x) —A(y)]u(y) dy.

Since the operators By, and By, are regular on L?(0, b; E), by using the positivity proper-
ties of A and the analyticity of semigroups Uj,s(x) in a similar way as in [20, Theorem 3.1],

we get

1Baf o < MIA™ 2 Iflponey,  i=0,1. (13)
Since the Hilbert operator is bounded in L?(R; E) for a UMD space E, we have

1 B2af llr0,6:8) < M NlLr(0,6:8)- (14)

Thus, by virtue of Theorems A4, Ag and in view of (10)-(12) for any ¢ > 0, there exists a
positive number b = b(g, n1, n7) such that

1Sin el 22 (0,6:E) SM&IKI_% ””(2) HLP(O,b;E)’

2m-i .
”DMM”LP(O,b;E) §M£|A|7 2m ||A(x0)u||Lp(0,b;E)’ 1= 0; 1’27 (15)
(| D1 utllp(0.658) < Me || ul®™ |p 008y 1Pullpope) < Me [ Aeo)u| g pp-
Hence the estimates (13)-(15) imply (9). O

Theorem 2 Assume Condition 1 holds. Let u € W>™?(0,1; E(A), E) be a solution of (4).
Then, for sufficiently large |A|, . € S(¢), the following coercive uniform estimate holds:

2m

Zsﬁ |)"|1_ﬁ “ u(l) ||U7(0,1;E) + ”Au”Lp(O,l;E) = C[” (L + )\')u”LP(O,I;E) + ”u”Lp(O,l;E)]' (16)
i=0

Proof This fact is shown by covering and flattening argument, in a similar way as in The-
orem Ag. Particularly, by partition of unity, the problem is localized. Choosing diameters
of supports for corresponding finite functions, by using Theorem 1, Theorems A4, Ag, A7
and embedding Theorem A; (see the same technique for DOEs with continuous coeffi-
cients [18, 19]), we obtain the assertion.

Let Q; denote the operator in L”(0,1; E) generated by the problem (4) for » = 0, i.e.,

D(Q,) = W*"(0,1; E(A), E, L), Qsu = sa(x)u®” + A(x)u. O

Theorem 3 Assume Condition 1 holds. Then, for all f € [?(0,1;E), 1 € S(¢) and for large
enough ||, the problem (5) has a unique solution u € W>™?(0,1;E(A), E). Moreover, the

following coercive uniform estimate holds:

2m

Y s A u O o * AUl 0e < Cllf lose- (17)
i=0
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Proof First, let us show that the operator Q + A has a left inverse. Really, it is clear to see
that

1
el p o) = W[H(Qs + 1] o + 1Qullro1m)]-

By Theorem A; for u € W2"?(0,1; E(A), E), we have

” QSM ”I}’(O,I;E) =< C” u ” Wszm’p(O,I;E(A),E)'

Then, by virtue of (16) and in view of the above relations, we infer for all u € W2"?(0,1;
E(A),E) and sufficiently large |A| that there is a small ¢ and C(g) such that

2m

Zsﬁ | Ml—ﬁ H 4 ”Lp(o,l;E) + || Au|r0,1:E)
i=0

< CIJQs + Mt o1y + ENtllw2r0 120408 + CE[(Qs + )it 1.9 ] (18)

In view of (18) for u € W?™(0,1; E(A), E), we get

2m

Z‘Sﬁ |)"|1_ﬁ “ u(i) ||Lp(0,1;E) + ”AMHLP(O,I;E) S C” (QS + )\)M ||Lp(0,l;E)' (19)
i=0

The estimate (19) implies that (4) has a unique solution and the operator Q; + A has a
bounded inverse in its rank space. We need to show that the rank space coincides with the
all space L7(0,1;E). It suffices to prove that there is a solution u € W?"#(0,1; E(A), E) for
all f € LP(0,1; E). This fact can be derived in a standard way, approximating the equation
with a similar one with smooth coefficients [18, 19]. More precisely, by virtue of [23, Theo-
rem 3.4], UMD spaces satisfy the multiplier condition. Moreover, by part (2) of Lemma A;,
given a € VMO with VMO modules 1(r), we can find a sequence of mollifiers functions
{ay} converging to a in BMO as h — 0 with VMO modulus 7, such that n,(r) < n(r). In a
similar way, it can be derived for the operator function A(x)A~1(xo) € VMO(L(E)). (|

Result1 Theorem 3 implies that the resolvent (Q, + A)™! satisfies the following sharp uni-

form estimate:

+AQ + 1) ”L(LP(O,I;E)) =C (20)

di
_i (Qs +)V)_1
dx L(LP(0,,E))

2m . .
st
i=0

for |argA| < ¢, ¢ € (0,7) and s > 0.

The estimate (20) particularly implies that the operator Q is uniformly positive in
L7(0,1; E) and generates an analytic semigroup for ¢ € (7, 7) (see, e.g, [29, §1.14.5]).

Remark 1 Conditions 4(0) = a(1), A(0) = A(1) arise due to nonlocality of the boundary
conditions (4). If boundary conditions are local, then the conditions mentioned above are

not required any more.
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Consider the problem (1), where Liyu is the same boundary condition as in (4). Let O;
denote the differential operator generated by the problem (1). We will show the separability
and Fredholmness of (1).

Theorem 4 Assume the following:

(1) Condition 1 holds;

(2) forany e >0, there is C(g) > 0 such that for a.e. x € (0,1) and
+C(e)llull, ue€ (E(A),E)

|Ak@)u||, < ellull e 00"

[T

k
2

Then, forallf € L?(0,1; E) and for large enough |A|, A € S(¢), there is a unique solution u €
W2mr(0,1; E(A), E) of the problem (1) and the following coercive uniform estimate holds:

2m

Y s A [ u D o + AUllroe < Cllflose- (21)
i=0

Proof 1t is sufficient to show that the operator O; + A has a bounded inverse (O + A)!

from L7(0,1; E) to W?™?(0,1; E(A), E). Put Ou = Qu + Q,u, where

2m-1
Quu = Z sﬁAk(x)u(k)(x), ue Wzm’P(O,l;E(A),E, Lk).
k=0

By the second assumption and Theorem A;, there is a small ¢ and C(¢) such that

”S%Aku(k) ”LP(O,I;E) = C”S%Ak%u”l}’(&l}ﬂ

S SHM”WSzm'p(O,I;E(A),E) + C(S)”M”LP(O,LE)' (22)

By Theorem 3, the operator Q; + A has a bounded inverse (Q; + A)™* from L7(0,1;E) to
Ww2mr(0,1; E(A), E) for sufficiently large |A|. So, (22) implies the following uniform esti-

mate:

[ Qi@+ M7 oy <1

It is clear to see that

(Os+2) =[1+ QQ+MQ+2), (05 + 1) =(Q+ 1) [T+ QuQ + 2]
Then, by the above relation and by virtue of Theorem 3, we get the assertion. O
Theorem 4 implies the following result.

Result 2 Suppose all conditions of Theorem 4 are satisfied. Then the resolvent (O, + 1)~
of the operator O; satisfies the following sharp uniform estimate:

di
T (Os +)\.)71 <C
i

2m
LA
ZsZm|)‘_| 2m

i=0

+ ”A(OS +2)7 ”L(LP(

0,;E))
L(LP(0,1,E))

for |argA| < ¢, ¢ € [Or) and s > 0.
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Consider the problem (1) for A =0, i.e.,

Lu = sa(x)u®” (x) + A(x)u(x) + s21 A (x)u® (x) =f(x), x€(0,1),

L= Zs"‘ a®(0) + puu® (V)] =0, k=1,2,...,2m. (23)

Theorem 5 Assume all conditions of Theorem 4 hold and A™' € 0, (E). Then the problem
(23) is Fredholm from W*"™?(0,1;E(A), E) into L?(0,1;E).

Proof Theorem 4 implies that the operator O+ has a bounded inverse (Os+A)! from
LP(0,1;E) to W?™2(0,1;E(A), E) for large enough |A|; that is, the operator O,+ is Fred-
holm from W?™#(0,1; E(A), E) into L?(0,1; E). Then, by virtue of Theorem A, and by per-
turbation theory of linear operators, we obtain the assertion. O

4 Nonlinear DOEs with VMO coefficients
Let at first consider the linear BVP in a moving domain (0, b(s))

2m-1
Lu = a@u®(x) + A@u(x) + Y A@)u® () =f(x), x€(0,1),
k=0
Vk
Liw =Y [oi®(0) + puu®(B)] =0, k=1,2,...,2m, (24)

where a is a complex-valued function and A = A(x), Ax = Ax(x) are linear operators in a
Banach space E, where b(s) is a positive continuous function independent of u.
Theorem 4 implies the following.

Result3 Let all conditions of Theorem 4 be satisfied. Then the problem (24) has a unique
solution u € W?™?(0, b; E(A), E) for f € LF(0,b(s); E), p € (1,00), A € S, with large enough
|A], and the following coercive uniform estimate holds:

2m

S5 4] g + AUl < I lrs0.
i=0

Proof Really, under the substitution v = xb(s), the moving boundary problem (24) maps
to the following BVP with parameter in the fixed domain (0, 1):

2m-1

b2 (8)a(m)u (x) + (A + Mu(r) + Y b ) Am)u®(z) =f(v),
k=0

§:b [oiu(0) + Biu®W)] =0, j=1,2,...,2m

where
1€(0,1), A=A(tbMs),  Ax=A(tb7).f(x) =f(eb7(s)).

Then, by virtue of Theorem 4, we obtain the assertion. O
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Consider the following nonlinear problem:

a(x)u® (x) + B(x, w,u, ..., u(ZW’_D)u(x) = F(x, uw,u, ..., u(z”’_l)), (25)

Vk
> [ewiu®(0) + ()] =0, k=1,2,...,2m,

i=0

where vi € {0,1,...,2m — 1}, a;, Br; are complex numbers, x € (0, b), where b is a positive
number in (0, bg].
In this section, we will prove the existence and uniqueness of a maximal regular solution

of the nonlinear problem (25). Assume A is a ¢-positive operator in a Banach space E. Let

X =17(0,b;E), Y = W22 (0,b;E(A),E),

l+ip
E = (E(A).E), , oi= 2 Xo=[]&-

Remark 2 By using [28, §1.8.], we obtain that the embedding D'Y € E; is continuous and

there exists a constant C; such that for we Y, W = {wo w1, ..., wap_1}, wj = Diw(-),
2m-1 1
_ i _ i
Iwlixo.00 = 1_0[ | W“C([o,b].fﬁ g I_OIHD w(x) ||E; = Gliwlly.
i= W1 =

Condition 2 Assume the following are satisfied:

(1) Eisa UMD space, p € (1,00);

(2) a € VMONL*®(R), a(0) = a(b);

@B) largwj—7m| <5 -9, j=12,...,m |argwj| <5 —¢,j=m+1,...,2m and wi] € S(p)
forA e S(p), 0 <p<m, nix)#0a.e xe[0,1];

(3) F(x,vg,v1,..., V1) :[0,b] x X9 — E is a measurable function for each v; € E;,
i=0,1,...,2m—1; F(x,-,-) is continuous with respect to x € [0, 5] and
f(x) = F(x,0) € X. Moreover, for each R > 0, there exists pg such that

|E e, 1) = Foe, L) | < U = U,

where U = {ug, u1,.. ., Uam-1} and U = {ig, i1, . . ., hom-1} for a.a. x € [0, b], u;, i; € E;
and

IUlx, <RI UlIx, <R

(4) for U € Xy, the operator B(x, U) is R-positive in E uniformly with respect to
x € [0,b]; Blx, U)B~1(x°, U) € Lo.(0,1; L(E)) N VMO(L(E)), %o € (0,1), where domain
definition D(B(x, U)) does not depend on x and U; B(x, W) : (0,b) x Xo — B(E(A),E)
is continuous, where A = A(x) = B(x, W) for fixed W = {wg, w1, ..., W1} € Xo;

(5) for each R > 0, there is a positive constant L(R) such that
1B, U) = Blx, ID]vllz < LIR)IU = Ul x, [ Av]lE for x € (0,b), U, U € Xo,
[ Ullxy, 1 U]lx, < Rand v € D(A) and A(0) = A(b).
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Theorem 6 Let Condition 2 hold. Then there is b € (0, by] such that the problem (26) has
a unique solution belonging to space W>"™(0,b; E(A), E).

Proof Consider the linear problem
~a(x)w (x) + (A(x) + d)w(x) = f (%), (26)

Vk
Liw=Y_aw?(0) + paw(b) =0, k=1,2,...,2m,
i=0

where
f(x) =F(x,0), o € (0,b).

By virtue of Result 3, the problem (26) has a unique solution for all f € X and for sufficiently
large d > 0 that satisfies the following:

Iwlly < Collfllx»

where the constant C does not depend on f € X and b € (0,b0]. We want to solve the
problem (25) locally by means of maximal regularity of the linear problem (26) via the
contraction mapping theorem. For this purpose, let w be a solution of the linear BVP (27).
Consider a ball

B, ={veY,Liw=0,k=12,....2m,|v-wl|y <r}.
For v € B,, consider the linear problem
~a(x)u®" (x) + Au(x) + du = F(x, V) + [B(0, W) - B(x, V)]v, (27)

Vk
Liu =Y au(0) + Buu(b) =0, k=1,2,...,2m,
i=0

where
V={u,o®,. 0@ ) W= W, w@ D)

Define a map Q on B, by Qu = u, where u is a solution of the problem (27). We want
to show that Q(B,) C B, and that Q is a contraction operator provided b is sufficiently
small and r is chosen properly. For this aim, by using maximal regularity properties of the
problem (28), we have

1Qu —wlly = llu-wlly < Co{ ||F(x, V) - F(x,0) ”x + H [B(O» W) - B(x, V)]U||X}~
By assumption (5), we have

I[B(O, W)v - B(x, V)]v |,

< sup {[[BO, W) - Blx, W)]v],

x€[0,5] (Xo.X)
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+ [ B, W) = Bx, V) gy o 1V}
< [8(0) + LRNW = Vlloxo ][Ilv = wlly + Iwlly]
< {3 + LRO[Cllv = wly + llv = wily][lIlv = wly + Iy ]}
<8(b) + LR)LCrr +r1[r + wlly],

where

8(b) = sup |[B(0, W) - B(x, W)]

Bear in mind

|E(x, V) - F(x,0,)

E
<8(b) + |Fx, V) = F(x, W) | , + | F(x, W) — F(x,0)| ,
<8(b) + pr[llv = wlly + [wlly JurCi[llv = wlly + wly]

< ur[Cir+ [wly],

where R = Cyr+ ||w||y is a fixed number. In view of the above estimates, by a suitable choice
of ug, Lg and for sufficiently small b € [0; by), we have

Qu-wly <7,

Q(B,) C B,
Moreover, in a similar way, we obtain

IQu - Qully < Co{urCi+ My + LR)[[[v - wlly + Cyr]

+LR)C[r + [Iwly]llv = Dlly} + 8(b).

By a suitable choice of ug, Ly and for sufficiently small b € (0, by), we obtain ||Qu —
Qully <nllv="0lly, n <1,i.e., Qis acontraction operator. Eventually, the contraction map-
ping principle implies a unique fixed point of Q in B, which is the unique strong solution
ueY. O

5 Boundary value problems for anisotropic elliptic equations with YMO
coefficients
The Fredholm property of BVPs for elliptic equations with parameters in smooth domains
were studied, e.g., in [14, 24, 28]; also, for non-smooth domains, these questions were
investigated, e.g., in [31].
Let Q C R" be an open connected set with compact C*-boundary 2. Let us consider
the nonlocal boundary value problems on a cylindrical domain G = (0,1) x €2 for the fol-
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lowing anisotropic elliptic equation with VMO top-order coefficients:

(L+MNu= sa(x) T + zilsz”' dk(x,y)
+ Y a,)DSu+ru=f(xy), x€(0,1),yeQ, (28)
. Jee| <21
Liw =" s"[ai?(0,9) + Bl 1,9)] =0, k=1,2,...,2m, (29)
i=0
Biu= Y bp()Dlu(xy) =0, x€(0,1),y€dQj=12,..,1 (30)
1B1<l;

where s is a positive parameter, a, d; are complex-valued functions, o; and By; are complex
numbers,
D 9 €{0,1,...,2m -1} =(y i !
= —i—, v ,1,...,2m -1}, e = —+ ——.
= k oY) M= om 2mp
For G = (0,1) x ©, p = (p1,p), LP(G) will denote the space of all p-summable scalar-

valued functions with a mixed norm (see, e.g., [32, §1]), i.e., the space of all measurable
functions f defined on G, for which

: B\
Ifllze(e) = (/0 </Q[f(x,y)|pl dy) dx) < 00.

Analogously, W?"?P(G) denotes the anisotropic Sobolev space with the corresponding
mixed norm [32, §10].

Theorem 7 Let the following conditions be satisfied:

(1) a,dy € VMO N L*(R), a(0) = a(1);

() largwj—7m| <5 -9, j=12,....m, |arigew| < 5 —@,j=m+1,. 2mandwi/ € S(p)
forreS(p),0<¢ < 7, n(x) 7’0, a.e. x € [0,1];

(3) di e L*®, di(- y)d1 W_Uk( ) €L®(0,1) forae.y € Qand 0 <op <1 - ZL,

(4) ay € VMO N L*®(R") for each |a| = 2] and a, € [L> + LY*](R2) for each |a| =k <21
with ry > q and 21 - k > i;

(5) big C¥i(3Q) for each j, B and m; < 21, Z;l'=1 big(y')o; #0 for |8l =1,y € 9G, where
o =(01,09,...,0,) € R" is a normal to 0G;

6) forye Q, &R, veS(p),pe(0,m), & +|v]#0 letv+ Z\m:zz“a(y)fa #0;

(7) foreach yo € 3R, the local BVP in local coordinates corresponding to yo

v+ Y au(yo)D9(y) =0,

la|=21
Bio® = Y bigyo)DPuly) =hy, j=1,2,...,1
1B1=l;

has a unique solution ¢ € Co(R,) for all h = (hy, hy, ..., h,) € R", and for &' € R*
with |€'| + |v| #0.
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Then
(@) forallf € LP(G), A € S(p) and sufficiently large |A|, the problem (28)-(30) has a
unique solution u belonging to W?*"?"*(G) and the following coercive uniform

estimate holds:

2m iy

{ i 3l
Zs g mlim dix HLP(G i Z ”D/yg””LP(G) = C"f”LP(G);
i=0

|81=21
(b) for A = 0 the problem (28)-(30) is Fredholm in L?(G).

Proof Let E = LP1(R2). Then by virtue of [27], part (1) of Condition 1 is satisfied. Consider
the operator A acting in L”1(£2) defined by

D(A) = WP (QBu=0),  Au= ) a,()D"u(y).

lo| <21

For x € Q also consider operators in L7 (2)
D(Ap) = WHPH(Q;Bu=0),  Ax(®)u = di(x,y)u(y).

The problem (28)-(30) can be rewritten in the form (1), where u(x) = u(x, -), f(x) = f(«, )
are functions with values in E = L#1(£2). By virtue of [14, Theorem 8.2], the problem

vu(y) + Y a.()Dsu(y) =),

lor| <21

Biu= Y bpp()Dlu(y) =0, j=1,2,..1
18Il

has a unique solution for f € L”1(Q2) and argv € S(¢p), |v| — oo, and the operator A is
R-positive in LF1(S2), i.e., Condition 1 holds. Moreover, it is known that the embedding
W2PL(Q) C LP1(Q) is compact (see, e.g., [28, Theorem 3.2.5]). Then, by using interpola-
tion properties of Sobolev spaces (see, e.g., [28, §4]), it is clear to see that condition (2) of
Theorem 4 is fulfilled too. Then from Theorems 4, 5 the assertions are obtained. a

6 Systems of differential equations with VMO coefficients
Consider the nonlocal BVPs for infinity systems of parameter-differential equations with
principal VMO coefficients

2m-1 N N
k
sa(x)ul™™ (x) + Z Zsmbkij(x)u]('k) (x) + Zﬂij(x)uj(x) = filx), (31)
k=0 j=1 j=1
x€(0,1),i=1,2,...,N,
s
L=y s"[ul)(0) + Bunld) ()] =0, k=1,2,...,2m, (32)
i=0

where s is a positive parameter, a, b, d,,; are complex-valued functions, N is finite or

infinite natural number, o; and S, are complex numbers, p; = ﬁ + %,
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Let a;(x) be a real function and

N
Ax) = {a,j(x)}, u = {u}, Au = {Zaij(x)u,-}, i=1,2,...,N,

j=1

1
N q
l4(A) = u:uelq,nunzqm):||Au||zq=sup<2\ai,(x)u,|q) <oo},

j=1

x€(0,1),1<g<o0.
From Theorem 4, we obtain the following.

Theorem 8 Suppose the following conditions are satisfied:
(1) a e VMONL*®(R), a(0) = a(1);
() largwj—7m| <5 -9, j=12,....m, |arigej| < T —@,j=m+1,...,2m omdwij € S(p)
for0<g@<m, nx)#0ae xe(0,1);
(3) a;j #0 and a; = aj;, a; € VMONL®(R), p € (1,00).
Then, for all f (x) = {f,,(®)} € LP(0,1;1,), A € S(¢) and for sufficiently large ||, problem
(32)-(33) has a unique solution u = {u,,(x)};° belonging to W*™*((0,1),1,(D),l,) and the

following coercive estimate holds:

2m

ZSW A2 || o ||Lp(0,1;lq) + 1 Aullr 0,115 =< Cllf e o,1:)- (33)
=0

Proof Really, let E = [;, A and Ai(x) be matrices such that
A= [dl](x)]r Ak(x) = [bkl](x)al]]} i;j: 1,2"“>N~

It is clear to see that the operator A is R-positive in /;. Therefore, by Theorem 4, the
problem (31)-(32) has a unique solution u € W*™?((0,1);4,(A),1,) for all f € L((0,1);1,),
A € S(¢) and the estimate (33) holds. O

Remark 3 There are many positive operators in different concrete Banach spaces.
Therefore, putting concrete Banach spaces and concrete positive operators (i.e., pseudo-
differential operators or finite or infinite matrices for instance) instead of E and A, respec-
tively, by virtue of Theorems 4 and 5, we can obtain a different class of maximal regular
BVPs for partial differential or pseudo-differential equations or its finite and infinite sys-
tems with VMO coefficients.
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