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Abstract
Let v be a valuation of a field K with a value group Gv and a residue field kv , w be an
extension of v to K (x). Then w is called a residual algebraic torsion extension of v to
K (x) if kw/kv is an algebraic extension and Gw/Gv is a torsion group. In this paper, a
residual algebraic torsion extension of v to K (x1, . . . , xn) is described and its certain
properties are investigated. Also, the existence of a residual algebraic torsion
extension of a valuation on K to K (x1, . . . , xn) with given residue field and value group
is studied.
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1 Introduction
Let K be a field, v be a valuation on K with a value group Gv and a residue field kv. The big
target is to define all extensions of v to K(x, . . . ,xn). Residual transcendental extensions of
v to K(x) are described by Popescu, Alexandru and Zaharescu in [, ]. Residual algebraic
torsion extensions of v toK(x) are studied for the first time in []. A residual transcendental
extension of v toK(x, . . . ,xn) is defined in [] byÖke. These studies are summarized in the
second section. The paper is aimed to study residual algebraic torsion extensions of v to
K(x, . . . ,xn). In the third section, a residual algebraic torsion extension of v to K(x, . . . ,xn)
is defined and certain properties of the residual algebraic torsion extensions given in []
are generalized. In the last section, the existence of an r.a.t. extension of v to K(x, . . . ,xn)
with given residue field and value group is demonstrated.

2 Preliminaries and some notations
Throughout this paper, v is a valuation of a field K with a value group Gv, a valuation ring
Ov and a residue field kv, K is an algebraic closure of K , v is a fixed extension of v to K . The
value group of v is the divisible closure of Gv and its residue field is the algebraic closure
of kv. K(x) and K(x, . . . ,xn) are rational function fields over K with one and n variables
respectively. For any α in Ov, α* denotes its natural image in kv. If a, . . . ,an ∈ K , then the
restriction of v to K(a, . . . ,an) will be denoted by va···an .
Let w be an extension of v to K(x). Then w is called a residual transcendental (r.t.) ex-

tension of v if kw/kv is a transcendental extension.
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The valuation w, which is defined for each F =
∑

t atxt ∈ K[x] as w(F) = inft(v(at)) is
called Gauss extension of v to K(x), its residue field is kw = kv(x*), is the simple transcen-
dental extension of kv and Gw =Gv [].
The valuation w, which is defined for each F =

∑
t ct(x – a)t ∈ K[x] as

w(F) = inf
t

(
v̄(ct) + tδ

)
()

is called a valuation defined by the pair (a, δ) ∈ K ×Gv or (a, δ) ∈ K ×Gv is called a pair of
definitions of w. Also, w is an r.t. extension of v. If [K(a) : K] ≤ [K(b) : K] for every b ∈ K
such that v̄(b – a) ≥ δ, then (a, δ) is called a minimal pair with respect to K [].
If w is an r.t. extension of v to K(x), there exists a minimal pair (a, δ) ∈ K × Gv̄ such

that a is separable over K . Two pairs (a, δ) and (a, δ) define the same valuation w if and
only if δ = δ and v̄(a – a) ≥ δ []. Let f = Irr(a,K) be the minimal polynomial of a with
respect to K and γ = w(f ). For each F ∈ K[x], let F = F + Ff + · · ·+ Fnf n, where Ft ∈ K[x],
degFt < deg f , t = , . . . ,n, be the f -expansion of F . Then w is defined as follows:

w(F) = inf
t

(
va

(
Ft(a)

)
+ tγ

)
. ()

Then Gw =Gva +Zγ . Let e be the smallest non-zero positive integer such that eγ ∈Gva .
Then there exists h ∈ K[x] such that degh < deg f , va(h(a)) = eγ and r = f e/h is an element
of Ow and r* ∈ kw is transcendental over kv. kva can be identified canonically with the
algebraic closure of kv in kw and kw = kva (r*) [].
Let w be an extension of v to K(x). w is called a residual algebraic (r.a.) extension of v

if kw/kv is an algebraic extension. If w is an r.a. extension of v to K(x) and Gw/Gv is not a
torsion group, then w is called a residual algebraic free (r.a.f.) extension of v. In this case,
the quotient group Gw/Gv is a free abelian group. More precisely, Gw/Gv is isomorphic
to Z [].
w is called a residual algebraic torsion (r.a.t) extension of v if w is an r.a. extension of v

and Gw/Gv is a torsion group. In this case, Gv ⊆Gw ⊆Gv is satisfied [].
The order relation on the set of all r.t. extensions of v to K(x) is defined as follows: w ≤

w ⇔ w(f ) ≤ w(f ) for all polynomials f ∈ K[x]. If w ≤ w and there exists f ∈ K[x] such
that w(f ) < w(f ), then it is written w < w. Let (a, δ), (a, δ) ∈ K ×Gv̄ be minimal pairs
of the definition of the r.t. extensions w and w of v to K(x), respectively. Then w ≤ w

if and only if δ ≤ δ and v̄(a – a) ≥ δ; moreover, w < w if and only if δ ≤ δ and
v(a – a) > δ [].
Let I be a well-ordered set without the last element and (wi)i∈I be an ordered system of

r.t. extensions of v to K(x), where wi is defined by a minimal pair (ai, δi) ∈ K × Gv̄ for all
i ∈ I . If wi ≤ wj for all i < j, then (wi)i∈I is called an ordered system of r.t. extensions of v
to K(x).
Then the valuation of K(x) defined as

w(f ) = sup
i

(
wi(f )

)
()

for all f ∈ K[x] is an extension of v to K(x) and it is called a limit of the ordered system
(wi)i∈I . wmay not be an r.t. extension of v to K(x) [].
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Using the above studies an r.a.t extension of v to K(x, . . . ,xn) can be defined. For this
reason the r.t. extension of v to K(x, . . . ,xn) defined in [] can be used. An r.t. extension
of v to K(x, . . . ,xn) is defined by using r.t. extensions of v to K(xm) form = , . . . ,n in [].
Let um be an r.t. extension of v to K(xm) defined by a minimal pair (am, δm) ∈ K × Gv̄

for m = , . . . ,n, where [K(a, . . . ,an) : K] =
∏n

m=[K(am) : K] and fm = Irr(am,K), γm =
um(fm) for m = , . . . ,n. Each polynomial F ∈ K[x, . . . ,xn] can be uniquely written as F =∑

t,...,tn Ft···tn f
t
 · · · f tnn , where Ft···tn ∈ K[x, . . . ,xn], degxm Ft···tn < deg fm form = , . . . ,n.

The valuation w defined as

u(F) = inf
t,...,tn

(
va···an

(
Ftt···tn (a, . . . ,an)

)
+ tγ + · · · + tnγn

)
()

is an extension of v to K(x, . . . ,xn). u is an r.t. extension of v which is a common extension
of u, . . . ,un to K(x, . . . ,xn). Then Gu = Gva ···an + Zγ + · · · + Zγn. Let em be the smallest
positive integer such that emγm ∈ Gvam , where vam is the restriction of v̄ to K(am). Then
there exists hm ∈ K[xm] such that deghm < deg fm, vam (h(am)) = emγm, rm = f emm /hm ∈ Oum

and r*m is transcendental over kv form = , . . . ,n. kva ···an can be canonically identified with
the algebraic closure of kv in kw and ku = kva ···an (r

*
, . . . , r*n) [].

In the next section, an r.a.t extension of v to K(x, . . . ,xn) will be defined by using that
r.t. extension.

3 A residual algebraic torsion extension of v to K(x1, . . . ,xn)
Let um be an r.t. extension of v to K(xm) defined by a minimal pair (am, δm) ∈ K × Gv̄ for
m = , . . . ,n, where [K(a, . . . ,an) : K] =

∏n
m=[K(am) : K] and let u be the r.t. extension of v

to K(x, . . . ,xn) defined as in (). Let u′
m be an r.t. extension of v to K(xm) defined by a min-

imal pair (a′
m, δ′

m) ∈ K × Gv̄ for m = , . . . ,n, where [K(a′
, . . . ,a′

n) : K] =
∏n

m=[K(a′
m) : K]

and let u′ be the r.t. extension of v to K(x, . . . ,xn) defined as in (). A relation between
such kind of r.t. extensions of v to K(x, . . . ,xn) can be defined so that u ≤ u′ if and only
if um ≤ u′

m for m = , . . . ,n. This is an order relation, and if u ≤ u′, then for each polyno-
mial F ∈ K[x, . . . ,xn], u(F) ≤ u′(F) is satisfied. Because, for F =

∑
t,...,tn dt···tnx

t
 · · ·xtnn ∈

K[x, . . . ,xn],

u(F) = inf
t,...,tn

(
v(dt···tn ) + tu(x) + · · · + tnun(xn)

)
≤ inf

t,...,tn

(
v(dt···tn ) + tu′

(x) + · · · + tnu′
n(xn)

)
= u′(F).

Now, let I be awell-ordered set without the last element and (wi)i∈I be an ordered system
of r.t. extensions of v to K(x, . . . ,xn), where wi is defined as in (), i.e., wi is the common
extension of wim , where wim is the r.t. extension of v to K(xm) defined by the minimal pair
(aim , δim ) ∈ K ×Gv̄, where [K(ai , . . . ,ain ) : K] =

∏n
m=[K(aim ) : K] for all i ∈ I . If wi ≤ wj for

all i < j, then (wi)i∈I is an ordered system of r.t. extensions of v to K(x, . . . ,xn). Then the
valuation w of K(x, . . . ,xn) defined as

w(F) = sup
i

(
wi(F)

)
()

for all F ∈ K[x, . . . ,xn] is an extension of v to K(x, . . . ,xn) and it is called a limit of the
ordered system (wi)i∈I .
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If wm is the restriction of w to K(xm) for m = , . . . ,n, then wm is the limit of the or-
dered system (wim )i∈I of r.t. extensions of v to K(xm). Also, w is the common extension of
w, . . . ,wn to K(x, . . . ,xn). Since wm may not be an r.t. extension of v to K(xm), then wmay
not be an r.t. extension of v to K(x, . . . ,xn).
If w = supi wi is a residual algebraic torsion extension of v to K(x, . . . ,xn), then Gv ⊆

Gw ⊆Gv̄ is satisfied. Some other properties of w are studied below.
Denote the extension of wi to K(x, . . . ,xn) by wi and the extension of wim to K(xm) by

wim form = , . . . ,n and for all i ∈ I .

Theorem . Let (wi)i∈I be an ordered system of r.t. extensions of v̄ to K (x, . . . ,xn), where
wi is defined as in (), i.e., wi is the r.t. extension of v to K(x, . . . ,xn) which is the common
extension of wim for m = , . . . ,n and for all i ∈ I .Denote the restriction of wi to K(x, . . . ,xn)
by wi and the restriction of v to K(ai , . . . ,ain ) by vi = vai ···ain . Then
. For all i, j ∈ I , i < j, one has wi < wj , i.e., (wi)i∈I is an ordered system of r.t. extensions of

v to K(x, . . . ,xn).
. For all i, j ∈ I , i < j, one has kvi ⊆ kvj and Gvi ⊆Gvj .
. Suppose that w = supi wi and w is not an r.t. extension of v to K(x, . . . ,xn) and denote

that w is the restriction of w to K(x, . . . ,xn). Then w = supi wi and kw =
⋃

i kvi and
Gw =

⋃
i Gvi .

Proof For every i ∈ I andm = , . . . ,n, denote that fim = Irr(aim ,K) and degxm fim = nim .
. Since wi < wj for all i, j ∈ I , i < j, we have wi ≤ wj. We show that wi < wj . Assume that

wi = wj. Since wi is the common extension of wim and wj is the common extension of
wjm form = , . . . ,n, we have wim = wjm form = , . . . ,n. Since (aim , δim ) is a minimal
pair of the definition of wim , we have δim = δjm form = , . . . ,n. But it is a
contradiction, because (wim )i∈I is an ordered system of r.t. extensions of v̄ to K(xm)
and so wim < wjm , i.e., δim < δjm []. Hence wim < wjm for m = , . . . ,n. Since wi and wj

are common extensions of wim and wjm respectively form = , . . . ,n and for all i ∈ I , it
is concluded that wi < wj for all i < j.

. It is enough to study for B = F(ai , . . . ,ain ) ∈ K[ai , . . . ,ain ], where
F(x, . . . ,xn) ∈ K[x, . . . ,xn], degxm F(x, . . . ,xn) < nim .
It is seen that vi(B) = vi(F(ai , . . . ,ain )) = v̄(F(ai , . . . ,ain )) = vj(F(aj , . . . ,ajn )) = vj(B)

by using the [, Th. .] and this gives Gvi ⊆Gvj .
Assume that vi(B) = . Then vj(B) = . Since (aim , δim ) is a minimal pair of the

definition of wim form = , . . . ,n, we have
B* = F(ai , . . . ,aim– ,xm,aim+ , . . . ,ain )* = F(ai , . . . ,aim– ,aim ,aim+ , . . . ,ain )* ∈ kvi
coincides with the F(aj , . . . ,ajm– ,ajm ,ajm+ , . . . ,ajn )* which is the residue of B in kvj .
Hence kvi ⊆ kvj for all i, j ∈ I , i < j.

. Since w = supi wi, we have w = supi wi and w is not an r.t. extension of v to
K(x, . . . ,xn). Using [, Th. .] and the definition of wim , the proof can be completed.
Take F(x, . . . ,xn) ∈ K[x, . . . ,xn] such that degxm F < nim . Since (aim , δim ) is a minimal
pair of the definition of wim ,
w(F(x, . . . ,xn)) = w(F(x, . . . ,xn)) = v(F(ai , . . . ,ain )) = vi(F(ai , . . . ,ain )). This means
that Gvi ⊆Gw for all i ∈ I and so

⋃
i Gvi ⊆Gw.

Conversely, let vmi be the restriction of wi to K(ai , . . . ,aim– ,xm,aim+ , . . . ,ain ) for
m = , . . . ,n and for all i ∈ I . Since
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vmi (P(ai , . . . ,aim– ,xm,aim+ , . . . ,ain )) = vi(P(ai , . . . ,aim , . . . ,ain )), then
w(P(x, . . . ,xn)) = vi(P(ai , . . . ,ain )) ∈ Gvi for every P(x, . . . ,xn) ∈ K[x, . . . ,xn]. This
gives Gw ⊆ ⋃

i Gvi .
Now, assume that v(F(ai , . . . ,ain )) = vi(F(ai , . . . ,aim )) = . Then

w(F(x, . . . ,xn)) =  and since degxm F(x, . . . ,xn) < nim , F(a, . . . ,an)*, which is
vi-residue of F(x, . . . ,xn), coincides with the residue of F(x, . . . ,xn) in kw. This shows
kvi ⊆ kw for all i ∈ I , and then

⋃
i kvi ⊆ kw .

For the reverse inclusion, let P(x, . . . ,xn) ∈ K[x, . . . ,xn] and w(P(x, . . . ,xn)) = .
For m = , . . . ,n, P(ai , . . . ,aim– ,xm,aim+ , . . . ,ain )* is equal to
P(ai , . . . ,aim– ,aim ,aim+ , . . . ,ain )* ∈ kvi and so P(x, . . . ,xn)* = P(ai , . . . ,ain )* ∈ kvi .
Hence kw ⊆ ⋃

i kvi .
�

The following theorem can be obtained as a result of Theorem ..

Corollary . Under the above notations, let w be an r.a.t. extension of v to K(x, . . . ,xn).
Then the following are satisfied:
. Gvi ⊆Gvj and kvi ⊆ kvj for all i, j ∈ I , i < j.
. (wi)i∈I is an ordered system of r.t. extensions of v to K(x, . . . ,xn) and w = supi wi.

Moreover, we have kw =
⋃

i kvi and Gw =
⋃

i Gvi .

Proof If w is an r.a.t. extension of v to K(x, . . . ,xn), then w is an r.a.t. extension v̄ to
K(x, . . . ,xn) and so wm is an r.a.t. extension of v̄ to K(xm) for m = , . . . ,n. We can take
{δim}i∈I for m = , . . . ,n as co-final well-ordered subsets of Mwm = {w(xm – a)|a ∈ K}. I has
no last element because wm is not an r.t. extension of v. For every i ∈ I , choose the ele-
ment (aim , δim ) ∈ K × Gv such that for m = , . . . ,n, w(xm – aim ) = δim and [K(aim ) : K] is
the smallest possible for δim . This means that if cm ∈ K such that w(xm – cm) = δim , then
[K(cm) : K] ≥ [K(aim ) : K]. Then (aim , δim ) is a minimal pair of the definition of wim with
respect to K form = , . . . ,n. According to [, Th. .], wim < wjm if i < j, which means that
(wim )i∈I is an ordered system of r.t. extensions of v̄ to K(xm) for m = , . . . ,n and (wim )i∈I
has a limit wm = supi wim which is an r.a.t extension of v to K(xm). For all i ∈ I , take wi as
the common extension of wim to K(x, . . . ,xn) and w as the common extension of wm to
K(x, . . . ,xn) form = , . . . ,n. Denote the restriction of wi to K(x, . . . ,xn) by wi and denote
the restriction of w to K(x, . . . ,xn) by w. In the same way as that in the proof of The-
orem ., it is seen that wi < wj for i, j ∈ I , i < j and wi < w for all i ∈ I and w = supi wi.
Moreover, kw =

⋃
i kvi and Gw =

⋃
i Gvi are satisfied. �

4 Existence of r.a.t. extensions of valuations of K to K(x1, . . . ,xn)with given
residue field and value group

It can be concluded from section three and from [] that if w is an r.a.t. extension of v to
K(x, . . . ,xn), then kw/kv is a countable generated infinite algebraic extension andGw/Gv is
a countable infinite torsion group. In this section, the converse is studied.

Theorem . Let k/kv be a countably generated infinite algebraic extension and G be an
ordered group such that Gv ⊂G and G/Gv is a countably infinite torsion group. Then there
exists an r.a.t. extension w of v to K(x, . . . ,xn) such that kw ∼= k and Gw ∼= G.
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Proof Since kv̄ is the algebraic closure of kv, we have kv ⊆ k ⊆ kv̄. Since k/kv is countably
generated, there exists a tower of fields kv ⊆ k ⊆ k ⊆ · · · such that

⋃
s ks = k, and since

G/Gv is a countable torsion group, there exists a sequence of subgroups ofG such thatGv =
G ⊂ G ⊂ G ⊂ · · · ⊂ Gs · · · ⊂ G, Gs 
= Gs+, Gs/Gv is finite for all s and that

⋃
s Gs =G.

According to [, Th. .], there exists an r.t. extension us of v to K(x, . . . ,xn) such that
trans degkus/kv = n, the algebraic closure of kv in kus is ks, Gus =Gs and if m 
=m′, then the
restriction of us toK(xm,xm′ ) is not theGauss extension of the restriction of us toK(xm) for
m,m′ = , . . . ,n and for all s. kus = ks(z, . . . , zn), where zm is transcendental over ks for m =
, . . . ,n and for all s. Denote the restriction of us to K(xm) by usm and the algebraic closure
of kv in kusm by ksm for m = , . . . ,n and for all s. Then kusm = ksm (zm), zm is transcendental
over ksm form = , . . . ,n and for all s.
Then kv ⊆ km ⊆ km ⊆ · · · ⊆ ksm ⊆ · · · is the tower of finite extensions of kv for m =

, . . . ,n. Denote Gusm = Gsm . Gv ⊂ Gm ⊂ Gm ⊂ · · · ⊂ Gsm ⊂ · · · ⊂ G is the sequence of
subgroups of G such that Gsm 
= G(s+)m and Gsm/Gv is finite for all s and for m = , . . . ,n.
Then there exists an r.a.t. extension wm of v to K(xm) such that kwm

∼= ⋃
s ksm and Gwm

∼=⋃
s Gsm [].
It means that wm = sups(usm ). Since x,x, . . . ,xn are algebraic independent over K ,

kwkw /kw is a countable generated infinite algebraic extension and 〈Gw ∪Gw〉/Gw is
a countable torsion group. Hence there exists an r.a.t. extension v of w = v to K(x,x)
such that kv ∼= kwkw andGv

∼= 〈Gw ∪Gw〉. Using the induction on n, it is obtained that
there exits an r.a.t. extension vn = w of vn– of K(x, . . . ,xn–) to K(x, . . . ,xn) such that

kw = kvn ∼= kw · · ·kwn = 〈kw ∪ · · · ∪ kwn〉 =
〈 n⋃
m=

(⋃
s
kusm

)〉
=

⋃
s
kus

and

Gw =Gvn
∼= 〈Gw ∪ · · · ∪Gwn〉 =

〈 n⋃
m=

(⋃
s
Gusm

)〉
=

⋃
s
Gus .

Since vi is an r.a.t. extension of vi– for i = , . . . ,n, then vn = w is an r.a.t. extension of v
to K(x, . . . ,xn). �

Theorem . Let k/kv be a finite extension, G be an ordered group such that Gv ⊂ G
and G/Gv is finite. Assume that tr deg K̃/K > . Then there exists an r.a.t. extension of v
to K(x, . . . ,xn) such that kw ∼= k and Gw ∼= G.

Proof Since k/kv is a finite extension, it can be written that k = kv(b, . . . ,bt), where br is
algebraic over kv for r = , . . . , t. It can be taken t ≥ n, because if t < n, n – t elements can
be chosen as equal. Since G/Gv is finite, there exists a sequence of subgroups of G such
that Gv =H ⊂H ⊂ · · · ⊂Hn =G and Hr+/Hr is finite for r = , . . . ,n – .
Hence there exists an r.a.t. extensionw of v toK(x) such that kw

∼= kv(b) andGw
∼= H

[]. Let K̃ be the completion of K with respect to v and ṽ be the extension of v to K̃ .
According to [, Prop. ], the completion of K(x) with respect to w is isomorphic to a
field belonging to Fc(�̃/K̃), where �̃ is the completion of the algebraic closure � of K̃
with respect to the unique extension of ṽ to � and Fc(�̃/K̃) is the set of complete fields
L such that K̃ ⊆ L ⊆ �̃. Moreover, since tr deg K̃/K > , there exists an element ã ∈ K̃
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which is transcendental over K . That is, there exists a Cauchy sequence {ai}i∈I ⊆ K which
converges to ã.
Therefore if we denote the completion of K(x) with respect to w by K(x)̃, then

tr degK(x)̃/K(x) > . Also, H/H is finite, then there exists an r.a.t. extension w of w to
K(x,x) such that kw

∼= kv(b,b) and Gw
∼= H. Using the induction, it is obtained that

there exists an r.a.t. extension wn– of wn– on K(x, . . . ,xn–) to K(x, . . . ,xn–) such that
its residue field is kwn– = kv(b, . . . ,bn–) and its value group is Gwn– =Hn–. Finally, there
exists an r.a.t. extension w = wn of wn– to K(x, . . . ,xn) such that kw ∼= kv(bn, . . . ,bt) = k and
Gw ∼= G. �
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