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1 Introduction

The theory of the family of Eulerian polynomials and numbers (Frobenius-Euler polyno-
mials and numbers) has become a very important part of analytic number theory and
other sciences, for example, engineering, computer, geometric design and mathematical
physics. Euler numbers are related to the Brouwer fixed point theorem and vector fields.
Therefore, g-Eulerian type numbers may be related to Brouwer fixed point theorem and
vector fields [1].

Recently, many different special functions have been used to define and investigate
g-Eulerian numbers and polynomials, see details [1-39]. Therefore, we construct and in-
vestigate various properties of g-Eulerian numbers and polynomials, which are related
to the many known polynomials and numbers such as Frobenius-Euler polynomials and
numbers, Apostol-Euler polynomials and numbers, Euler polynomials and numbers.

Recently in [2—4], the authors defined a relationship between algebra and analysis. In de-
tail, they made a new approximation between the subgroup and monoid presentation and
special generating functions (such as Stirling numbers, Array polynomials etc.). In this pa-
per, since our priority aim is to define special numbers and polynomials, it is worth depict-
ing these references as well. Then in this paper, applying any group character y of the finite
cyclic group G to a special generating function (which has been defined in [5]), we give

a generalization of g-Eulerian polynomials and numbers (g-Apostol-type Frobenius-Euler
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polynomials and numbers) and investigate their properties and some useful functional
equations. Using a generating element of the subgroups of G and a generating element of
G, we also decompose our generating function attached to the characters of G, and so we
obtain a new decomposition of g-Eulerian numbers and polynomials attached to the char-
acters of a subgroup of G and the Dirichlet character of G. This decomposition enables us
to compute g-Apostol-type Frobenius-Euler polynomials and numbers more easily.

Throughout this paper, we assume that g € C, the set of complex numbers, with |g| <1

Lot
- q7L
[x]=[x:q]={ 7

x ifg=1.

We use the following standard notions.
N=1{1,2,...}, Ny ={0,1,2,...} = NU {0} and also, as usual, R denotes the set of real
numbers, R* denotes the set of positive real numbers and C denotes the set of complex

numbers.

1.1 Characters of agroup G
We recall the definition and some properties of the character of an arbitrary group (G, -)
(see [6]).

A non-zero complex-valued function x defined on G is called a character of G if for all
a,beq,

x(a-b) = x(a)x(b).

In particular, if G is a finite group with the identity element e, then x(e) =1 and x(a) is a
root of unity. In [6, Theorem 6.8], it is proved that a finite abelian group G of order # has
exactly n distinct characters.

Let G be the group of reduced residue classes module positive integer f. Corresponding
to each character x of G, the Dirichlet character yp is defined as follows:

x(n) if ged(n,f) =1,
0 if ged(n,f) > 1.

xp(n) =

Hence it is easily observed that

x(nf +a) = x(a)

for all n,a € N. In this note, f is called the conductor of the character of a group G of
reduced residue classes module a positive integer f.

1.2 g-Eulerian polynomials and numbers
In [5], Simsek defined and studied some properties of g-Apostol type Frobenius-Euler

polynomials and numbers.

Definition 1.1 Leta,b € R* (a #b) and u € C\{1}.
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(i) The g-Apostol type Frobenius-Euler numbers
H,(u;a,b;0;9) (A, qeC)

are defined by means of the following generating function:

at 0o 2 n oo "
. _ E : [n] _§ : . ).
Fk,q(t,u;a:b)— <1_ I/l> (;) b t= Hn(u;dyb,)hq);'

n=0 n=0

(ii) The g-Apostol type Frobenius-Euler polynomials
Hau(xu;a,b;2;9) (€ C)

are defined by means of the following generating function:

at\ <=/ A ”[ : nd "
F, 1t; ) 1b ={1-— - bntxt: 5 U 1b;)‘4 - 1
g (% 514, 0, D) ( M)Z(u) Y Halswa biisg)— 4
n=0 n=0
where
A
~b <1
u

2 g-Eulerian polynomials and numbers attached to any character
In this section, we define g-Eulerian polynomials and numbers attached to any character
of the finite cyclic group G. Our new generating functions are related to nonnegative real

parameters.

Definition 2.1 Leta,b e R* (a #band a >1), u € C\{1}, A,q € C (|q| <1). Let x be a
character of a finite cyclic group G with the conductor f.
(i) The g-Eulerian numbers attached to the character x

Hus x ;0,55 25 q)

are defined by means of the following generating function:

a[/]t g )\' m o t}’l
_ E : [m] _E : . S
F/\,q,x (t,u,a,b) = <1 - 7) (;) b tX(m) = ,Hn,)( (43 a, b»)‘»Q)E' (2)

m=0 n=0

(ii) The g-Eulerian polynomials attached to the character x
Ho,y 150, b; 15 q)

are defined by means of the following generating function:

[e¢]

A m 00 "
Z<;> b[’”+x]tx(m):ZH%X(’C?”;“’I’;)‘W);’ (3)
n=0 :

m=0

ﬂ[f][
Fygx(tx,u,a,b) = (1 _ 7)
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where

o
u

<1

It is observed that
Houy (05150, b 0;.q) = Ho (w54, b5 A; ).

Upon setting ¢ = 0 in (3), we compute a g-Eulerian number H , (1, 4, b, 1, q) attached to
the character y as follows:

(o - 1))

Ho,y (u,a,b,1,q) = ( PRy

By using the conductor f of the character x and combining with F, ,(t, x, u, a, b), we modify
Equation (2) and Equation (3), respectively, as follows:

(Y
Fogr(tu,a,b)=>" - F)f e, % uf a,b (4)
i=0
and
S
Figx(t,x,u,a,b) = Z(kxu(l)) Eifoff ([f 7 z/ a, b) (5)

i=1

Therefore, we provide the following relationships between g-Eulerian numbers and g-

Eulerian numbers attached to the character .

Theorem 2.2 Let n € Ny. Then we have

(i)

f-1 A\ ;
Hoy (;a,b; 0, u) = [f]” 120:(;) X(i)HnG,uf,a,b;kf,qf>,

(ii)

f-1 i .
Ho,y (15 a,bku)—[f]”Zx(l)( ) <9%,uf,a,b;kf,qf).
i=0
Proof By using (4), we deduce that

ZH"YX(“;“»b;)wM) z Zx(l( ) Z[f]"HnG,uf,a,b;kf,qf>;—;4‘

n=0

which, by comparing the coefficient ‘n—n, on the both sides of the above equations, yields the
first assertion of Theorem 2.2.
The second assertion (ii) is proved with the same argument. O
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By Theorem 2.2, we also compute a g-Eulerian number attached to the character x as
follows:

/-1 i .
A i
Ho,y (w,a,b,1,q) = ZX (—) 7-[0(7,uf,a,b;)»f,qf).
u
i=0
Now, we turn our attention to the following generation function defined in [1] since we
need this generating function frequently to give some functional equations for a g-Eulerian

number and polynomials attached to the character .
Leta > 1. The number Y, (1, a) is defined by means of the following generating function:

o0 t"
= E Y,(u,a)—.
n!
n=0

1
G(t,u,a) = -
at —
The polynomials Y, (x; &, a) are defined by means of the following generating function:

Gl6,%100) = Gt @)™ = Y V) ©)

n=0

Since we need this generating function frequently in this paper, we use the notation

e _ of

D) = ;q—uf-g@f ,k,L/a) W G([f1d e, a)
_ - n kn i _ ﬁ
—Z;ﬂq (n(ﬁJﬁa> Mﬁﬁﬁaonw

and so it follows that D, (k) = [f]”q”(Y,,(%, ,a)- Y, a).
By using the following well-known identity:

[ +x] = [x] + 4" [n]
in (3), we verify the following functional equation:

F gy (tx + y,u,a,b) = bYYDW)F, 4, ('t %, u,a,b). @)
Hence we have the following theorem.

Theorem 2.3 Let n € Ny. Then we have

Hoy (x + Y50, b5 05 ) _ZZ( >(,) [y11nb)" 7 D;(y)q""

i=0 j=0

X H(m—i)i,x (x: u,a, b; A 61)

Proof By applying the Cauchy product to (7), we deduce that

Fygx (&2 +y,u,a,b) ZZ( ) 1Inb nlD(y) F,\qx(tq %, 1, a, b).

n=0 ;=0
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Let K(n) = Z ( )([y] Inb)"7D;(y). Then it follows that

Mz

Frgy(t,x+y,u,a,b) = Z( )I(z)qm’yHm,X(x,uabAq)—
=0

L

io 0( )(1) [yl1nb)" 7 D;(y)q" "

J

]
(=]

m

Mg

Il
(=]

m

m

¢
X Hm-iyiy (% 5 a8, b3 3 9) —.
m:

By comparing the coefficient of %ﬂ, on both sides of the above equation, we obtain our
desired result. O

Upon setting x = 0 in (7), we get the following functional equation:

Fy gy (ty,u,a,b) = YD), 4 (41,0, u,a,b)
= bY"D()F; 44 (2t 1, a, D).

By substituting x = 0 in Theorem 2.3, the following theorem is easily proved.

Theorem 2.4 Let n € Ny. Then we have

m  n-i

nx(yuabxq)_zz( ><’) (110 B) 7 Dy 0)q" " H iy (13 a8, b5 13 ).

i=0 j=0

So that we obtain a g-difference equation for g-Eulerian polynomials attached to the
character x, we study the following equations:

[fle
Fo gy (t,x,u,a,b) = (1_ %) .\ Ax (1)

vl Ax ()bt
- (1 - %) + X;) D()F), 4,5 (qt,x,u,a,b),

—F 4 tx+ 1L, u,a,b)

which, in light of the Cauchy product of the three series b*, F, , , (qt, %, u,a, b) and

D) = Q(q[f]t, é,uf,a) -/ G(qlf1t. ,a),

yield the following theorem.

Theorem 2.5 Let n € Ny. Then we have

(fIna)"  Ax(@®)

Ho,x (6 u;a,b;059) =1 - =

COHO)((?C) u;a,b; A; q)

and

Ina)” ix(l) — ,
Hoy (0030, b5 05 q) = _7([}‘];;4) + Ax) <n) Cpiq Hiy (x50, b; 25 q),
u l
0

i=
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C, = <;Z)(lnb)"_i[f]iqi(yi(é’uf’a> -0, ”’“))'
i=0

4

Now, we turn our attention to studying the derivative of the polynomials

d ~[flaIna K (A" e
EFx'q’X(x't’u'mb)zTZ; P X (m)bl

T)2()
+(1-— Z) xmn+ 2] nb.
( W ; u

By

n _ 1 _ y
2 i T g

and substituting ¢ = 0 in (8), we get that

.~ =fllna W -1 u
Hl,x(x,u,a,b,k,q)_M_LJIAX(D+( i )(u—kx(l))[x]lnb

()
w(1-q) u—-ix1)  u-qix1)/)

Hence, using the induction method, we arrive at the following result.

Theorem 2.6 Let n € Ny. Then we have

n n

t
Ho,y x5 154, b;)\;q)a = WFMM (x,t,u,a,b)

t=0

Now we give a generalization of the Raabe formula by the following theorem.

Theorem 2.7 Let c,n € Ny. Then we have

H (5150, q)—ZZ( )ﬂn( )™

n=0 j=0

x+1
XH,,_]-,XE< p su a,bk,q)

where

Ry(0) = [cﬁ]f(n([[cfjg]»/,a) ~Y,(,a))

and

xc(x) = x(cx).

Page 7 of 14
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Proof We start the proof with defining the character
Xe(%) = x (cx)

with the conductor f, = . On the other hand, we derive that

gcd(f C

(z/—a[f]’) W —allt o — qVegelelt

w W — alelaellt w
oif — glelgelelt
= R _
(c) i
where
allt —of
R(c) = AT

Then by using (6), it follows that

R(c) = ([cfc]t [? ufa)—ufg([cﬂ]t,o,uf,a)

Z[f”]n(y”([fc ufa>—ufYn(uf,a));—n'
=§§Rddg

Now, we are ready to prove our result.

Z’an(x,u,a b; A q)

n=0
Ifle oo c-1 X l+mc
a
1— E : ~ b[l+mc+x]t 1+

m=0 [=0
ey S ax AC i
R B
=0 u m=0 u
c-1 [ oo
Ax(@ t +1 tn
- (%) >R, (a)—Z[C]"'HW( st abk,q)
1=0 n=0 n n=0 n!

p”qg

c-1
Ax(1) . ) t"
( X( ) E (7)73;(0)[61”_’7'[;1_;,;( (i;u”;a,b;kc;cf)—.
‘\ ¢ n!
=0 Y

Hence, comparing the coefficient of on both sides yields the assertion of this theo-

Il
(=}

n

rem. O

3 Decomposition of the generating function

In this section, using the generating element of the finite cyclic group G and the generating
element of the subgroups of G, we show that the generating function with a conductor f
can be written as a sum of the generating function with conductors which are less than f.

Page 8 of 14
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In this section, we use the following notations otherwise stated:
(i) «Ng ={0,x, 2x, 3x,4x,...},
(ii) p; denotes the integer such that ged(p;,p;) =1 forall i,j € {1,...,n},
(iit) S = Uity (@iNo),
(iv) So ={p1,.--»Pn}
(v) Si={lcd(a,b):a,b e S;_1}.
We start to recall the fact that

xNg N yNp = led(x, )Ny

for positive integers x and y. In particular, we get that
**No N y'Ny = x9Ny

whenever x and y are distinct prime numbers.

Theorem 3.1 With the above notations, we get

n-1
Y F@)=) (1YY F@).

ieS j=0 teS; ietNg

Proof We start to recall the fact that for sets A4, B,

Z F(i) = ZF(i) + ZF(i) - Z E(i).

i€eAUB ieA ieB i€ANB

Then by using De-Morgan’s law of sets, we get the following equality:

> Fi)= Y F@+ > F(i)- > E(i)

ie(p1No)U(UZ, 0iNo)) ie(p1No) (UL, (iNo)) ie(p1No)N(UiL, (iNo))
= > F@+ Y, F)- > F().
i€(p1No) (UL, (piNo)) ie(ULL, led(p1,£;)No)

Now we use induction on 7.
If n =2, then Sy = {p1, p2} and S; = {lcd(py, p2)}. We have

> F@= )Y F@+ Y FG- > FG)

ie(U2, (piNo)) ie(p1No) i€(p2No) i€led(p1,p2)No
1
S3E D3P
j=0 teS; ietNg
We construct the following sets:
n
S= U(piNO)r
i=1
n
S'= U(PiNo)

i=2

Page 9 of 14
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and
S=(pNg)US".

By using De-Morgan’s law of sets, we verify the following equalities:

n

= (71No) NS = | (led(p1, p)No),

i=2

SO = SE) ) {pl})

S = {lcd(a,b) ra,be So} =S USy,

Sy ={lcd(a,b) :a,b € S} =S, US],

Sl‘ = {ICd(d, b) : ﬂ,b S Si—l} = Sl, U S;/—l
and forall i > 1, it is clear that SN S/, = @.

Now assume that it is true for the set with # — 1 elements. Hence, the hypothesis for the
sets §” and §' is true, and we get that

> F()= Z( Y Y FG

ieS” teS” i€tNg

and

S-S Y Y Ao

icS teS/f i€tNg

Hence it follows

Y FG)= Y F@)+) FG)- Y F()

ieS iep1Ng ieS ieS"”
n-2 ) n-2 )
= Y F@)+Y (1YY D F@)-Y (1YY Y F@)
iep1No j=0 teS/f ietNg j=0 teS]’.’ ietNg
=Y DY Fi)- Y ZF(:)+Z -1y Y Y F@)
teSp ietNg ges/us”zetNo = tesl/us/’: ietNy
n-1
=2 DD FQ
j=0 teS; ietNg O

Example 3.2 Let p;, p,, p3 be distinct prime integers. Then we have

> F@= ) F@+ Y Fi+ Y F@- Y. FG)

ie(U2, (@iNo)) i€(p1No) i€(paNo) i€(p3No) i€(p2p3No)

- > F@- > F@+ Y. FG@.

ie(p1p2No) ie(p1p3No) ie(p1p2p3No)
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Lemma 3.3 Let p; be a prime number for all i and
C={leNy:ged(f,))=1}.
Then Ny = CU (UL, (piNo)) and C N (UL, (piNo)) is an empty set.

Proof By using the fact (,f) = 1 if and only if (, []/, p;) = 1 if and only if (, p;) = 1 for all
ief{l,...,n} for n € Ny, we get that

C {le No : ged(f, 1) = 1}

= {le No: forallie(l,...,n},gcd(p;, 1) = 1}.

Letx ¢ |, (p:No). Then we get that ged(x, p;) =1 for all iand so x € C.
If x ¢ C, then there is i € {1,...,n} such that gcd(x, p;) is p;. Therefore

No=CU (U(piNo))

i=1

Letx € CN (U~ (»:iNo)). Then thereis i € {1,...,n} such that x € p;Ny. This means that
gcd(x, p;) = p; and so x ¢ C, a contradiction. Thus the proof is completed. O

By using the Lemma 3.3, we have one of the main results in this section.

Theorem 3.4 With the above notations, we get that

Y FG)=) F@+ Y F.

ieNp ieC iE(U,il(PjNO))

As stated before, to decompose the generating function of g-Eulerian polynomials at-
tached to the character x, now we need to compute the following relation:

> (%)nb[’“‘x(ﬂ),
)

ne(dzZ
where
Ja 25 € No.

Also, we define the character x, with the conductor % such as
Xg(i) = X(gl'):

where g, € Ny and ged(g, %) = 1. Then

A\” A dn y
5 (3£
)

ne(dz neNg

fa-1

a1 N dfans) ‘
= Z Z(;) plafan+ilt (d(fdl’l +i))

neNg i=0
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)\.d San+i )
S Y () e

neNy i=0
AN da
= Z(;) b xai).
ieNg

Hence, we combine the above equation with the generating function

ﬂ[f]t) A\ al@falt A\ [t
1-—) > (‘) b x (n) = (1— —d> Z(‘) b xali)
( W new@z) \¥ ulf jeng N
[d][fd] Lt
A [ at
=(1- —— b," i
(G ) 2 () v

= Fupa, (t,u,al®, b)),

9% x4

Now we are ready to state the main result without the proof in this section.

Theorem 3.5 Letf =[], pf’, where p; is a prime integer. Then

n-1
Frgx(tu,a,b) = Z (-1y Z ZF)\i’qi’Xi (t, ui,a[i],b[i]) + Fygyp(tu,a,b),
j=0 LtesS; ietZ

where xp is a Dirichlet character corresponding to the character ¥ .

L 13

Example 3.6 Let f = p!' p5 p5 , where p; is a prime integer. Then

3 ;]
. . ol 77
F)»,q,x (t, u,a, b) = FA:q:XD(t’ u,a, b) + ZF)‘pi’qpi’Xlﬂi (t, upl’a[pl]’ b PilgPi )
i=1
lp1p2p3]
(t,urr2ps, alPp2ps] pUpipavslpivors )

+ Eypiars grivops Xp1pop3

3 (P17
17117
- E Fonpigniviy, (t wppi g1l p U] ”Ip”")
i=1

lpap3]

p2r3 ]
= Fpaps goav3 ) e (t, ul2p3 g3 p Urarslqpars )
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