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Abstract

In the present paper, we introduce a simple Stancu generalization of g-analogue of
well-known Durrmeyer operators. We first estimate moments of g-Durrmeyer-Stancu
operators. We also establish the rate of convergence as well as Voronovskaja type
asymptotic formula for g-Durrmeyer-Stancu operators.

1 Introduction
In the last decade, the applications of g-calculus in the approximation theory is one of
the main areas of research. To approximate Lebesgue integrable functions on the interval
[0,1], Durrmeyer introduced the integral modification of the well-known Bernstein poly-
nomials. In 1981, Derriennic [1] first studied these operators in detail. After the g-analogue
of Bernstein polynomials by Phillips [2], Gupta and Heping [3] introduced g-Durrmeyer
operators. Several other researchers have studied in this direction and obtained different
approximation properties of many operators [4, 5]. In the present article, we propose the
g-analogue of the Stancu generalization of Durrmeyer operators and study the conver-
gence behavior. We have used notations of g-calculus as given in [6—8].

We set p(q;x) = (Z)qu(l - x)g‘k, Pook(q; %) = #’f{kh’(l — %)%

Phillips [2] proposed the following g-Bernstein polynomials, which for each positive
integer n and f € C[0,1] are defined as

- k
Bn,q(f;x) = Zf(%)pnk(qxx)
k=0

lq

In 2005, Derriennic [9] introduced a g-analogue of the Durrmeyer operators and has es-
tablished some approximation properties of the g-Durrmeyer operators. After couple of
years, Gupta [10] studied g-analogue of Durrmeyer operators and discussed approxima-

tion properties of the following g-Durrmeyer operators: For f € C[0,1],

n 1
Daalfis) =+, Y- pustass) | SOputaiar)dyt
k=0 0

n
= E A )pm(g3x); 0 <x <1 @)
k=0
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Recently, Ibrahim et al. [11, 12] introduced Stancu generalization of certain operators and
discussed its approximation properties. Motivated by such type operators, we introduce
the Stancu type generalization of the g-Durrmeyer operators (1) for 0 < o < 8, which is
defined as follows:

[n]4t + o

W)Pnk(q;qt) dqt

n 1
DEB(fx) = [n+11, > q pur(qsx) / f(
k=0 0

n
= ZAZ'kﬂ(f VWu(g;x); 0<x<1. @)
k=0

It can be easily verified that in case g =1, « = 0 and B8 = 0, the operators defined in (2)
reduce to the well-known Durrmeyer operators as defined in [1]. Throughout the present
manuscript, the expression g, (x) I g(x) means uniform convergence of a sequence {g,(x)}
to g(x).

The present note deals with the study of g-Durrmeyer-Stancu operators {Dﬁjf (f)} for0 <
q < 1. First, we estimate the moments for g-Durrmeyer-Stancu operators. We also study
the rate of convergence as well as asymptotic formula for these operators {DZ,’g (N} We
establish a direct results in terms of w(f, -).

2 Estimation of moments
In this section, we shall obtain Dﬁjg(ti;x), i=0,1,....

Note that for s = 0,1,... and by the definition of g-Beta function [7], we have

qk[n]q![k+s]q!
[n+s+1],![k],!

1 Kk +s],!
/ tspook(q;qt) dqt: (l_q)s+1q—q
’ [K]!

1
/(; tspnk(q; qt) dqt =
3)

Lemmal We have

Dyt (Lx) =1,

[n]g + aln + 2], + gx[n]}
(n+2]4([n]y + B)
_lnli(In)g = 1)a? + (q( + q)° + 20q*)[n]] + 2aq(3]4[n]7)x

([nly + B)*[n +2]4[n + 3],
o? (1 +q + 20q°)[n]] + 2a[3],[n],
T+ B2 (Il + BRIn+ 2] ln + 3],

’

Dﬁ:ﬁ (t;x) =

Dl (£%5%)

Lemma 2 We have

4[1’113 1) (], +oln+2],
[

Sulx) = DYP(f — X)= ———— — ’
(x) = D7 (¢ - x, %) <[n+2]q([n]q+lg) n+2],([nly + B)
ya(@) = Dyt (¢~ x)%, %)

_q*lnlg - @’ [n; = 2q(n)[n + 3]4((nly + B) + [n + 2], + 3],([n], + ﬁ)2x2
- ([nly + B)2n +2]4[n + 3],
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N q(L+q)*[n]} + 2qa[n]}[n + 3], - (2[nlg + 2a(n + 2],)[n + 3],([n], + ﬂ)x
([nlg + B)[n + 2]4[n + 3],
. 1+ q)[n]; +2a[nlyn + 3],
([nlg+ B)*n+2]4n+3],

Remark 1 [10] By simple computation, it can easily be verified that

[m+1],!

D,,'q(t"‘;x) Z[k + 1,1k + 2], - - - [k + m]gpur(g;%), r=>1.

[n+m+1]q

Using [k + s]; = [sly + ¢°[k]4, we get [k + 1],[k + 2], [k + m], = H;"Zl([s]q +q°[k]y) =
Yo cs(m) (K]}, where c,(m) > 0, s=0,1,2,...,m are constants independent of k. Hence,

1 1
Dy g(7) = [n:';j;qq, S elm) Yo K] qpnk(q,x) Tt S ()] By (855).

Remark 2 For all m e NU{0}, 0 < o < B8, we have the following recursive relation for the
images of the monomials #” under Dy, ﬂ(t’” x) in terms of D, 4(#;x); j = 0,1,2,...,m, as

W f (. " m [n]{,a”‘*j )
DB () = ;Zo (}, ) gy Pralt)

m J m—j
_ (m) [nlga™  [n+1],! ch(m)[nls By (£'5%).
0

2\ ) Wiy B I+ j+11,

Since ¢,(m) > 0 for s =1,2,...,m and B, 4(t’;x) is a polynomial of degree < min(s, n) (see
[13]), we get Df,‘,’g (t™;x) is a polynomial of degree < min(m, n).

3 Convergence of g-Durrmeyer-Stancu operators
Theorem1 Letgq, € (0,1]. Then the sequence {Dﬁjqﬁn (f)} convergence to f uniformly on [0,1]
foreach f € C[0,1] if and only iflim,_,  q, = 1.

The proof of the above theorem follows along the lines of [10, Theorem 2], thus we omit
the details.
Let g € (0,1) be fixed. We define DP ¢(f+1) =f(1) and for x € (0,1)

1 & L/ n)t+a
D“ﬁ =— — L \pei(g; qt) d
(3% = = ; /f<[n]q+ﬂ>p K qt) dgt
= AL (NPpook(gs ). (4)
k=0

Using the fact that [14], we have
o0

oo
Zpook(q;x) =1, Z(l - q")pock(q;x) =x, and
k=0

k=0

> (- 4°) Pook(@%) = #* + (1 - )x(1 ).
k=0
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Using (3) and (4), it is easy to prove that

(nl,1+qx-1))+a

D w) =1, D2 (tx) =

[nlg+ B ’
[2q*x* + ([n]2(q( + @)1 - ¢*)) + 2qa[n],)x
o,B (42, _ q q
Pralt’s) = ([l + )2
. [n2(1 - 9)*(1 + q) + 221 - g)[n], + &
([nlg + B)?

For f € C[0,1], t > 0, we define the modulus of continuity w(f,¢) as follows: w(f,t) =
sup{|f(x) —f ()| : |x —y| <t %,y € [0,1]}. We shall show the following theorem.

Theorem 2 Let 0 < g < 1 then for each f € C[0,1] the sequence {Df,‘,’g (f;x)} converges to
Dgfq(f;x) uniformly on [0,1]. Furthermore, ||D‘,,x,’5 (f) - D‘qu(f)ll < Cg’ﬁa)(f, q").

The proof of the above theorem follows along the lines of [10, Theorem 3], thus we omit
the details.

Remark 3 We may observe that, for f(x) = x2, we have ||Dy; (f ) = q"

o (f, /q"), where A(n) < B(n) means that A(n) <« B(n) and A(n) > B(n), and An) <« B(n)
means that there exists a positive constant C independent of # such that A(n) < CB(n).
Hence, the estimate of Theorem 2 is sharp in the following sense: the sequence ¢” in
Theorem 2 cannot be replaced by any other sequence decreasing to zero more rapidly

as n — oQ.

Lemma 3 [15] Let L be a positive linear operator on C|[0,1], which reproduces linear func-
tions. If L(t?,x) > x* Vx € (0,1), then L(f) = f if and only if f is linear.

. 0B 0 [112[(1-)% (1+9)+q(1+29) 1-q)x+q> (1-q)x+q* 4] +2a[n] ¢ (1+q(x-1)) +a> 9
Remark 4 Since Doy, (¢% %) = e > X
for 0 < g <1 consequence of Lemma 3 we have the following:

Theorem 3 Let 0 < g <1 be fixed and let f € C[0,1]. Then D% g(f3%) = f(x) for all x € [0,1]
if and only if f is linear.

Remark5 Let0 < g <1befixedandletf € C[0,1]. Then the sequence {ng(f; x)} does not
approximate f(x) unless f is linear. This is completely in contrast to the classical Bernstein
polynomials, by which {D,(f;x)} approximates f(x) for any f € C[0,1].

Theorem 4 For any f € C[0,1], {D 4(f)} converges to f uniformly on [0,1] as g — 1-.
Next, we establish a Voronovskaja type asymptotic formula for the operators Db i’

Theorem 5 Let f be bounded and integrable on the interval [0,1], second derivative of f
exists at a fixed point x € [0,1] and q = q, € (0,1) such that q,, — 1 as n — oo, then

nlingo[n]qn (D2 5n (f3%) —f(x)) = (a0 + 1= (2 + B)x)f" (x) + x(1 + x)f” ().
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The proof of the above lemma follows along the lines of [16, Theorem 3]; thus, we omit
the details.
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