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Abstract

The first aim of this paper is to construct new generating functions for the
generalized A-Stirling type numbers of the second kind, generalized array type
polynomials and generalized Eulerian type polynomials and numbers. We derive
various functional equations and differential equations using these generating
functions. The second aim is to provide a novel approach to derive identities
including multiplication formulas and recurrence relations for these numbers and
polynomials using these functional equations and differential equations.
Furthermore, we derive some new identities for the generalized A-Stirling type
numbers of the second kind, the generalized array type polynomials and the
generalized Eulerian type polynomials. We also give many applications related to the
class of these polynomials and numbers.
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1 Introduction, definitions and preliminaries

Throughout this paper, we use the following standard notations: N = {1,2,3,...}, Ny =
{0,1,2,3,...} =N U {0} and Z~ = {-1,-2,-3,...}. Here, Z denotes the set of integers, R
denotes the set of real numbers and C denotes the set of complex numbers. We assume
that In(z) denotes the principal branch of the multi-valued function In(z) with the imag-
inary part J(In(z)) constrained by - < J(In(z)) < 7. Furthermore, 0” =1 if n = 0, and,
0"=0ifneN.

’

(x):x(x—1)~~-(x—v+1)

v V!

. i-1
and {z}o=1,forjeN,zeC; {z}; = ]_[ilzo(z —d), (cf [1-3]).

The generating functions have various applications in many branches of mathematics
and mathematical physics. These functions are defined by linear polynomials, differential
relations, globally referred to as functional equations. The functional equations arise in
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well-defined combinatorial contexts and they lead systematically to well-defined classes
of functions. The concept of fixed point of a function is another useful idea in solving
some functional equations. Having knowledge on the fixed points of functions frequently
support to solve specific types of functional equations (cf. see, for detail, [4]).

Although, in the literature, one can find extensive investigations related to the gener-
ating functions for the Bernoulli, Euler and Genocchi numbers and polynomials and also
their generalizations, the A-Stirling numbers of the second kind, the array polynomials and
the Eulerian polynomials, related to nonnegative real parameters, have not been studied
yet. Therefore, this paper deal with new classes of generating function for generalized
A-Stirling type numbers of the second kind, generalized array type polynomials and gen-
eralized Eulerian polynomials, respectively. By using these generating functions, we derive
many functional equations and differential equations. By using these equations, we inves-
tigate and introduce fundamental properties and many new identities for the generalized
A-Stirling type numbers of the second kind, the generalized array type polynomials and
the generalized Eulerian type polynomials and numbers. We also derive multiplication
formulas and recurrence relations for these numbers and polynomials. We derive many
new identities related to these numbers and polynomials.

There are various applications of the classical Euler numbers in many branches of math-
ematics and mathematical physics. One of theme is related to the Brouwer fixed-point the-
orem, which is briefly described as follows: let D” be a unit disk in R”. It is well known that
D" is a compact manifold bounded by the unit sphere S"~!. Any smooth map g : D" — D"
has a fixed point. The Brouwer fixed-point theorem: Any continuous function G : D" — D"
as a fixed point (c¢f. see, for detail, [5]). The classical Euler numbers are related to the
Brouwer fixed point theorem and vector fields (cf. see for detail [5]). Thus, the general-
ized Eulerian type numbers may be associated with the Brouwer fixed-point theorem and
vector fields.

The remainder of this study is organized as follows:

Section 2, Section 3 and Section 4 of this paper deal with new classes of generating
functions which are related to generalized A-Stirling type numbers of the second kind,
generalized array type polynomials and generalized Eulerian polynomials, respectively. In
Section 5, we derive new identities related to the generalized Bernoulli polynomials, the
generalized Eulerian type polynomials, generalized A-Stirling type numbers and the gen-
eralized array polynomials. In Section 6, we give relations between generalized Bernoulli
polynomials and generalized array polynomials.

2 Generating function for generalized A-Stirling type numbers of the second
kind

The Stirling numbers are used in combinatorics, in number theory, in discrete probability

distributions for finding higher order moments, etc. The Stirling number of the second

kind, denoted by S(#, k), is the number of ways to partition a set of # objects into k groups.

These numbers occur in combinatorics and in the theory of partitions and so on.

In this section, we construct a new generating function, related to nonnegative real pa-
rameters, for the generalized A-Stirling type numbers of the second kind. We derive some
elementary properties including recurrence relations of these numbers. The following def-
inition provides a natural generalization and unification of the A-Stirling numbers of the
second kind.
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Definition 2.1 Let a,b € R*, 1 € C and v € Ny. The generalized A-Stirling type numbers
of the second kind S(n, v; a, b; 1) are defined by means of the following generating function:

()»bt _ at)v

V! N

oo t"
fsu(ta,b;0) = > Smviabin—. 4y

n=0

Remark 2.1 By settinga =1and b = e in (1), we have the A-Stirling numbers of the second
kind

S(n,v;1,e;1) = S(n,v; 1)

which are defined by means of the following generating function:

ret -1 & "
g - ZS(""V;)‘)_’
n!

V!
n=0

(cf [2, 3, 6]). Substituting A = 1 into above equation, we have the Stirling numbers of the
second kind

S(n,v;1) = S(n,v),
(¢f 1-3, 6]).
By using (1), we obtain the following theorem.

Theorem 2.2 Let a,b € R*. Each of the following identities holds true:

Snvabi = FZ()w’ (;)Av—f(/lna + v=j)Ind)" )
and
Sn,v;a,b; 1) = % ;(—1)"‘/ (;))J(jlnb +(v-j)lna)". (3)

Proof By using (1) and the binomial theorem, we can easily arrive at the desired results.
O

By using the formula (2), for a,b € R*, we can compute some values of the numbers
S(n,v;a, b; \) as follows:

A
S(0,0;4,b;0) =1,  S,0;a,b;4) =0, S@haﬁﬂjzm(é),
a

S(2,0;a,b;1) =0, S(2,1;a,b;1) = A(Inb)? — (Ina)?,

(Inb>)>

S8(2,2a,b;)) = - ln(akbk) + (lna2)2,

A-=1)Y
SG.0ab) =0, SGLabi) =i(nb) —(naP,  SOviabi) = : )
V.
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and
S(mLa,b;x) =r(nd)" - (Ina)",  S(n,0;a,b;1) = 8,,,
where §,,0 denotes the Kronecker symbol.

Remark 2.2 By setting a = 1 and b = e in the assertions (2) of Theorem 2.2, we have the

following result:

S(n,v; 1) = % 20: (;) AI(=1Y (v-))".
=

The above relation has been studied by Srivastava [6] and Luo [2]. By setting A =1 in the
above equation, we have the following result:
stmun =13 () vy
nV;A) = — -1y (v -
v! j /

j=0

(cf. [1-3, 6-13)).
By differentiating both sides of Eq. (1) with respect to the variable ¢, we obtain the fol-

lowing differential equations:

L ialtsabi2) = (MinbY — (n@)a')fo, 160, 7)

or
ad b\ ,
Ef&v(t; a,b;)) = vIn(b)fs,(¢t;a,b; ) + In p a'fs,1(t;a, b 1). (4)

By using Eqgs. (1) and (4), we obtain recurrence relations for the generalized A-Stirling

type numbers of the second kind by the following theorem:

Theorem 2.3 Let n,v € Nand a,b e R*

n-1

S(n,v;a,b;1) = Z( )S(/ v—1;a,b;2) (A(In(®))"” - (In(a))"”) (5)

Jj=0

or

S(n,v;a,b;\) = vin(b)S(n —1,v;a,b; \)

n-1

)R oo

Jj=0

Remark 2.3 By setting ¢ =1 and b = ¢, Theorem 2.3 yields the corresponding results
which are proven by Luo and Srivastava [2, Theorem 11]. Substitutinga =1 =1and b=e
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into Theorem 2.3, we obtain the following known results:

j=

n-1 n—1 ’
S(n,v) = ( . )S(],V—l),
0 ]

and
S(m,v)=vS(n-1,v)+S(n-1,v-1),
(¢f [1-3,7,11, 12, 14]).

The generalized A-Stirling type numbers of the second kind can also be defined by
Eq. (6):

Theorem 2.4 Let k € Ny, a,b e R and . € C
inp)" =3 (’”) (’“) 1S jsa, b2 (n(a )™, (6)
AV

Proof By using (1), we get

e A . N &
(Ab")" = Z(,)}!ZS(m,];u,b;)\)% Z(lna ) ot
j=0 m=0 n=0
From the above equation, we obtain
o0 m tm [o.¢] o0 X ) ) tm o0 » ntn
Ax;(lnb’c) ks ;;}: <].>/!$(m,];a,b;k)% ;(Ma" 7) prt
Therefore,
o0 o ) m oo m ¥ ’ » o
x X\ _ i i . (=)™ p—
A ;(lnb ) m! };(;; <Z)<j)].8(l,],a,b,k)(lna ) )m!'

tZ

Comparing the coefficients of V:, on both sides of the above equation, we arrive at the

desired result. O

Remark 2.4 For a =1and b = ¢, the formula (6) can easily be shown to be reduced to the
following result which is given by Luo and Srivastava [2, Theorem 9]:

o]

K=y (’l‘) 1S(n, ; 1),
1=0
where n € Ny and A € C. For A =1, the above formula is reduced to
" (x
= 1S(n,
x Z (V)V (n,v)

v=0

(cf [1-3,7,14]).
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3 Generalized array type polynomials

By using the same motivation with the A-Stirling type numbers of the second kind, we
also construct a novel generating function, related to nonnegative real parameters, of the
generalized array type polynomials. We derive some elementary properties including re-
currence relations of these polynomials. The following definition provides a natural gen-
eralization and unification of the array polynomials:

Definition 3.1 Leta,b € R*,x € R, A € C and v € Ny. The generalized array type polyno-
mials S} (x; a, b; A) can be defined by

v

S!(x;a,b; 1) = % > (1) (/V) % (In(a"7b%))". )

S
By using the formula (7), we can compute some values of the polynomials S (x; a, b; 1)
as follows:

1-a)"

V!

S§a,b;2) = (In(b))",  SM(wa,bih) =
and
Si(x;a,b;1) = —In(ab”) + AIn(b*").

Remark 3.1 The polynomials S/ (x;4, b;A) may be also called generalized A-array type
polynomials. By substituting x = 0 into (7), we arrive at (3):

S§)(0;a,b;1) = S(n,v;a,b; 1.

Settinga = A =1 and b = e in (7), we have

1< ,
st = 3 0w,

S
a result due to Chang and Ha [15, Eq. (3.1)] and Simsek [11]. It is easy to see that
S9(x) = S"(x) = 1, S (x) = x”
and for v>n,
SHx)=0
(¢f. [15, Eq. (3.1)]).
Generating functions for the polynomial S (x; 4, b, ¢; ) can be defined as follows.

Definition 3.2 Leta,b € R*,x € R, A € Cand v € Ny. The generalized array type polyno-
mials S (x; a, b; \) are defined by means of the following generating function:

o0 t"
g ta, b)) = Z S, (x;a, b;’\)ﬁ' (8)

n=0
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Theorem 3.3 Leta,bcR*,xeR, A€ CandveN,
1 ¢ £\V pxt
g ta,b;)) = —'(kb —a ) b*. 9)
V!

Proof By substituting (7) into the right-hand side of (8), we obtain

o9 o o9 1 v ‘ ‘ ‘ o P
ZS‘f’(x; a, b;)\); = Z (; Z(_l)V—/ <;>A1(ln(aV—lbx+/)) ) —

n=0 ©on=0 \"" j=0

Therefore,
i S'(x;a b;)u)ﬁ _ l XV:(—I)V_/ (V) 2 i(ln(av—/bx+j))n ﬁ
s v ’ n v = j) = n!

AVl

The right-hand side of the above equation is the Taylor series for e )t Thus, we get

S 1 N o
Z S (x5 a, b; A)t_ - = Z(_l)v—j C) WavDipit | pt.
n=0 n! V! j=0

By using (1) and binomial theorem in the above equation, we arrive at the desired re-
sult. d

Remark 3.2 Ifweset A =1in (9), we get a new special case of the array polynomials given
by

o0 tn

Sou(t;a,b)b™ = Z S (x;a, b)ﬁ

n=0

In the special case when a = A = 1 and b = ¢, the generalized array polynomials S” (x; 4, b; 1)
defined by (9) would lead us at once to the classical array polynomials S/ (x), which are
defined by means of the following generating function:

oo

(et _ l)v o . tn
e=2&®?
n=0

V!

which yields the generating function for the array polynomials S/} (x) studied by Chang and
Ha [15]; see also (cf. [8, 11]).

The polynomials S (x; 4, b; 1) defined by (9) have many interesting properties, which we
give in this section.
We set

&, 5 a,b; 1) = b*fs, (6a,b; 1). (10)

Theorem 3.4 The following formula holds true:

Six;a,b; M) = Z (7)5(], v;a,b; 2)(In b")n_j. (11)

Jj=0

Page 7 of 28
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Proof By using (10), we obtain

oo t” oo t" oo t"
n 3 . —_ 3 . n
Y Siwabin— =3 Stmvabi)— ) (nb)"—.
n=0 n=0 n=0
From the above equation, we get

ié‘"(x'a M)i = i Z ")SG,v;a, ) (in5*)"7 r
s y W, &, U, ! ] &y ! .

n=0 \ j=0

Comparing the coefficients of ¢* on both sides of the above equation, we arrive at the
desired result. 0

Remark 3.3 In the special case when a = A =1 and b =, Eq. (11) is reduced to

st =3 (st
o v

(¢f [11, Theorem 2]).

By differentiating j times both sides of (9) with respect to the variable x, we obtain the

following differential equation:

o ) .
a—ad.g‘,(x, La,b;A) =t (InbYg,(x,t;a,b; 1).

From this equation, we arrive at higher order derivative of the array type polynomials

by the following theorem.

Theorem 3.5 Let n,j € N with j < n. Then we have
aj n Jj on-j
a—ij‘, (x;a,b; \) = {n},»(ln(b)) S (x;a,b; 1),
Remark 3.4 Bysettinga=A=j=1and b =e in Theorem 3.5, we have

d
aS",’(x) = nS",”l(x)

(¢f: [11]).
From (9), we get the following functional equation:

V1 +Vy

& (w1, ta, b 1)gy, (%2, 6, b M) = ( )ngz (%1 + %2, 3@, b; 1). (12)

V1

From this functional equation, we obtain the following identity.

Page 8 of 28
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Theorem 3.6 Let x1,x, € R, a,b € RY, A € C and v;,v, € Ny. Then the following identity
holds true:

n
+
(Vl V2)S"fl+v2 (%1 +x05a,b; 1) = <
0

)S (x1;a, b; A)S” (x93 a,b; 1.
V1 -
j=

n
J
Proof Combining (8) and (12), we get

n

0 "

Vi + Vo t
ZS (x1;a, b; 1) — Z (xz,abk < ! )Z V1+V2(x1+x2;a,b;)»);.
— n! !

Therefore,

2_0: (Z (/)3} (130, b5 1) S} (%33 1, b x))t—n,

j=0

n

Vi + Vg t
( )Z v x1+x2;a,h;)»);.

Comparing the coefficients of tn—”, on both sides of the above equation, we arrive at the
desired result. O

4 Generalized Eulerian type numbers and polynomials
In this section, we provide generating functions, related to nonnegative real parameters,
for the generalized Eulerian type polynomials and numbers, that is, the so-called gen-
eralized Apostol type Frobenius Euler polynomials and numbers. We derive fundamen-
tal properties, recurrence relations and many new identities for these polynomials and
numbers based on the generating functions, functional equations and differential equa-
tions.

These polynomials and numbers have many applications in many branches of mathe-
matics.

The following definition gives us a natural generalization of the Eulerian polynomials.

Definition 4.1 Leta,b,c € R* (a #b),x € R, A € Cand u € C\ {A}. The generalized Eule-
rian type polynomials H,(x; u; 4, b, c; 1) are defined by means of the following generating

function:
o —
F (t,x;u,a,b,c) = % ;H axu;a,b, c,k)— (13)
(I£] < |1nb\ when A = ; |t1nb + In(2 =)| < 2 when A #u).

By substituting x = 0 into (13), we obtain
Hu(0;u;a,b,¢; 1) = Hu(u;a,b, ¢ 1),

where H,,(i; a, b, c; ) denotes generalized Eulerian type numbers.

Page 9 of 28
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By substituting £ = 0 into (13), we have

1_
F(0,x5u,a,b,c) = 3 “

(14)

From the above equation, we find that

1-u
A—u

Ho(u;a,b,¢c; 1) =

The generalized Eulerian type polynomials of order s, HY) (x%;u; a, b, ¢; ) are defined by

means of the following generating function:

n

t m e

om) a—u\ u (m) t

E™(t,x;u,a,b,c) = M= H I (x; u;a,b,c; 1) —,
. ) (Ab’—u) ; " )n!

with, of course

HI(0;u5a,b,¢51) = HY (w50, b, ¢ 1),
where H" (u; a, b, ¢; 1) denotes the generalized Eulerian type numbers of order m.
Remark 4.1 Substituting a =1 into (13), we have

(1-u)c*

o0 t"
T ;Hn(x;u;l,b,c;k)a

aresult due to Kurt and Simsek [16]. In the special case when A =1 and b = ¢ = ¢, the gener-
alized Eulerian type polynomials 1, (x; u; 1, b, ¢; 1) are reduced to the Eulerian polynomials

or Frobenius Euler polynomials which are defined by means of the following generating

1
t+1n<—)
u

with, of course, H,(0;u) = H,(u) denotes the so-called Eulerian numbers (cf. [9, 10, 14,
17-23]). Substituting u# = —1, into (15), we have

function:

1-u)et < t"
TR H,(x; 1) —
el —u HZO: nxiu) n!

< 271) (15)

H,(x;-1) = E,(x),

where E,(x) denotes Euler polynomials which are defined by means of the following gen-

erating function:

2¢ert 00 "
5= ;En(x)a (It <) (16)

(cf. [1-56)).

Page 10 of 28
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Throughout this paper, we assume that ,b,c € R*,x € R, A € C and u € C\ {A}.
The following elementary properties of the generalized Eulerian type polynomials and
numbers are derived from their generating functions in (13) and (14).

Theorem 4.2 (Recurrence relation for the generalized Eulerian type numbers) For n =
0, we have Ho(u;a,b; 1) = % For n > 0, following the usual convention of symbolically
replacing (H(u; a, b; A))" by H,(u; a, b; 1), we have

A(Inb+ H(u;a,b;1))" — ut,(w;a,b;1) = (Ina)”.

Proof By using (13), we obtain

;(lna)”% —u= ;(k(lnb + H(u; a, b;k))n —uH,(u;a, b;k))%

% on both sides of the above equation, we arrive at the

desired result. O

Comparing the coefficients of

By differentiating both sides of Eq. (13) with respect to the variable x, we obtain the
following higher order differential equation:

i )
aa—ﬁFk(t, xu,a,b,c) = (ln(ct) )]F,\ (t,x%;u,a,b,c). (17)

From this equation, we arrive at higher order derivative of the generalized Eulerian type
polynomials by the following theorem.

Theorem 4.3 Let n,j € N with j < n. Then we have

J .
%Hn(x; u;a,b,c; ) = {n}; (ln(c))]’}-l,,_j(x; u;a,b,c;A).

Proof Combining (13) and (17), we have

tn+j

,,XZO: B_xJHn(x; u;a,b, C;A)E =(Incy Z’Hn(x; u;a,b,c;\)—.

1
=0 n.

From the above equation, we get

> ¢ — ¢
,,ZO: @Hn(x; u;a, b, C;A)E =(Incy Z{n};?{n_j(x; u;a,b, c;k);.

n=0

% on both sides of the above equation, we arrive at the

desired result. O

Comparing the coefficients of

Remark 4.2 Setting j =1 in Theorem 4.3, we have

0
a—Hn(x; u;a,b,c;\) = nH,_1 (% u;a, b, ¢; 1) In(c).
X
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In their special case whena =1 =1 and b = ¢ = e, Theorem 4.3 is reduced to the following
well-known result:

o 1
—H,(xu) =

n. H ( . )
00 (n—j)

(cf [9, Eq. (3.5)]). Substituting j = 1 into the above equation, we have

d
—H,(x;u) = nHy,_1(x; u)
ox

(¢f. [9, Eq. (3.5)], [16]).

Theorem 4.4 The following explicit representation formula holds true:
(xInc+Ina)” —ux"(Inc)” = A(xInc+Inb + H(wa, b;1))" - u(xInc + H(ua,b;1))".

Proof By using (13) and the umbral calculus convention, we obtain

al—u

— (usa,b;\)t
Abt —u

From the above equation, we get
o n

Z((lna +xInc)” — u(xInc)) t

n!
n=0

n

- Z(A(H(u; a,b;7) +Inb +xInc)” — u(H,(u;a,b;1) + xlnc)")%.
n=0 '

Comparing the coefficients of tn—n, on both sides of the above equation, we arrive at the
desired result. O

Remark 4.3 By substitutinga =1 =1and b = ¢ = e into Theorem 4.4, we have

1 -u)x" = H,(x + 1;u) — uH,(x; u) (18)
(cf [9, Eq. (3.3)]). By setting u# = —1 in the above equation, we have

2x" = E,(x+1) + E,(x)

a result due to Shiratani [51]. By using (18), Carlitz [9] studied on the Mirimanoff polyno-
mial £, (0, m) which is defined by

m-1
. H,(x + m;u) — u"H,(x; u)
° (x, _ +7)" m—j-1 _ .
Sfulx, m) }E:O(x N'u -

By applying Theorem 4.4, one may generalize the Mirimanoff polynomial.
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Theorem 4.5 The following explicit representation formula holds true:

n

H,(x;u;a,b,¢;)) = Z (7) (xIn c)"’j’}-l,(u; a,b; ). (19)

j=0

Proof By using (13), we get

i (u;a, b; \)— Z(xlnc)” ZH (x5 u;a, b, c; A ):l.
n=0 nl n! n=0 :

From the above equation, we obtain

i(i(})(xlnc)" ’H(Mﬂbk)> Z’H (x,uabc,x)—
n=0 .

Jj=0

Comparing the coefficients of tn—n, on both sides of the above equation, we arrive at the
desired result. O

Remark 4.4 Substitutinga =X =1and b = ¢ = e into (19), we have

s =3 ()
0

(cf 19,10, 14, 16-23]).
Remark 4.5 From (19), we easily get
Huxusa,b,¢;1) = (H(u;a,b,¢; 1) + x1n c)",

where after expansion of the right member, H"(u; a, b, ¢; A) is replaced by H,(u4;a,b,c; 1),
we use this convention frequently throughout of this paper.

Theorem 4.6 The following formula holds true:

n

H,(x+ y;usa,b,¢1) = Z (7) (yIn c)”’/’Hj(x; u;a,b,c; ). (20)

j=0

Proof By using (13), we have

o0 tn o0 tn o0 t”
Z’H,,(x +ty;usa, b)) — = Z(ylnc)"— Z’H,,(x; u;a,b,c;A)—.
n! n! n!
n=0 n=0 n=0
Therefore,
00 P 0o n " y o
Z’H,,(x+y;u;a,b,c;k)—:2 ) Ine)" 7 Hi(x, usa,b,00)—.
n! , j n!
n=0 n=0 /:0
o

Comparing the coefficients of ; on both sides of the above equation, we arrive at the
desired result. O


http://www.fixedpointtheoryandapplications.com/content/2013/1/87

Simsek Fixed Point Theory and Applications 2013, 2013:87 Page 14 of 28
http://www.fixedpointtheoryandapplications.com/content/2013/1/87

Remark 4.6 In the special case when a = 1 =1 and b = ¢ = ¢, Eq. (20) is reduced to the
following result:

Hy(x+y)= Z (?)y"‘jH,-(x, u)

j=0

(¢f 9, Eq. (3.6)]). Substituting u# = —1 into the above equation, we get the following well-

known result:

Een-3 () 5. (1)

j=0

By using (13), we define the following functional equation:
F,> (t, xul,a’, b, c)cyt = F,(t,x;u,a,b,c)F,(t,y;—u,a, b, c). (22)
Theorem 4.7 The following formula holds true:
H, (x +y;u;a,b,c AZ) = (H(x; w;a,b,c;A) + H(y; —u; a, b, ¢; A))n. (23)
Proof Combining (22) and (20), we easily arrive at the desired result. O

Remark 4.7 In the special case when a =X =1and b = ¢ = ¢, Eq. (23) is reduced to the
following result:

H,(x+y;u*) = (7)1‘1;'(36 u)Hy,—(y; —u)
-0

]
(¢f [9, Eq. (317)).

Theorem 4.8 The following formula holds true:

n b n_j
(=1)"H, (1 —xu b a,b, ¢ )Fl) =X Z (n) (ln<—)> Hi(x -1 u;a,b,c;1).
[ “
Proof By using (13), we obtain

n

1y ()t b\ & £
%:A( ) Y Hale-Lusa,bc;r)—.
£ n!

A1t~y a

From the above equation, we get

o _1\nyn
Z?—ln(l—x;u‘l;a,b,c;)\_l)( 1)‘ t
— n!

:A(%Hn(x—l;u;a,b,c;)\);_}z) (;(ln(;))ng)
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Therefore
oo t”
Z(—l)”?—[,, (1-x ulab,c A’l) -
n
n=0

Comparing the coefficients of £

desired result.

Remark 4.8 In their special case when a =1 =1and b = ¢ = ¢, Theorem 4.8 is reduced to

the following result:

(-1)"H,(1-xu"") = Hy(x - 1,u)

(¢f [9, Eq. (3.7)]). Substituting u = -1 into the above equation, we get the following well-

known result:

(-1)"En(1 - x) = E,(x)

(¢f 19, Eq. (3.7)], [6, 27, 50, 51]).

Theorem 4.9

n n—j n
(n) (ln<é>> H;(x—l,u;a,b,c;k))t—.
— \J a n!

" on both sides of the above equation, we arrive at the

H, (x ;y'uz;a, b AZ) _ n (n) H(x; s a,b,¢; )Y H,j(y; —u; a, b, c;)»).
]

n
j=0 2

Proof By using (13), we get

o0

+ 21"
E 7-ln<u;u2;a,b,c;)»2>
o 2 n!

[e¢]

n

n=0

Comparing the coefficients of &

desired result.

Remark 4.9 Whena =1 =1andb = ¢ = ¢, Theorem 4.9 is reduced to the following result:

xX+Yy _n " n
H”(T”‘z) =2 ; (J,)H,'(x;u)Hn;(y;—u),

(¢f [9, Eq. (B.17)]).

= Z (Z (?) H;(w;u;a,b,¢; ) Houj(y; —155a, b, ¢; )) %
j=0 :

" on both sides of the above equation, we arrive at the

Page 15 of 28


http://www.fixedpointtheoryandapplications.com/content/2013/1/87

Simsek Fixed Point Theory and Applications 2013, 2013:87
http://www.fixedpointtheoryandapplications.com/content/2013/1/87

4.1 Multiplication formulas for normalized polynomials
In this section, using generating functions, we derive multiplication formulas in terms of
the normalized polynomials which are related to the generalized Eulerian type polynomi-

als, the Bernoulli and the Euler polynomials.

Theorem 4.10 (Multiplication formula) Let y € N. Then we have

- NM(Ina)"k J. y
Hulyx; u;a,b,b; 1) = yZZ - WHk x+ e b b

k=0 j=0

X (Hn_k (;, uy) - MH,,_k(uy)), (24)

where H,(x; u) and H,(u) denote the Eulerian polynomials and numbers, respectively.

Proof Substituting ¢ = b into (13), we have

> " (a - u)b"’ at-u\ b*
Y Halswa b b — = —— )= (25)
n=0 u
By using the following finite geometric series,
Sty 1=y
u _at
j=0 u
on the right-hand side of (25), we obtain
oo n t Xt y-1 AV
t —u)b AD
Zﬂn(x;u;a,b,b;)\)—' = % (—) .
n=0 o —u(l-(50)) o\ U

From this equation, we get

~ y-1 P H(2)
v @-w) o~ K (@ -
W u;a,b,b; M) — = E : A
; Hu(xs u;a )I’l' (@ — w) = Wy (MDY — W)

Now by making use of the generating functions (13) and (15) on the right-hand side of the

above equation, we obtain

oo

t}’l
> Hulu;a,b,b;2) —
n!
-1 . 00
1 WV ' i
Ly Zﬂn(w;uy%b,b;v)y
1-w & w+r \ & y n!

(S (o) -t 2.
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Therefore,

o0 " oo n y-1 i _k
¢ n\ y"N(Ina)” x+j
E 'H,,(x,u,a,b,b,)\); = E (k)mHk y ,L{y ﬂ,b b )\y

n=0 " n=0 k=0 j=0

1 t"
X (H,,_k<—;uy) - uH,,_k(uy)) —.
y n!

By equating the coefficients of £ on both sides, we get
n.

n y1 n n—k
M(Ina) X+j
Howsa,b,b2) =3 :(k> e Hk< uwsabb m)

k=0 j=0

« (anG;uy) . (M)).

Finally, by replacing x by yx on both sides of the above equation, we arrive at the desired
result. O

Remark 4.10 By substituting a =1 into Theorem 4.10, for #n = k, we obtain

( Lo 1bbv> (26)
y

§|>‘

S

j=0

H,(yx;u;1,b,b; 1) = y"18?” 1

By substituting b = e and A =1 into the above equation, we arrive at the multiplication
formula for the Eulerian polynomials

1 ,
H,(yx;u) uy_l(l_u) yZiH,, X+ i;uy , (27)
1-w 0 w y

(¢f [10], [9, Eq. (3.12)]). If u = -1, then the above equation reduces to the well known
multiplication formula for the Euler polynomials: for y is an odd positive integer, we have

y-1 .
E,(yx)=y" Y (-1YE, (x + L), (28)
j=0 4

where E,(x) denotes the Euler polynomials in the usual notation. If y is an even positive

integer, we have

27 Ny j
Enlyx) = = Z(—1y3n<x+;>, (29)

Jj=0

where B, (x) and E,(x) denote the Bernoulli polynomials and Euler polynomials, respec-
tively, (cf. [17, 55]).

To prove the multiplication formula of the generalized Apostol Bernoulli polynomials,
we need the following generating function which is defined by Srivastava et al. [13, pp.254,
Eq. (20)]:
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Definition 4.11 Let a,b,c € R* with a # b, x € R and n € Ny. Then the generalized
Bernoulli polynomials %;a)(x;)»;a, b,c) of order o € C are defined by means of the fol-
lowing generating functions:

t \" = t"
fB(x,ﬂ,b,C;)\,;Ol) = (m) Cxt = Z‘B;"‘)(x;k;a,bw);, (30)

where

‘tln(é> +1n(A)
a

It is easily observe that

< 2m; 1%:=1.

B(0;a,b,c) =B (a,b) and BY(a,b) = B,(a,b)

(cf [6,13,19, 20,23, 32, 35, 36, 46, 48, 49, 54]). Moreover, by substitutinga = 1and b = c =
e into (30), then we arrive at the Apostol-Bernoulli polynomials B, (x; 1), which have been
introduced and investigated by many mathematicians (c¢f. [24], [16, 20, 23, 29, 30, 34, 49,
52]). Whena =a =A=1and b = ¢ = e into (30), %9)(0; 1;1,e,e) and %5,1)(9@ 1;1,e,¢e) reduce
to the classical Bernoulli numbers and the classical Bernoulli polynomials, respectively,

(¢f. [1-56)).
Theorem 4.12 Let y € N. Then we have
B,(yx; Asa,b,b) = ZZ( ))J ll (y-1-j)lna)™ %l<x+l 2sa, b, b)
=0 j=0 y
Proof Substituting ¢ = b and « =1 into (30), we get

o0

y-1 .
1. ﬁ _ 1 ( e t(y=j-1)
Z%n(x,k,a,b,c) = Z a .

1 }/ yt — yt
— noy i VB — @t
Therefore,

Z% (x;A;a,b, c)—

Vl

:ZZZ< ))J(y 1 /)lna)"ll‘l%( y’ 2 abb)

Comparing the coefficients of on both sides of the above equation, we get
- e j
(x,k a,b,c) = ( ))J (k 1-j)lna %(— M;a,b, b)
IZO: %: —j)Ina)™"y X

By replacing x by yx on both sides of the above equation, we arrive at the desired result.
O
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Remark 4.11 Kurt and Simsek [32] proved multiplication formula for the generalized
Bernoulli polynomials of order «. When 2 = A =1 and b = ¢ = e into Theorem 4.12, we
have the multiplication formula for the Bernoulli polynomials given by

y-1 ‘
B,(yx)=y"1) B, <x + i), (31)
=0 4

(cf [2,9,13,17, 20, 23, 24, 33, 34, 36, 46]).

If f is a normalized polynomial which satisfies the formula

y-1 .
falyx) =y Zf(m 1), (32)

=0 4

then f is the yth degree Bernoulli polynomial due to (31) (c¢f. [17, 56]). According to Nielsen
[17], if a normalized polynomial satisfies (31) for a single value of y > 1, then it is identical
with B,,(x). Consequently, if a normalized polynomial satisfies (26) for a single value of
y > 1, then it is identical with H,(x; u;1, b, b; 1). The formula (29) is different. Therefore,
for y is an even positive integer, Carlitz [17, Eq. (1.4)] considered the following equation:

n

J

n-1 71 :
g1 () = 2 2 Wy (x ’ §>’
=0

where g,_;(x) and f,(x) denote the normalized polynomials of degree n — 1 and #, respec-
tively. More precisely, as Carlitz has pointed out [17, p.184], if y is a fixed even integer > 2
and f,(x) is an arbitrary normalized polynomial of degree 7, then (29) determines g, ;(x)
as a normalized polynomial of degree n — 1. Thus, for a single value y, (29) does not suffice

to determine the normalized polynomials g, ;(x) and f;,(x).

Remark 4.12 According to (32), the set of normalized polynomials {f,(x)} is an Appell

set, (cf [17]).
We now modify (13) as follows:

(a*~ &) _

o0 tn
n\X;6;4,0, ))\- PR 33
VI ;wabcm (33)

where §" =1 (€ # A, r e N).
The polynomial H,(x; ; a, b, c; 1) is a normalized polynomial of degree m in x. The poly-
nomial H,(x;&;1, ¢, ;1) may be called Eulerian polynomials with parameter &. In particular

we note that
Hu(x;-1;1,e,6;1) = E, (%)
since for a = A =1, b = ¢ = ¢, Eq. (33) reduces to the generating function for the Euler

polynomials.
By means of Eq. (24), it is easy to verify the following multiplication formulas.

Page 19 of 28


http://www.fixedpointtheoryandapplications.com/content/2013/1/87

Simsek Fixed Point Theory and Applications 2013, 2013:87
http://www.fixedpointtheoryandapplications.com/content/2013/1/87

If y is an odd positive integer, then we have

Y- 101 A j j
Mo (5830, b,b; 1) = Z(g> B, <x+ —;b;ﬂ)
y

1
= () lna”k%k<x+ b)»y) (34)
n
k=0 j=0

where

’Hk<x+ JE51,b, b; M) %n<x+ i;b;v).
y

If y is an even positive integer, then we have

7 (2 j
H,(yx;&5a,b,b;)) = 5 Z(E) Q‘E,,(x+ —;b;)ﬂ)
y

j=0
1 LU
—2— Z() 1na"kek(x+ybv> (35)
k=0 j=0

where

Hk<x+ §y1bbky) €n<x+i;b;ky>,
y

where €,(x;a, b, c) denotes the generalized Euler polynomials, which are defined by means

of the following generating function:

<bt_at>c’“ Zcz (xa,b, c)

n=0

(cf 16,13, 23, 31, 32, 35, 36, 49, 54]).

Remark 4.13 If we set a = X =1 and b = e, then (34) and (35) reduce to the following
multiplication formulas, respectively:

nl 1 y-1 1 j
Hy,- 1(3”“5)— (1—E)Z§Bn<x+;)

j=0

(¢f [17, Eq. (3.3)]) and
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Let f,(x) and g,(x) be normalized polynomials in the usual way. Carlitz [17, Eq. (3.4)] de-
fined the following equation:

_a —p)y” =
81 () den x+—

where p is a fixed primitive rth root of unity, r > 1, y = 0(modr).

Remark 4.14 If weseta=A=1,b=c=eand & = -1, then (34) and (35) reduce to (29)
and (28).

Remark 4.15 Walum [56] defined multiplication formula for periodic functions as fol-
lows:

P (y)f (yx) = Zf<x+ §> (36)

jO)
where f is periodic with period 1 and j(y) under the summation sign indicates that j runs
through a complete system of residues mody. Formulas (32), (36) and other multiplica-
tion formulas related to periodic functions and normalized polynomials occur in Franel’s
formula, in the theory of the Dedekind sums and Hardy-Berndt sums, in the theory of the

zeta functions and L-functions and in the theory of periodic bounded variation, (cf. [25
56]).

4.2 Recurrence relation for the generalized Eulerian type polynomials

In this section, we are going to differentiate (13) with respect to the variable ¢ to derive a
recurrence relation for the generalized Eulerian type polynomials. Therefore, we obtain
the following partial differential equations:

ad
t&Fk(t,x; u,a,b,b) = t(lna + xln(b))F,\(t,x; u,a,b,b) + u(lna)Gy(t, a; u)

~ A
- —In(b)F,(t,x + L;u,a,b,b)fs (1, bb; = 1)
“ u
or

0
El—}(t,x; u,a,b,b) = (Ina + xIn(b))F,.(¢,%; 1, a,b,b) + u(lna)Gy (¢, a; u)

- AIn(b)Gy(t,a; u)Ff(t,x +1;u,a,b,b),
where Gy (t,a; u) is defined by

[e¢]

Gy(t,a;u) = 1 Z Y,,(u;a):z—n!, (37)

where a > 1. The polynomials Y, (x, u; a) are defined by means of the following generating
function:

o0
t}’l
Gy, t,a;u) = Gy(t,a;u)a™ = E Y, (%, u;a)—,
— n!
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where

1
’tlna+1n(—)
U

with, of course

<2,

Y, (0,u5a) = Y,(u;a).
If we substitute x = 0 and a = 1 into (37), then we obtain

1
Y, (1) = —.
1-u

By using the above partial differential equations, we obtain recurrence relations for the
generalized Eulerian type polynomials by the following theorem:

Theorem 4.13 Let n € N. We have

H, (% u;a,b,b;)) = n(Ina + xInb)H,_1(x; u;a,b,b; \) + nu(Ina)Y,_1(4; a)

Inb A
L (7)7{,(“ 1 u;a,b,b;x)%nj(—;l,b,b)
u P j u

or
Hum(u;a,b,b;)) = Ina +xInb)H,,(x; u;a, b, b; L) + u(Ina)Y,(u; a)

+(AInb) Y <"> HP (x+ Lusa,b,b;1) Y, (5 ),
— \j
j=0

where B,(; a, b) denotes the generalized Bernoulli numbers.

5 New identities involving families of polynomials

In this section, we derive some new identities related to the generalized Bernoulli poly-
nomials and numbers of order 1, the Eulerian type polynomials and the generalized array
type polynomials.

Theorem 5.1 The following relationship holds true:

Bl bib) = Z (H)Hl (x; Ve é é; 1) %"—j(x -1 1,a,a).
o a a
Proof
00 n (x-1)¢ t_)\—l byxt
> B xia, P e (a @\
n=0 n! rat —1 (S)t _ -1

Combining (30) and (13) with the above equation, we get

[e¢]

A— & b b \t"
Z%n(x;k;a,b,b)—=Z%n(x—l;k;l,a,a)—ZHn(x;/\‘l;a,—,—;l)—.
n! s n! s a a

n=0
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Therefore,
o0 [o¢] n
t" n 4 bbb t"
;%n(x,k,a,b,b)a = 2(;(}20: (j)H;(x,)» = ;,1)%n,(x—1;)»; La,a)> ot

Comparing the coefficients of tn—n, on both sides of the above equation, we arrive at the
desired result. O

Relationship between the generalized Bernoulli numbers and the Frobenius Euler num-

bers is given by the following result.

Theorem 5.2 The following relationship holds true:

B, (A a,b) = x11 (?)ﬂma4V7(m(g>)9¢4073. (38)

Proof By using (30), we obtain

at( 1-271
Z% (% a,b) ( T )
n! otin3

_ -t

From the above equation, we get

S0’y (1)) & S (n(2))

n=0 n=0
Therefore,
o " S (n)jIna )T (In(2)y )\
Z%”(k;“’b)ﬁ = Z(Z (],)Tal"[/—l()‘ ) PR
n=0 n=0 \ j=0

Comparing the coefficients of % on both sides of the above equation, we arrive at the
desired result. O

Remark 5.1 By substituting a =1 and b = e into (38), we have

(¢f 20, 52)).

The relationship between the generalized Eulerian type polynomials and generalized

array type polynomials are given by the following theorem:

Theorem 5.3 The following relationship holds true:

00 o0 n 1 1(ln g™ n—d
H,(x;u;a,b,b;)) = Z Z (m +k- ) (Z) %Sf(x; a,b; ).
k=0
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Proof From (13), we obtain

= A —at\*
ZH (xs u;a,b,c; 1 )n':Z< — ) b*.

n=0 : k=0

Combining (9) with the above equation, we get

it - k! nd t"
;Hn(x;u;a,b,b;)\)ﬁ = Z(} ) ;Sk(x;a,b;k)ﬁ.

From the above equation, we get

ad kS”x,a,bA)t
;'H (x,uabb)\)—‘ nz(,:kz(; _af)k ot

t . .
Now we assume |%-| < 1 in the above equation; thus we get

o n

t
> Hulwu;a,b,b;2)—
n!

[©.SINe cRENe ¢} +l— k'S"(x,a,b )\_) mttn
=ZZZ<WI W: ) uk+m an!

Therefore,

o n

t
> Hulwu;a,b,b;2)—
n!

n=0
> A e e +k—-1 K(Ina™)"~48%(x; a, b; 1) t"
R (") ()T

n=0 k=0 m=0 d=
Comparing the coefficients of tn—n, on both sides of the above equation, we arrive at the
desired result. O

Remark 5.2 Substituting a =1 into the above theorem and noting that d = 1, we deduce

the following identity:
H,(x;u;1,b,b; 1) =Z S,((x,lb)»)
k=0

which upon setting A =1 and b = ¢, yields
ok,
H,(x;u) = Z msk (%)

k=0

which was found by Chang and Ha [15, Lemma 1].
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6 Relationship between the generalized Bernoulli polynomials and the
generalized array type polynomials

In this section, we give some applications related to the generalized Bernoulli polynomials,

generalized array type polynomials. We derive many identities involving these polynomi-

als. By using same method with Agoh and Dilcher’s [7], we give the following theorem:

Theorem 6.1

At —at\* SN SR(a,bia) ¢
() pe- e 9)

n=0 (nltk) n!

Proof Combining (9) and (8), we get

Ab' —at . xt 1 . k! n n . k! n+k n-k
( . )b =3 Oask(x,a,b;x)t :Xo:ﬁsk (x, a, b; )"k
n= n=

From the above equation, we arrive at the desired result. d

Remark 6.1 By settingx=0,a=2A=1and b = ¢, Theorem 6.1 yields the corresponding
result which is proven by Agoh and Dilcher [7].

Theorem 6.2 The following formula holds true:

Sn+k ; ,b;}n Sn+k—1 ; ,b;)\.
(s oL ST xa,bid)

("Itk) (n+;:—1)
-3 (;SZL) S @ a, b2 (In(6™) (In(6)"” - In(a") (in(@)) ).

j=0 \ k-1

Proof By differentiating both sides of Eq. (39) with respect to the variable ¢, after some
elementary calculations, we get the formula asserted by Theorem 6.2. 0

Theorem 6.3 The following relationship holds true:

n (1) (n+k-1
Sty +yabir) =) M

S (54, bi)B, (i 254,b, b).
= ()

Proof We set

Ab' —a kbxt " — A —a' k_lb(xd-y)t.
t AbE—at t

Combining (39) and (30) with the above equation, we get

i S e+ ya, b0 ¢
pr ("5 !
i & S,’:*k(x; a,b; ) t"
= g%n@,lyﬂ,b,b)a HX:(; T;
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Therefore,

S n+k—-1

Z T+ ya, b)) "

G

n=0

230 (’k) S @ a, b 2B, ik a,b,b) ) =

n=0 \ j=0 (}k) B

t}’l
n

desired result. O

Comparing the coefficients of = on both sides of the above equation, we arrive at the

Remark 6.2 By settingx=y=0,a =2 =1and b = ¢, Theorem 6.3 yields the correspond-
ing result which is proven by Agoh and Dilcher [7].

Theorem 6.4 The following relationship holds true:

", ()
%S‘_")(x +y;Ma,b,b) = Z njw
= ()

) (02, b;1)B, (3 154, b,b).

Proof We set

At —at Y Xt t " t z “r (x+y)t
( : )” (wr_at)”:(m) o (40)

Combining (39) and (30) with the above equation, by using same calculations with the

proof of Theorem 6.3, we arrive at the desired result. O
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