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Abstract
In this paper, we consider the setting of multiplicative metric spaces to establish
results regarding the common fixed points of four mappings, using a contraction
condition defined by means of a comparison function. Also, we provide illustrative
examples in support of our new results. The results obtained in this paper extend and
improve some well-known comparable results in the literature due to He et al. (Fixed
Point Theory and Appl. 2013:48, 2013).
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1 Introduction and preliminaries
The existence and uniqueness of fixed and common fixed point theorems of mappings has
been a subject of great interest since Banach [] proved the Banach contraction principle
in . In the past years, many authors generalized the Banach contraction principle in
various spaces such as quasi-metric spaces, fuzzy metric spaces, -metric spaces, cone
metric spaces, partial metric spaces and generalized metric spaces (see, for instance, [–
] and the references therein). In , Bashirov et al. [] introduced the notion of mul-
tiplicative metric spaces, and studied the concept of multiplicative calculus and proved
the fundamental theorem of multiplicative calculus. In , Florack and Assen [] dis-
played the use of the concept of multiplicative calculus in biomedical image analysis. In
, Bashirov et al. [] exploit the efficiency of multiplicative calculus over the Newto-
nian calculus. They demonstrated that the multiplicative differential equations are more
suitable than the ordinary differential equations in investigating some problems in various
fields. Furthermore, Bashirov et al. [] illustrated the usefulness of multiplicative calculus
with some interesting applications. With the help of multiplicative absolute value function,
they defined the multiplicative distance between two nonnegative real numbers as well as
between two positive square matrices. This provides the basis for multiplicative metric
spaces. In , Özavşar and Çevikel [] investigate multiplicative metric spaces by re-
marking its topological properties, and introduced concept of multiplicative contraction
mapping and proved some fixed point theorems of multiplicative contraction mappings on
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multiplicative spaces. Recently, He et al. [] proved a common fixed point theorems for
four self-mappings in multiplicative metric space. Very recently, Abbas et ai. [] proved
some common fixed point results of quasi-weak commutative mappings on a closed ball
in the framework of multiplicative metric spaces. At the same time, they also studied the
sufficient conditions for the existence of a common solution of multiplicative boundary
value problem. Kang et al. [] introduced the notions of compatible mappings and its
variants in multiplicative metric spaces, and proved some common fixed point theorems
for these mappings.

Now, we present some necessary definitions and results in multiplicative metric spaces,
which will be needed in the sequel.

Definition . [] Let X be a nonempty set. A multiplicative metric is a mapping d :
X × X →R

+ satisfying the following axioms:
(M) d(x, y) ≥  for all x, y ∈ X and d(x, y) =  ⇔ x = y;
(M) d(x, y) = d(y, x) for all x, y ∈ X ;
(M) d(x, y) ≤ d(x, z) · d(z, y) for all x, y, z ∈ X (multiplicative triangle inequality).
The pair (X, d) is called a multiplicative metric space.

Definition . [] Let (X, d) be a multiplicative metric space, {xn} be a sequence in X
and x ∈ X. If for every multiplicative open ball Bε(x) = {y|d(x, y) < ε}, ε > , there exists a
natural number N ∈ N such that n ≥ N , then xn ∈ Bε(x). Then the sequence {xn} is said to
be multiplicative converging to x, denoted by xn → x (n → ∞).

Proposition . [] Let (X, d) be a multiplicative metric space, {xn} be a sequence in X
and x ∈ X. Then

xn → x (n → ∞) if and only if d(xn, x) →  (n → ∞).

Definition . [] Let (X, d) be a multiplicative metric space, {xn} be a sequence in X.
The sequence {xn} is called multiplicative Cauchy sequence if, for each ε > , there exists
a positive integer N ∈N such that d(xn, xm) < ε for all n, m ≥ N .

Proposition . [] Let (X, d) be a multiplicative metric space and {xn} be a sequence
in X. Then {xn} is a multiplicative Cauchy sequence if and only if d(xn, xm) →  (n, m → ∞).

Definition . [] A multiplicative metric space (X, d) is said to be multiplicative
complete if every multiplicative Cauchy sequence in (X, d) is multiplicative convergent
in X.

Definition . [] Let (X, dX) and (Y , dY ) be two multiplicative metric spaces and f :
X → Y be a function. If for f holds the requirement that, for every ε > , there exists δ > 
such that f (Bδ(x)) ⊂ Bδ(f (x)), then we call f multiplicative continuous at x ∈ X.

Proposition . [] Let (X, dX) and (Y , dY ) be two multiplicative metric spaces, f : X →
Y be a mapping and {xn} be any sequence in X. Then f is multiplicative continuous at x ∈ X
if and only if f (xn) → f (x) for every sequence {xn} with xn → x (n → ∞).
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Proposition . [] Let (X, dX) be a multiplicative metric space, {xn} and {yn} be two
sequences in X such that xn → x, yn → y (n → ∞), x, y ∈ X. Then

d(xn, yn) → d(x, y) (n → ∞).

Definition . The self-maps f and g of a set X are called commutative if fgx = gfx for all
x ∈ X.

Definition . Suppose that f , g are two self-mappings of a multiplicative metric space
(X, d). The pair (f , g) are called weak commutative mappings if d(fgx, gfx) ≤ d(fx, gx) for all
x ∈ X.

Definition . [] Let (X, d) be a multiplicative metric space, and let f : X → X be called
a multiplicative contraction if there exists a real constant λ ∈ (, ] such that d(fx, fy) ≤
d(x, y)λ for all x, y ∈ X.

Theorem . [] Let (X, d) be a multiplicative metric space, and let f : X → X be a mul-
tiplicative contraction. If (X, d) is complete, then f has a unique fixed point.

Recently, He et al. [] proved the following interesting theorems.

Theorem . [] Let S, T , A, and B be self-mappings of a multiplicative metric space X,
they satisfy the following conditions:

(i) SX ⊂ BX , TX ⊂ AX ;
(ii) A and S are weak commutative, B and T also are weak commutative;

(iii) one of S, T , A, and B is continuous;
(iv) d(Sx, Ty) ≤ {max{d(Ax, By), d(Ax, Sx), d(By, Ty), d(Sx, By), d(Ax, Ty)}}λ, λ ∈ (, 

 ),
for all x, y ∈ X .

Then S, T , A, and B have a unique common fixed point.

2 Main results
We start our work by introducing the following two concepts.

Definition . The self-maps f and g of a multiplicative metric space (X, d) are said
to be compatible if limn→∞ d(fgxn, gfxn) = , whenever {xn} is a sequence in X such that
limn→∞ fxn = limn→∞ gxn = t, for some t ∈ X.

Definition . Suppose that f and g are two self-maps of a multiplicative metric space
(X, d). The pair (f , g) are called weakly compatible mappings if fx = gx, x ∈ X implies fgx =
gfx. That is, d(fx, gx) =  ⇒ d(fgx, gfx) = .

Remark . Commutative mappings must be weak commutative mappings, weak com-
mutative mappings must be compatible, compatible mappings must be weakly compatible,
but the converse is not true.

Example . Let X = R and (X, d) be a multiplicative metric space defined by d(x, y) =
e|x–y| for all x, y in X. Let f and g be two self-mappings defined by fx = x, gx =  – x. Then

d(fxn, gxn) = e|xn–|·|x
n+xn+| →  iff xn → 
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and

lim
n→∞ d(fgxn, gfxn) = lim

n→∞ e|xn–| =  if xn → .

Thus f and g are compatible. Note that

d(fg, gf ) = d(, ) = e > e = d(, ) = d(f , g),

so the pair (f , g) is not weakly commuting.

Example . Let X = [, +∞), (X, d) be a multiplicative metric space defined by d(x, y) =
e|x–y| for all x, y in X. Let f and g be two self-mappings defined by

fx =

⎧
⎪⎨

⎪⎩

x, if  ≤ x < ,
, if x = ,
, if  < x < +∞,

gx =

⎧
⎪⎨

⎪⎩

 – x, if  ≤ x < ,
, if x = ,
, if  < x < +∞.

By the definition of the mappings of f and g , only for x = , fx = gx = , at this time fgx =
gfx = , so we see the pair (f , g) is weakly compatible.

For xn =  – 
n ∈ (, ), from the definition of the mappings of f and g we have

lim
n→∞ fxn = lim

n→∞ gxn = ,

but

lim
n→∞ d(fgxn, gfxn) = lim

n→∞ exn = e 
= ,

so the pair (f , g) is not compatible.

Let � denote the set of functions φ : [,∞) → [,∞) satisfying
() φ is nondecreasing and continuous in each coordinate variable;
() for t ≥ ,

ψ(t) = max
{
φ(t, t, t, , t),φ(t, t, t, t, ),φ(t, , , t, t),φ(, t, , t, ),φ(, , t, , t)

} ≤ t.

From now on, unless otherwise stated, we choose φ ∈ �.

Theorem . Let (X, d) be a complete multiplicative metric space, S, T , A, and B be four
mappings of X into itself. Suppose that there exists λ ∈ (, 

 ) such that S(X) ⊂ B(X), T(X) ⊂
A(X), and

d(Sx, Ty) ≤ φ
(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)
(.)

for all x, y ∈ X. Assume one of the following conditions is satisfied:
(a) either A or S is continuous, the pair (S, A) is compatible and the pair (T , B) is weakly

compatible;
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(b) either B or T is continuous, the pair (T , B) is compatible and the pair (S, A) is weakly
compatible.

Then S, T , A, and B have a unique common fixed point.

Proof Let x ∈ X. Since S(X) ⊂ B(X) and T(X) ⊂ A(X), there exist x, x ∈ X such that
y = Sx = Bx and y = Tx = Ax. By induction, there exist sequences {xn} and {yn} in X
such that

yn = Sxn = Bxn+, yn+ = Txn+ = Axn+ (.)

for all n = , , , . . . .
Next, we prove that {yn} is a multiplicative Cauchy sequence in X. In fact, ∀n ∈N, from

(.), (.), and the property of ψ we have

d(yn, yn+) = d(Sxn, Txn+)

≤ φ
(
dλ(Axn, Bxn+), dλ(Axn, Sxn), dλ(Bxn+, Txn+),

dλ(Sxn, Bxn+), dλ(Axn, Txn+)
)

= φ
(
dλ(yn–, yn), dλ(yn–, yn), dλ(yn, yn+),

dλ(yn, yn), dλ(yn–, yn+)
)

≤ φ
(
dλ(yn–, yn), dλ(yn–, yn), dλ(yn, yn+), ,

dλ(yn–, yn) · dλ(yn, yn+)
)

≤ φ
(
dλ(yn–, yn) · dλ(yn, yn+), dλ(yn–, yn) · dλ(yn, yn+),

dλ(yn–, yn) · dλ(yn, yn+), , dλ(yn–, yn) · dλ(yn, yn+)
)

≤ ψ
(
dλ(yn–, yn) · dλ(yn, yn+)

)

≤ dλ(yn–, yn) · dλ(yn, yn+).

This implies that

d(yn, yn+) ≤ d
λ

–λ (yn–, yn) = dh(yn–, yn). (.)

Here h = λ
–λ

∈ (, ).
Similarly, using (.), (.), and the property of ψ , we have

d(yn+, yn+) = d(Txn+, Sxn+) = d(Sxn+, Txn+)

≤ φ
(
dλ(Axn+, Bxn+), dλ(Axn+, Sxn+), dλ(Bxn+, Txn+),

dλ(Sxn+, Bxn+), dλ(Axn+, Txn+)
)

= φ
(
dλ(yn+, yn), dλ(yn+, yn+), dλ(yn, yn+),

dλ(yn+, yn), dλ(yn+, yn+)
)

≤ φ
(
dλ(yn, yn+), dλ(yn+, yn+), dλ(yn, yn+),

dλ(yn, yn+) · dλ(yn+, yn+), 
)



Gu and Cho Fixed Point Theory and Applications  (2015) 2015:165 Page 6 of 19

≤ φ
(
dλ(yn, yn+) · dλ(yn+, yn+), dλ(yn, yn+) · dλ(yn+, yn+),

dλ(yn, yn+) · dλ(yn+, yn+), dλ(yn, yn+) · dλ(yn+, yn+), 
)

≤ ψ
(
dλ(yn, yn+) · dλ(yn+, yn+)

)

≤ dλ(yn, yn+) · dλ(yn+, yn+).

This implies that

d(yn+, yn+) ≤ d
λ

–λ (yn, yn+) = dh(yn, yn+). (.)

It follows from (.) and (.) that, for all n ∈ N, we have

d(yn, yn+) ≤ dh(yn–, yn) ≤ dh (yn–, yn–) ≤ · · · ≤ dhn (y, y).

Therefore, for all n, m ∈N, n < m, by the multiplicative triangle inequality we obtain

d(yn, ym) ≤ d(yn, yn+) · d(yn+, yn+) · · · · · d(ym–, ym)

≤ dhn
(y, y) · dhn+

(y, y) · · · · · dhm–
(y, y)

≤ d
hn
–h (y, y).

This implies that d(yn, ym) →  (n, m → ∞). Hence {yn} is a multiplicative Cauchy se-
quence in X. By the completeness of X, there exists z ∈ X such that yn → z (n → ∞).

Moreover, because

{yn} = {Sxn} = {Bxn+} and {yn+} = {Txn+} = {Axn+}

are subsequences of {yn}, we obtain

lim
n→∞ Sxn = lim

n→∞ Bxn+ = lim
n→∞ Txn+ = lim

n→∞ Axn+ = z. (.)

Next, we prove z is a common fixed point of S, T , A, and B under the condition (a).
Case . Suppose that A is a continuous, then limn→∞ ASxn = limn→∞ Axn = Az. Since

the pair (S, A) is compatible, from (.) we have

lim
n→∞ d(SAxn, ASxn) = lim

n→∞ d(SAxn, Az) = ,

that is, limn→∞ SAxn = Az. By using (.) and (.) we have

d(SAxn, Txn+) ≤ φ
(
dλ

(
Axn, Bxn+

)
, dλ

(
Axn, SAxn

)
, dλ(Bxn+, Txn+),

dλ(SAxn, Bxn+), dλ
(
Axn, Txn+

))
.

Taking n → ∞ on the two sides of the above inequality, using (.) and the property of ψ ,
we get

d(Az, z) ≤ φ
(
dλ(Az, z), dλ(Az, Az), dλ(z, z), dλ(Az, z), dλ(Az, z)

)

= φ
(
dλ(Az, z), , , dλ(Az, z), dλ(Az, z)

)
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≤ ψ
(
dλ(Az, z)

)

≤ dλ(Az, z).

This means that d(Az, z) = , that is, Az = z. Again applying (.) and (.), we obtain

d(Sz, Txn+) ≤ φ
(
dλ(Az, Bxn+), dλ(Az, Sz), dλ(Bxn+, Txn+),

dλ(Sz, Bxn+), dλ(Az, Txn+)
)
.

Letting n → ∞ on both sides in the above inequality, using Az = z, (.), and the property
of ψ , we can obtain

d(Sz, z) ≤ φ
(
dλ(z, z), dλ(z, Sz), dλ(z, z), dλ(Sz, z), dλ(z, z)

)

= φ
(
, dλ(Sz, z), , dλ(Sz, z), 

)

≤ ψ
(
dλ(Sz, z)

)

≤ dλ(Sz, z).

This implies that d(Sz, z) = , that is, Sz = z.
On the other hand, since z = Sz ∈ SX ⊂ BX, there exists z∗ ∈ X such that z = Sz = Bz∗.

By using (.), z = Sz = Az = Bz∗, and the property of ψ , we can obtain

d
(
z, Tz∗) = d

(
Sz, Tz∗)

≤ φ
(
dλ

(
Az, Bz∗), dλ(Az, Sz), dλ

(
Bz∗, Tz∗), dλ

(
Sz, Bz∗), dλ

(
Az, Tz∗))

= φ
(
dλ(z, z), dλ(z, z), dλ

(
z, Tz∗), dλ(z, z), dλ

(
z, Tz∗))

= φ
(
, , dλ

(
z, Tz∗), , dλ

(
z, Tz∗))

≤ ψ
(
dλ

(
z, Tz∗))

≤ dλ
(
z, Tz∗).

This implies that d(z, Tz∗) = , and so Tz∗ = z = Bz∗. Since the pair (T , B) is weakly com-
patible, we have

Tz = TBz∗ = BTz∗ = Bz.

Now we prove that Tz = z. From (.) and the property of ψ , we have

d(z, Tz) = d(Sz, Tz)

≤ φ
(
dλ(Az, Bz), dλ(Az, Sz), dλ(Bz, Tz), dλ(Sz, Bz), dλ(Az, Tz)

)

= φ
(
dλ(z, Tz), dλ(z, z), dλ(Tz, Tz), dλ(z, Tz), dλ(z, Tz)

)

= φ
(
dλ(z, Tz), , , dλ(z, Tz), dλ(z, Tz)

)

≤ ψ
(
dλ(z, Tz)

)

≤ dλ(z, Tz).

This implies that d(z, Tz) = , so z = Tz.
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Therefore, we obtain z = Sz = Az = Tz = Bz, so z is a common fixed point of S, T , A,
and B.

Case . Suppose that S is continuous, then limn→∞ SAxn = limn→∞ Sxn = Sz. Since the
pair (S, A) is compatible, from (.) we have

lim
n→∞ d(SAxn, ASxn) = lim

n→∞ d(Sz, ASxn) = ,

that is, limn→∞ ASxn = Sz. From (.) and (.) we obtain

d
(
Sxn, Txn+

) ≤ φ
(
dλ(ASxn, Bxn+), dλ

(
ASxn, Sxn

)
, dλ(Bxn+, Txn+),

dλ
(
Sxn, Bxn+

)
, dλ(ASxn, Txn+)

)
.

Taking n → ∞ on the two sides of the above inequality, using (.) and the property of ψ ,
we can get

d(Sz, z) ≤ φ
(
dλ(Sz, z), dλ(Sz, Sz), dλ(z, z), dλ(Sz, z), dλ(Sz, z)

)

= φ
(
dλ(Sz, z), , , dλ(Sz, z), dλ(Sz, z)

)

≤ ψ
(
dλ(Sz, z)

)

≤ dλ(Sz, z).

This means that d(Sz, z) = , this is Sz = z.
Since z = Sz ∈ SX ⊂ BX, there exists z∗ ∈ X such that z = Sz = Bz∗. From (.) we have

d
(
Sxn, Tz∗) ≤ φ

(
dλ

(
ASxn, Bz∗), dλ

(
ASxn, Sxn

)
, dλ

(
Bz∗, Tz∗),

dλ
(
Sxn, Bz∗), dλ

(
ASxn, Tz∗)).

Letting n → ∞, using z = Sz = Bz∗ and the property of ψ , we can obtain

d
(
z, Tz∗) ≤ φ

(
dλ

(
Sz, Bz∗), dλ(Sz, Sz), dλ

(
z, Tz∗), dλ(Sz, z), dλ

(
Sz, Tz∗))

= φ
(
dλ(z, z), dλ(z, z), dλ

(
z, Tz∗), dλ(z, z), dλ

(
z, Tz∗))

= φ
(
, , dλ

(
z, Tz∗), , dλ

(
z, Tz∗))

≤ ψ
(
dλ

(
z, Tz∗))

≤ dλ
(
z, Tz∗).

This implies that d(z, Tz∗) = , and so Tz∗ = z = Bz∗. Since the pair (T , B) is weakly com-
patible, we obtain

Tz = TBz∗ = BTz∗ = Bz.

So Tz = Bz. By (.) and the property of ψ , we have

d(Sxn, Tz) ≤ φ
(
dλ(Axn, Bz), dλ(Axn, Sxn), dλ(Bz, Tz),

dλ(Sxn, Bz), dλ(Axn, Tz)
)
.
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Taking n → ∞ on the two sides of the above inequality, using Bz = Tz and the property of
ψ , we can get

d(z, Tz) ≤ φ
(
dλ(z, Bz), dλ(z, z), dλ(Bz, Tz), dλ(z, Bz), dλ(z, Tz)

)

= φ
(
dλ(z, Tz), dλ(z, z), dλ(Tz, Tz), dλ(z, Tz), dλ(z, Tz)

)

= φ
(
dλ(z, Tz), , , dλ(z, Tz), dλ(z, Tz)

)

≤ ψ
(
dλ(z, Tz)

)

≤ dλ(z, Tz).

This implies that d(z, Tz) = , so z = Tz = Bz.
On the other hand, since z = Tz ∈ TX ⊂ AX, there exists z∗∗ ∈ X such that z = Tz = Az∗∗.

By (.), using Tz = Bz = z and the property of ψ , we can obtain

d
(
Sz∗∗, z

)
= d

(
Sz∗∗, Tz

)

≤ φ
(
dλ

(
Az∗∗, Bz

)
, dλ

(
Az∗∗, Sz∗∗), dλ(Bz, Tz), dλ

(
Sz∗∗, Bz

)
, dλ

(
Az∗∗, Tz

))

= φ
(
dλ(z, z), dλ

(
z, Sz∗∗), dλ(z, z), dλ

(
Sz∗∗, z

)
, dλ(z, z)

)

= φ
(
, dλ

(
Sz∗∗, z

)
, , dλ

(
Sz∗∗, z

)
, 

)

≤ ψ
(
dλ

(
Sz∗∗, z

))

≤ dλ
(
Sz∗∗, z

)
.

This implies that d(Sz∗∗, z) = , and so Sz∗∗ = z = Az∗∗.
Since the pair (S, A) is compatible,

d(Sz, Az) = d
(
SAz∗∗, ASz∗∗) = d(z, z) = .

So Az = Sz. Hence z = Sz = Az = Tz = Bz.
Next, we prove that S, T , A, and B have a unique common fixed point. Suppose that

w ∈ X is also a common fixed point of S, T , A and B, then

d(z, w) = d(Sz, Tw)

≤ φ
(
dλ(Az, Bw), dλ(Az, Sz), dλ(Bw, Tw), dλ(Sz, Bw), dλ(Az, Tw)

)

= φ
(
dλ(z, w), dλ(z, z), dλ(w, w), dλ(z, w), dλ(z, w)

)

= φ
(
dλ(z, w), , , dλ(z, w), dλ(z, w)

)

≤ ψ
(
dλ(z, w)

)

≤ dλ(z, w).

This implies that d(z, w) = , and so w = z. Therefore, z is a unique common fixed point of
S, T , A, and B.

Finally, if condition (b) holds, then the argument is similar to that above, so we delete it.
This completes the proof. �
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Remark . Theorem . generalizes and extends the corresponding results of He et al.
[], Theorem . and Kang et al. [], Theorem ..

Example . Let X = [, ], and (X, d) be a multiplicative metric space defined by d(x, y) =
e|x–y| for all x, y in X. Let S, T , A, and B be four self-mappings defined by

Sx =



, ∀x ∈ [, ], Tx =

{

 , x ∈ [, ],

 , x ∈ (, ],

Ax =

⎧
⎪⎨

⎪⎩

, x ∈ [, ],

 , x ∈ (, ),

 , x = ,

Bx =

⎧
⎪⎨

⎪⎩


 , x ∈ [, ],

 , x ∈ (, ),
, x = .

Note that S is multiplicative continuous in X, and T , A, and B are not multiplicative con-
tinuous mappings in X.

(i) Clearly we can get S(X) ⊂ B(X) and T(X) ⊂ A(X).
(ii) By the definition of the mappings of S and A, only for {xn} ⊂ (, ), we have

lim
n→∞ Sxn = lim

n→∞ Axn = t =



.

At this time

lim
n→∞ d(SAxn, ASnx) = d

(



,



)

= ,

so we can see the pair (S, A) is compatible.
By the definition of the mappings of T and B, only for x ∈ (, ), Tx = Bx = 

 , TBx =
T( 

 ) = 
 = B( 

 ) = BTx, so TBx = BTx, thus we can see the pair (T , B) to be weakly com-
patible.

(iii) Now we prove that the mappings S, T , A, and B satisfy the condition (.) of Theo-
rem . with λ = 

 and φ(t, t, t, t, t) = 
 (t + t + t + t + t). For this, we consider the

following cases:
Case . If x, y ∈ [, ], then

d(Sx, Ty) = d
(




,



)

= e



and

φ
(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)

= φ

(

d



(

,



)

, d



(

,



)

, d



(



,



)

, d



(



,



)

, d



(

,



))

= φ
(
e


 , e


 , e, e


 , e

)

=


(
e


 + e


 + e + e


 + e

)

= e

 · 


(
 + e– 

 + e

 + e


 + e



)

> e

 .
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Thus we have

d(Sx, Ty) = e

 < φ

(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)
.

Case . If x ∈ [, ], y ∈ (, ], then we obtain

d(Sx, Ty) = d
(




,



)

=  ≤ φ
(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)
.

Case . If x ∈ (, ), y ∈ [, ], then

d(Sx, Ty) = d
(




,



)

= e



and

φ
(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)

= φ

(

d



(



,



)

, d



(



,



)

, d



(



,



)

, d



(



,



)

, d



(



,



))

= φ
(
e


 , , e, e


 , e



)

=


(
e


 , , e, e


 , e



)

= e

 · 


(
e


 + e– 

 + e

 + e


 + e– 


)

> e

 .

Hence we have

d(Sx, Ty) = e

 < φ

(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)
.

Case . If x = , y ∈ [, ], then

d(Sx, Ty) = d
(




,



)

= e



and

φ
(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)

= φ

(

d



(



,



)

, d



(



,



)

, d



(



,



)

, d



(



,



)

, d



(



,



))

= φ
(
e, e


 , e, e


 , 

)

=


(
e + e


 + e + e


 + 

)

= e

 · 


(
e


 + e– 

 + e

 + e


 + e– 


)

> e

 .
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Hence we have

d(Sx, Ty) = e

 < φ

(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)
.

Case . If x, y ∈ (, ], then

d(Sx, Ty) = d
(




,



)

=  ≤ φ
(
dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)

)
.

Then in all the above cases, the mappings S, T , A, and B satisfy the condition (.) of
Theorem . with λ = 

 and φ(t, t, t, t, t) = 
 (t + t + t + t + t). So all the conditions

of Theorem . are satisfied. Moreover, 
 is the unique common fixed point for all of the

mappings S, T , A, and B.

Theorem . Let (X, d) be a complete multiplicative metric space, S, T , A, and B be four
mappings of X into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that S(X) ⊂

B(X), T(X) ⊂ A(X), and

d
(
Spx, Tqy

) ≤ φ
(
dλ(Ax, By), dλ

(
Ax, Spx

)
, dλ

(
By, Tqy

)
, dλ

(
Spx, By

)
, dλ

(
Ax, Tqy

))
(.)

for all x, y ∈ X. Assume the following conditions are satisfied:
(a) the pairs (S, A) and (T , B) are commutative mappings;
(b) one of S, T , A, and B is continuous.
Then S, T , A, and B have a unique common fixed point.

Proof From S(X) ⊂ B(X), T(X) ⊂ A(X) we have

SpX ⊂ Sp–X ⊂ · · · ⊂ SX ⊂ SX ⊂ BX

and

TqX ⊂ Tq–X ⊂ · · · ⊂ TX ⊂ TX ⊂ AX.

Since the pairs (S, A) and (T , B) are commutative mappings,

SpA = Sp–SA = Sp–AS = Sp–(SA)S = Sp–AS = · · · = ASp

and

TqB = Tq–TB = Tq–BT = Tq–(TB)T = Tq–BT = · · · = BTq.

That is to say, SpA = ASp and TqB = BTq.
It follows from Remark . that the pairs (Sp, A) and (Tq, B) are compatible and also

weakly compatible. Therefore, by Theorem ., we can find that Sp, Tq, A, and B have a
unique common fixed point z.
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In addition, we prove that S, T , A, and B have a unique common fixed point. From (.)
and the property of ψ we have

d(Sz, z) = d
(
Sp(Sz), Tqz

)

≤ φ
(
dλ(ASz, Bz), dλ

(
ASz, Sp(Sz)

)
, dλ

(
Bz, Tqz

)
, dλ

(
Sp(Sz), Bz

)
, dλ

(
ASz, Tqz

))

= φ
(
dλ(Sz, z), dλ(Sz, Sz), dλ(z, z), dλ(Sz, z), dλ(Sz, z)

)

= φ
(
dλ(Sz, z), , , dλ(Sz, z), dλ(Sz, z)

)

≤ ψ
(
dλ(Sz, z)

)

≤ dλ(Sz, z).

This implies that d(Sz, z) = , so Sz = z.
On the other hand, we have

d(z, Tz) = d
(
Spz, Tq(Tz)

)

≤ φ
(
dλ(Az, BTz), dλ

(
Az, Spz

)
, dλ

(
BTz, Tq(Tz)

)
, dλ

(
Spz, BTz

)
, dλ

(
Az, Tq(Tz)

))

= φ
(
dλ(Sz, z), dλ(z, z), dλ(Tz, Tz), dλ(z, Tz), dλ(z, Tz)

)

= φ
(
dλ(Sz, z), , , dλ(z, Tz), dλ(z, Tz)

)

≤ ψ
(
dλ(z, Tz)

)

≤ dλ(z, Tz).

This implies that d(z, Tz) = , i.e., Tz = z.
Therefore, we obtain Sz = Tz = Az = Bz = z, so z is a common fixed point of S, T , A,

and B.
Finally, we prove that S, T , A, and B have a unique common fixed point. Suppose that

w ∈ X is also a common fixed point of S, T , A and B, then

d(z, w) = d
(
Spz, Tqw

)

≤ φ
(
dλ(Az, Bw), dλ

(
Az, Spz

)
, dλ

(
Bw, Tqw

)
, dλ

(
Spz, Bw

)
, dλ

(
Az, Tqw

))

= φ
(
dλ(z, w), dλ(z, z), dλ(w, w), dλ(z, w), dλ(z, w)

)

= φ
(
dλ(z, w), , , dλ(z, w), dλ(z, w)

)

≤ ψ
(
dλ(z, w)

)

≤ dλ(z, w).

This implies that d(z, w) = , and so w = z. Therefore, z is a unique common fixed point of
S, T , A, and B. �

Remark . Theorem . generalizes and extends the corresponding results of He et al.
[], Theorem ..

By taking φ(t, t, t, t, t) = max{t, t, t, t, t} in Theorems . and ., we have the fol-
lowing results.
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Corollary . Let (X, d) be a complete multiplicative metric space, S, T , A, and B be four
mappings of X into itself. Suppose that there exists λ ∈ (, 

 ) such that S(X) ⊂ B(X), T(X) ⊂
A(X), and

d(Sx, Ty) ≤ max
{

dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)
}

(.)

for all x, y ∈ X. Assume one of the following conditions is satisfied:
(a) either A or S is continuous, the pair (S, A) is compatible and the pair (T , B) is weakly

compatible;
(b) either B or T is continuous, the pair (T , B) is compatible and the pair (S, A) is weakly

compatible.
Then S, T , A, and B have a unique common fixed point.

Remark . Theorem . of [] is a special case of Corollary .. Corollary . also im-
proves and extends Theorem . of Kang et al. [].

Corollary . Let (X, d) be a complete multiplicative metric space, S, T , A, and B be four
mappings of X into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that S(X) ⊂

B(X), T(X) ⊂ A(X), and

d
(
Spx, Tqy

) ≤ max
{

dλ(Ax, By), dλ
(
Ax, Spx

)
, dλ

(
By, Tqy

)
,

dλ
(
Spx, By

)
, dλ

(
Ax, Tqy

)}
(.)

for all x, y ∈ X. Assume the following conditions are satisfied:
(a) the pairs (S, A) and (T , B) are commutative mappings;
(b) one of S, T , A, and B is continuous.
Then S, T , A, and B have a unique common fixed point.

Remark . Theorem . of [] is a special case of Corollary ..

Now we introduce an example to support Corollary ..

Example . Let X = [, ], and (X, d) be a multiplicative metric space defined by d(x, y) =
e|x–y| for all x, y in X. Let S, T , A, and B be four self-mappings defined by

Sx =



, ∀x ∈ [, ], Tx =

{

 , x ∈ [, ],

 , x ∈ (, ],

Ax =

⎧
⎪⎨

⎪⎩

, x ∈ [, ],

 , x ∈ (, ),

 , x = ,

Bx =

⎧
⎪⎨

⎪⎩


 , x ∈ [, ],

 , x ∈ (, ),
, x = .

Clearly we can get S(X) ⊂ B(X) and T(X) ⊂ A(X).
Note that T , A, and B are not multiplicative continuous mappings, and S is multiplicative

continuous in X.
By the definition of the mappings of S and A, we have

d(SAx, ASx) = d
(




,



)

=  ≤ d(Sx, Ax),
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which implies that the pair (S, A) is weak commutative. Therefore, the pair (S, A) must be
compatible.

Clearly, only for x ∈ (, ), Tx = Bx = 
 , TBx = T( 

 ) = 
 = B( 

 ) = BTx, so TBx = BTx, thus
we can see the pair (T , B) to be weakly compatible.

Now we prove that the mappings S, T , A, and B satisfy the condition (.) of Corollary .
with λ = 

 . For this, we let

M(x, y) = max
{

d

 (Ax, By), d


 (Ax, Sx), d


 (By, Ty), d


 (Sx, By), d


 (Ax, Ty)

}
.

Case . If x, y ∈ [, ], then we have

d(Sx, Ty) = d
(




,



)

= e

 < e


 · 

 = d



(



,



)

= d

 (By, Ty) ≤ M(x, y).

Case . If x ∈ [, ], y ∈ (, ], then

d(Sx, Ty) = d
(




,



)

=  ≤ M(x, y).

Case . If x ∈ (, ], y ∈ [, ], then

d(Sx, Ty) = d
(




,



)

= e

 < e


 · 

 = d



(



,



)

= d

 (By, Ty) ≤ M(x, y).

Case . If x, y ∈ (, ], then

d(Sx, Ty) = d
(




,



)

=  ≤ M(x, y).

Then in all the above cases, the mappings S, T , A, and B satisfy the condition (.) of
Corollary . with λ = 

 . So all the conditions of Corollary . are satisfied. Moreover, 
 is

the unique common fixed point for all of the mappings S, T , A, and B.

Remark . Note that Example . satisfies all the hypotheses of Corollary .. But Ex-
ample . does not satisfy the hypotheses of Theorem .. In fact, since

d(TB, BT) = d
(

T, B
(




))

= d
(




,



)

= e



and

d(T, B) = d
(




, 
)

= e

 .

Thus d(TB, BT) > d(T, B), and so the pair (T , B) is not weak commutative.

Corollary . Let (X, d) be a complete multiplicative metric space, S, T , A, and B be four
mappings of X into itself. Suppose that there exists λ ∈ (, 

 ) such that S(X) ⊂ B(X), T(X) ⊂
A(X), and

d(Sx, Ty) ≤ adλ(Ax, By) + adλ(Ax, Sx)

+ adλ(By, Ty) + adλ(Sx, By) + adλ(Ax, Ty) (.)
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for all x, y ∈ X. Here a, a, a, a, a ≥  and  < a + a + a + a + a ≤ . Assume one of
the following conditions is satisfied:

(a) either A or S is continuous, the pair (S, A) is compatible and the pair (T , B) is weakly
compatible;

(b) either B or T is continuous, the pair (T , B) is compatible and the pair (S, A) is weakly
compatible.

Then S, T , A, and B have a unique common fixed point.

Proof Suppose the condition (.) hold. For x, y, z ∈ X, let

M(x, y, z) = max
{

dλ(Ax, By), dλ(Ax, Sx), dλ(By, Ty), dλ(Sx, By), dλ(Ax, Ty)
}

.

Then

adλ(Ax, By) + adλ(Ax, Sx) + adλ(By, Ty) + adλ(Sx, By) + adλ(Ax, Ty)

≤ (a + a + a + a + a)M(x, y, z)

≤ M(x, y, z).

So, if (.) holds, then d(Sx, Ty) ≤ M(x, y, z) for all x, y, z ∈ X. Then the conclusion of Corol-
lary . can be obtained from Corollary . immediately. �

Corollary . Let (X, d) be a complete multiplicative metric space, S, T , A, and B be four
mappings of X into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that S(X) ⊂

B(X), T(X) ⊂ A(X) and

d
(
Spx, Tqy

) ≤ adλ(Ax, By) + adλ
(
Ax, Spx

)

+ adλ
(
By, Tqy

)
+ adλ

(
Spx, By

)
+ adλ

(
Ax, Tqy

)
(.)

for all x, y ∈ X. Here a, a, a, a, a ≥  and  < a + a + a + a + a ≤ . Assume the
following conditions are satisfied:

(a) the pairs (S, A) and (T , B) are commutative mappings;
(b) one of S, T , A, and B is continuous.
Then S, T , A, and B have a unique common fixed point.

Proof It is similar to the proof of Theorem .. �

By taking A = B = I (the identity mappings) in Theorems . and ., and Corollaries .
and ., we have the following results.

Corollary . Let (X, d) be a complete multiplicative metric space, S and T be two map-
pings of X into itself. Suppose that there exists λ ∈ (, 

 ) such that

d(Sx, Ty) ≤ φ
(
dλ(x, y), dλ(x, Sx), dλ(y, Ty), dλ(Sx, y), dλ(x, Ty)

)
(.)

for all x, y ∈ X. Then S and T have a unique common fixed point.
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Corollary . Let (X, d) be a complete multiplicative metric space, S and T be two map-
pings of X into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that

d
(
Spx, Tqy

) ≤ φ
(
dλ(x, y), dλ

(
x, Spx

)
, dλ

(
y, Tqy

)
, dλ

(
Spx, y

)
, dλ

(
x, Tqy

))
(.)

for all x, y ∈ X. Then S and T have a unique common fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, S and T be two map-
pings of X into itself. Suppose that there exists λ ∈ (, 

 ) such that

d(Sx, Ty) ≤ max
{

dλ(x, y), dλ(x, Sx), dλ(y, Ty), dλ(Sx, y), dλ(x, Ty)
}

(.)

for all x, y ∈ X. Then S and T have a unique common fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, S and T be two map-
pings of X into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that

d
(
Spx, Tqy

) ≤ max
{

dλ(x, y), dλ
(
x, Spx

)
, dλ

(
y, Tqy

)
, dλ

(
Spx, y

)
, dλ

(
x, Tqy

)}
(.)

for all x, y ∈ X. Then S and T have a unique common fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, S and T be two map-
pings of X into itself. Suppose that there exists λ ∈ (, 

 ) such that

d(Sx, Ty) ≤ adλ(x, y) + adλ(x, Sx)

+ adλ(y, Ty) + adλ(Sx, y) + adλ(x, Ty) (.)

for all x, y ∈ X. Here a, a, a, a, a ≥  and  < a + a + a + a + a ≤ . Then S and T
have a unique common fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, S and T be two map-
pings of X into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that

d
(
Spx, Tqy

) ≤ adλ(x, y) + adλ
(
x, Spx

)

+ adλ
(
y, Tqy

)
+ adλ

(
Spx, y

)
+ adλ

(
x, Tqy

)
(.)

for all x, y ∈ X. Here a, a, a, a, a ≥  and  < a + a + a + a + a ≤ . Then S and T
have a unique common fixed point.

By taking S = T in Corollaries .-., we have the following results.

Corollary . Let (X, d) be a complete multiplicative metric space, S be a mapping of X
into itself. Suppose that there exists λ ∈ (, 

 ) such that

d(Tx, Ty) ≤ φ
(
dλ(x, y), dλ(x, Tx), dλ(y, Ty), dλ(Tx, y), dλ(x, Ty)

)
(.)

for all x, y ∈ X. Then T have a unique fixed point.
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Corollary . Let (X, d) be a complete multiplicative metric space, T be a mapping of X
into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that

d
(
Tpx, Tqy

) ≤ φ
(
dλ(x, y), dλ

(
x, Tpx

)
, dλ

(
y, Tqy

)
, dλ

(
Tpx, y

)
, dλ

(
x, Tqy

))
(.)

for all x, y ∈ X. Then T have a unique fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, T be a mapping of X
into itself. Suppose that there exists λ ∈ (, 

 ) such that

d(Tx, Ty) ≤ max
{

dλ(x, y), dλ(x, Tx), dλ(y, Ty), dλ(Tx, y), dλ(x, Ty)
}

(.)

for all x, y ∈ X. Then T has a unique fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, T be a mapping of X
into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that

d
(
Tpx, Tqy

) ≤ max
{

dλ(x, y), dλ
(
x, Tpx

)
, dλ

(
y, Tqy

)
, dλ

(
Tpx, y

)
, dλ

(
x, Tqy

)}
(.)

for all x, y ∈ X. Then T has a unique fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, T be a mapping of X
into itself. Suppose that there exists λ ∈ (, 

 ) such that

d(Tx, Ty) ≤ adλ(x, y) + adλ(x, Tx)

+ adλ(y, Ty) + adλ(Tx, y) + adλ(x, Ty) (.)

for all x, y ∈ X. Here a, a, a, a, a ≥  and  < a + a + a + a + a ≤ . Then T has a
unique fixed point.

Corollary . Let (X, d) be a complete multiplicative metric space, T be a mapping of X
into itself. Suppose that there exist λ ∈ (, 

 ) and p, q ∈ Z
+ such that

d
(
Tpx, Tqy

) ≤ adλ(x, y) + adλ
(
x, Tpx

)

+ adλ
(
y, Tqy

)
+ adλ

(
Tpx, y

)
+ adλ

(
x, Tqy

)
(.)

for all x, y ∈ X. Here a, a, a, a, a ≥  and  < a + a + a + a + a ≤ . Then T has a
unique fixed point.
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23. Özavşar, M, Çevikel, AC: Fixed point of multiplicative contraction mappings on multiplicative metric spaces (2012).

arXiv:1205.5131v1 [math.GM]
24. He, X, Song, M, Chen, D: Common fixed points for weak commutative mappings on a multiplicative metric space.

Fixed Point Theory Appl. 2013, Article ID 48 (2013)
25. Abbas, M, Ali, B, Suleiman, YI: Common fixed points of locally contractive mappings in multiplicative metric spaces

with application. Int. J. Math. Math. Sci. 2015, Article ID 218683 (2015). doi:10.1155/2015/218683
26. Kang, SM, Kumar, P, Kumar, S, Nagpal, P, Garg, SK: Common fixed points for compatible mappings and its variants in

multiplicative metric spaces. Int. J. Pure Appl. Math. 102(2), 383-406 (2015)

http://dx.doi.org/10.1155/2008/189870
http://arxiv.org/abs/arXiv:1205.5131v1
http://dx.doi.org/10.1155/2015/218683

	Common ﬁxed point results for four maps satisfying phi-contractive condition in multiplicative metric spaces
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Main results
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


