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Abstract
LetA be an index set, and C = {Cα}α∈A ∈ [1;∞)A. Fuzzy quasi-triangular space is
defined to be (X ,MC;A,∗), where X is a nonempty set, a fuzzy family
MC;A = {Mα : X × X × (0;∞) → (0; 1],α ∈ A} satisfies ∀α∈A∀x,y,z∈X∀t,s∈(0;∞){Mα (x, y, t) ∗
Mα (y, z, s)≤ Mα (x, z,Cα (t + s))}, and ∗ is the continuous t-norm ∗ : [0; 1]× [0; 1] → [0; 1].
In (X ,MC;A ,∗), left (right) G-families andW-familiesKC;A generated byMC;A (KC;A
generalizeMC;A) are defined and described. Using familiesKC;A, three kinds of left
(right) fuzzy sets of Pompeiu-Hausdorff type on 2X × 2X × (0;∞) are introduced.
Using these fuzzy sets, three kinds of left (right) set-valued fuzzy contractions
T : X → 2X are constructed, and for such fuzzy contractions, conditions guaranteeing
the existence of periodic points and left (right)MC;A-convergence to these periodic
points of dynamic processes (wm :m ∈ {0} ∪N), wm ∈ T (wm–1) form ∈ N, starting at
w0 ∈ X , are established. Moreover, in (X ,MC;A ,∗), using left (right) G-families and
W-familiesKC;A generated byMC;A, two kinds of left (right) single-valued fuzzy
contractions T : X → X are constructed, and for such fuzzy contractions, the
convergence, existence, approximation, uniqueness, periodic point, and fixed point
result is also obtained. Examples are provided.
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1 Introduction
Let X be a (nonempty) set. A map M : X × X × [;∞) → [; ] or M : X × X × (;∞) →
[; ] is called a fuzzy set (Zadeh []). The set X, together with a fuzzy set M and with
a continuous t-norm ∗, is called a fuzzy space and is denoted by (X, M,∗). We recall the
definition of Schweizer and Sklar [].

Definition . A binary operation ∗ : [; ]×[; ] → [; ] is called a continuous t-norm if
∗ satisfies the following conditions: (i) a∗b = b∗a; (ii) a∗b ≤ c∗d for a ≤ c, b ≤ d; (iii) (a∗
b) ∗ c = a ∗ (b ∗ c); (iv) a ∗  = a; (v) ∗ is continuous, that is, for all convergent sequences
(xm : m ∈ N) and (ym : m ∈ N) in [; ], limm→∞(xm ∗ ym) = limm→∞ xm ∗ limm→∞ ym. Here
a, b, c, d ∈ [; ].
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The following fuzzy spaces are well known: fuzzy metric spaces (Kramosil and Michalek
[], George and Veeramani []), fuzzy quasi-metric and fuzzy quasi-pseudometric spaces
(Gregori and Romaguera []), intuitionistic fuzzy metric spaces (Park []), fuzzy uniform
spaces (Lowen and Wuyts []), fuzzy quasi-uniform spaces (Hutton []), and fuzzy topo-
logical spaces (Hutton []).

The following fuzzy metric space is a fuzzy version of probabilistic metric space.

Definition . A fuzzy metric space (in the sense of Kramosil and Michalek []) is an
ordered triple (X, M,∗) where M : X ×X × [;∞) → [; ] satisfies (i) ∀x,y∈X{M(x, y, ) = },
(ii) ∀x∈X∀t∈(;∞){M(x, x, t) = }, (iii) ∀x,y∈X{∃t∈(;∞){M(x, y, t) = } implies x = y}, (iv) ∀x,y∈X

∀t∈(;∞){M(x, y, t) = M(y, x, t)}, (v) ∀x,y,z∈X∀t,s∈(;∞){M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s)}, and
(vi) ∀x,y∈X{M(x, y, ·) : [;∞) → [; ] is left continuous}.

When (i)-(vi) hold, we will say that (X, M,∗) is a KM-fuzzy metric space.

New fuzzy metric spaces and a study of a Hausdorff topology in these spaces appeared
in [].

Definition . A fuzzy metric space (in the sense of George and Veeramani []) is an or-
dered triple (X, M,∗) where M : X × X × (;∞) → (; ] satisfies (i) ∀x,y∈X∀t∈(;∞){M(x,
y, t) > }, (ii) ∀x∈X∀t∈(;∞){M(x, x, t) = }, (iii) ∀x,y∈X{∃t∈(;∞){M(x, y, t) = } implies x =
y}, (iv) ∀x,y∈X∀t∈(;∞){M(x, y, t) = M(y, x, t)}, (v) ∀x,y,z∈X∀t,s∈(;∞){M(x, y, t) ∗ M(y, z, s) ≤
M(x, z, t + s)}, and (vi) ∀x,y∈X{M(x, y, ·) : (;∞) → (; ] is continuous}.

When (i)-(vi) hold, we will say that (X, M,∗) is a GV -fuzzy metric space.

Note that these two concepts of fuzziness of metric spaces and the following two kinds
of completeness in these spaces are important in the rich literature concerning fuzzy fixed
point theory (see [–] and [–]).

Definition . (Grabiec []) Let (X, M,∗) be a KM-fuzzy metric space. A sequence (xm :
m ∈N) ⊂ X is called G-Cauchy if

∀t∈(;∞)∀p∈N
{

lim
m→∞ M(xm, xm+p, t) = 

}
. (.)

A sequence (xm : m ∈ N) ⊂ X converges to x ∈ X if ∀t∈(;∞){limm→∞ M(xm, x, t) = }.
(X, M,∗) is called G-complete if every G-Cauchy sequence in X is convergent in X.

Definition . (George and Veeramani []) Let (X, M,∗) be a GV -fuzzy metric space.
A sequence (xm : m ∈ N) ⊂ X is called M-Cauchy if

∀t∈(;∞)

{
lim

n,m→∞ M(xn, xm, t) = 
}

. (.)

A sequence (xm : m ∈ N) ⊂ X converges to x ∈ X if ∀t∈(;∞){limm→∞ M(xm, x, t) = }.
(X, M,∗) is called M-complete if every M-Cauchy sequence in X is convergent in X.

Note that an M-Cauchy sequence (see (.)) is a G-Cauchy sequence (see (.)), and the
converse is not always true.
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It is widely recognized that the existence, uniqueness, convergence, approximation, and
fixed point result concerning single-valued contractions in complete metric spaces of
Banach [] (see also Caccioppoli []) deeply influenced the direction of fixed point the-
ory.

Theorem . ([]) Let (X, d) be a complete metric space. If T : X → X and

∃λ∈[;)∀x,y∈X
{

d
(
T(x), T(y)

)≤ λd(x, y)
}

, (.)

then the following are true: (i) T has a unique fixed point w in X (i.e., there exists w ∈ X such
that w = T(w) and Fix(T) = {w}); and (ii) for each w ∈ X, the sequence (T [m](w) : m ∈ N)
converges to w.

The version of Theorem . for single-valued maps T : X → X satisfying the contractive
condition

∃λ∈(;)∀x,y∈X∀t∈(;∞)
{

M
(
T(x), T(y),λt

)≥ M(x, y, t)
}

(.)

in G-complete KM-fuzzy metric spaces was proved by Grabiec [].
The methods and ideas introduced by Banach and Caccioppoli were generalized in var-

ious ways to analyze and solve an astonishing variety of convergence, existence, and ap-
proximation problems. Nadler’s work (see [, ]) on the existence of fixed points was
another major advance in this topic since it applies to the set-valued dynamic systems.

Theorem . ([, ]) Let (X, d) be a complete metric space. If T : X → CB(X) and

∃λ∈[;)∀x,y∈X
{

Hd(T(x), T(y)
)≤ λd(x, y)

}
, (.)

then Fix(T) �= ∅ (i.e., there exists w ∈ X such that w ∈ T(w)).

Here CB(X) is the class of all nonempty closed and bounded subsets of the metric space
(X, d), and Hd is the Pompeiu-Hausdorff metric on CB(X) × CB(X) of the form

Hd(U , W ) = max
{

sup
u∈U

d(u, W ), sup
w∈W

d(w, U)
}

, U , W ∈ CB(X), (.)

where d(x, V ) = infv∈V d(x, v) for x ∈ X and V ∈ CB(X).
There have been further new ideas, results, and perspectives on fuzzy fixed point the-

ory in recent years concerning fuzzy extensions of Theorem . in the case of set-valued
contractions with nonempty compact values.

New and important fixed point and endpoint results for set-valued fuzzy contractions
T : X →K(X) in M-complete GV -fuzzy metric spaces (X, M,∗) satisfying the contractive
conditions

∃λ∈(;)∀x,y∈X∀t∈(;∞)
{

HM
(
T(x), T(y),λt

)≥ M(x, y, t)
}

(.)

(and their generalizations) are proved by Kiany and Amini-Harandi []; here the Pom-
peiu-Hausdorff fuzzy metrics HM on K(X) ×K(X) × (;∞) is of the form

HM(U , W , t) = min
{

inf
u∈U

M(u, W , t), inf
w∈W

M(w, U , t)
}

, U , W ∈K(X), (.)
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where K(X) is the space of nonempty compact subsets of X, and M(x, V , t) = supv∈V M(x,
v, t) for x ∈ X, V ∈ K(X), and t ∈ (;∞). Further new results in this direction were pro-
posed by Phiangsungnoen et al. [].

A totally new idea was required in fuzzy spaces with asymmetric structures, for example,
in fuzzy quasi-metric spaces. This new idea concerning convergence and completeness
was proposed by Gregori and Romaguera [] and Gregori et al. [].

Definition . A fuzzy quasi-metric space (in the sense of George and Romaguera []) is
an ordered triple (X, M,∗) where M : X×X×(;∞) → (; ] satisfies (i) ∀x,y∈X∀t∈(;∞){M(x,
y, t) > }, (ii) ∀x∈X∀t∈(;∞){M(x, x, t) = }, (iii) ∀x,y∈X{∃t∈(;∞){M(x, y, t) = } implies x = y},
(iv) ∀x,y,z∈X∀t,s∈(;∞){M(x, y, t)∗M(y, z, s) ≤ M(x, z, t + s)}, and (v) ∀x,y∈X{M(x, y, ·) : (;∞) →
(; ] is continuous}.

When (i)-(v) hold, we will say that (X, M,∗) is a GR-fuzzy quasi-metric space.

Note that given important references are not exhaustive.
After the years  and , also with very strong assumptions (determining essential

tools of investigation and playing an essential role in all known proofs) and with con-
clusions analogous to those mentioned before, many mathematicians constructed similar
contractions and exhibited generalizations of Theorems . and . in various sequentially
complete spaces.

However, we see that, without required restrictive assumptions and with conclusions
more profound than in Theorems . and . or in the papers cited, it is not clear how one
could construct new spaces, deliver new contractions in these spaces, and prove new anal-
ogous theorems for such contractions. This is one of the most fundamental and natural
questions concerning theory of spaces and fixed point theory of set-valued and single-
valued dynamic systems.

A set-valued dynamic system is defined as a pair (X, T), where X is a certain space,
and T is a set-valued map T : X → X (X denotes the family of all nonempty sub-
sets of a space X). A dynamic process or a trajectory starting at w ∈ X or a motion of
the system (X, T) at w is a sequence (wm : m ∈ {} ∪ N) defined by wm ∈ T(wm–) for
m ∈ N (see Aubin and Siegel [], Aubin and Ekeland [], Aubin and Frankowska [],
and Yuan []). By Fix(T) and Per(T) we denote the sets of all fixed points and periodic
points of T , respectively, that is, Fix(T) = {w ∈ X : w ∈ T(w)} and Per(T) = {w ∈ X : w ∈
T [k](w) for some k ∈N}.

Recall that a single-valued dynamic system is defined as a pair (X, T), where X is a certain
space, and T is a single-valued map T : X → X, that is, ∀x∈X{T(x) ∈ X}. For each w ∈ X,
a sequence (wm = T [m](w) : m ∈ {} ∪N) is called a Picard iteration starting at w of the
system (X, T); here, for m ∈ {}∪N, we define T [m] = T ◦T ◦· · ·◦T (m-times) and T [] = IX

(the identity map on X). By Fix(T) and Per(T) we denote the sets of all fixed points and
periodic points of T , respectively, that is, Fix(T) = {w ∈ X : w = T(w)} and Per(T) = {w ∈
X : w = T [k](w) for some k ∈N}.

In this paper our aim is twofold. First, we want to introduce and describe fuzzy quasi-
triangular spaces. Second, we want to show how the fuzzy quasi-triangular spaces com-
bined with some new ideas, methods, techniques, and tools of studying can be used to con-
struct the set-valued and single-valued fuzzy contractions and next to study the problems
concerning convergence, periodic points, and fixed points for such contractions. Then,
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in this more general setting, we formulate and prove fuzzy extensions of Theorems .
and ..

More precisely, this paper is divided into  sections. In Section , we define very gen-
eral fuzzy spaces (X,MC;A,∗) called fuzzy quasi-triangular spaces. In Section , we intro-
duce the notions of the left (right) MC;A-convergence, MC;A left (right) G-sequentially
completeness, and MC;A left (right) W-sequential completeness in (X,MC;A,∗). In Sec-
tions  and , we define left (right) G-families and W-families KC;A generated by MC;A,
which generalize MC;A, and next we define left (right) KC;A-convergence, KC;A left
(right) G-sequential completeness, and KC;A left (right) W-sequential completeness in
(X,MC;A,∗); in particular, if KC;A = MC;A, then Section  reduces to Section . In Sec-
tion , using families KC;A, we introduce the notions of left (right) fuzzy sets of Pompeiu-
Hausdorff type on X × X × (;∞), and using these fuzzy sets, we construct left (right)
set-valued T : X → X and single-valued T : X → X fuzzy contractions. In Section ,
we define KC;A left (right) G-admissible and KC;A left (right) W-admissible set-valued
T : X → X and single-valued T : X → X dynamic systems; this notions generalize in
some sense the notions ofKC;A left (right)G-sequential completeness andKC;A left (right)
W-sequential completeness in (X,MC;A,∗) presented in Section . Section  of the pa-
per is devoted to the left (right) MC;A-closed set-valued T : X → X and single-valued
T : X → X dynamic systems. Section  includes a convergence, approximation, and peri-
odic point of Nadler-type result with its proof. This result concerns left (right) dynamic
systems T : X → X in (X,MC;A,∗) with left (right) G-families and left (right) W-families
KC;A generated by MC;A. The convergence, existence, periodic point, fixed point, and
uniqueness of Banach-type result and its proof in the case of left (right) single-valued fuzzy
contractions T : X → X in fuzzy quasi-triangular spaces (X,MC;A,∗) with left (right)
G-families KC;A and left (right) W-families KC;A (generated by MC;A) are given in Sec-
tion . Important relations between fuzzy quasi-triangular spaces and quasi-triangular
spaces are to be found in Section . In Section , some fuzzy quasi-triangular spaces are
constructed. The examples given in Sections  and  illustrate the fact that the results
obtained here are different from those well known in the literature. Section  concerns
some conclusions.

Results obtained here are new even in fuzzy metric spaces. This paper is a continuation
of [].

2 Fuzzy quasi-triangular spaces (X,MC;A, ∗) and MC;A-separability
It is worth noticing that the fuzzy quasi-triangular spaces (X,MC;A,∗), introduced in this
section, are not necessarily topological or Hausdorff or sequentially complete and are, in
particular, substantial generalizations of fuzzy metric spaces [, ] and fuzzy quasi-metric
spaces [].

Definition . Let X be a (nonempty) set, A be an index set, C = {Cα}α∈A ∈ [;∞)A, and
∗ : [; ] × [; ] → [; ] be a continuous t-norm.

(A) We say that a family MC;A = {Mα : X × X × (;∞) → (; ],α ∈A} of fuzzy sets
Mα , α ∈A, is a fuzzy quasi-triangular family on X if

∀α∈A∀x,y,z∈X∀t,s∈(;∞)
{

Mα(x, y, t) ∗ Mα(y, z, s)

≤ Mα

(
x, z, Cα(t + s)

)}
. (.)
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A fuzzy quasi-triangular space (X,MC;A,∗) is a set X together with a fuzzy
quasi-triangular family MC;A = {Mα : X × X × (;∞) → (; ],α ∈A} and with a
continuous t-norm ∗.

(B) We say that MA = {Mα : X × X × (;∞) → (; ],α ∈A} is a fuzzy triangular
family if fuzzy triangular sets Mα , α ∈A, satisfy the condition

∀α∈A∀x,y,z∈X∀t,s∈(;∞)
{

Mα(x, y, t) ∗ Mα(y, z, s) ≤ Mα(x, z, t + s)
}

.

A fuzzy triangular space (X,MA,∗) is a set X together with a fuzzy triangular
family MA = {Mα : X × X × (;∞) → (; ],α ∈A} and a continuous t-norm ∗.

(C) Let (X,MC;A,∗) be a fuzzy quasi-triangular space. We say that MC;A is separating
on X if

∀u,w∈X
{

u �= w ⇒ ∃α∈A∃t∈(;∞)
{

Mα (u, w, t) < 

∨ Mα (w, u, t) < 
}}

. (.)

(D) If (X,MC;A,∗) is a fuzzy quasi-triangular space and M–
C;A = {M–

α ,α ∈A}, where
∀α∈A∀x,y∈X∀t∈(;∞){M–

α (x, y, t) = Mα(y, x, t)}, then M–
C;A is a fuzzy quasi-triangular

family on X , and we say that the fuzzy quasi-triangular space (X,M–
C;A,∗) is the

conjugation of (X,MC;A,∗).

Remark . Let (X,MC;A,∗) be a fuzzy quasi-triangular space. In general, the following
properties do not necessarily hold:

(A) ∀α∈A∀x,y∈X{∀t∈(;∞){Mα(x, y, t) = } iff x = y}, or, equivalently,
∀α∈A∀x∈X∀t∈(;∞){Mα(x, x, t) = } and
∀α∈A∀x,y∈X∀t∈(;∞){x �= y implies Mα(x, y, t) < }.

(B) ∀α∈A∀t∈(;∞)∀x,y∈X{Mα(x, y, t) = Mα(y, x, t)}.
(C) ∀α∈A∀x,y∈X{Mα(x, y, ·) : (;∞) → (; ] is nondecreasing}.
(D) ∀α∈A∀x,y∈X{Mα(x, y, ·) : (;∞) → (; ] is continuous}.

3 Left (right) MC;A-convergence in (X,MC;A, ∗), Hausdorff property, and
MC;A left (right) G-sequential completeness, and MC;A left (right)
W-sequential completeness

The notion of G-completeness in KM-fuzzy metric spaces was introduced by Grabiec []
(see Definition .). The M-completeness in GV -fuzzy metric spaces was introduced in
George and Veeramani [] (see Definition .). In fuzzy quasi-metric spaces, using ideas of
Reilly et al. [], the extensions of the notion of completeness were obtained by Gregori et
al. [] in a more complicated presentation, which is a consequence of asymmetric struc-
tures of these fuzzy spaces.

The notions of MC;A left (right) G-sequential completeness and MC;A left (right)
W-sequential completeness in (X,MC;A,∗) are defined in this section.

A natural starting point is to define the notions of left (right) MC;A-convergence of se-
quences in the fuzzy quasi-triangular spaces (X,MC;A,∗).

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space.
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(A) We say that the sequence (xm : m ∈N) in X is left (right) MC;A-convergent to x ∈ X
if x ∈ LIML–MC;A

(xm :m∈N) (x ∈ LIMR–MC;A
(xm :m∈N)) where

LIML–MC;A
(xm :m∈N) =

{
u ∈ X : ∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(u, xm, t) = 
}}

(
LIMR–MC;A

(xm :m∈N) =
{

u ∈ X : ∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(xm, u, t) = 
}})

.

(B) We say that a sequence (xm : m ∈N) in X is left (right) MC;A-convergent in X if
LIML–MC;A

(xm :m∈N) �= ∅ (LIMR–MC;A
(xm :m∈N) �= ∅).

(C) We say that (X,MC;A,∗) is left (right) Hausdorff if for each left (right)
MC;A-convergent in X sequence (xm : m ∈N), the set LIML–MC;A

(xm :m∈N) (LIMR–MC;A
(xm :m∈N)) is

a singleton.

Remark . Let (X,MC;A,∗) be a fuzzy quasi-triangular space.
(A) It is clear that if (xm : m ∈N) is left (right) MC;A-convergent in X , then

LIML–MC;A
(xm :m∈N) ⊂ LIML–MC;A

(ym :m∈N) (LIMR–MC;A
(xm :m∈N) ⊂ LIMR–MC;A

(ym :m∈N)) for each subsequence
(ym : m ∈N) of (xm : m ∈N).

(B) The limit of left (right) MC;A-convergent sequence in X need not be a singleton;
see Examples .-..

Now we define MC;A left (right) G-sequentially completeness and MC;A left (right)
W-sequentially completeness in (X,MC;A,∗).

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space.
(A) We say that a sequence (xm : m ∈N) in X is an MC;A left (right) G-sequence in X if

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Mα(xm, xm+p, t) = 

}
(.)

(
∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Mα(xm+p, xm, t) = 
})

. (.)

If every MC;A left (right) G-sequence (xm : m ∈N) in X is left (right)
MC;A-convergent in X (i.e., LIML–MC;A

(xm :m∈N) �= ∅ (LIMR–MC;A
(xm :m∈N) �= ∅)), then (X,MC;A,∗)

is called MC;A left (right) G-sequentially complete.
(B) We say that a sequence (xm : m ∈N) in X is an MC;A left (right) W-sequence in X if

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Mα(xm, xn, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Mα(xn, xm, t) = 
})

. (.)

If every MC;A left (right) W-sequence (xm : m ∈N) in X is left (right)
MC;A-convergent in X (i.e., LIML–MC;A

(xm :m∈N) �= ∅ (LIMR–MC;A
(xm :m∈N) �= ∅)), then (X,MC;A,∗)

is called MC;A left (right) W-sequentially complete.

Remark . Note that every MC;A left (respectively, right) W-sequence is also an MC;A

left (respectively, right) G-sequence. Indeed, (.) and (.) imply

∀α∈A∀t∈(;∞)∀<ε<∃m∈N∀m>m

{
inf
n>m

Mα(xm, xn, t) >  – ε
}

(
∀α∈A∀t∈(;∞)∀<ε<∃m∈N∀m>m

{
inf
n>m

Mα(xn, xm, t) >  – ε
})

.
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Hence,

∀α∈A∀t∈(;∞)∀<ε<∃m∈N∀n>m>m

{
Mα(xm, xn, t) >  – ε

}
(∀α∈A∀t∈(;∞)∀<ε<∃m∈N∀n>m>m

{
Mα(xn, xm, t) >  – ε

})
,

and this yields

∀α∈A∀t∈(;∞)∀p∈N∀<ε<∃m∈N∀m>m

{
Mα(xm, xm+p, t) >  – ε

}
(∀α∈A∀t∈(;∞)∀p∈N∀<ε<∃m∈N∀m>m

{
Mα(xm+p, xm, t) >  – ε

})
.

Hence, we get (.) and (.).

4 Fuzzy quasi-triangular spaces (X,MC;A, ∗) with left (right) G-families KC;A
and left (right) W-families KC;A generated by MC;A and relation between
KC;A-separability and MC;A-separability

For given fuzzy quasi-triangular spaces (X,MC;A,∗), it is natural to define the notions
of left (right) G-families KC;A and left (right) W-families KC;A generated by MC;A (see
Definitions . and .), which provide new structures on X.

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space.
(A) The family KC;A = {Kα : α ∈A} of fuzzy sets Kα : X × X × (,∞) → (; ], α ∈A, is

said to be a left (right) G-family generated by MC;A if:

(KG) ∀α∈A∀x,y,z∈X∀t,s∈(;∞){Kα(x, y, t) ∗ Kα(y, z, s) ≤ Kα(x, z, Cα(t + s))}.
(KG) For any sequences (xm : m ∈N) and (ym : m ∈N) in X satisfying

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα(xm, xm+p, t) = 

}
(.)

(
∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Kα(xm+p, xm, t) = 
})

(.)

and

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα(ym, xm, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα(xm, ym, t) = 
})

, (.)

we have

∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(ym, xm, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(xm, ym, t) = 
})

. (.)

(B) K
L;G
(X,MC;A ,∗) (KR;G

(X,MC;A ,∗)) is the set of all left (right) G-families KC;A generated by
MC;A.

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space.
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(A) The family KC;A = {Kα : α ∈A} of fuzzy sets Kα : X × X × (,∞) → (; ], α ∈A, is
said to be the left (right) W-family generated by MC;A if:

(KW) ∀α∈A∀x,y,z∈X∀t,s∈(;∞){Kα(x, y, t) ∗ Kα(y, z, s) ≤ Kα(x, z, Cα(t + s))}.
(KW) For any sequences (xm : m ∈N) and (ym : m ∈ N) in X satisfying

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα(xm, xn, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα(xn, xm, t) = 
})

(.)

and

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα(ym, xm, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα(xm, ym, t) = 
})

, (.)

we have

∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(ym, xm, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(xm, ym, t) = 
})

. (.)

(B) K
L;W
(X,MC;A ,∗) (KR;W

(X,MC;A ,∗)) is the set of all left (right) W-families KC;A generated by
MC;A.

A natural step is to understand the remarkable relations in (X,MC;A,∗) between MC;A

and left (right) G-families and W-families KC;A generated by MC;A.

Remark . The left (right) G-families KC;A and W-families KC;A generated by MC;A

are substantial generalizations of MC;A. Indeed, we have:
(A) Definitions . and . imply that MC;A ∈K

L;G
(X,MC;A ,∗) ∩K

R;G
(X,MC;A ,∗) and

MC;A ∈K
L;W
(X,MC;A ,∗) ∩K

R;W
(X,MC;A ,∗).

(B) The arguments in Section  show that KL;G
(X,MC;A ,∗)\{MC;A} �= ∅,

K
R;G
(X,MC;A ,∗)\{MC;A} �= ∅, KL;W

(X,MC;A ,∗)\{MC;A} �= ∅, and K
R;W
(X,MC;A ,∗)\{MC;A} �= ∅.

(C) (X,KC;A,∗) are fuzzy quasi-triangular spaces.

We introduce the notion of KC;A-separability in (X,MC;A,∗) as follows.

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and KC;A be the left
(right) G-family or W-family generated by MC;A. We say that KC;A is separating on X if

∀u,w∈X
{

u �= w ⇒ ∃α∈A∃t∈(;∞)
{

Kα (u, w, t) < 

∨ Kα (w, u, t) < 
}}

. (.)

The notion of KC;A-separability is used for the following interesting theorem.
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Theorem . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and let KC;A be the left
(right) G-family or W-family generated by MC;A. If MC;A is separating on X, then KC;A

is separating on X.

Proof We begin by supposing that u, w ∈ X, u �= w, and

∀α∈A∀t∈(;∞)
{

Kα(u, w, t) =  ∧ Kα(w, u, t) = 
}

.

Then (KG) and (KW) imply

∀α∈A∀t∈(;∞)
{

Kα(u, u, t)

≥ Kα(u, w, t/) ∗ Kα(w, u, t/) =  ∗  = 
}

or, equivalently,

∀α∈A∀t∈(;∞)
{

Kα(u, u, t) = Kα(w, u, t) = 
}

and

∀α∈A∀t∈(;∞)
{

Kα(u, u, t) = Kα(u, w, t) = 
}

.

Assuming that xm = u and ym = w, m ∈N, we conclude that

∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Kα(xm, xm+p, t) = lim
m→∞ Kα(ym, xm, t) = 

}
,

∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Kα(xm+p, xm, t) = lim
m→∞ Kα(xm, ym, t) = 

}
,

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα(xm, xn, t) = lim
m→∞ Kα(ym, xm, t) = 

}
,

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα(xn, xm, t) = lim
m→∞ Kα(xm, ym, t) = 

}
.

Therefore, it is not hard to see that (.)-(.) and (.)-(.) hold, and, by (KG) and
(KW), the above considerations lead to the following conclusion:

u �= w ∧ ∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα(ym, xm, t) = lim
m→∞ Mα(xm, ym, t) = 

}

or, equivalently,

u �= w ∧ ∀α∈A∀t∈(;∞)
{

Mα(w, u, t) = Mα(u, w, t) = 
}

.

However, MC;A is separating (see (.)), a contradiction. Therefore, KC;A is separating.
�

5 Left (right) KC;A-convergence, KC;A left (right) G-sequential completeness,
and KC;A left (right) W-sequential completeness in (X,MC;A, ∗)

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and KC;A = {Kα : X ×
X × (,∞) → (; ],α ∈ A} be the left (right) G-family or left (right) W-family generated
by MC;A.
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We say that a sequence (xm : m ∈ N) in X is left (right) KC;A-convergent to x ∈ X if x ∈
LIML–KC;A

(xm :m∈N) (x ∈ LIMR–KC;A
(xm :m∈N)) where

LIML–KC;A
(xm :m∈N) =

{
u ∈ X : ∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα(u, xm, t) = 
}}

(
LIMR–KC;A

(xm :m∈N) =
{

u ∈ X : ∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα(xm, u, t) = 
}})

.

We say that a sequence (xm : m ∈ N) in X is left (right)KC;A-convergent in X if LIML–KC;A
(xm :m∈N) �=

∅ (LIMR–KC;A
(xm :m∈N) �= ∅).

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and KC;A = {Kα : X ×
X × (,∞) → (; ],α ∈A} be the left (right) G-family generated by MC;A.

(A) We say that a sequence (xm : m ∈N) in X is a KC;A left (right) G-sequence in X if

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα(xm, xm+p, t) = 

}
(.)

(
∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Kα(xm+p, xm, t) = 
})

. (.)

(B) If every KC;A left (right) G-sequence (xm : m ∈N) in X is left (right)
KC;A-convergent in X (i.e., LIML–KC;A

(xm :m∈N) �= ∅ (LIMR–KC;A
(xm :m∈N) �= ∅)), then (X,MC;A,∗)

is called KC;A left (right) G-sequentially complete.

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and let KC;A = {Kα :
X × X × (,∞) → (; ],α ∈A} be the left (right) W-family generated by MC;A.

(A) We say that a sequence (xm : m ∈N) in X is a KC;A left (right) W-sequence in X if

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα(xm, xn, t) = 
}

(.)
(
∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα(xn, xm, t) = 
})

. (.)

(B) If every KC;A left (right) W-sequence (xm : m ∈N) in X is left (right)
KC;A-convergent in X (i.e., LIML–KC;A

(xm :m∈N) �= ∅ (LIMR–KC;A
(xm :m∈N) �= ∅)), then (X,MC;A,∗)

is called KC;A left (right) W-sequentially complete.

Remark .
(A) Every KC;A left (respectively, right) W-sequence in X is KC;A left (respectively,

right) G-sequence in X . This can be proved by using (.)-(.) and by adopting the
arguments in Remark ..

(B) Note that every KC;A left (respectively, right) G-sequentially complete fuzzy
quasi-triangular space (X,MC;A,∗) is also KC;A left (respectively, right)
W-sequentially complete. Indeed, assume that (xm : m ∈N) in X is KC;A left
(respectively, right) W-sequence in X . Then, by (A) it is also KC;A left (respectively,
right) G-sequence in X , and this means that it is left (respectively, right)
KC;A-convergent in X .
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6 Left (right) fuzzy sets of Pompeiu-Hausdorff type on 2X × 2X × (0; ∞) and
set-valued T : X → 2X and single-valued T : X → X left (right) fuzzy
contractions in (X,MC;A, ∗)

The Pompeiu-Hausdorff metric (.) on closed or compact sets in metric spaces (X, d)
plays an essential role in mathematics and its applications. See Berinde and Păcurar []
for a comprehensive treatment of the foundations of this metric.

In this section, in (X,MC;A,∗) with left (right) G-families KC;A and left (right) W-fam-
ilies KC;A generated by MC;A, we define three kinds of left (right) fuzzy sets of Pompeiu-
Hausdorff type on X × X × (;∞), and, using these fuzzy sets, we construct three kinds
of set-valued left (right) fuzzy contractions T : X → X and two kinds of single-valued left
(right) fuzzy contractions T : X → X.

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, KC;A be the left (right)
G-family or W-family generated by MC;A, and

∀α∈A,x∈X,V∈X ,t∈(;∞)
{

Kα(x, V , t) = sup
{

Kα(x, v, t) : v ∈ V
}

∧ Kα(V , x, t) = sup
{

Kα(v, x, t) : v ∈ V
}}

. (.)

(A) If KC;A ∈K
L;G
(X,MC;A ,∗) ∪K

L;W
(X,MC;A ,∗), η ∈ {, , }, and

∀α∈A∀U ,W∈X ∀t∈(;∞)

⎧⎪⎨
⎪⎩

FL–KC;A
α;η,X (U , W , t)

=

⎧⎪⎨
⎪⎩

min{infu∈U Kα(u, W , t), infw∈W Kα(U , w, t)} if η = ,
min{infu∈U Kα(u, W , t), infw∈W Kα(w, U , t)} if η = ,
infu∈U Kα(u, W , t) if η = 

⎫⎪⎬
⎪⎭

,

then a family FL–KC;A
η,X = {FL–KC;A

α;η,X ,α ∈A} is said to be a left fuzzy set of
Pompeiu-Hausdorff type on X × X × (;∞).

(B) If KC;A ∈K
R;G
(X,MC;A ,∗) ∪K

R;W
(X,MC;A ,∗), η ∈ {, , }, and

∀α∈A∀U ,W∈X ∀t∈(;∞)

⎧⎪⎨
⎪⎩

FR–KC;A
α;η,X (U , W , t)

=

⎧⎪⎨
⎪⎩

min{infu∈U Kα(u, W , t), infw∈W Kα(U , w, t)} if η = ,
min{infu∈U Kα(u, W , t), infw∈W Kα(w, U , t)} if η = ,
infu∈U Kα(u, W , t) if η = 

⎫⎪⎬
⎪⎭

,

then a family FR–KC;A
η,X = {FR–KC;A

α;η,X ,α ∈A} is said to be a right fuzzy set of
Pompeiu-Hausdorff type on X × X × (;∞).

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, KC;A be the left (right)
G-family or left (right) W-family generated by MC;A, λ = {λα}α∈A ∈ (; )A, (X, T) be a
set-valued dynamic system, T : X → X , and η ∈ {, , }.
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(A) If KC;A ∈K
L;G
(X,MC;A ,∗) ∪K

L;W
(X,MC;A ,∗) and

∀α∈A∀t∈(;∞)∀x,y∈X
{

FL–KC;A
α;η,X

(
T(x), T(y),λαt

)

≥ Kα(x, y, Cαt)
}

, (.)

then we say that (X, T) is a fuzzy (FL–KC;A
η,X ,λ)-left contraction.

(B) If KC;A ∈K
R;G
(X,MC;A ,∗) ∪K

R;W
(X,MC;A ,∗) and

∀α∈A∀t∈(;∞)∀x,y∈X
{

FR–KC;A
α;η,X

(
T(x), T(y),λαt

)

≥ Kα(x, y, Cαt)
}

, (.)

then we say that (X, T) is a fuzzy (FR–KC;A
η,X ,λ)-right contraction.

The following Definition . can be stated as a single-valued version of Definitions .
and ..

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, let KC;A be the left
(right) G-family or left (right) W-family on X generated by MC;A, and let η ∈ {, }. Let
λ = {λα}α∈A ∈ (; )A, and let (X, T) be a single-valued dynamic system, T : X → X.

(A) If KC;A ∈K
L;G
(X,MC;A ,∗) ∪K

L;W
(X,MC;A ,∗), then we define a left fuzzy set FL–KC;A

η,X on

X × X × (;∞) by FL–KC;A
η,X = {FL–KC;A

α;η,X ,α ∈A} where

∀α∈A∀u,w∈X∀t∈(;∞)F
L–KC;A
α;η,X (u, w, t)

=

{
min{Kα(u, w, t), Kα(w, u, t)} if η = ,
Kα(u, w, t) if η = .

We say that (X, T) is a fuzzy (FL–KC;A
η,X ,λ)-left contraction if

∀α∈A∀x,y∈X∀t∈(;∞)
{

FL–KC;A
α;η,X

(
T(x), T(y),λαt

)

≥ Kα(x, y, Cαt)
}

. (.)

(B) If KC;A ∈K
R;G
(X,MC;A ,∗) ∪K

R;W
(X,MC;A ,∗), then we define a right fuzzy set FR–KC;A

η,X on

X × X × (;∞) by FR–KC;A
η,X = {FR–KC;A

α;η,X ,α ∈A} where

∀α∈A∀u,w∈X∀t∈(;∞)(PH)R–KC;A
α;η,X (u, w, t)

=

{
min{Kα(u, w, t), Kα(w, u, t)} if η = ,
Kα(u, w, t) if η = .

We say that (X, T) is a fuzzy (FR–KC;A
η,X ,λ)-right contraction if

∀α∈A∀x,y∈X∀t∈(;∞)
{

FR–KC;A
α;η,X

(
T(x), T(y),λαt

)

≥ Kα(x, y, Cαt)
}

. (.)
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Remark . By Definition ., Remark ., and the propertyK(X) ⊂ CB(X) ⊂ X it follows
that, even when η = , Definitions . and . extend (.) and (.).

7 KC;A left (right) G-admissible and KC;A left (right) W-admissible set-valued
T : X → 2X and single-valued T : X → X dynamic systems in (X,MC;A, ∗)

The following terminology will be often used in the sequel.

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and (X, T) be a set-
valued dynamic system, T : X → X .

(A) Let KC;A be the left (right) G-family generated by MC;A.
We say that (X, T) is KC;A left (right) G-admissible in a point w ∈ X if each

dynamic process (wm : m ∈ {} ∪N) starting at w, ∀m∈{}∪N{wm+ ∈ T(wm)}, and
satisfying the property

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα

(
wm, wm+p, t

)
= 
}

(
∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Kα

(
wm+p, wm, t

)
= 
})

is left (right) KC;A-convergent, that is, there exists w ∈ X such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
w, wm, t

)
= 
}

(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
wm, w, t

)
= 
})

.

We say that (X, T) is KC;A left (right) G-admissible on X if (X, T) is KC;A left
(right) G-admissible in each point w ∈ X .

(B) Let KC;A be the left (right) W-family generated by MC;A.
We say that (X, T) is KC;A left (right) W-admissible in a point w ∈ X if each

dynamic process (wm : m ∈ {} ∪N) starting at w, ∀m∈{}∪N{wm+ ∈ T(wm)}, and
satisfying the property

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα

(
wm, wn, t

)
= 
}

(
∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα

(
wn, wm, t

)
= 
})

is left (right) KC;A-convergent, that is, there exists w ∈ X such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
w, wm, t

)
= 
}

(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
wm, w, t

)
= 
})

.

We say that (X, T) is KC;A left (right) W-admissible on X if (X, T) is KC;A left
(right) W-admissible in each point w ∈ X .

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, and (X, T) be a single-
valued dynamic system, T : X → X.
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(A) Let KC;A be the left (right) G-family generated by MC;A.
We say that (X, T) is KC;A left (right) G-admissible in a point w ∈ X if a sequence

(wm = T [m](w) : m ∈ {} ∪N) satisfying the property

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα

(
wm, wm+p, t

)
= 
}

(
∀α∈A∀t∈(;∞)∀p∈N

{
lim

m→∞ Kα

(
wm+p, wm, t

)
= 
})

is left (right) KC;A-convergent, that is, there exists w ∈ X such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
w, wm, t

)
= 
}

(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
wm, w, t

)
= 
})

.

We say that (X, T) is KC;A left (right) G-admissible on X if (X, T) is KC;A left
(right) G-admissible in each point w ∈ X .

(B) Let KC;A be the left (right) W-family generated by MC;A.
We say that (X, T) is KC;A left (right) W-admissible in a point w ∈ X if a

sequence (wm = T [m](w) : m ∈ {} ∪N) satisfying the property

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα

(
wm, wn, t

)
= 
}

(
∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα

(
wn, wm, t

)
= 
})

is left (right) KC;A-convergent, that is, there exists w ∈ X such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
w, wm, t

)
= 
}

(
∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
wm, w, t

)
= 
})

.

We say that (X, T) is KC;A left (right) W-admissible on X if (X, T) is KC;A left
(right) W-admissible in each point w ∈ X .

Remark . Let (X,MC;A,∗) be a fuzzy quasi-triangular space with left (right) G-family
KC;A or with left (right) W-family KC;A generated by MC;A. Let (X, T) be a set-valued dy-
namic system T : X → X or a single-valued dynamic system T : X → X . If (X,MC;A,∗)
is a KC;A left (right) G-sequentially complete or a KC;A left (right) W-sequentially com-
plete fuzzy quasi-triangular space, then (X, T) is KC;A left (right) G-admissible or KC;A

left (right) W-admissible on X, respectively, but the converse does not necessarily hold.

8 Left (right) MC;A-closed set-valued T : X → 2X and single-valued T : X → X
dynamic systems in (X,MC;A, ∗)

The continuity has been extended in several directions and has been applied to problems
in different fields.

In this section we define the following generalization of continuity of set-valued dynamic
systems in (X,MC;A,∗).

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space, k ∈ N, and (X, T) be
a set-valued dynamic system, T : X → X . A set-valued dynamic system (X, T [k]) is said
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to be left (right) MC;A-closed on X if for every sequence (xm : m ∈ N) in T [k](X), left
(right)MC;A-converging in X (thus LIML–MC;A

(xm :m∈N) �= ∅ (LIMR–MC;A
(xm :m∈N) �= ∅)) and having subse-

quences (vm : m ∈N) and (um : m ∈N) satisfying ∀m∈N{vm ∈ T [k](um)}, the following prop-
erty holds: there exists x ∈ LIML–MC;A

(xm :m∈N) (x ∈ LIMR–MC;A
(xm :m∈N)) such that x ∈ T [k](x) (x ∈ T [k](x)).

We further state the generalization of continuity of single-valued dynamic systems in
(X,MC;A,∗).

Definition . Let (X,MC;A,∗) be a fuzzy quasi-triangular space. Let (X, T) be a single-
valued dynamic system, T : X → X, and let k ∈ N. The single-valued dynamic system
(X, T [k]) is said to be left (right) MC;A-closed on X if for each sequence (xm : m ∈ N) in
T [k](X), left (right) MC;A-converging in X (thus LIML–MC;A

(xm :m∈N) �= ∅ (LIMR–MC;A
(xm :m∈N) �= ∅)) and

having subsequences (vm : m ∈N) and (um : m ∈N) satisfying ∀m∈N{vm = T [k](um)}, the fol-
lowing property holds: there exists x ∈ LIML–MC;A

(xm :m∈N) (x ∈ LIMR–MC;A
(xm :m∈N)) such that x = T [k](x)

(x = T [k](x)).

9 Convergence, existence, approximation, and periodic point theorem in
(X,MC;A, ∗) for set-valued left (right) fuzzy contractions T : X → 2X

In this section, in fuzzy quasi-triangular spaces (X,MC;A,∗) with left (right) G-families
KC;A and with left (right) W-families KC;A (generated by MC;A), the convergence, ap-
proximation, and periodic point theorem concerning set-valued fuzzy left (right) contrac-
tions T : X → X is proved.

We use the notation

∀α∈A∀m∈N

{
b(α)

m =
m∏

l=

(
 + β (l)

α

)
}

,

where, for each m ∈N, {β (m)
α }α∈A ∈ (;∞)A.

Theorem . Assume that (X,MC;A,∗), where C = {Cα}α∈A ∈ [;∞)A, is a fuzzy quasi-
triangular space, λ = {λα}α∈A ∈ (; )A, η ∈ {, , }, and (X, T) is a set-valued dynamic
system, T : X → X .

Assume, moreover, that one of the following (A) or (B) holds:
(A) There exist a left (respectively, right) G-family KC;A generated by MC;A and a point

w ∈ X such that:
(A) (X, T) is fuzzy (FL–KC;A

η,X ,λ)-left contraction (respectively, fuzzy

(FR–KC;A
η,X ,λ)-right contraction);

(A) (X, T) is KC;A left (respectively, right) G-admissible in a point w;
(A) for every x ∈ X and for every β = {βα}α∈A ∈ (;∞)A, there exists y ∈ T(x) such

that

∀α∈A∀t∈(;∞)
{

Kα

(
x, T(x), t

)≤ Kα

(
x, y, t( + βα)

)}
(.)

(respectively,

∀α∈A∀t∈(;∞)
{

Kα

(
T(x), x, t

)≤ Kα

(
y, x, t( + βα)

)})
; (.)

and either
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(A) there exists w ∈ T(w) and, for each m ∈N, there exists {β (m)
α }α∈A ∈ (;∞)A

such that ∀α∈A{limm→∞ b(α)
m ∈ (;∞)} and

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞∗m+p–

i=m Kα

(
w, w,

tCm–
α

pλi
αb(α)

i

)
= 
}

(.)

(respectively,

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞∗m+p–

i=m Kα

(
w, w,

tCm–
α

pλi
αb(α)

i

)
= 
})

; (.)

or
(A) there exists w ∈ T(w) such that

∀α∈A
{

lim
t→∞ Kα

(
w, w, t

)
= 
}

(.)

(respectively,

∀α∈A
{

lim
t→∞ Kα

(
w, w, t

)
= 
})

. (.)

(B) There exist a left (respectively, right) W-family KC;A generated by MC;A and a point
w ∈ X such that:
(B) (X, T) is a fuzzy (FL–KC;A

η,X ,λ)-left contraction (respectively, fuzzy

(FR–KC;A
η,X ,λ)-right contraction);

(B) (X, T) is KC;A left (respectively, right) W-admissible in a point w;
(B) for every x ∈ X and for every β = {βα}α∈A ∈ (;∞)A, there exists y ∈ T(x) such

that

∀α∈A∀t∈(;∞)
{

Kα

(
x, T(x), t

)≤ Kα

(
x, y, t( + βα)

)}
(.)

(respectively,

∀α∈A∀t∈(;∞)
{

Kα

(
T(x), x, t

)≤ Kα

(
y, x, t( + βα)

)})
; (.)

(B) there exists w ∈ T(w), for each α ∈A, there exists a sequence
(a(α)

m : m ∈N) ⊂ (; ), and, for each m ∈N, there exists {β (m)
α }α∈A ∈ (;∞)A

for which ∀α∈A{∑∞
m= a(α)

m = }, ∀α∈A{limm→∞ b(α)
m ∈ (;∞)},

∀α∈A∀t∈(;∞)

{
lim

m→∞∗∞
i=mKα

(
w, w,

ta(α)
i Cm–

α

λi
αb(α)

i

)
= 
}

(.)

(respectively,

∀α∈A∀t∈(;∞)

{
lim

m→∞∗∞
i=mKα

(
w, w,

ta(α)
i Cm–

α

λi
αb(α)

i

)
= 
})

, (.)

and, in addition, either

∀α∈A
{

Kα

(
w, w, ·) : (;∞) → (; ] is nondecreasing

}
(.)
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(respectively,

∀α∈A
{

Kα

(
w, w, ·) : (;∞) → (

; ] is nondecreasing
})

(.)

or

∀α∈A∀t∈(;∞)∀x∈W =
⋃∞

m= T [m](w)
{

Kα(x, x, t) = 
}

. (.)

Then the following statements hold:
(C) There exist a dynamic process (wm : m ∈ {} ∪N) of the system (X, T) starting at w,

∀m∈{}∪N{wm+ ∈ T(wm)}, and a point w ∈ X such that (wm : m ∈ {} ∪N) is left
(respectively, right) MC;A-convergent to w.

(D) If a set-valued dynamic system (X, T [k]) is left (respectively, right) MC;A-closed on X
for some k ∈N, then Fix(T [k]) �= ∅, and there exist a dynamic process
(wm : m ∈ {} ∪N) of the system (X, T) starting at w, ∀m∈{}∪N{wm+ ∈ T(wm)}, and
a point w ∈ Fix(T [k]) such that (wm : m ∈ {} ∪N) is left (respectively, right)
MC;A-convergent to w.

Proof We prove only the case where KC;A is a left G-family or a left W-family on X, (X, T)
is fuzzy (FL–KC;A

η,X ,λ)-left contraction, (X, T) isKC;A leftG-admissible or leftW-admissible
in a point w ∈ X, and (X, T [k]) is left MC;A-closed on X. We omit the case of ‘right’ since
the reasoning is based on an analogous technique.

PART A. Further, in Steps I-IV, we consider the situation where assumptions (A) hold.
Step I. Assume that (A)-(A) hold and let

w ∈ T
(
w) (.)

be arbitrary and fixed. For arbitrary and fixed β (m) = {β (m)
α }α∈A ∈ (;∞)A, m ∈ N, there

exists (wm : m ≥ ) such that

wm+ ∈ T
(
wm), m ∈N (.)

and

∀α∈A∀t∈(;∞)∀m∈N
{

Kα

(
wm, wm+, t

)≥ Kα

(
w, w, t(Cα/λα)m/b(α)

m
)}

, (.)

where ∀α∈A∀m∈N{b(α)
m =

∏m
l=( + β (l)

α )}.
Indeed, we apply (.) for w and for β () = {β ()

α }α∈A to find

w ∈ T
(
w) (.)

such that

∀α∈A∀t∈(;∞)
{

Kα

(
w, T

(
w), t

)≤ Kα

(
w, w, t

(
 + β ()

α

))}
. (.)

Observe that then

∀α∈A∀t∈(;∞)
{

Kα

(
w, w, t

)≥ Kα

(
w, w, t(Cα/λα)/

(
 + β ()

α

))}
. (.)
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Indeed, from (.), Definitions . and ., and using (.), for each case where η =  or
η =  or η = , we get

∀α∈A∀t∈(;∞)
{

Kα

(
w, w, tλα

(
 + β ()

α

))

≥ Kα

(
w, T

(
w), tλα

)

≥ inf
{

Kα

(
u, T

(
w), tλα

)
: u ∈ T

(
w)}

≥ FL–KC;A
α;η,X

(
T
(
w), T

(
w), tλα

)

≥ Kα

(
w, w, tCα

)}
.

This yields (.).
Applying (.) for w and for β () = {β ()

α }α∈A, we conclude that there exists

w ∈ T
(
w)

such that

∀α∈A∀t∈(;∞)
{

Kα

(
w, T

(
w), t

)≤ Kα

(
w, w, t

(
 + β ()

α

))}
. (.)

We seek to show that

∀α∈A∀t∈(;∞)
{

Kα

(
w, w, t

)≥ Kα

(
w, w, t(Cα/λα)/

(
 + β ()

α

))}
. (.)

By (.), Definitions . and ., and using (.), for each case where η =  or η =  or
η = , it follows that

∀α∈A∀t∈(;∞)
{

Kα

(
w, w, tλα

(
 + β ()

α

))

≥ Kα

(
w, T

(
w),λαt

)≥ inf
{

Kα

(
u, T

(
w), tλα

)
: u ∈ T

(
w)}

≥ FL–KC;A
α;η,X

(
T
(
w), T

(
w), tλα

)

≥ Kα

(
w, w, tCα

)}
.

This implies (.).
From (.) and (.) we get

∀α∈A∀t∈(;∞)
{

Kα

(
w, w, t

)

≥ Kα

(
w, w, t(Cα/λα)/

[(
 + β ()

α

)(
 + β ()

α

)])}
.

Proceeding as before, using Definitions . and ., we get that there exists a se-
quence (wm : m ∈ N) in X satisfying (.) and, for calculational purposes, upon letting
∀m∈N{β (m) = {β (m)

α }α∈A},

∀α∈A∀t∈(;∞)∀m∈N
{

Kα

(
wm, T

(
wm), t

)≤ Kα

(
wm, wm+, t

(
 + β (m)

α

))}
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and

∀α∈A∀t∈(;∞)∀m∈N
{

Kα

(
wm, wm+, tλα

(
 + β (m)

α

))

≥ Kα

(
wm–, wm, tCα

)}
,

that is,

∀α∈A∀t∈(;∞)∀m∈N
{

Kα

(
wm, wm+, t

)

≥ Kα

(
wm–, wm, t(Cα/λα)/

(
 + β (m)

α

))

≥ Kα

(
w, w, t(Cα/λα)m/b(α)

m
)}

.

Consequently, we proved that with arbitrary and fixed w satisfying (.), the dynamic
process (wm : m ∈ {} ∪ N) of the system (X, T) starting at w constructed here satisfies
(.).

Step II. Assume that (A)-(A) hold and that (A) or (A) holds. Then there exists a
dynamic process (wm : m ∈ {} ∪N) of the system (X, T) starting at w such that

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα

(
wm, wm+p, t

)
= 
}

, (.)

and there exists w ∈ X such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
w, wm, t

)
= 
}

(.)

(i.e., (wm : m ∈ {} ∪N) is left KC;A-converging to w) and

w ∈ LIML–MC;A
(wm :m∈N) =

{
x ∈ X :

L–MC;A
lim

m→∞ wm = x
}

(.)

(i.e., (wm : m ∈ {} ∪N) is left MC;A-converging to w).
We consider two cases.
Case II.. Let m, p ∈ N, and let (A) hold, that is, w ∈ T(w) and {β (m)

α }α∈A ∈ (;∞)A,
m ∈ N, are such that (.) holds. By Step I, for such w ∈ T(w) and {β (m)

α }α∈A ∈ (;∞)A,
m ∈ N, there exists (wm : m ≥ ) such that wm+ ∈ T(wm), m ∈ N, and a dynamic process
(wm : m ∈ {} ∪ N) of the system (X, T) starting at w satisfies (.). Then, using Defini-
tion .(KG), property (.), and Definition .(ii), we get

∀α∈A∀t∈(;∞)∀m,p∈N
{

Kα

(
wm, wm+p, t

)

= Kα

(
wm, wm+p, t/p + (p – )t/p

)

≥ Kα

(
wm, wm+, t/(pCα)

) ∗ Kα

(
wm, wm+, (p – )t/(pCα)

)

≥ ∗m+p–
i=m Kα

(
wi, wi+, t/

(
pCi–m+

α

))

≥ ∗m+p–
i=m Kα

(
w, w, t

[
(Cα/λα)i/b(α)

i
]
/
(
pCi–m+

α

))

= ∗m+p–
i=m Kα

(
w, w, tCm–

α /
(
λi

αpb(α)
i
))}

. (.)
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Hence, by Definition .(v) and property (.) we obtain

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα

(
wm, wm+p, t

)

≥ lim
m→∞∗m+p–

i=m Kα

(
w, w, tCm–

α /
(
λi

αpb(α)
i
))

= 
}

.

This means that (.) holds.
Case II.. Let m, p ∈ N, and let (A) hold, that is, let w ∈ T(w), and let (.) hold. Let

now {β (m)
α }α∈A ∈ (;∞)A, m ∈ N, be arbitrary and fixed and such that, for each α ∈ A,

(
∏m

i=( + β
(i)
m ) : m ∈ N) converges to βα ∈ (;∞). By Step I we may construct a sequence

(wm : m ≥ ) satisfying wm+ ∈ T(wm), m ∈ N, and such that a dynamic process (wm : m ∈
{}∪N) of the system (X, T) starting at w satisfies (.). Using next Definition .(KG),
property (.), and Definition .(ii), we get (see (.))

∀α∈A∀t∈(;∞)∀m,p∈N
{

Kα

(
wm, wm+p, t

)

≥ ∗m+p–
i=m Kα

(
w, w, tCm–

α /
(
pλi

αb(α)
i
))}

.

However, since ∀α∈A{βα ∈ (;∞)}, condition (.) implies

∀α∈A∀t∈(;∞)∀p∈N∀i∈{m,...,m+p–}
{

lim
m→∞ Kα

(
w, w, tCm–

α /
(
λi

αpb(α)
i
))

= 
}

.

Consequently,

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ Kα

(
wm, wm+p, t

)

≥ ∗m+p–
i=m lim

m→∞ Kα

(
w, w, tCm–

α /
(
λi

αpb(α)
i
))

=  ∗ · · · ∗  = 
}

.

This means that (.) also holds in this case.
Now, since (X, T) is KC;A left G-admissible in a point w ∈ X, by Definition .(A) prop-

erty (.) implies that there exists w ∈ X such that (.) holds.
Next, defining xm = wm and ym = w for m ∈ N, by (.) and (.) we see that conditions

(.) and (.) hold for the sequences (xm : m ∈ N) and (ym : m ∈ N) in X. Consequently,
by Definition .(KG) we get (.), which implies that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα

(
w, wm, t

)
= lim

m→∞ Mα(ym, xm, t) = 
}

,

and so, in particular, by Definition . we have w ∈ LIML–MC;A
(wm :m∈N) = {x ∈ X : lim

L–MC;A
m→∞ wm =

x}, that is, (.) holds.
Step III. Assume that (A)-(A) and (A) or (A) hold and that, for some k ∈N, (X, T [k])

is left MC;A-closed on X. Then

∃
w∈LIM

L–MC;A
(wm :m∈{}∪N)

{
w ∈ T [k](w)

}
.

Indeed, by Steps I and II, LIML–MC;A
(wm :m∈{}∪N) �= ∅ and wm+ ∈ T(wm) for m ∈ {} ∪ N;

thus, w(m+)k ∈ T [k](wmk) for m ∈ {} ∪ N, and defining (xm = wm–+k : m ∈ N), we see
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that (xm : m ∈ N) ⊂ T [k](X), LIML–MC;A
(xm :m∈{}∪N) = LIML–MC;A

(wm :m∈{}∪N) �= ∅, the sequences (ym =
w(m+)k : m ∈ N) ⊂ T [k](X), and (zm = wmk : m ∈ N) ⊂ T [k](X) satisfy ∀m∈N{ym ∈ T [k](zm)}
and, as subsequences of (xm : m ∈ {} ∪ N), are left MC;A-converging to each point
of the set LIML–MC;A

(wm :m∈{}∪N). Moreover, by Remark .(A), LIML–MC;A
(wm :m∈N) ⊂ LIML–MC;A

(ym :m∈N) and
LIML–MC;A

(wm :m∈N) ⊂ LIML–MC;A
(zm :m∈N) . From this by Definition ., since T [k] is left MC;A-closed, we

conclude that

∃
w∈LIM

L–MC;A
(wm :m∈{}∪N)=LIM

L–MC;A
(xm :m∈N)

{
w ∈ T [k](w)

}
.

Step IV. The results in the case whereKC;A is a left G-family, (X, T) is left G-admissible in
a point w ∈ X, and (X, T [k]) is left MC;A-closed on X now follow at once from Steps I-III.

PART B. Further, in Steps V-VIII we consider situation where assumptions (B) hold.
Step V. Assume that (B)-(B) hold and let w ∈ T(w) be arbitrary and fixed. For ar-

bitrary and fixed {β (m)
α }α∈A ∈ (;∞)A, m ∈ N, there exists (wm : m ≥ ) such that wm+ ∈

T(wm), m ∈N, and

∀α∈A∀t∈(;∞)∀m∈N
{

Kα

(
wm, wm+, t

)≥ Kα

(
w, w, t(Cα/λα)m/b(α)

m
)}

, (.)

where ∀α∈A∀m∈N{b(α)
m =

∏m
i=( + β (i)

α )}.
The proof of this step is identical to the proof of Step I and is omitted.
Step VI. Assume that (B)-(B) hold. Then there exists a dynamic process (wm : m ∈ {}∪

N) of the system (X, T) starting at w such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα

(
wm, wn, t

)
= 
}

, (.)

and there exists w ∈ X such that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Kα

(
w, wm, t

)
= 
}

(.)

(i.e., (wm : m ∈ {} ∪N) is left KC;A-converging to w) and

w ∈ LIML–MC;A
(wm :m∈N) =

{
x ∈ X :

L–MC;A
lim

m→∞ wm = x
}

(.)

(i.e., (wm : m ∈ {} ∪N) is left MC;A-converging to w).
Indeed, let m, n ∈N and n > m. Let β (m) = {β (m)

α }α∈A ∈ (;∞)A, m ∈N, be such that, for
each α ∈A, limm→∞

∏m
i=( + β (i)

α ) ∈ (;∞). Denote

∀α∈A∀m∈N

{
S(α)

m =
∞∑

i=m

a(α)
i and s(α)

m =
m∑

i=

a(α)
i

}
.

Using then Definition .(KW), we get

∀α∈A∀t∈(;∞)∀m,n∈N,n>m
{

Kα

(
wm, wn, t

)

= Kα

(
wm, wn, tS(α)


)

= Kα

(
wm, wn, ta(α)

m + tS(α)
m+ + ts(α)

m–
)

≥ Kα

(
wm, wm+, ta(α)

m /Cα

) ∗ Kα

(
wm+, wn, tS(α)

m+/Cα + ts(α)
m–/Cα

)
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≥ Kα

(
wm, wm+, ta(α)

m /Cα

) ∗ Kα

(
wm+, wm+, ta(α)

m+/C
α

)

∗ Kα

(
wm+, wn, tS(α)

m+/C
α + ts(α)

m–/C
α

)

≥ · · · ≥ ∗n–
i=mKα

(
wi, wi+, ta(α)

i /Ci–m+
α

)

∗ Kα

(
wn–, wn, tS(α)

n–/Cn–m–
α + ts(α)

m–/Cn–m–
α

)}
. (.)

Now let us prove that

∀α∈A∀t∈(;∞)∀m,n∈N,n>m
{

Kα

(
wm, wn, t

)

≥ ∗n–
i=mKα

(
wi, wi+, ta(α)

i /Ci–m+
α

)}
. (.)

With this aim, we consider two cases.
Case VI.. Let (.) hold. We see that

S(α)
n–/Cn–m–

α + s(α)
m–/Cn–m–

α ≥ a(α)
n–/Cn–m

α . (.)

Therefore, using (.) in (.), we immediately obtain (.).
Case VI.. Let (.) hold. By Definition .(KW) and (.) we see that

Kα

(
wn–, wn, tS(α)

n–/Cn–m–
α + ts(α)

m–/Cn–m–
α

)

= Kα

(
wn–, wn, ta(α)

n–/Cn–m–
α + tS(α)

n /Cn–m–
α + ts(α)

m–/Cn–m–
α

)

≥ Kα

(
wn–, wn, ta(α)

n–/Cn–m
α

) ∗ Kα

(
wn, wn, tS(α)

n /Cn–m
α + ts(α)

m–/Cn–m
α

)

= Kα

(
wn–, wn, ta(α)

n–/Cn–m
α

)
. (.)

Now (.) is a consequence of (.) and (.).
Now (.) and (.) imply

∀α∈A∀t∈(;∞)∀m,n∈N,n>m
{

Kα

(
wm, wn, t

)

≥ ∗n–
i=mKα

(
w, w, tCm–

α a(α)
i /
(
λi

αb(α)
i
))}

. (.)

Further, in view of (ii) and (iv) of Definition . and property (.), for each l ∈ N, we
obtain that

∀α∈A∀t∈(;∞)∀m,n∈N,n>m
{

Kα

(
wm, wn, t

) ∗ 

≥ ∗n–+l
i=m Kα

(
w, w, tCm–

α a(α)
i /
(
λi

αb(α)
i
))}

.

Using this, we conclude that (.) implies

∀α∈A∀t∈(;∞)∀m∈N
{

inf
n>m

Kα

(
wm, wn, t

)

≥ inf
n>m

∗n–
i=mKα

(
w, w, tCm–

α a(α)
i /
(
λi

αb(α)
i
))

≥ ∗∞
i=mKα

(
w, w, tCm–

α a(α)
i /
(
λi

αb(α)
i
))}

. (.)
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In view of (.), from (.) it follows that

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

Kα

(
wm, wn, t

)

≥ lim
m→∞∗∞

i=mKα

(
w, w, tCm–

α a(α)
i /
(
λi

αb(α)
i
))

= 
}

, (.)

which implies (.).
On the other hand, since (X, T) is KC;A left W-admissible in w ∈ X, by Definition .(B)

property (.) implies that there exists w ∈ X such that (.) holds.
Finally, defining xm = wm and ym = w for m ∈ N, by (.) and (.) we see that con-

ditions (.) and (.) hold for the sequences (xm : m ∈ N) and (ym : m ∈ N) in X. Conse-
quently, by (KW) of Definition . we get (.), which implies that

∀α∈A∀t∈(;∞)

{
lim

m→∞ Mα

(
w, wm, t

)
= lim

m→∞ Mα(ym, xm, t) = 
}

,

and so, in particular, we see that w ∈ LIML–MC;A
(wm :m∈N) = {x ∈ X : lim

L–MC;A
m→∞ wm = x}.

Step VII. Assume that (B)-(B) hold and that, for some k ∈ N, (X, T [k]) is left MC;A-
closed on X. Then

∃
w∈LIM

L–MC;A
(wm :m∈{}∪N)=LIM

L–MC;A
(xm :m∈N)

{
w ∈ T [k](w)

}
.

The proof of this step is identical to the proof of Step III and is omitted.
Step VIII. The results in the case where KC;A is a left W-family, (X, T) is left W-admis-

sible in a point w ∈ X, and (X, T [k]) is left MC;A-closed on X now follow at once from
Steps V-VII. �

10 Convergence, existence, approximation, periodic point, fixed point, and
uniqueness theorem in (X,MC;A, ∗) for single-valued fuzzy left (right)
contractions T : X → X

Using Theorem ., we prove the following convergence, existence, periodic point, fixed
point, and uniqueness theorem for two kinds of single-valued fuzzy left (right) contrac-
tions in (X,MC;A,∗) with left (right) G-families KC;A and with left (right) W-families
KC;A (generated by MC;A).

Theorem . Assume that (X,MC;A,∗), where C = {Cα}α∈A ∈ [;∞)A, is a fuzzy quasi-
triangular space, λ = {λα}α∈A ∈ (; )A, η ∈ {, }, and (X, T) is a single-valued dynamic
system, T : X → X.

Assume, moreover, that one of the following (A) or (B) holds:
(A) There exist a left (respectively, right) G-family KC;A generated by MC;A and a point

w ∈ X such that:
(A) (X, T) is fuzzy (FL–KC;A

η,X ,λ)-left contraction (respectively, fuzzy
(FR–KC;A

η,X ,λ)-right contraction);
(A) (X, T) is KC;A left (respectively, right) G-admissible in a point w; and either
(A)

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞∗m+p–

i=m Kα

(
w, T

(
w), tCm–

α /
(
pλi

α

))
= 
}
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(respectively,

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞∗m+p–

i=m Kα

(
T
(
w), w, tCm–

α /
(
pλi

α

))
= 
})

,

or
(A) ∀α∈A{limt→∞ Kα(w, T(w), t) = } (respectively,

∀α∈A{limt→∞ Kα(T(w), w, t) = }).
(B) There exist a left (respectively, right) W-family KC;A generated by MC;A and a point

w ∈ X such that:
(B) (X, T) is a fuzzy (FL–KC;A

η,X ,λ)-left contraction (respectively, fuzzy
(FR–KC;A

η,X ,λ)-right contraction) on X ;
(B) (X, T) is KC;A left (respectively, right) W-admissible in a point w;
(B) for each α ∈A, there exists a sequence (a(α)

m : m ∈N) ⊂ (; ) for which
∀α∈A{∑∞

m= a(α)
m = },

∀α∈A∀t∈(;∞)

{
lim

m→∞∗∞
i=mKα

(
w, T

(
w), ta(α)

i Cm–
α /λi

α

)
= 
}

(respectively,

∀α∈A∀t∈(;∞)

{
lim

m→∞∗∞
i=mKα

(
T
(
w), w, ta(α)

i Cm–
α /λi

α

)
= 
})

and, in addition, either

∀α∈A
{

Kα

(
w, T

(
w), ·) : (;∞) → (; ] is nondecreasing

}

(respectively,

∀α∈A
{

Kα

(
T
(
w), w, ·) : (;∞) → (

; ] is nondecreasing
})

or

∀α∈A∀t∈(;∞)∀x∈W ={T [m](w):m∈N}
{

Kα(x, x, t) = 
}

. (.)

Then the following statements hold:
(C) There exists a point w ∈ X such that the sequence (wm = T [m](w) : m ∈ {} ∪N) is

left (respectively, right) MC;A-convergent to w.
(D) Suppose that the single-valued dynamic system (X, T [k]) is left (respectively, right)

MC;A-closed on X for some k ∈N. We have the following:
(D) Fix(T [k]) �= ∅;
(D) there exists a point w ∈ Fix(T [k]) such that a sequence

(wm = T [m](w) : m ∈ {} ∪N) is left (respectively, right) MC;A-convergent to w;
(D) if v ∈ Fix(T [k]) and ∀α∈A∀t∈(;∞){limm→∞ Kα(v, T(v), t(Cα/λα)m) = }, then

∀α∈A∀t∈(;∞){Kα(v, T(v), t) = };
(D) if v ∈ Fix(T [k]) and ∀α∈A∀t∈(;∞){limm→∞ Kα(T(v), v, t(Cα/λα)m) = }, then

∀α∈A∀t∈(;∞){Kα(T(v), v, t) = }.
(E) Suppose that a single-valued dynamic system (X, T [k]) is left (respectively, right)

MC;A-closed on X for some k ∈N and that the family MC;A is separating on X . We
have the following:
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(E) If

∀α∈A∀t∈(;∞)∀v∈Fix(T [k])

{
lim

m→∞ Kα

(
v, T(v), t(Cα/λα)m)

= lim
m→∞ Kα

(
T(v), v, t(Cα/λα)m) = 

}
, (.)

then

Fix
(
T [k]) = Fix(T) �= ∅; (.)

there exists a point w ∈ Fix(T) such that a sequence
(wm = T [m](w) : m ∈ {} ∪N) is left (respectively, right) MC;A-convergent to w;
and

∀α∈A∀t∈(;∞)∀v∈Fix(T [k])=Fix(T)
{

Kα(v, v, t) = 
}

. (.)

(E) If

∀α∈A∀t∈(;∞)∀u,v∈Fix(T [k])

{
lim

m→∞ Kα

(
v, u, t(Cα/λα)m)

= lim
m→∞ Kα

(
u, v, t(Cα/λα)m) = 

}
, (.)

then there exists a point w ∈ X satisfying

Fix
(
T [k]) = Fix(T) = {w}; (.)

the sequence (wm = T [m](w) : m ∈ {} ∪N) is left (respectively, right)
MC;A-convergent to w; and

∀α∈A∀t∈(;∞)
{

Kα(w, w, t) = 
}

. (.)

Proof By Theorem . we prove only (D), (D), (E), and (E).
PART . Proof of (D). Suppose that there exist v ∈ Fix(T [k]), α ∈ A, and t ∈ (;∞)

such that

lim
m→∞ Kα

(
v, T(v), t(Cα /λα )m) =  (.)

and

Kα

(
v, T(v), t

)
< . (.)

Of course, for each m ∈ N, v = T [k](v) = T [k](v) = T [mk](v) and T(v) = T [k](T(v)) =
T [mk](T(v)). Hence, for η ∈ {, }, by Definition .(A) and (.),

∀m∈N
{

 > Kα

(
v, T(v), t

)
= Kα

(
T [mk](v), T [mk](T(v)

)
, t
)

≥ FL–KC;A
α;η,X

(
T [mk](v), T [mk](T(v), t

))
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≥ Kα

(
T [mk–](v), T [mk–](T(v)

)
, tCα /λα

)

≥ FL–KC;A
α;η,X

(
T [mk–](v), T [mk–](T(v)

)
, tCα /λα

)

≥ Kα

(
T [mk–](v), T [mk–](T(v)

)
, t(Cα /λα ))≥ · · ·

≥ Kα

(
v, T(v), t(Cα /λα )mk)}.

By Definition .(v) and property (.), this gives  > Kα (v, T(v), t) ≥ limm→∞ Kα (v,
T(v), thmk

α ) = . By (.) this is impossible. Therefore, (D) holds.
PART . Proof of (D). Suppose that there exist v ∈ Fix(T [k]), α ∈ A, and t ∈ (;∞)

such that

lim
m→∞ Kα

(
T(v), v, t(Cα /λα )m) =  (.)

and

Kα

(
T(v), v, t

)
< . (.)

Then, by Definition .(A) and (.), using the fact that, for each m ∈ N, v = T [k](v) =
T [k](v) = T [mk](v), we get, for η ∈ {, }, that

 > Kα

(
T(v), v, t

)
= Kα

(
T [mk+](v), T [mk](v), t

)

≥ FL–KC;A
α;η,X

(
T [mk+](v), T [mk](v), t

)

≥ Kα

(
T [mk](v), T [mk–](v), t(Cα /λα )

)

≥ FL–KC;A
α;η,X

(
T [mk](v), T [mk–](v), t(Cα /λα )

)

≥ Kα

(
T [mk–](v), T [mk–](v), t(Cα /λα ))

≥ · · · ≥ Kα

(
T(v), v, t(Cα /λα )mk).

Hence, by Definition .(v) and by (.),

 > Kα

(
T(v), v, t

)

≥ lim
m→∞ Kα

(
T(v), v, t(Cα /λα )mk) = ,

which is impossible. Therefore, (D) holds.
PART . Proof of (E). We first observe that

∀v∈Fix(T [k])
{

T(v) = v
}

;

in other words, Fix(T [k]) = Fix(T). In fact, if v ∈ Fix(T [k]) and T(v) �= v, then, since
the family MC;A = {Mα ,α ∈ A} is separating on X, by (.) we get that T(v) �= v ⇒
∃α∈A∃t∈(;∞){Mα(T(v), v, t) <  ∨ Mα(v, T(v), t) < }. In view of Theorem ., this implies
T(v) �= v ⇒ ∃α∈A∃t∈(;∞){Kα(T(v), v) <  ∨ Kα(v, T(v)) < }. However, by (.), (D), and
(D) this is impossible. Therefore, (.) holds.
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Next, we see that (.) holds. In fact, by Definition .(A) and properties (D), (D),
and (.) we conclude that

∀α∈A∀t∈(;∞)∀v∈Fix(T [k])
{

Kα(v, v, t)

≥ Kα

(
v, T(v), t/(Cα)

) ∗ Kα

(
T(v), v, t/(Cα)

)

=  ∗  = 
}

.

PART . Proof of (E). Finally, let us observe that Fix(T) is a singleton. We argue by
contradiction and so suppose that

u, w ∈ Fix(T) and u �= w. (.)

Then, since the family MC;A = {Mα ,α ∈A} is separating on X, we get ∃α∈A∃t∈(;∞){Mα(u,
w, t) <  ∨ Mα(w, u, t) < }. By applying Definition . and Theorem . we see that this
implies

∃α∈A∃t∈(;∞)
{

Kα(u, w, t) <  ∨ Kα(w, u, t) < 
}

. (.)

On the other hand, for η ∈ {, }, by Definition .(A) we conclude that

∀α∈A∀t∈(;∞)∀m∈N
{

Kα(u, w, t)

= Kα

(
T(u), T(w), t

)

≥ FL–KC;A
α;η,X

(
T(u), T(w), t

)≥ Kα

(
u, w, t(Cα/λα)

)

= Kα

(
T(u), T(w), t(Cα/λα)

)

≥ FL–KC;A
α;η,X

(
T(u), T(w), t(Cα/λα)

)

≥ Kα

(
u, w, t(Cα/λα))≥ · · · ≥ Kα

(
u, w, t(Cα/λα)m)}

and

∀α∈A∀t∈(;∞)∀m∈N
{

Kα(w, u, t)

= Kα

(
T(w), T(u), t

)

≥ FL–KC;A
α;η,X

(
T(w), T(u), t

)≥ Kα

(
w, u, t(Cα/λα)

)

= Kα

(
T(w), T(u), t(Cα/λα)

)

≥ FL–KC;A
α;η,X

(
T(w), T(u), t(Cα/λα)

)

≥ Kα

(
w, u, t(Cα/λα))≥ · · · ≥ Kα

(
w, u, t(Cα/λα)m)}.

From this, using (.), we have

∀α∈A∀t∈(;∞)

{
Kα(u, w, t) ≥ lim

m→∞ Kα

(
u, w, t(Cα/λα)m) = 

}
(.)
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and

∀α∈A∀t∈(;∞)

{
Kα(w, u, t) ≥ lim

m→∞ Kα

(
w, u, t(Cα/λα)m) = 

}
, (.)

respectively. Thus, we obtain that (.) implies (.)-(.), which is impossible.
Therefore, Fix(T) is a singleton.

Thus, (.) and (.) hold. �

11 Interaction of quasi-triangular spaces and some fuzzy quasi-triangular
spaces

In this section we provide a background relations between fuzzy quasi-triangular spaces
and quasi-triangular spaces.

First, we define quasi-triangular spaces (X,DC;A), and, next, we construct some fuzzy
quasi-triangular spaces (X,MDC;A

C;A ,∗) determined by (X,DC;A).
Let X be a (nonempty) set. A distance on X is a map d : X × X → [;∞). The set X,

together with distances on X, is called distance spaces.

Definition . Let X be a (nonempty) set,A be an index set, and C = {Cα}α∈A ∈ [;∞)A.
(A) We say that a family DC;A = {dα : X × X → [,∞),α ∈A} of distances dα , α ∈A, is

a quasi-triangular family on X if

∀α∈A∀u,v,w∈X
{

dα(u, w) ≤ Cα

[
dα(u, v) + dα(v, w)

]}
. (.)

A quasi-triangular space (X,DC;A) is a set X together with a quasi-triangular family
DC;A.

(B) We say that a family DA = {dα : X × X → [,∞),α ∈A} of distances dα , α ∈A, is a
triangular family on X if

∀α∈A∀u,v,w∈X
{

dα(u, w) ≤ dα(u, v) + dα(v, w)
}

. (.)

A triangular space (X,DA) is a set X together with a triangular family DA.
(C) Let (X,DC;A) be the quasi-triangular space. We say that DC;A is separating on X if

∀u,w∈X
{

u �= w ⇒ ∃α∈A
{

dα(u, w) >  ∨ dα(w, u) > 
}}

. (.)

We have the following useful result.

Theorem . Let (X,DC;A), DC;A = {dα : X → [,∞) : α ∈ A}, be a quasi-triangular
space, ∗ be a continuous t-norm defined by a ∗ b = a · b, and MDC;A

C;A = {MDC;A
α : X × X ×

(;∞) → (, ],α ∈A}, where

∀α∈A∀t∈(;∞)∀u,w∈X
{

MDC;A
α (u, w, t) = t/

[
t + dα(u, w)

]}
. (.)

Then we have the following:
(A) ∀α∈A∀u,v,w∈X∀t,s∈(;∞){MDC;A

α (u, v, t) ∗ MDC;A
α (v, w, s) ≤ MDC;A

α (u, w, Cα(t + s))}.
(A) ∀α∈A∀u,w∈X{MDC;A

α (u, w, ·) : (;∞) → (; ] is nondecreasing}.
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Proof To prove (A), suppose that

∃α∈A∃u,v,w∈X∃t,s∈(;∞)
{

MDC;A
α (u, v, t) ∗ MDC;A

α (v, w, s)

> MDC;A
α

(
u, w, Cα (t + s)

)}
.

By (.) and the definition of ∗, this means that

 > ts
{

Cα

[
dα (u, v) + dα (v, w)

]
– dα (u, w)

}

+ Cα t
dα (v, w) + Cα s

dα (u, v).

Hence, by (.) we have that  > Cα t
dα (v, w) + Cα s

dα (u, v), a contradiction.
Therefore, (A) holds.

Since

∀α∈A∀t∈(;∞)∀u,w∈X
{
∂MDC;A

α (u, w, t)/∂t = dα(u, w)/
[
t + dα(u, w)

] ≥ 
}

,

we see that this bound implies property (A). �

Remark . Definition .(A) and Theorem . show, in particular, that (X,MDC;A
C;A ,∗)

is a fuzzy quasi-triangular space satisfying additional property (A).

This suggests the following definition.

Definition . Let (X,DC;A),DC;A = {dα : X ×X → [,∞) : α ∈A}, be a quasi-triangular
space, and ∗ be a continuous t-norm defined by a ∗ b = a · b. We say that (X,MDC;A

C;A ,∗) is
a fuzzy quasi-triangular space determined by (X,DC;A).

Now, for given quasi-triangular spaces (X,DC;A), we define left (right) G-families and
W-families JC;A generated by DC;A.

Definition . Let (X,DC;A),DC;A = {dα : X ×X → [,∞) : α ∈A}, be a quasi-triangular
space.

(A) The family JC;A = {Jα : α ∈A} of distances Jα : X × X → [,∞), α ∈A, is said to be
the left (right) G-family generated by DC;A if:

(JG) ∀α∈A∀u,v,w∈X{Jα(u, w) ≤ Cα[Jα(u, v) + Jα(v, w)]}.
(JG) For any sequences (um : m ∈N) and (wm : m ∈N) in X satisfying

∀α∈A∀p∈N
{

lim
m→∞ Jα(um, um+p) = 

}
(.)

(
∀α∈A∀p∈N

{
lim

m→∞ Jα(um+p, um) = 
})

(.)

and

∀α∈A
{

lim
m→∞ Jα(wm, um) = 

}
(.)

(
∀α∈A

{
lim

m→∞ Jα(um, wm) = 
})

, (.)
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the following holds:

∀α∈A
{

lim
m→∞ dα(wm, um) = 

}
(.)

(
∀α∈A

{
lim

m→∞ dα(um, wm) = 
})

. (.)

(B) J
L;G
(X,DC;A) (JR;G

(X,DC;A)) is the set of all left (right) G-families JC;A generated by DC;A.

Definition . Let (X,DC;A), and DC;A = {dα : X × X → [,∞) : α ∈ A} be a quasi-
triangular space.

(A) The family JC;A = {Jα : α ∈A} of distances Jα : X × X → [,∞), α ∈A, is said to be
the left (right) W-family generated by DC;A if:

(JW) ∀α∈A∀u,v,w∈X{Jα(u, w) ≤ Cα[Jα(u, v) + Jα(v, w)]}.
(JW) For any sequences (um : m ∈N) and (wm : m ∈N) in X satisfying

∀α∈A∀p∈N
{

lim
m→∞ sup

n>m
Jα(um, un) = 

}
(.)

(
∀α∈A∀p∈N

{
lim

m→∞ sup
n>m

Jα(un, um) = 
})

(.)

and

∀α∈A
{

lim
m→∞ Jα(wm, um) = 

}
(.)

(
∀α∈A

{
lim

m→∞ Jα(um, wm) = 
})

, (.)

the following holds:

∀α∈A
{

lim
m→∞ dα(wm, um) = 

}
(.)

(
∀α∈A

{
lim

m→∞ dα(um, wm) = 
})

. (.)

(B) J
L;W
(X,DC;A) (JR;W

(X,DC;A)) is the set of all left (right) W-families JC;A generated by DC;A.

Remark . The left (right) G-families JC;A and left (right) W-families JC;A generated
by DC;A are substantial generalizations of DC;A. Indeed, note that:

(A) From Definitions . and . it follows that DC;A ∈ J
L;G
(X,DC;A) ∩ J

R;G
(X,DC;A) and

DC;A ∈ J
L;W
(X,DC;A) ∩ J

R;W
(X,DC;A), respectively.

(B) From construction of the family JC;A given further in Theorem . it follows that
J

L;G
(X,DC;A)\{DC;A} �= ∅, JR;G

(X,DC;A)\{DC;A} �= ∅, JL;W
(X,DC;A)\{DC;A} �= ∅, and

J
R;W
(X,DC;A)\{DC;A} �= ∅.

Theorem . Let (X,DC;A), and DC;A = {dα : X × X → [,∞) : α ∈ A} be a quasi-
triangular space. Assume that E ⊂ X is a set such that

∀α∈A
{
δα(E) = sup

{
dα(u, w) : u, w ∈ E

} �= 
}

(.)



Włodarczyk Fixed Point Theory and Applications  (2016) 2016:32 Page 32 of 49

and let {μα}α∈A ∈ (;∞)A satisfy

∀α∈A
{
μα ≥ δα(E)/(Cα)

}
. (.)

Let JC;A = {Jα ,α ∈A} where, for each α ∈A and for each u, w ∈ X,

Jα(u, w) =

{
dα(u, w) if E ∩ {u, w} = {u, w},
μα if E ∩ {u, w} �= {u, w}. (.)

Then the family JC;A = {Jα : α ∈A} of distances Jα : X × X → [,∞), α ∈A, is the left and
right G-family and the left and right W-family generated by DC;A.

Proof Indeed, suppose that condition (JG) or (JW) does not hold, that is,

∃α∈A∃u,v,w∈X
{

Jα (u, w) > Cα

[
Jα (u, v) + Jα (v, w)

]}
. (.)

Then (.) and (.) imply {u, v, w} ∩ E �= {u, v, w}, and the following Cases A-D
hold.

Case A. If {u, w} ⊂ E, then v /∈ E, and, by (.) we see that (.) is of the form
dα (u, w) > Cαμα . Next, by (.) this implies dα (u, w) > Cαμα ≥ δα (E). By
(.) this is impossible.

Case B. If u ∈ E and w /∈ E, then (.) and (.) give μα > Cα [dα (u, v) + μα ] ≥
Cαμα whenever v ∈ E or μα > Cα [μα + μα ] = Cαμα whenever v /∈ E. Since Cα ≥
, this is impossible.

Case C. If u /∈ E and w ∈ E, then (.) and (.) give μα > Cα [μα + dα (v, w)] ≥
Cαμα whenever v ∈ E or μα > Cα [μα + μα ] = Cαμα whenever v /∈ E. This is im-
possible.

Case D. If u /∈ E and w /∈ E, then (.) and (.) give μα > Cα [μα + μα ] =
Cαμα for v ∈ X. This is impossible.

Therefore, ∀α∈A∀u,v,w∈X{Jα(u, w) ≤ Cα[Jα(u, v) + Jα(v, w)]}, that is, conditions (JG) and
(JW) hold.

Assume now that the sequences (um : m ∈ N) and (wm : m ∈ N) in X satisfy (.) and
(.) or (.) and (.). We see that (.) holds and is equal to (.). Indeed, (.) is
equal to (.) and implies

∀α∈A∀<ε<μα∃m=m(α)∈N∀m≥m

{
Jα(wm, um) < ε

}
. (.)

Denoting m′ = min{m(α) : α ∈ A}, we see, by (.) and (.)-(.), that ∀m≥m′ {E ∩
{wm, um} = {wm, um}}. Then, in view of (.), this implies ∀α∈A∀<ε<μα∃m′∈N∀m≥m′ {dα(wm,
um) = Jα(wm, um) < ε}. Hence, we obtain that the sequences (um : m ∈ N) and (wm : m ∈ N)
satisfy (.) and (.). Thus, we see thatJC;A is left G- andW-family generated byDC;A.

In a similar way, we show that if (um : m ∈ N) and (wm : m ∈ N) in X satisfy (.) and
(.) or (.) and (.), then (um : m ∈ N) and (wm : m ∈ N) in X satisfy (.) and
(.). Therefore, JC;A is right G- and W-family generated by DC;A. We have proved that
JC;A ∈ J

L;G
(X,DC;A) ∩ J

R;G
(X,DC;A) ∩ J

L;W
(X,DC;A) ∩ J

R;W
(X,DC;A). �

Finally, we see that further analysis of quasi-triangular spaces (X,DC;A) and families
JC;A yields the following theorem.
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Theorem . Let (X,DC;A), DC;A = {dα : X × X → [,∞) : α ∈A} be a quasi-triangular
space, the family JC;A = {Jα : α ∈ A} of distances Jα : X × X → [,∞), α ∈ A, be the left
(right) G-family or the left (right) W-family generated by DC;A, and ∗ be the continuous
t-norm defined by a ∗ b = a · b. Let KJC;A

C;A = {KJC;A
α : X × X × (;∞) → (; ],α ∈ A},

where

∀α∈A∀t∈(;∞)∀u,w∈X
{

KJC;A
α (u, w, t) = t/

[
t + Jα(u, w)

]}
. (.)

Then we have the following:
(B) ∀α∈A∀u,v,w∈X∀t,s∈(;∞){KJC;A

α (u, v, t) ∗ KJC;A
α (v, w, s) ≤ KJC;A

α (u, w, Cα(t + s))}.
(B) ∀α∈A∀u,w∈X{KJC;A

α (u, w, ·) : (;∞) → (; ] is nondecreasing}.
(B) If JC;A = {Jα : α ∈A} is the left (right) G-family generated by DC;A, then

KJC;A
C;A ∈K

L;G
(X,M

DC;A
C;A ,∗)

(KJC;A
C;A ∈ K

R;G
(X,M

DC;A
C;A ,∗)

).

(B) If JC;A = {Jα : α ∈A} is the left (right) W-family generated by DC;A, then
KJC;A

C;A ∈K
L;W
(X,M

DC;A
C;A ,∗)

(KJC;A
C;A ∈ K

R;W
(X,M

DC;A
C;A ,∗)

).

Proof The proofs of (B) and (B) are analogous to those of (A) and (A) in Theorem .
and are omitted.

We prove (B) and (B). In this aim, let JC;A be the left G-family or left W-family gen-
erated by DC;A. If the sequences (um : m ∈N) and (wm : m ∈N) in X satisfy

∀α∈A∀t∈(;∞)∀p∈N
{

lim
m→∞ KJC;A

α (um, um+p, t) = 
}

(.)

or

∀α∈A∀t∈(;∞)

{
lim

m→∞ inf
n>m

KJC;A
α (um, un, t) = 

}
(.)

and

∀α∈A∀t∈(;∞)

{
lim

m→∞ KJC;A
α (wm, um, t) = 

}
, (.)

then, by (.), we see that (.)-(.) imply, respectively,

∀α∈A∀p∈N
{

lim
m→∞ Jα(um, um+p) = 

}
(.)

or

∀α∈A
{

lim
m→∞ sup

n>m
Jα(um, un) = 

}
(.)

and

∀α∈A
{

lim
m→∞ Jα(wm, um) = 

}
. (.)

Next, we see that in view of (.)-(.), properties (.) and (.) or (.) and (.)
hold, and by Definition . or Definition ., respectively, this implies that

∀α∈A
{

lim
m→∞ dα(wm, um) = 

}
. (.)
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However, by Theorem . and Remark . (see (.)) we get that (.) yield

∀α∈A∀t∈(;∞)

{
lim

m→∞ MDC;A
α (wm, um, t) = 

}
. (.)

Hence, it follows that if JC;A is the left G-family generated by DC;A, then by Definition .
the consequence of (B), (.), (.), and (.) is that KJC;A

C;A ∈ K
L;G
(X,M

DC;A
C;A ,∗)

. More-

over, if JC;A is the left W-family generated by DC;A, then, by Definition ., the conse-
quence of (.), (.), and (.) is KJC;A

C;A ∈K
L;W
(X,M

DC;A
C;A ,∗)

.

If JC;A is the right G-family or right W-family generated by DC;A, then the proof that
KJC;A

C;A ∈ K
R;G
(X,M

DC;A
C;A ,∗)

or KJC;A
C;A ∈ K

R;W
(X,M

DC;A
C;A ,∗)

, respectively, is analogous and is omit-
ted. �

Remark . The results obtained show that the Definitions . and . are correct.

12 Examples of fuzzy quasi-triangular spaces
In this section we construct examples of some fuzzy quasi-triangular spaces in the case
where ∗ is the continuous t-norm defined by a ∗ b = a · b.

Example . Let X = [; ], and let M{};{} = {M : X × X × (;∞) → (; ]} be of the
form

M(u, w, t) =

{
 if u ≥ w,
t/[t + (w – u)] if u < w.

(.)

() (X,M{};{},∗) is a fuzzy quasi-triangular space. Indeed, we take

d(u, w) =

{
 if u ≥ w,
(w – u) if u < w,

(.)

where u, w ∈ X. Note that ∀u,v,w∈X{d(u, w) ≤ [d(u, v) + d(v, w)]}; this inequality is a conse-
quence of (.) and the following Cases A-D.

Case A. If u, v, w ∈ [; ] and v ≤ u < w, then d(u, v) =  and w – u ≤ w – v. This gives
d(u, w) = (w – u) ≤ (w – v) < (w – v) = [d(u, v) + d(v, w)].

Case B. If u, v, w ∈ [; ], u < w, and u ≤ v ≤ w, then d(u, w) = (w – u) and f (v) =
minu≤v≤w f (v) = (w – u) where, for u ≤ v ≤ w, f (v) = [d(u, v) + d(v, w)] = [(v – u) + (w –
v)] and v = (u + w)/.

Case C.

sup
u,w∈(;);u<w

d(u, w) = sup
u,w∈(;);u<w

(w – u) =  =  and

sup
u,w∈(;);u<w

min
u≤v≤w


[
d(u, v) + d(v, w)

]

= sup
u,w∈(;);u<w

min
u≤v≤w


[
(v – u) + (w – v)]

= 
[
(/ – ) + ( – /)] = .

Case D. If u, v, w ∈ [; ] and u < w ≤ v, then d(v, w) =  and w – u ≤ v – u. This gives
d(u, w) = (w – u) ≤ (v – u) < (v – u) = [d(u, v) + d(v, w)].
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By Definition ., denoting D{};{} = {d}, we have that (X,D{};{}) is a quasi-triangular
space. Next, Theorem . implies that (X,M{};{},∗), where M = t/(t + d), is a fuzzy quasi-
triangular space.

() M{};{} = {M} is asymmetric. Indeed, we have that ∀t∈(;∞){ = M(, , t) �= M(, , t) =
t/(t + )}.

() For the constant sequence of the form (um =  : m ∈ N) ⊂ X, the sets LIML–M{};{}
(um :m∈N)

and LIMR–M{};{}
(um :m∈N) are not singletons. Indeed, by (.) and Definition . we have that

LIML–M{};{}
(um :m∈N) = [; ], LIMR–M{};{}

(um :m∈N) = [; ].

Example . Let (X,M{};{},∗) be such as in Example .. Moreover, let E ⊂ X, E �= ∅,
E �= X, δ(E) = sup{d(u, w) : u, w ∈ E} �= ∅, and γ satisfy γ > δ(E)/; here d is defined by
(.). Define K{};{} = {K : X × X × (;∞) → (; ]} where

K(u, w, t) =

⎧⎪⎨
⎪⎩

 if u ≥ w and E ∩ {u, w} = {u, w},
t/[t + (w – u)] if u < w and E ∩ {u, w} = {u, w},
t/(t + γ ) if E ∩ {u, w} �= {u, w}.

(.)

() K{};{} = {K} is the left and right G-family and a left and right W-family generated by
M{};{} = {M} in a fuzzy quasi-triangular space (X,M{};{},∗). Indeed, define J{};{} = {J}
where, for each u, w ∈ X,

J(u, w) =

{
d(u, w) if E ∩ {u, w} = {u, w},
γ if E ∩ {u, w} �= {u, w}.

By Theorem ., J{};{} is the left and right G-family and left and right W-family gen-
erated by D{};{} = {d} in quasi-triangular space (X,D{};{}). By Theorem . and Def-
initions . and . this implies that K{};{} = {K} defined by ∀t∈(;∞)∀u,w∈X{K(u, w, t) =
t/[t + J(u, w)]} is the left and right G-family and left and right W-family generated by
M{};{} = {M} in a fuzzy quasi-triangular space (X,M{};{},∗).

() (X,K{};{},∗) is a fuzzy quasi-triangular space. We see that K{};{} is a fuzzy quasi-
triangular family on X.

()K{};{} = {K} on the diagonal is not equal to one. Indeed, if u ∈ X\E, then ∀t∈(;∞){K(u,
u, t) = t/(t + γ ) < }.

() K{};{} = {K} is asymmetric. Indeed, since δ(E) > , for each u, w ∈ E, u > w, by (.)
we have that ∀t∈(;∞){ = K(u, w, t) > K(w, u, t) = t/[t + (w – u)]}.

() For the constant sequence of the form (um =  : m ∈ N) ⊂ X, the sets LIML–K{};{}
(um :m∈N)

and LIMR–K{};{}
(um :m∈N) are not singletons. Indeed, by (.) and Definition . we have that

LIML–K{};{}
(um :m∈N) = [; ], LIMR–K{};{}

(um :m∈N) = [; ].

Example . Let X be a set (nonempty), A ⊂ X, A �= ∅, A �= X, γ > , and let M{};{} =
{M : X × X × (;∞) → (; ]} be of the form

M(u, w, t) =

{
 if A ∩ {u, w} = {u, w},
t/(t + γ ) if A ∩ {u, w} �= {u, w}. (.)

() (X,M{};{},∗) is a fuzzy triangular space. This is a consequence of Theorem .. In
fact, we see that M(u, w, t) = t/[t + d(u, w)] for (u, w, t) ∈ X ×X × (;∞) where d : X ×X →
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[;∞) is of the form

d(u, w) =

{
 if A ∩ {u, w} = {u, w},
γ if A ∩ {u, w} �= {u, w}. (.)

Indeed, we see that d defined by (.) satisfies

∀u,v,w∈X
{

d(u, w) ≤ d(u, v) + d(v, w)
}

. (.)

Otherwise, ∃u,v,w∈X{d(u, w) > d(u, v) + d(v, w)}. It is clear that then d(u, w) = γ ,
d(u, v) = , and d(v, w) = . In conclusion, A∩{u, w} �= {u, w}, A∩{u, v} = {u, v},
and A ∩ {v, w} = {v, w}. This is impossible. Therefore, (.) holds.

() M{};{} = {M} on the diagonal is not equal to one. Indeed, if u ∈ X\A, then
∀t∈(;∞){M(u, u, t) = t/[t +γ ] < }. Therefore, the condition ∀t∈(;∞)∀u∈X{M(u, u, t) = } does
not hold.

() M{};{} = {M} is symmetric. This follows from (.).
() We observe that LIML–M{};{}

(um :m∈N) = LIMR–M{};{}
(um :m∈N) = A for each sequence (um : m ∈ N) ⊂ A.

We conclude this from (.).

Example . Let X = [; ], and let M{};{} = {M : X × X × (;∞) → (; ]} be of the
form

M(u, w, t) =

{
 if u ≥ w,
t/[t + (w – u)] if u < w.

(.)

() (X,M{};{},∗) is a fuzzy quasi-triangular space. Indeed, using Theorem ., we see
that M(u, w, t) = t/[t + d(u, w)] for (u, w, t) ∈ X × (;∞) where d : X → [;∞) is of the
form

d(u, w) =

{
 if u ≥ w,
(w – u) if u < w,

(.)

satisfying

∀u,v,w∈X
{

d(u, w) ≤ 
[
d(u, v) + d(v, w)

]}
; (.)

by (.) inequality (.) is a consequence of the following Cases A-C.
Case A. If v ≤ u < w, then d(u, v) = , w – u ≤ w – v, and, consequently, d(u, w) = (w –

u) ≤ (w – v) < (w – v) = d(v, w) = [d(u, v) + d(v, w)].
Case B. If u < w and u ≤ v ≤ w, then d(u, w) = (w–u) and f (v) = minu≤v≤w f (v) = (w–u)

where v = (u + w)/ is a minimum point of the map f (v) = [d(u, v) + d(v, w)] = (w –
u)[w + wu + u + v – v(w + u)].

Case C. If u < w ≤ v, then d(v, w) = , and, consequently, d(u, w) = (w – u) ≤ (v – u) <
(v – u) = d(u, v) = [d(u, v) + d(v, w)].

() M{};{} = {M} on the diagonal is equal yo one. In fact, by (.) it is clear that
∀t∈(;∞)∀u∈X{M(u, u, t) = }.

()M{};{} = {M} is asymmetric. Indeed, we have that ∀t∈(;∞){ = M(, , t) �= M(, , t) =
t/(t + )}.
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() We observe that LIML–M{};{}
(um :m∈N) = [; ] and LIMR–M{};{}

(um :m∈N) = [; ] for a sequence (um =
 : m ∈N). We conclude this from (.).

Example . Let X = R, and let M{};{} = {M : R×R× (;∞) → (; ]} be of the form

M(u, w, t) =

{
 if u ≥ w,
t/[t + (w – u)] if u < w,

u, w ∈R, t ∈ (;∞). (.)

We will consider the sequence (xm =
∑m

s= /s : m ∈N) ⊂ X.
() (X,M{};{},∗) is a fuzzy quasi-triangular space. The proof is analogous to those in

Example .() and is omitted.
() (xm : m ∈N) is an M{};{} left and right G-sequence in X. Indeed, by (.) and Defi-

nition . we see that ∀t∈(;∞)∀p∈N{limm→∞ M(xm, xm+p, t) = limm→∞ t/[t + (
∑m+p

s=m+ /s)] =
} and ∀t∈(;∞)∀p∈N{limm→∞ M(xm+p, xm, t) = }.

() (xm : m ∈ N) is not an M{};{} left W-sequence in X and is an M{};{} right
W-sequence in X. Indeed, by (.) and Definition . we have that

∀t∈(;∞)

{
lim

m→∞ inf
n>m

M(xm, xn, t) = lim
m→∞ inf

n>m
t
/[

t +

( n∑
s=m+

/s

)]

= lim
m→∞ t

/[
t +

( ∞∑
s=m+

/s

)]
= 

}

and ∀t∈(;∞){limm→∞ infn>m M(xn, xm, t) = }.
() (xm : m ∈N) is not left M{};{}-convergent in X and is right M{};{}-convergent in X.

Indeed, by (.) and Definition . we see that

∀t∈(;∞)∀x∈X

{
lim

m→∞ M(x, xm, t) = lim
m→∞ t/

[
t + (xm – x)] = 

}

and ∀t∈(;∞)∀x∈X{limm→∞ M(xm, x, t) = }.

13 Examples illustrating Theorem 9.1
Let, in the sequel, ∗ be the continuous t-norm defined by a ∗ b = a · b.

Example . Let X = [; ), and let M{};{} = {M : X × X × (;∞) → (; ]} be of the
form (.). Define a set-valued dynamic system (X, T) by

T(u) =

{
[; ] if u ∈ [; ] ∪ (; ),
(; ) if u ∈ (; ].

(.)

Let

E = [; ] ∪ (; ), (.)

let γ >  be arbitrary and fixed, and let K{};{} = {K}, where, for u, w ∈ X and t ∈ (;∞),

K(u, w, t) =

⎧⎪⎨
⎪⎩

 if u ≥ w and E ∩ {u, w} = {u, w},
t/[t + (w – u)] if u < w and E ∩ {u, w} = {u, w},
t/(t + γ ) if E ∩ {u, w} �= {u, w}.

(.)
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() (X,M{};{},∗) is a fuzzy quasi-triangular space. See Example .().
() K{};{} = {K} is the left and right G-family and left and right W-family generated by

M{};{} = {M} in a fuzzy quasi-triangular space (X,M{};{},∗). See Example .; we have
that γ >  > δ(E)/ = /.

() For each λ ∈ (/γ ; ), (X, T) is a fuzzy (FL–K{};{}
,X ,λ)-left contraction and a fuzzy

(FR–K{};{}
,X ,λ)-right contraction. Indeed, we prove that, for C =  and λ ∈ (/γ ; ),

∀t∈(;∞)∀x,y∈X
{

FK
(
T(x), T(y),λt

)≥ M(x, y, Ct)
}

,

where, by Definition . for η = ,

∀t∈(;∞)

{
FK(U , W , t) = FL–K{};{}

;,X (U , W , t) = FR–K{};{}
;,X (U , W , t)

= min
{

inf
u∈U

K(u, W , t), inf
w∈W

K(U , w, t)
}}

, U , W ∈ X .

With this aim, we consider the following Cases A-C.
Case A. If x, y ∈ [; ] ∪ (; ), then T(x) = T(y) = [; ] = U ⊂ E, and, by (.),

infu∈U{supw∈U K(u, w, t)} = infu∈U{K(u, u, t) = } =  and, consequently, ∀t∈(;∞)

∀λ∈(/γ ;){FK(T(x), T(y),λt) =  ≥ K(x, y, t)}.
Case B. If x, y ∈ [; ], then T(x) = T(y) = (; ) = U ⊂ Eand, by (.), infu∈U{supw∈U K(u,

w, t)} = infu∈U{K(u, u, t) = } = . Consequently, ∀t∈(;∞)∀λ∈(/γ ;){FK(T(x), T(y),λt) =  ≥
K(x, y, t)}.

Case C. If x ∈ [; ] ∪ (; ) and y ∈ (; ], then T(x) = [; ] = U ⊂ E, T(y) = (; ) = W ⊂
E, and, by (.),

inf
u∈U

{
sup
w∈W

K(u, w, t)
}

= inf
u∈U

{
sup
w∈W

t/
[
t + (w – u)] = t/

[
t + ( – u)]}

= t/
(
t + )

and infw∈W {supu∈U K(u, w, t)} = infw∈W {supu∈U t/[t + (w – u)]} = infw∈W {t/[t + (w – )]} =
t/(t + ). Thus, FK(T(x), T(y),λt) = min{t/(t + /λ), t/(t + /λ)} = t/(t + /λ). Moreover,
we have E ∩ {x, y} �= {x, y}. This gives, by (.), that K(x, y, t) = t/(t + γ /). Hence, t/(t +
/λ) ≥ t/(t + γ /) whenever /λ ≤ γ /. Therefore, if γ > , then λ ∈ (/γ ; ).

() Property (A) holds, that is, ∀t∈(;∞)∀x∈X∀β∈(;∞)∃y∈T(x){K(x, T(x), t) ≤ K(x, y, t( +
β))}. Indeed, this follows from the following Cases A-C.

Case A. Let x ∈ [; ] and β ∈ (;∞) be arbitrary and fixed, and let y = x ∈ T(x) = [; ].
By (.)-(.) and (.) we get that ∀t∈(;∞){K(x, y, t( + β)) = K(x, x, t( + β)) = }. There-
fore, ∀t∈(;∞){K(x, T(x), t) ≤ K(x, y, t( + β)) = }.

Case B. Let x ∈ (; ), β ∈ (;∞), and y ∈ T(x) = [; ] be arbitrary and fixed. By (.)-
(.) and (.), since x > y, we get ∀t∈(;∞){K(x, y, t( + β)) = }. Therefore, ∀t∈(;∞){K(x,
T(x), t) ≤ K(x, y, t( + β))}.

Case C. Let x ∈ (; ], β ∈ (;∞), and y ∈ T(x) = (; ) be arbitrary and fixed. By (.)-
(.) and (.), since ∀v∈T(x){E ∩ {x, v} �= {x, v}}, we get ∀t∈(;∞){K(x, y, t( + β)) = t( +
β)/[t( + β) + γ ] = t/[t + γ /( + β)]} and ∀t∈(;∞){K(x, T(x), t) = sup{M(x, v, t) : v ∈ T(x)} =
t/(t + γ )}. This gives ∀t∈(;∞){K(x, T(x), t) ≤ K(x, y, t( + β))}.
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() (X, T) is K{};{} left and right G-admissible and left and right W-admissible on X.
By Definition ., assuming that w ∈ X is arbitrary and fixed, we must prove that each
dynamic process (wm : m ∈ {} ∪N) of (X, T) starting at w and satisfying

∀t∈(;∞)∀p∈N
{

lim
m→∞ K

(
wm, wm+p, t

)
= 
}

or

∀t∈(;∞)

{
lim

m→∞ inf
n>m

K
(
wm, wn, t

)
= 
}

is left and right K{};{}-convergent. In fact, since, by (.), ∀m≥{wm ∈ T(wm–) ⊂ [; ]};
therefore, by (.)-(.) we get that  ∈ LIML–K{};{}

(wm :m∈{}∪N) and  ∈ LIMR–K{};{}
(wm :m∈{}∪N).

() (X, T) is left and right M{};{}-closed. Indeed, since T(X) = E, if (xm : m ∈N) ⊂ T(X)
is a left or right M{};{}-converging sequence in X and having subsequences (vm : m ∈
N) and (um : m ∈ N) satisfying ∀m∈N{vm ∈ T(um)}, then, by (.)-(.) we have that
∃m∈N∀m≥m{xm ∈ [; ]},  ∈ LIML–M{};{}

(xm :m∈N) ,  ∈ LIMR–M{};{}
(xm :m∈{}∪N),  ∈ T(), and  ∈ T().

() Property (A) holds. Indeed, by (.)-(.), even for each t ∈ (;∞), p ∈ N, i ∈
{m, . . . , m + p – }, λ ∈ (/γ ; ), w ∈ X, and w ∈ T(w), since T(w) ⊂ E, C = , and
limm→∞ λm = , if we assume that ∀m∈N{β (m) = /m}, then we get that limm→∞ bm ∈
(;∞), where ∀m∈N{bm =

∏m
l=( + β (l))}, and

lim
m→∞∗m+p–

i=m K
(
w, w, tCm–/

(
λipbi

))

= lim
m→∞

m+p–∏
i=m

K
(
w, w, tCm–/

(
λipbi

))
= .

This follows from the following Cases A and B.
Case A. Let w ∈ E satisfies w ≥ w. Then, by (.),

∀t∈(;∞)∀m∈N∀i∈{m,...,m+p–}
{

K
(
w, w, tCm–/

(
λipbi

))
= 
}

.

Hence,

lim
m→∞

m+p–∏
i=m

K
(
w, w, tCm–/

(
λipbi

))
=

m+p–∏
i=m

 = .

Case B. Let w ∈ E satisfies w < w, or let w /∈ E. Then, by (.), defining constant Q
as

Q =

{
(w – w) if w ∈ E satisfies w < w,
γ if w /∈ E

(.)

we deduce that

lim
m→∞

m+p–∏
i=m

K
(
w, w, tCm–/

(
λipbi

))
= lim

m→∞

m+p–∏
i=m

t/
[
t + Qλipbi/Cm–] = 

since ∀i∈{m,...,m+p–}{limm→∞ λipbi/Cm– = }.



Włodarczyk Fixed Point Theory and Applications  (2016) 2016:32 Page 40 of 49

Therefore, property (.) holds. Analogously, we prove that property (.) holds.
() Property (A) holds. Indeed, by (.)-(.), even for each w ∈ X and w ∈ T(w),

since T(w) ⊂ E, we get

lim
t→∞ K

(
w, w, t

)

=

⎧⎪⎨
⎪⎩

 if w ∈ E satisfies w ≥ w,
limt→∞ t/[t + (w – w)] =  if w ∈ E satisfies w < w,
limt→∞ t/(t + γ ) =  if w /∈ E.

Thus, (.) holds. Proof of (.) is analogous.
() Property (B) holds. Indeed, by (.)-(.), even for each t ∈ (;∞), λ ∈ (/γ ; ),

w ∈ X, and w ∈ T(w), since T(w) ⊂ E, C = , and limm→∞ λm = , if we assume
that ∀m∈N{β (m) = /m} and ∀m∈N{am = /[m(m + )]}, then we get that limm→∞ bm =
limm→∞

∏m
l=( + β (l)) ∈ (;∞) and

∑∞
m= am = , and also, denoting

∀m∈N
{

hm = am/
(
λmbm

)}
,

we observe that property (.) holds, that is,

lim
m→∞∗∞

i=mM
(
w, w, thiCm–) = lim

m→∞

∞∏
i=m

M
(
w, w, thiCm–) = . (.)

The proof of (.) follows from the following Cases A and B.
Case A. Let w ∈ E satisfies w ≥ w. Then

lim
m→∞

∞∏
i=m

M
(
w, w, thiCm–) = lim

m→∞

∞∏
i=m

 = .

Case B. Let w ∈ E satisfy w < w, or let w /∈ E. Then, first, we see that

∀m∈N

{ ∞∏
i=m

M
(
w, w, thiCm–)

=
∞∏

i=m

thiCm–/(thiCm– + Q
)

=
∞∏

i=m

( – Pi)

}
, (.)

where ∀i∈N{Pi = [Q/(hiCm–)]/[t + Q/(hiCm–)]}, and Q is defined by (.).
Now, we prove that

∑∞
i= Pi is convergent. With this aim, we study the limit limi→∞ Pi+/

Pi. First, we observe that

Pi+/Pi = λ
i + 

i
(
 + β (i+)) t + Ri

t + Ri+
, (.)

where Ri = Q/(hiCm–) = Qbii(i + )λi/Cm–. Next, we see that

lim
i→∞ Ri = ; (.)
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in fact, we have limi→∞ Ri+/Ri = limi→∞( + β (i+))λ(i + )/i = λ < , which gives that the
series

∑∞
i= Ri is convergent, and, consequently, (.) holds. The consequence of (.)

and (.) is that limi→∞ Pi+/Pi = λ, which means that the series
∑∞

i= Pi is convergent.
Since (.) holds, the convergence of

∑∞
i= Pi implies (.). Therefore, (.) holds.

Analogously, we prove (.).
It follows from (.) that (.) and (.) hold. Clearly, (.) also holds since W  ⊂ E,

and thus by (.) we get ∀t∈(;∞)∀x∈W {K(x, x, t) = }.
() For all w ∈ X, w ∈ T(w), and λ ∈ (/γ ; ), all assumptions (A) and (B) of Theo-

rem . for K{};{} in (X,M{};{},∗) hold. This follows from items ()-().

Claim (a) Fix(T) = [; ]. (b) For each w ∈ X, each dynamic process (wm : m ∈ {} ∪ N)
of the system (X, T) starting at w, ∀m∈{}∪N{wm+ ∈ T(wm)}, is left and right M{};{}-
convergent to some point of Fix(T).

Example . Let X, M{};{} = {M}, η = , and (X, T) be such as in Example ..
() (X,M{};{},∗) is a fuzzy quasi-triangular space. See Example ..
() For each λ ∈ (; ), the condition

∀t∈(;∞)∀x,y∈X
{

FM
(
T(x), T(y),λt

)≥ M(x, y, t)
}

does not hold, where

∀t∈(;∞)

{
FM(U , W , t) = FL–M{};{}

;,X (U , W , t) = FR–M{};{}
;,X (U , W , t)

= min
{

inf
u∈U

M(u, W , t), inf
w∈W

M(U , w, t)
}}

, U , W ∈ X .

Indeed, suppose that ∃λ∈(;)∀t∈(;∞)∀x,y∈X{FM(T(x), T(y),λt) ≥ M(x, y, t)}. Letting x =
/ and y = , by (.) it can be shown that M(x, y, t) = , T(x) = [; ], T(y) = (; ),
infu∈[;] M(u, (; ),λt) = infu∈[;] supw∈(;) λt/[λt + (w – u)] = infu∈[;] λt/[λt + ( –
u)] = λt/(λt +), and infw∈(;) M([; ], w,λt) = infw∈(;) supu∈[;] λt/[λt +(w–u)] =
infw∈(;) λt/[λt + (w – )] = λt/(λt + ). Therefore, FM(T(x), T(y),λt) = λt/(λt +
) ≥  = M(x, y, t), which is absurd.

Remark . Let us observe that the main tool is the families KC;A. We make the follow-
ing remarks about Examples . and . showing how natural these families KC;A are.
(a) By Example . we observe that we may apply Theorem . for set-valued dynamic sys-
tems (X, T) in a fuzzy quasi-triangular space (X,MC;A,∗) with left and right G-admissible
and left and right W-admissible family KC;A generated by MC;A where KC;A �= MC;A.
(b) By Example . we note, however, that we do not apply Theorem . in a fuzzy quasi-
triangular space (X,MC;A,∗) when KC;A = MC;A. (c) From (a) and (b) it follows that, in
Theorem ., the existence of families KC;A such that KC;A �= MC;A are essential.

Example . Let X = (; ), γ > , A = A ∪ A, A = (; ], A = [; ), M{};{} = {M :
X × (;∞) → (; ]} where, for all u, w ∈ X and t ∈ (;∞),

M(u, w, t) =

{
 if A ∩ {u, w} = {u, w},
t/(t + γ ) if A ∩ {u, w} �= {u, w}, (.)
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and let a set-valued dynamic system (X, T) be of the form

T(u) =

⎧
⎪⎨
⎪⎩

A for u ∈ A,
A for u ∈ (; ),
A for u ∈ A.

(.)

() (X,M{};{},∗) is a fuzzy triangular space; see Example .().
() For each λ ∈ (; ), (X, T) is a fuzzy (FL–M{};{}

,X ,λ)-left contraction and a fuzzy
(FR–M{};{}

,X ,λ)-right contraction. Indeed, if x, y ∈ X, then T(x) = U ⊂ A, T(y) = W ⊂ A,
and, by (.), (.), Example .(), and Definition ., for η = ,

∀t∈(;∞)

{
FM(U , W , t) = FL–M{};{}

;,X (U , W , t)

= FR–M{};{}
;,X (U , W , t) = min

{
inf
u∈U

M(u, W , t), inf
w∈W

M(U , w, t)
}

= 
}

.

Thus, for C = ,

∀t∈(;∞)∀λ∈(;)∀x,y∈X
{

FM
(
T(x), T(y),λt

)
=  ≥ M(x, y, Ct)

}
.

() Property (A) holds, that is, ∀t∈(;∞)∀x∈X∀β∈(;∞)∃y∈T(x){M(x, T(x), t) ≤ M(x, y, t( +
β))}. Indeed, this follows from the following Cases A and B.

Case A. Let x ∈ A, β ∈ (;∞), and y ∈ T(x) be arbitrary and fixed. By (.), (.),
and (.) we get T(x) ⊂ A, ∀t∈(;∞)∀v∈T(x){M(x, v, t( + β)) = } and ∀t∈(;∞){M(x, T(x), t) =
sup{M(x, v, t) : v ∈ T(x)} = }. Therefore, ∀t∈(;∞){M(x, T(x), t) = M(x, y, t( + β))}.

Case B. If x ∈ A, β ∈ (;∞), and y ∈ T(x) are arbitrary and fixed, then, by (.), (.),
and (.) we get T(x) = A, ∀t∈(;∞)∀v∈T(x){M(x, v, t( + β)) = t( + β)/[t( + β) + γ ]}, and
∀t∈(;∞){M(x, T(x), t) = sup{M(x, v, t) : v ∈ T(x)} = t/[t + γ ]}. Hence, by Theorem .(A),
∀t∈(;∞){M(x, T(x), t) ≤ M(x, y, t( + β))}.

() (X, T) is M{};{} left and right G-admissible and W-admissible on X. By Defini-
tion ., assuming that w ∈ X is arbitrary and fixed, we must prove that each dynamic
process (wm : m ∈ {} ∪N) of (X, T) starting at w and satisfying

∀t∈(;∞)∀p∈N
{

lim
m→∞ M

(
wm, wm+p, t

)
= 
}

or

∀t∈(;∞)

{
lim

m→∞ inf
n>m

M
(
wm, wn, t

)
= 
}

is left and right M{};{}-convergent. Indeed, since, by (.), ∀m≥{wm ∈ T(wm–) ⊂ A},
by (.) we get that A = LIML–M{};{}

(wm :m∈{}∪N) = LIMR–M{};{}
(wm :m∈{}∪N).

() (X, T []) is left and right M{};{}-closed. Indeed, since T [](X) = A, if (xm : m ∈ N) ⊂
T [](X) is a left or right M{};{}-converging sequence in X and having subsequences (vm :
m ∈N) and (um : m ∈N) satisfying ∀m∈N{vm ∈ T [](um)}, then by (.) and (.) we have
that ∃m∈N∀m≥m{xm ∈ A}, A = LIML–M{};{}

(xm :m∈N) = LIMR–M{};{}
(xm :m∈{}∪N), and Fix(T []) = A.

() Property (A) holds. Indeed, by (.), even for each t ∈ (;∞), p ∈N, i ∈ {m, . . . , m +
p – }, λ ∈ (; ), w ∈ X, and w ∈ T(w), since T(w) ⊂ A, C = , and limm→∞ λm = , if we
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assume that ∀m∈N{β (m) = /m}, then we get that limm→∞ bm ∈ (;∞), where ∀m∈N{bm =∏m
l=( + β (l))}, and

lim
m→∞∗m+p–

i=m M
(
w, w, t/

(
λipbi

))

= lim
m→∞

m+p–∏
i=m

M
(
w, w, t/

(
λipbi

))

=

{∏m+p–
i=m  =  if w ∈ A,

limm→∞
∏m+p–

i=m t/(t + γ λipbi) =  if w ∈ X\A.

Thus, (.) and (.) hold.
() Property (A) holds. Indeed, by (.), even for all w ∈ X and w ∈ T(w), since

T(w) ⊂ A, we get

lim
t→∞ M

(
w, w, t

)
=

{
 if w ∈ A,
limt→∞ t/(t + γ ) =  if w ∈ X\A.

Thus, (.) and (.) hold.
() Property (B) holds. Indeed, by (.), even for all t ∈ (;∞), λ ∈ (; ), w ∈ X, and

w ∈ T(w), since T(w) ⊂ A, C = , and limm→∞ λm = , if we assume that ∀m∈N{β (m) =
/m} and ∀m∈N{am = /[m(m+)]}, then we get that limm→∞ bm ∈ (;∞) and

∑∞
m= am = ,

and also, denoting

∀m∈N
{

hm = am/
(
λmbm

)}
,

we observe that

lim
m→∞∗∞

i=mM
(
w, w, thi

)
= lim

m→∞

∞∏
i=m

M
(
w, w, thi

)
= . (.)

This follows from the following Cases A and B.
Case A. Let w ∈ A. Then, by (.), ∀t∈(;∞)∀m∈N{M(w, w, thm) = }. Consequently,

limm→∞
∏∞

i=m M(w, w, thi) = limm→∞
∏∞

i=m  = , that is, (.) holds.
Case B. Let w ∈ X\A. Then, by (.), ∀m∈N{∏∞

i=m M(w, w, thi) =
∏∞

i=m t/(t + γ /hi) =∏∞
i=m( – Qi)} where ∀m∈N{Qm = (γ /hm)/(t + γ /hm)}. Let us prove that

lim
m→∞

∞∏
i=m

( – Qi) = . (.)

With this aim, it suffices to show that the series
∑∞

m= Qm is convergent.
First, let us observe that

∀m∈N
{

Qm+/Qm =
(t + Zm)(m + )

(t + Zm+)(m + )
(
 + β (m+))λ

}
, (.)

where ∀m∈N{Zm = λmγ m(m + )
∏m

l=( + β (l))}. Next, we see that

lim
m→∞ Zm+/Zm = lim

m→∞
m + 
m + 

λ
(
 + β (m+)) = λ < ,
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which implies that the series
∑∞

m= Zm is convergent, and, consequently,

lim
m→∞ Zm = . (.)

Now, using (.) in (.), we obtain limm→∞ Qm+/Qm = λ < . Hence,
∑∞

m= Qm is con-
vergent. Thus, we have that (.) holds.

Therefore, properties (.) and (.) hold.
It follows from (.) that properties (.) and (.) hold. Clearly, also (.) holds

since W  = A.
() For each w ∈ X and for each w ∈ T(w), all assumptions (A) and (B) of Theorem .

for K{};{} = M{};{} hold. This follows from ()-().

Claim (a) Fix(T) = ∅ and Fix(T []) = A. (b) For each w ∈ X, each dynamic process (wm :
m ∈ {} ∪ N) of the system (X, T) starting at w, ∀m∈{}∪N{wm+ ∈ T(wm)}, is left and right
M{};{}-convergent to each point of Fix(T []).

14 Examples illustrating Theorem 10.1
Let, in the sequel, ∗ be the continuous t-norm defined by a ∗ b = a · b.

Example . Let X = (; ). Define the single-valued dynamic system (X, T) by

T(u) =

⎧⎪⎨
⎪⎩

 + u for u ∈ (; ],
u/ for u ∈ (; ],
 + u/ for u ∈ (; ).

(.)

Let γ > , A = (/; ), and M{};{} = {M : X × (;∞) → (; ]} where, for all x, y ∈ X and
t ∈ (;∞),

M(u, w, t) =

{
 if A ∩ {u, w} = {u, w},
t/(t + γ ) if A ∩ {u, w} �= {u, w}. (.)

() (X,M{};{},∗) is a fuzzy triangular space; see Example .().
() For each λ ∈ (; ), (X, T) is a fuzzy (FL–M{};{}

,X ,λ)-left contraction and a fuzzy
(FR–M{};{}

,X ,λ)-right contraction. Indeed, by Definition . for η = , denoting

∀t∈(;∞)∀u,w∈X
{

FM(u, w, t) = FL–M{};{}
;,X (u, w, t)

= FR–M{};{}
;,X (w, u, t) = min

{
M(u, w, t), M(w, u, t)

}}
,

we see that, for all x, y ∈ X, T(x), T(y) ∈ A, and thus, for C = ,

∀t∈(;∞)∀x,y∈X
{

FM
(
T(x), T(y),λt

)
=  ≥ M(x, y, Ct)

}

since

M(x, y, Ct) =

{
 if A ∩ {x, y} = {x, y},
Ct/(Ct + γ ) if A ∩ {x, y} �= {x, y}. (.)
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() (X, T) is M{};{} left and right G-admissible and M{};{} left and right W-admissible
on X. Indeed, let w ∈ X be arbitrary and fixed. Since (wm = T [m](w) : m ≥ ) ⊂ A, we have

∀t∈(;∞)∀p∈N
{

lim
m→∞ M

(
wm, wm+p, t

)
= 
}

,

∀t∈(;∞)

{
lim

m→∞ inf
n>m

M
(
wm, wn, t

)
= 
}

,

and

∀t∈(;∞)∀w∈A

{
lim

m→∞ M
(
w, wm, t

)
= 
}

.

() The single-valued dynamic system (X, T []) is left and right M{};{}-closed on X. In-
deed, since

T [](u) =

⎧
⎪⎨
⎪⎩

/ + u/ for u ∈ (; ],
 + u/ for u ∈ (; ],
 + / + u/ for u ∈ (; ),

(.)

we have T [](X) ⊂ A, and if (xm : m ∈N) ⊂ T [](X) is a left or right M{};{}-converging se-
quence in X and having subsequences (vm : m ∈N) and (um : m ∈N) satisfying ∀m∈N{vm =
T [](um)}, then A = LIML–M{};{}

(xm :m∈N) = LIMR–M{};{}
(xm :m∈{}∪N) and Fix(T []) = {, } ⊂ A.

() We see that, for each w ∈ X, all assumptions (A) and (B) of Theorem . in
(X,M{};{},∗) hold and, for k = , the assumption in statement (D) of Theorem . holds.
Consequently, the assertions in (C) and (D) hold. This follows from items ()-() and (.)-
(.) since ∀m∈N{T [m](X) ⊂ A}.

Claim (a) Fix(T) = ∅ and Fix(T []) = {, }. (b) For each w ∈ X, the dynamic process (wm :
m ∈ {} ∪ N) of the system (X, T) starting at w, ∀m∈{}∪N{wm+ = T(wm)}, is left and right
M{};{}-convergent, and

Fix
(
T [])⊂ A = LIML–M{};{}

(wm :m∈{}∪N) = LIMR–M{};{}
(wm :m∈{}∪N).

(c) The property ∀v∈Fix(T [])∀t∈(;∞){M(v, T(v), t) = M(T(v), v, t) = } holds. (d) Assertions in
statement (E) of Theorem . do not hold; M is not separating on X since, for x, y ∈ A, x �= y,
we have ∀t∈(;∞){M(x, y, t) = M(y, x, t) = }.

Example . Let X = [; ), and let M{};{} = {M : X × (;∞) → (; ]} where, for u, w ∈
X and t ∈ (;∞),

M(u, w, t) = t/
(
t + |w – u|) for u, w ∈ X and t ∈ (;∞). (.)

Define the single-valued dynamic system (X, T) by

T(u) =

⎧⎪⎨
⎪⎩

 for u ∈ [; ],
/ for u ∈ (; ],
 for u ∈ (; ).

(.)
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Further, let E = [; ], γ > δ(E)/ = supx,y∈E |x – y|/ = /, and K{};{} = {K : X ×
(;∞) → (; ]} where, for u, w ∈ X and t ∈ (;∞),

K(u, w, t) =

{
t/(t + |w – u|) if E ∩ {u, w} = {u, w},
t/(t + γ ) if E ∩ {u, w} �= {u, w}. (.)

() (X,M{};{},∗) is a fuzzy triangular space; see Example .().
() K{};{} = {K} is the left and right G-family and the left and right W-family generated

by M{};{} = {M} in a fuzzy quasi-triangular space (X,M{};{},∗). See Example .; we
have that γ > δ(E)/ = supx,y∈E |x – y|/ = /.

() For each λ ∈ (/(γ ); ), (X, T) is a fuzzy (FL–K{};{}
,X ,λ)-left contraction and a fuzzy

(FR–K{};{}
,X ,λ)-right contraction. Indeed, we prove that, for C =  and λ ∈ (/(γ ); ),

∀t∈(;∞)∀x,y∈X
{

FK
(
T(x), T(y),λt

)≥ K(x, y, Ct)
}

, (.)

where, by Definition ., for η = ,

∀t∈(;∞)∀u,w∈X
{

FK(u, w, t) = FL–K{};{}
;,X (u, w, t)

= FR–K{};{}
;,X (w, u, t) = K(u, w, t)

}
.

With this aim, we consider the following Cases A and B.
Case A. If {x, y} ⊂ [; ] or {x, y} ⊂ (; ) or {x, y} ⊂ (; ), then T(x) = T(y) ∈ E. By (.)

and (.) this gives FK(T(x), T(y),λt) = K(T(x), T(y),λt) = . Therefore, (.) holds in
this case.

Case B. If {x, y} ∩ [; ] �= {x, y}, {x, y} ∩ (; ) �= {x, y}, and {x, y} ∩ (; ) �= {x, y}, then
T(x), T(y) ∈ E, T(x) �= T(y), and (.) holds since

K
(
T(x), T(y),λt

)
= λt/(λt + /) ≥ t/(t + γ ) = K(x, y, Ct), C = ,

whenever λ ∈ (/(γ ); ).
() (X, T) is K{};{} left and right G-admissible and left and right W-admissible on X. By

Definition ., assuming that w ∈ X is arbitrary and fixed, we must prove that a dynamic
process (wm = T [m](w) : m ∈ {} ∪N) of (X, T) starting at w and satisfying

∀t∈(;∞)∀p∈N
{

lim
m→∞ K

(
wm, wm+p, t

)
= 
}

(.)

or

∀t∈(;∞)

{
lim

m→∞ inf
n>m

K
(
wm, wn, t

)
= 
}

(.)

is left and right K{};{}-convergent. In fact, since, by (.), ∀m≥{wm = }, by (.) and
(.) we get that (.), (.), and LIML–K{};{}

(wm :m∈{}∪N) = LIMR–K{};{}
(wm :m∈{}∪N) = {} hold.

() For each w ∈ X, property (A) holds. Indeed, by (.),

∀w∈X

{
lim

t→∞ K
(
w, T

(
w), t

)
= lim

t→∞ K
(
T
(
w), w, t

)
= 
}

.
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() For each w ∈ X, property (B) holds. Indeed, even for each t ∈ (;∞), λ ∈ (/(γ ); ),
and w ∈ X, since T(w) ⊂ E, C = , and limm→∞ λm = , if we assume that ∀m∈N{am =
/[m(m + )]}, then we get that

∑∞
m= am = , and also, denoting

∀m∈N
{

hm = am/λm},

we observe, by (.), that ∀t∈(;∞)∀m∈N{K(w, T(w), thm) = K(T(w), w, thm)} and
∀t∈(;∞)∀m∈N{∏∞

i=m K(w, T(w), thi) =
∏∞

i=m( – Qi)} where, for all m ∈ N and t ∈ (;∞),
Qm = P/hm/[t + P/hm] and

P =

{
|w – T(w)| if w ∈ E,
γ if w /∈ E.

We prove that

∀t∈(;∞)

{
lim

m→∞∗∞
i=mK

(
w, T

(
w), thi

)

= lim
m→∞

∞∏
i=m

K
(
w, T

(
w), thi

)
= lim

m→∞

∞∏
i=m

( – Qi) = 

}
. (.)

With this aim, it is sufficient to prove that the series
∑∞

m= Qm is convergent. Indeed, we
see that

∀t∈(;∞)∀m∈N
{

Qm+/Qm = λ
m + 

m
· t + Zm

t + Zm+

}
, (.)

where ∀m∈N{Zm = Pm(m + )λm}. Since limm→∞ Zm+/Zm = λ < , the series
∑∞

m= Zm is
convergent, and, consequently, limm→∞ Zm = . By (.) this implies that limm→∞ Qm+/
Qm = λ < , so

∑∞
m= Qm is convergent, and (.) holds.

Moreover, by (.) we see that ∀t∈(;∞)∀w∈X{Kα(w, T(w), t) : (;∞) → (; ] is non-
decreasing}.

() (X, T []) is left and right M{};{}-closed. Indeed, since T [](X) = {}, by Definition .,
if (xm : m ∈ N) ⊂ T [](X) is a left or right M{};{}-converging sequence in X and having
subsequences (vm : m ∈ N) and (um : m ∈ N) satisfying ∀m∈N{vm = T [](um)}, then we have
that ∀m≥{xm = },  ∈ LIML–M{};{}

(xm :m∈N) = LIMR–M{};{}
(xm :m∈{}∪N), and  = T []().

() We see that, for each w ∈ X, all assumptions (A) and (B) of Theorem . in
(X,M{};{},∗) hold and, for k = , the assumptions in statements (C)-(D) of Theorem .
hold. This follows from items ()-().

Claim (a) Fix(T []) = Fix(T) = {}. (b) For each w ∈ X, a dynamic process (wm : m ∈
{} ∪ N) of the system (X, T) starting at w, ∀m∈{}∪N{wm+ = T [m](w)}, is left and
right M{};{}-convergent, and {} = LIML–M{};{}

(wm :m∈{}∪N) = LIMR–M{};{}
(wm :m∈{}∪N). (c) The property

∀t∈(;∞){M(, , t) = } holds.

Example . Let X, M{};{} = {M : X × (;∞) → (; ]}, and (X, T) be such as in Ex-
ample .. It is not hard to see that Theorem . cannot be used for K{};{} = {K : X ×
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(;∞) → (; ]} when K = M since the property ∃λ∈(;)∀t∈(;∞)∀x,y∈X{FM(T(x), T(y),λt) ≥
M(x, y, t)} does not hold, where

∀t∈(;∞)∀u,w∈X
{

FM(u, w, t) = FL–M{};{}
;,X (u, w, t)

= FR–M{};{}
;,X (w, u, t) = M(u, w, t)

}
.

Indeed, using x =  and y = /, we compute that

M
(
T(x), T(y),λt

)
= λt/(λt + /) ≥ t/(t + /) = M(x, y, t)

whenever λ ≥ , which is impossible.

Remark . Before going further, let us observe that (X,M{};{},∗), whereM{};{} = {M},
and M is defined by (.), is a GV -fuzzy metric space. Consequently, Examples . and
. show that Theorem . is a new one even in GV -fuzzy metric spaces and that KC;A �=
MC;A is a useful tool from a practical point of view in the sense that we may construct a
fuzzy periodic and fuzzy fixed point theory in very general classes of spaces and maps.

15 Conclusions
It is easy to show, by constructing appropriate examples, that in mathematics, some inter-
esting spaces and fascinating results in these spaces are not optimal and that the answers
to many basic problems about them are still missing (e.g., statements that we can give in
more general spaces, some hypotheses are not significant, assertions are not deep). From
any point of view, this situation is not satisfactory and inspires further investigations. This
paper describes and solves some problems in this direction and leads to entirely new con-
cepts of fuzzy spaces and set-valued and single-valued fuzzy contractions and to a new
way of looking at fuzzy periodic and fixed point theory.
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