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Abstract

In this paper, we introduce the concept of JS-quasi-contraction and prove some fixed
point results for JS-quasi-contractions in complete metric spaces under the
assumption that the involving function is nondecreasing and continuous. These fixed
point results extend and improve many existing results since some assumptions
made there are removed or weakened. In addition, we present some examples
showing the usability of our results.
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1 Introductions
Recall the Banach contraction principle [1], which states that each Banach contraction T :
X — X (i.e., there exists k € [0,1) such that d(Tx, Ty) < kd(x,y) for all x,y € X) has a unique
fixed point, provided that (X,d) is a complete metric space. According to its importance
and simplicity, this principle have been extended and generalized in various directions
(see [2—17]). For example, the concepts of Ciri¢ contraction [5], quasi-contraction [6], JS-
contraction [7], and JS-Ciri¢ contraction [8] have been introduced, and many interesting
generalizations of the Banach contraction principle are obtained.

Following Hussain et al. [8], we denote by W the set of all nondecreasing functions v :
[0, +00) — [1, +00) satisfying the following conditions:

(W1) ¥(¢)=1ifand onlyif £ =0;

(W2) for each sequence {t,} C (0, +00), lim,_, o ¥ (¢,) =1 if and only if lim,,_, oo £, = 0;
(W3) there exist » € (0,1) and [ € (0, +00] such that lim;_, o+ '/’(f,)’l =1

(W4) Y(t+s) <y@)y(s) forall £,s> 0.

For convenience, we set:

®; = {1// :(0,+00) — (1,+00) : ¥ is a nondecreasing function satisfying
(W2) and (\1’3)},
o, = {1/1 :(0,+00) — (1,+00) : ¥ is a nondecreasing continuous function},
O3 = {w : [0, +00) — [1,+00) : ¥ is a nondecreasing continuous function satisfying

W),
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Dy = {w : [0, +00) — [1,+00) : ¥ is a nondecreasing continuous function satisfying

(¥1) and (W4)}.

Example 1 Let ft) = e for t > 0. Then f € ®, N ®3, but f ¢ W U & U @, since
=1 = 0 for each r € (0,1) and e“*¢"" > & ¢®’ forall s, ¢ > 0.

t
hmt*)(yr

Example?2 Letg(t) = ¢ for £ > 0, wherea > 0. Whena € (0,1),g € UN®, N O, N D3N Dy,
Whena=1,g¢e &, N &3 N Dy, but g ¢ ¥ U P, since lim,, o+ % =0 for each r € (0,1).
Whena>1,ge ®, NP3, butg ¢ ¥ U D Uy since limy, o+ etjfl =0 for each r € (0,1)
and e > ¢ for all s, > 0.

Example 3 Let /(t) = 1 for £ € [0,a] and k() = € for t > a, where a > 0. Then & € ®,,
but ¢ ¥ U ®; U d3 U P, since neither (V1) nor (W2) is satisfied.

Example 4 Let p( ) = eV® for t > 0. Then ped N, NP3, but p ¢ ¥ U Dy since

t +35
eV (to+s)el’0 0) eV2e 5 2Ve — o\ 100 o /500 \Whanever to=s0=1.

Remark 1
(i) Clearly, ¥ € ®; and &, € ®3 C P,. Moreover, from Examples 2-4 it follows that
¥ C ®; and ®4 C O3 C Py,
(ii) From Examples 1-4 we can conclude that &, ¢ &;, &4 ¢ ¥, &; N P, # &, and
UMDy A D,

Definition 1 Let (X, d) be a metric space. A mapping 7 : X — X is said to be:
(i) a Ciri¢ contraction [5] if there exist nonnegative numbers g, r, s, t with
q +r+s+2t<1such that
d(Tx, Ty) < qd(x,y) + rd(x, Tx) + sd(y, Ty) + t[d(x, Ty) + d(y, Tx)], Vx,y € X;
(i) a quasi-contraction [6] if there exists A € [0,1) such that

d(Tx, Ty) < AMy(x,y), Vx,y€ X,

where M(x,y) = max{d(x,y), d(x, Tx),d(y, Ty), % Ty)+d(y Ty
(iii) a JS-contraction [7] if there exist ¢ € ®; and A € [0, 1) such that

w(d(Tx, Ty)) < w(d(x,y))x, Vx,y € X with Tx # Ty; (1)

(iv) aJS-Ciri¢ contraction [8] if there exist ¥/ € ¥ and nonnegative numbers g, 7, s, t
with g + r + s + 2¢ < 1 such that

Y (d(Tx, Ty)) < ¥ (d(x,9) ¥ (dlx, ) ¥ (dy, T) v (d, T) + d(y, Tn)),
Y,y € X. (2)

In the 1970s, Ciri¢ [5, 6] established the following two well-known generalizations of the
Banach contraction principle.
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Theorem 1 (see [5]) Let (X,d) be a complete metric space, and T : X — X a Cirié contrac-
tion. Then T has a unique fixed point in X.

Theorem 2 (see [6]) Let (X,d) be a complete metric space, and T : X — X a quasi-

contraction. Then T has a unique fixed point in X.

Recently, Jleli and Samet [7] proved the following fixed point result of JS-contractions,
which is a real generalization of the Banach contraction principle.

Theorem 3 (see [7], Corollary 2.1) Let (X,d) be a complete metric space, and T : X — X
a JS-contraction with € ®,. Then T has a unique fixed point in X.

Remark 2 The Banach contraction principe follows immediately from Theorem 3. In-
deed, let T : X — X be a JS-contraction. Then, if we choose ¥ (t) = eVt e d;and A = vk in
(1), then we get \/d(Tx, Ty) < \//?\/d(x,y), that is,

d(Tx, Ty) < kd(x,y), Vx,y€eX,

which means that T is a Banach contraction. Remark that Theorem 3 is a real generaliza-
tion of the Banach contraction principle (see Example in [7]), but the Banach contraction

principle is not a particular case of Theorem 3 with ¥ (¢) = e since e’ ¢ ©.

Recently, Hussain et al. [8] presented the following extension of Theorem 1 and Theo-

rem 3.

Theorem 4 (see [8], Theorem 2.3) Let (X,d) be a complete metric space, and T : X — X
a continuous JS-Ciric¢ contraction with € W. Then T has a unique fixed point in X.

Remark 3 It is clear that Theorem 1 is not a particular case of Theorem 4 since, in Theo-
rem 1, a mapping T does not have to be continuous. In addition, letting v (¢) = eVl in (2),

we can only obtain

VA(Tx, Ty) < g/d(x,y) + r/d(x, Tx) + s\/d(y, Ty) + t/d(x, Ty) + d(y, Tx), Vx,y € X,

which does not imply that T is a Ciri¢ contraction whenever gr + rs + st # 0,and hence The-
orem 1 cannot be derived from Theorem 4 by using the same method as in [7]. Therefore,

Theorem 4 may not be a real generalization of Theorem 1.

In this paper, we generalize and improve Theorems 1-4 and remove or weaken the as-

sumptions made on y appearing in [7, 8].
2 Main results
Definition 2 Let (X, d) be a metric space. A mapping T : X — X is said to be a JS-quasi-

contraction if there exist a function ¥ : (0, +00) — (1, +00) and A € (0,1) such that

w(d(Tx, Ty)) < lp(Md(x,y))A, Vx,y € X with Tx # Ty. (3)
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Remark 4 (i) Each quasi-contraction is a JS-quasi-contraction with ¥ (¢) = €’.
(ii) Each JS-contraction is a JS-quasi-contraction whenever v is nondecreasing.
(iii) Let T: X — X and ¢ : [0, +00) — [1, +00) be such that

. s, (406 TY) +d(y, T\ *
(T 1) = 1 d05,) " (s, 79) 0 o Ty) o (T

Vx,y € X, (4)

where ¢, r, s, t are nonnegative numbers with g + r + s + 2t < 1. Then T is a JS-quasi-
contraction with A = p + r + s + 2¢, provided that (V1) is satisfied.

(iv) Let T: X — X and ¥ : [0, +00) — [1, +00) be such that (2) is satisfied. Suppose that
¥ is a nondecreasing function such that (¥4) is satisfied. Then, ¥ (d(x, Ty) + d(y, Tx))" <
w(W)% for all x,y € X, and so (4) holds. Moreover, if (V1) is satisfied, then it
follows from (iii) that 7 is a JS-quasi-contraction with A = p + r + s + 2¢. Therefore, a JS-
Ciri¢ contraction with ¥ € ®4 or ¥ € W is certainly a JS-quasi-contraction.

Theorem 5 Let (X, d) be a complete metric space, and T : X — X a ]JS-quasi-contraction
with W € ®y. Then T has a unique fixed point in X.

Proof Fix x¢ € X and let x,, = T"x, for each n.
We first show that T has a fixed point. We may assume that

AdXp,%n11) >0, Va (5)

Otherwise, there exists some positive integer p such that x, = x,.; and so x,, is a fixed point
of T, and the proof is complete. Note that

max{d(xn,l, xn), d(xn; xn+1) }

= max{d(x”—lr xn); d(xn!xn+l); d(xn_l'xn+1) + d(‘xn’ xn) }

2

d n—1%n d m Xn+
:Md(xn—l:xn)Smax{d(xn—lrxn);d(xmxnﬂ); (x 1x)+ (x i 1)}

2

:max{d(xn_l,x,,),d(x,,,xml)}, V.
Then by (3) and (5) we get
Y (A 1)) < Y (Mao1,%0)) = ¥ (max {1, %), d s 0001) )5 V. (6)
If there exists some #1y such that d(x,, %mg+1) > d(Xmy-1, %, ), then by (6) we get
U (Admgr g 1)) = W (AGgs Xy 1)) < W (A Ky 1)),
a contradiction. Consequently, we obtain

d(xn)xnﬂ) = d(xn—lyxn); Vl’l,
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which implies that {d(x,, x,,1)} is a decreasing sequence of nonnegative reals, and so there

exists a > 0 such that lim,,_, o, d(x,,%,,1) = @ and
A%y, Xpi1) > 0t (7)

Suppose that « > 0. By (6) and (7), since ¥ is nondecreasing, we get

n

1<y (@) < ¥ (d@n %)) < ¥ (d@n1,20))" < <Y (dwo, )", n. 8)

Letting n — oo in this inequality, we get ¥(«) = 1, which contradicts the assumption that

¥ (t) > 1 for each ¢ > 0. Consequently, we have « = 0, that is,
lim d(x,,%,.1) = 0. 9)
n—0o0
We claim that
lim d(x,,%,) =0. (10)
m,n— 00

Otherwise, there exist 8 > 0 and two subsequences {x,, } and {x,, } of {x,} such that m is

the smallest index with m1; > ;. > k for which

AKX X)) = B, (11)
which indicates that

AKX Xmy—1) < B. (12)
By (11), (12), and the triangle inequality we get

ﬁ = d(xnermk) = d(xnk;xmk—l) + d(xmk—lxxmk)

<B+dXmp-1,%m),  Ymy > me> k.
Letting k — oo in this inequality, by (9) we obtain
kli)rglod(xnk,xmk) =B. (13)
Also by the triangle inequality we get

d(xnermk) - d(xnkﬂyxnk) - d(xmk)xkarl)

< d(xnk+1: xmk+l) < d(xnk+1: xnk) + d(xnk:xmk) + d(xmermk+1)r mG > Hni > k
Letting k — oo in this inequality, by (9) and (13) we obtain

lim d (%41, % 41) = B (14)

k—o00
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In analogy to (14), by (9) and (13) we can prove that

A A, Xmga1) = M d(Lern, %) = B (15)
It follows (9), (13), and (14) that

k]LrEon(x""’xmk) =B, (16)
where

/3 E d(x}’lk!xmk) S Md(xnk;xmk)

(xnkixmkﬂ) + d(xnkﬂrxmk) }

d
= maX{d(xnk:xmk)d(xnk:xnkﬂ); d(xmk:xmkﬂ); )

Note that (14) and (16) implies that there exists a positive integer ko such that
AXpy1,Xpm1) >0 and  Mg(xy,, %, ) >0, Vk > ko.

Thus, by (3) we get
Y (d Gt %mg 1)) = ¥ (AT, Tomy)) < ¥ (Ma G o)) Vg > i > k > ko

Letting k — oo in this inequality, by (14), (16), and the continuity of { we obtain
Y(B) = m y (dnn,xm)) < Jim o (Mano0,) = ¥(B) < (B),

a contradiction. Consequently, (10) holds, that is, {x,} is a Cauchy sequence in X. More-
over, by the completeness of (X, d) there exists x* € X such that

lim d(x,,x") = 0. (17)

n—00

Suppose that d(x*, Tx*) > 0. It follows from (9) and (17) that there exists a positive integer
1o such that

d(xn,x*) <d(x*, Tx*) and d(x,, %) <d(x", Tx*), Vn=>no. (18)

Denoting

Ma (%) =maX{d(xn,x*),d(xn,xn+1),d(x*,Tx*), oo ) + dlx 'x"“)}

2

for each #, by (18) we get
My(%n,x*) = d(x*, Tx*), Vn=no. (19)
From the continuity of d it follows that

lim d(x,.1, Tx*) = d(x*, Tx"), (20)

n—00
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which implies that there exists a positive integer ; such that

d(xn1, T6°) >0, Vi =m. (21)
Thus, by (3) we get

Y (d(®n1, ")) = ¥ (d( T Tx")) < ¥ (Ma(x0,2))", V0> m,
and so, by (19),

Y (d(%n1, ")) < ¥ (d(x, Tx*))", Vi > max{ng, m). (22)
Letting 7 — oo in this inequality, by (20) and the continuity of  we obtain

P (A, Te)) = 9 (d e, TeY)) < 9 (d (e, T)) < (d(o, Tx)),

a contradiction. Consequently, d(x*, Tx*) = 0, that is, x* = Tx*.
Let x be another fixed point of T. Suppose that d(x,x*) > 0. Then by (3) we get

¥ (d(xx)) = ¥ (d(Te T)) < 9 (Ma(0,27))
where M(x, x*) = max{d(x, x*), W} = d(x,x*). Thus, we obtain
P (d(m3)) < ¥ (dsr’)) < p(d(wr)),

a contradiction. Consequently, we have x = x*. This shows that x* is the unique fixed point
of T. The proof is completed. g

Remark 5 In view of Example 2 and (i) of Remark 4, Theorem 2 is a particular case of
Theorem 5 with ¥/(¢) = " € ®,. The following example shows that Theorem 5 is a real
generalization of Theorem 2.

Example5 Let X = {7,} and d(x,y) = |x—y|, where t,, = M for each n. Clearly, (X, d)
is a complete metric space. Define the mapping 7: X — X by Tty =71 and T't,, = 7,,-; for
each n > 2.

We show that 7 is a JS-quasi-contraction with ¥ (¢) = e In fact, it suffices to show that
there exists A € (0,1) such that, for all x,y € X with Tx # Ty,

d(Tx, Ty)e T 10)-Maxy)
<X
Mq(x,y)

m-1)m(m+1)—6

In the case of m > 2 and n = 1, we have d(T'1y, Tt),) = d(t1, Tj1) = ( 3 and

d ) Tm— d mo
Md(tl’TM):max{d(Tl’t””)’d(rlrtl)yd(fm,‘[m_l), (t1, Tw1) +d(T rl)}

3
mm+1)(m+2)-6

=d(n, ) = 3 ,
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and so

d(Ty, Tt,,)e! T T Maltutm) (1 — 1)m(m +1) - 6 m(

_ m+1) -6
My(t1, T) mm+1)(m+2)-6 '

<e

In the case m > n > 1, we have

2

(m=-n)(m®+n®+mn-1)

3

ATy, Ttm) = d(Ty1, Tu1) =

and

d n “m— d m> tn—
Md(r”’rr”‘):max{d(rmTm)»d(fn:fn—l):d(fm;Tm—1)¢ (t Tia) + (T, @ 1)}

2

Tt Tin-1 — Ty — Tp—1
=max] T,y — Tn, 5 =T, -1,

2

(m—n)(m®+n®+mn+3(m+n)+2)

3

’

and so

A(T't,, Tt,,)e™ T T tm)=Ma(tnm) m?+n?+mn-1

= (n—m)(m+n+1)
M (T, Trn) m2+n+mn+3(m+n)+2

< eG(n—m) < 6_6.

This shows that T is a JS-quasi-contraction with v (¢) = e and A € [e7%,1). Note that
e e @, by Example 1. Then from Theorem 5 we know that 7" has a unique fixed point ;.

For each m > 2, we have

I d(Tt, Tt,,) . (m-1)mm+1)-6
im ——— " = _
m—o00 My(t1,T,y) m—com(m+1)m+2)—6

)

which implies that T is not a quasi-contraction. Hence, Theorem 2 is not applicable here.

On the other hand, it is not hard to check that there exists A € (0,1) (resp. nonnegative
numbers ¢, 7, s, t with g + r + s + 2¢ < 1) such that (1) (resp. (2)) is satisfied with ¥ (¢) = et
But neither Theorem 3 nor Theorem 4 is applicable in this situation since e ¢ WU P
by Example 1.

Example 6 Let X ={1,2,3} and d(x,y) = |x — y|. Clearly, (X, d) is a complete metric space.
Define the mapping 7: X — X by T1=T2=1and T3 = 2.

We show that T is a JS-quasi-contraction with ¥ (¢) = B fact, it suffices to show
that there exists A € (0,1) such that, for all x,y € X with Tx # Ty,

d(Tx, Ty)e T T)-Maxy) )
<A
Ma(x,y) -

Then, we only need to consider the cases x =1, y = 3 and x = 2, y = 3. For both cases, we
have d(T1,T3) =d(T2,T3) =1 and M,(1,3) = M4(2,3) = 2, and so
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d( Tl, TB)ed(Tl,T?))—Md(l,S) d( T2, Tg)ed(TZ,TB)—Md(Z,S) e—l

M,(1,3) My(2,3) T2

’

which implies that T is a JS-quasi-contraction with (¢) = eV and A € [\/g ,1). Note
that e € @, by Example 4. Then from Theorem 5 we know T has a unique fixed point
x=1.

When x = 2 and y = 3, we have d(72, T3) = d(2,3) =1 and hence
Vet

A(T2,73)eH(T2T3)-d(2,3) _1

a23) )

which implies that 7 is not a JS-contraction with 1 (¢) = e¥* . Therefore, Theorem 3 is not
applicable here.

In addition, it is not hard to check that there exist nonnegative numbers g, r, s, t with

q +r+ s+ 2t <1 such that (2) is satisfied with ¥ (¢) = ¢V However, Theorem 4 is not

applicable here since eV ¢ w by Example 4.

Theorem 6 Let (X,d) be a complete metric space, and T : X — X. Assume that there exist
¥ € O3 and nonnegative numbers q, r, s, t with q + r + s + 2t < 1 such that (4) is satisfied.

Then T has a unique fixed point in X.

Proof Inview of (iii) of Remark 4, T is a JS-quasi-contraction with A = g + 7 + s + 2¢. In the
case where g + r + s + 2t = 0, by (3) we have ¥ (d(Tx, Ty)) = 1 for all x,y € X. Moreover, by
(V1) we get d(Tx, Ty) = 0 for all x,y € X. This shows that y = Tx is a fixed point of 7. Let
z be another fixed point of T. Then d(y,z) = d(Ty, Tz) = 0, and hence y = z, that is, T has
a unique fixed point. In the case where 0 < g + r + 5 + 2¢ < 1, the conclusion immediately

follows from Theorem 5. The proof is completed. d

Remark 6 Theorem 2 and Theorem 1 are respectively particular cases of Theorem 5 and
Theorem 6 with 1/(¢) = e, whereas they are not particular cases of Theorem 3 and Theo-
rem 4 with ¥ (¢) = e since &’ € ®, NP3 but e’ ¢ ¥ U ®;. Hence, Theorem 5 and Theorem 6

are new generalizations of Theorem 2 and Theorem 1.

In view of (ii) and (iv) of Remark 4, we have the following two corollaries of Theorem 5

and Theorem 6.

Corollary 1 Let (X,d) be a complete metric space, and T : X — X a JS-contraction with
Y € ®y. Then T has a unique fixed point in X.

Corollary 2 Let (X,d) be a complete metric space, and T : X — X a JS-Ciri¢ contraction
with € ®4. Then T has a unique fixed point in X.

Remark 7 Conditions (¥2) and (¥3) assumed in Theorems 3 and 4 are removed from
Corollaries 1 and 2 at the expense that ¢ is continuous. Thus, Corollaries 1 and 2 partially

improve Theorems 3 and 4.

Taking ¥ (£) = ¢ (a > 0) in Theorem 6, we have the following new generalization of

Theorem 1.
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Corollary 3 Let (X, d) be a complete metric space, and T : X — X. Assume that there exist

a > 0 and nonnegative numbers q, r, s, t with g + r + s + 2t < 1 such that

d(x, Ty) + d(y, Tx) \ *
d(Tx, Ty)* < qd(x,y)* + rd(x, Tx)* + sd(y, Ty)* + 2t<w) ,

2
Vx,y € X. (23)

Then T has a unique fixed point in X.
Remark 8 Theorem 1 is a particular case of Corollary 3 with a = 1.

Corollary 4 (see [8], Theorem 2.4 and Corollary 2.9) Let (X, d) be a complete metric space,
and T : X — X. Assume that there exist nonnegative numbers q, r,s, t withq+r+s+2t <1
such that

d(Tx, Ty)" < qd(x,y)" +rd(x, Tx)" +sd(y, Ty)* +t(d(x, Ty)+d(y, Tx))a, Vx,y € X, (24)

where a = % ora= % Then T has a unique fixed point in X.

Proof For each a € (0,1], we have (d(x, Ty) + d(y, Tx))* < Z(W)‘E and so (23) im-
mediately follows from (24). Thus, by Corollary 3, T has a unique fixed point. The proof
is completed. 0

Remark 9 Theorem 2.4 and Corollary 2.9 of [8] are consequences of Theorem 1. In fact,
let a € (0,1] and D(x,y) = d(x,y)* for all x,y € X. Then (X, D) is a complete metric space
by the completeness of (X, d). Note that (d(x, Ty) + d(y, Tx))* < d(x, Ty)* + d(y, Tx)* for all
%,y € X. Then (24) implies

D(Tx, Ty) < gD(x,y) + rD(x, Tx) + sD(y, Ty) + t(D(x, Ty) + D(y, Tx)), Vx,y € X,

that is, T is a Ciri¢ contraction in (X, D). Therefore, Theorem 2.4 and Corollary 2.9 of
[8] immediately follow from Theorem 1. However, Corollary 3 cannot be derived from
Theorem 1 by the previous method since the pair (X, D) is not a metric space whenever
a>1.
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