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1 Introduction

Partial metric spaces were introduced by Matthews [1] in 1994. He studied a partial metric
space as a part of the denotational semantics of dataflow networks and showed that the
Banach contraction principle can be generalized to the partial metric context for appli-
cations in program verification. Especially, it has the property that differentiates it from
other spaces, that is, the self-distance of any point may not be zero, also a convergent
sequence need not have unique limit in these spaces.

On the other hand, in 1989, the concept of b-metric spaces was introduced by Bakhtin
[2] as a generalization of metric spaces. He showed the contraction mapping principle in
a b-metric space that generalizes the prominent Banach contraction principle in metric
spaces.

In the same spirit, recently, Huang and Zhang [3] replaced the set of real numbers by
ordering Banach space and defined a cone metric space as a generalization of the metric
space. The authors proved some fixed point theorems of contractive mappings on cone
metric spaces. They also defined the Cauchy sequence and convergence of a sequence in
such spaces in terms of interior points of the underlying cone. After that, in [4], Rezapour
and Hamlbarani generalized some results of [5] by omitting the assumption of normal-
ity. For fixed point theorems on cone metric spaces, readers may refer to [6—9] and the
references therein.

Malviya et al. [10] introduced the concept of N-cone metric spaces, which is a new gen-
eralization of the generalized G-cone metric space [11] and the generalized D*-metric
space [12]. They proved fixed point theorems for asymptotically regular maps and se-
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quences. Afterwards, in [13], the authors defined contractive maps in N-cone metric
spaces and proved various fixed point theorems for such maps.

Despite these features, some authors demonstrated that the fixed point results proved
on cone metric spaces are the straightforward outcome of the corresponding results of
usual metric spaces where the real-valued metric function 4* is defined by a nonlinear
scalarization function &, (see [14]) or by a Minkowski functional g, (see [5]).

Due to the concrete reasons mentioned above, researchers were losing their interest in
a cone metric space. Fortunately, Liu and Xu [15] introduced the approach of cone metric
spaces over Banach algebras by replacing Banach spaces E by Banach algebras A as the
underlying spaces of cone metric spaces. They verified some fixed point theorems of gen-
eralized Lipschitz mappings with weaker conditions on the generalized Lipschitz constant
k by means of the spectral radius. Not long ago, Xu and Radenovi¢ [16] deleted the nor-
mality of cones and greatly generalized the main results of [15]. In particular, some authors
have shown recently some fixed point results given in [17-19].

Following these ideas, very recently, Fernandez et al. [6] introduced the notion of partial
cone metric spaces over Banach algebra as a generalization of partial metric spaces and
cone metric spaces over Banach algebra, which was selected for Young Scientist Award
2016, M.P, India (see [20]).

Recently, proceeding in this direction, Fernandez et al. introduced the structure of N,-
cone metric space over Banach algebra [21] as a generalization of N-cone metric space
over Banach algebra [22] and partial metric space and Nj-cone metric space over Banach
algebra [23] as a generalization of N-cone metric space over Banach algebra [22] and b-
metric space, respectively.

Inspired and encouraged by the previous works, we present seven sections in this paper.
For the reader’s convenience, we recall in Section 2 some definitions that will be used in
the sequel. In Section 3, after the preliminaries, we introduce F-cone metric spaces over
Banach algebra which generalize N,,-cone metric spaces over Banach algebra and Nj-cone
metric spaces over Banach algebra. In Section 4, we discuss the topological properties. In
Section 5, we introduce the notions of generalized Lipschitz and expansive maps. Section 6
is devoted to deriving the existence of fixed point theorems for such spaces by using the
mentioned contractive conditions. Finally, in Section 7, we define expansive maps and in-
vestigate the existence and uniqueness of the fixed point in the new framework. Our main
theorems extend and unify existing results in the recent literature. We also give illustrative

examples that verify our results.

2 Preliminaries
We begin with the following definition as a recall from [15].

Let A always be a real Banach algebra. That is, A is a real Banach space in which an
operation of multiplication is defined subject to the following properties (for all x, y,z € A,
o €R):

1 (xp)z=x(yz);

2. x(y+z)=xy+xzand (x +y)z=xz+yz;

3. axy) = (ax)y = x(ay);

4yl < eyl

Throughout this paper, we shall assume that a Banach algebra has a unit (i.e., a mul-
tiplicative identity) e such that ex = xe = x for all x € A. An element x € A is said to be
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invertible if there is an inverse element y € A such that xy = yx = e. The inverse of x is
denoted by x7%. For more details, we refer the reader to [24].
The following proposition is given in [24].

Proposition 2.1 Let A be a Banach algebra with a unit e, and x € A. If the spectral radius
px) of x is less than 1, i.e.,

1 1
o(x) = lim Hx” || "= inf“x” || "<,
Hn— 00

then e — x is invertible. Actually,

(e—x)"'= in.
i-0

Remark 2.2 From [24] we see that the spectral radius p(x) of x satisfies p(x) < ||x|| for all
x € A, where A is a Banach algebra with a unit e.

Remark 2.3 (see [16]) In Proposition 2.1, if the condition’p(x) < 1’ is replaced by x| <1,
then the conclusion remains true.

Remark 2.4 (see [16]) If p(x) <1, then ||x||”" — 0 (1 — o0).

Lemma 2.5 (see [25]) IfE is a real Banach space with a solid cone P and if 6 < u < c for
each 6 L c,thenu=26.

A subset P of A is called a cone of A if

1. Pis nonempty closed and {6,e} C P;

2. «aP+ BP C P for all nonnegative real numbers «, B;

3. P2=PPCP;

4. PN(-P)={6},
where 6 denotes the null of the Banach algebra A. For a given cone P C A, we can define
a partial ordering < with respect to P by x < y if and only if y —x € P.x < y will stand for
x < y and x # y, while x < y will stand for y — x € int P, where int P denotes the interior
of P. If int P # @, then P is called a solid cone.

The cone P is called normal if there is a number M > 0 such that, for all x,y € A4,

O<sx<y = lxl=Miyl.

The least positive number satisfying the above is called the normal constant of P [3].
In the following we always assume that A is a Banach algebra with a unit e, P is a solid
cone in A and < is the partial ordering with respect to P.

Definition 2.6 ([3,15]) Let X be a nonempty set. Suppose that the mappingd : X x X — A
satisfies

1. 0 <dx,y) forallx,y e X and d(x,y) =0 if and only if x = y;

2. dx,y) =d(y,x) forallx,y € X;

3. dxy) <dxz)+d(zy) forallx,y,z € X.
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Then d is called a cone metric on X, and (X, d) is called a cone metric space over Banach
algebra A.

For other definitions and related results on cone metric space over Banach algebra, we
refer to [15].

Definition 2.7 ([2]) Let X be a nonempty set and s > 1 be a given real number. A function
d:X x X — R* is a b-metric on X if, for all x,y,z € X, the following conditions hold:

1. dx,y) =0ifand onlyifx =y;

2. dx,y)=d@y,x);

3. dx,z) <sldx,y) +d(y,2)].

In this case, the pair (X, d) is called a b-metric space.

For more definitions and results on b-metric spaces, we refer the reader to [26].

Definition 2.8 ([1]) A partial metric on a nonempty set X is a function p: X x X — R*
such that for all x,y,z € X, the following conditions hold:

L x=y& plx)=pxy) =p0);

2. plxx) < py)

3. py) =pO,x);

4. plxy) <pW.2) +pz.y) - p(z 2).

The pair (X, p) is called a partial metric space. It is clear that if p(x,y) = 0, then from (1)
and (2) x = y. But if x = y, p(x,y) may not be 0.

Definition 2.9 ([10]) Let X be a nonempty set. A function N : X3 — A is called N-cone
metric on X if for any x, y,z,a € X, the following conditions hold:

(N1) 0 <N(x,x,x);
(N2) N(x,y,2) =0 iffx=y=2z;
(N3) N(x,9,2) <N(x,x,a) + N(y,y,a) + N(z,z,a).

Then the pair (X, N) is called an N-cone metric space over Banach algebra A.

Definition 2.10 ([23]) An Nj-cone metric on a nonempty set X is a function Nj, : X> — A
such that for all x,y,z,a € X:

(Npy) 0 < Np(x,,2);
(NbZ) Nb(xryrz) = 9 lﬁx = y =2z
(Np3) Np(x,,2) < s[Np(x,% ) + Np (9,9, a) + Np(2,2,a)].

The pair (X, Np) is called an Nj,-cone metric space over Banach algebra A. The number
s > 1is called the coefficient of (X, Np).
Definition 2.11 ([21]) An N,-cone metric on a nonempty set X is a function N, : X 554

such that for all x,7,z,a € X:

(Np1) x=y=2<% Ny(xx%) = N,(,%9) = Ny(z,2,2) = Ny(x, 9, 2);
(N,2) 0 < Np(x,%,%) < Np(x,%,9) < Np(x,9,2), for all i, 9,z € X withx # y # z;
(Np3) Ny(x,9,2) < Np(x,x,a) + Ny (3,9, a) + Ny(z,2,a) — Ny(a,a,a).

The pair (X, N,) is called an N,,-cone metric space over Banach algebra A.
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3 F-cone metric space over Banach algebra

In this section, we define a new structure, i.e., F-cone metric spaces over Banach algebra.

Definition 3.1 Let X be a nonempty set. A function F: X*> — A is called F-cone metric
on X if for any x,7,z,a € X, the following conditions hold:

(F1) x=y=zift F(x,x,x) = F(y,y,y) = F(z,2,2) = F(x,9,2);
(Fa) 6 < Flx,x,%) X F(x,x,9) < F(x,9,2), forall x,y,z € X withx ¥y # z;
(F3) F(x,,2) < s[F(x,x,a) + F(y,y,a) + F(z,z,a)] — F(a,a, a).

Then the pair (X, F) is called an F-cone metric space over Banach algebra A. The number
s > 1is called the coefficient of (X, F).

Remark 3.2 In an F-cone metric space over Banach algebra (X, F), if x,7,z € X and
F(x,y,z) = 0, then x = y = z, but the converse may not be true.

Example 3.3 Let A = CR[0,1] and define a norm on A by ||x|| = [|x]lc + [|¥/[|c for x € A.
Define multiplication in A as just pointwise multiplication. Then A is a real unit Banach
algebra with unit e = 1. Set P = {x € A: x > 0} is a cone in A. Moreover, P is not normal
(see [4]). Let X = [0,00). Define a mapping F : X3 — A by F(x,y,2)(t) = (max{x,z})? +
(max{y,z})?, (max{x, z})*> + (max{y,z})?)ée’ for all x,9,z € X, and let o > O be any constant.
Then (X, F) is an F-cone metric space over Banach algebra A with the coefficient s = 2. But
it is not an N,-cone metric space over Banach algebra since the triangle inequality is not
satisfied; neither it is an Nj,-cone metric space over Banach algebra A since for any x > 0,
we have Nj(x, %, x)(£) = 2x2.¢' #0.

Lemma 3.4 Let (X, F) be an F-cone metric space over Banach algebra A. Then
(@) ifF(x,9,2) =0, thenx=y=z.
(b) if x #y, then F(x,x,y) > 0.

Proof The proof is obvious. d

Proposition 3.5 If (X,F) is an F-cone metric space over Banach algebra, then for all

x,9,z2 € X, we have F(x,x,y) = F(y,9,%).

Definition 3.6 Let (X, F) be an F-cone metric space over Banach algebra A. Then, for

x € X and ¢ > 0, the F-balls with center x and radius ¢ > 6 are
Br(x,c) = {y € X : F(x,x,y) < F(x,x,x) + c}.

4 Topology on F-cone metric space over Banach algebra
In this section, we define the topology of F-cone metric space over Banach algebra and
study its topological properties.

Definition 4.1 Let (X, F) be an F-cone metric space over Banach algebra A with coeffi-
cient s > 1. For each x € X and each 6 <« ¢, put Br(x,¢) = {y € X : F(x,%,y) < F(x,%,x) + ¢}
and put B = {Br(x,c) : x € X and 6 < c}. Then B is a subbase for some topology 7 on X.
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Remark 4.2 Let (X, F) be an F-cone metric space over Banach algebra A. In this paper, t
denotes the topology on X, B denotes a subbase for the topology on t and Br(x, ¢) denotes
the F-ball in (X, F), which are described in Definition 4.1. In addition, I/ denotes the base
generated by the subbase B.

Theorem 4.3 Let (X, F) be an F-cone metric space over Banach algebra A, and let P be a
solid cone in A. Let k € P be an arbitrarily given vector, then (X, F) is a Hausdor{f space.

Proof Let (X, F) be an F-cone metric space over Banach algebra, and letx,y € X withx # y.
Let F(x,x,y) = c.
Suppose U = B(x, 5) and V = B(y, 3).
Thenx e U andye V.
We claim that U NV = ¢.
If not, there existsze U N V.
But then

c c
F(x,x,z) < — and F(y,5,2) < —.
3s 3s

So, we get

c=F(x,%,9) < s[F(%,%,2) + F(x,%,2) + F(3,9,2)] - F(2,2,2)

< $[2F(x,%,2) + F(5,9,2)]

- 2c ¢
S| —+ —
7 3s 0 3s

i.e.,, ¢ < ¢, which is a contradiction.
Hence U NV =¢ and X is a Hausdorff space.
Now, we define 6-Cauchy sequence and convergent sequence in an F-cone metric space

over Banach algebra A. d

Definition 4.4 Let (X, F) be an F-cone metric space over Banach algebra A. A sequence
{x,} in (X, F) converges to a point x € X whenever for every c¢ >> 6 there is a natural number
N such that F(x,,x,x) < c for all n > N. We denote this by

limx,=x or x,—>x (n— 00).

n—0oQ
Definition 4.5 Let (X, F) be an F-cone metric space over Banach algebra A. A sequence
{x,} in X is said to be a 6-Cauchy sequence in (X, F) if {F(x,, %, %,,,)} is a c-sequence in A,

i.e., if for every ¢ > 0 there exists ny € N such that F(x,, x,,, x,,) < ¢ for all n,m > ny.

Definition 4.6 Let (X, F) be an F-cone metric space over Banach algebra A. Then X is
said to be 6-complete if every §-Cauchy sequence {x,} in (X, F) converges to x € X such
that F(x,x,x) = 0.
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Definition 4.7 Let (X, F) and (X', F’) be an F-cone metric space over Banach algebra A.
Then a function f : X — X' is said to be continuous at a point x € X if and only if it is
sequentially continuous at x, that is, whenever {x,} is convergent to x, we have {fx,} is
convergent to f(x).

5 Generalized Lipschitz maps
In this section, we define generalized Lipschitz maps in F-cone metric spaces over Banach
algebra.

Definition 5.1 Let (X, F) be an F-cone metric space over Banach algebra A and P be a
cone in A. Amap T : X — X is said to be a generalized Lipschitz mapping if there exists a
vector k € P with p(k) <1 for all x, y € X such that

F(Tx, Tx, Ty) < kF(x,x,9).

Example 5.2 Let the Banach algebra A and the cone P be the same ones as those in Ex-
ample 3.3, and let X = R*. Define a mapping F : X> — A as in Example 3.3. Then (X, F)
is an F-cone metric space over Banach algebra A. Now define the mapping 7': X — X by
T(x) = 5 cos 5. Since ucos u < u for each u € [0, 00), for all x, y € X, we have
F(Tx, Tx, Ty)
= ((max{Tx, Ty})2 + (max({Tx, Ty})z,a((max{Tx, Ty})2 + (max({Tx, Ty})z)) e

2[(max{Tx, Ty})z,a(maX{Tx» Ty})z] el

A (fieos deog]) el ffeni g ]) ]
“llemlil) 3]

2
< 5[(max{x,y}) (max{x,y}) ]
1
=5 [(max{x,y}) (ma>({x,y})2,Ot((max{x,y})2 + (max{x,y})z)] et
< E@R0),

where k = %. Clearly, T is a generalized Lipschitz map in X.

Now we review some facts on c-sequence theory.
Definition 5.3 ([27]) Let P be a solid cone in a Banach space E. A sequence {u,} C P is
said to be a c-sequence if for each ¢ >> 6 there exists a natural number N such that ,, < ¢

forall n > N.

Lemma 5.4 ([28]) IfE isareal Banach space with a solid cone P and {u,} C P is a sequence

with ||u,|| = 0 (n — o0), then u, is a c-sequence.
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Lemma 5.5 ([24]) Let A be a Banach algebra with a unit e,k € A, then lim,_, ||k”||%
exists and the spectral radius p(k) satisfies
1

1
p(k) = lim |K"|" = inf|k"

n—00

If p(k) < |A|, then (Ae — k) is invertible in A; moreover,

(o0 =D

i=0

where A is a complex constant.

Lemma 5.6 ([24]) Let A be a Banach algebra with a unit e,a,b € A. If a commutes with b,
then

pla+b) < p(a) + p(b),
plab) < p(a)p(b).
Lemma 5.7 ([28]) IfE is a real Banach space with a solid cone P

(1) Ifa,b,ce Eanda <b <K c, then a < c.
(2) IfaePanda <K cforeachc>0,thena=0.

Lemma 5.8 ([16]) Let P be a solid cone in a Banach algebra A. Suppose that k € P and

{u,} is a c-sequence in P. Then {ku,} is a c-sequence.

Lemma 5.9 ([28]) Let A be a Banach algebra with a unit e and k € A. If A is a complex
constant and p(k) < |A|, then

Plle=7) = 5

Lemma 5.10 ([28]) Let A be a Banach algebra with a unit e and P be a solid cone in A. Let
a,k,lePholdl<kanda=<la If p(k)<1,thena=0.

6 Applications to fixed point theory
In this section, we prove some famous fixed point theorems satisfying generalized Lips-

chitz maps in the framework of F-cone metric space over Banach algebra A.

Theorem 6.1 Let (X, F) be a 6-complete F-cone metric space over Banach algebra A and

suppose that T : X — X is a mapping satisfying the following condition:
F(Tx, Tx, Ty) < kF(x,%,9), (6.1)

where p(k) < 1. Then T has a unique fixed point. For each x € X, the sequence of iterates
{T"x},>1 converges to the fixed point.
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Proof For each xy € X and n > 1, set x; = Txp and x,,,1 = T"*!xo. Then

F(xn:xnrerI) = F(Txn—l’ Tx”_l’ Tx")
< kF(xn—l; xn—lrxl’l)

< kzF(xn—Z, Xn-25 xn—l)

< K"F(x0,%0,%1).
So, for m > n,

F(ns %1y %m) < S[F s X %111) + F Koy Xty %r1) + F Koy Xs K1) = F (s X1, Xo)|
< S[2F (s %0 %01) + F a1 %1, %m) |
= 28F (% % Xs1) + SF (X041, X1 Xm)
< 28F (X %05 K1) + 8 [F (K1 Xns1s Fons2) + F(Xppits X1, X2
+ F(Xs X %12) — F (X2, X2, Xonv2) |
< 28F Xy %0, %1) + 28 F (X1, X1, ¥ns2) + 8 F (K12, X2 Xom)
< 28F (% Koty Xr11) + 282 F (Xyis1s Xis1s Xns2) + 287 F (X425 Xrs2) Xis3)
+ ===+ 28" F (X1, X1y Xm)
=< 25k" F(x0, %0, %1) + 282k F (%0, %0, 1) + 25 K2 F (%9, %0, %1)
+ = — =+ 28"k (w0, %0, %1)
< (2s”k" + 28 L o 2 25'”_1k”’_1)F(xo,xo,x1)
= 25"k" [e +(sk) + (sk)? +———+ (sk)”’_”_l]F(xo,xo,xl)
=< 2(sk)"(e — sk) " F (xq, %0, %1).
By Remark 2.4, ||(sk)" - F(xo,x0,%1)|| < ||(sk)"||||F(x0,%0,%1)|| = 0. By Lemma 5.4, we
have {(sk)"F(xo,x0,%1)} is a c-sequence. Next, by using Lemmas 5.7 and 5.8, we conclude

that {x,} is a -Cauchy sequence in X.
By the 6-completeness of X, there exists # € X such that

lim F(x,,x,,u) = im F(x,, X, %)
n—0o0 n—0o00

= F(u,u,u) =0.
Furthermore, one has

F(u,u, Tu) < s[F(u, u, Tx,) + F(u,u, Tx,) + F(Tu, Tu, Tx,) — F(Tx,, Tx,, Txn)]
< s[2F (u, u, Txy) + F(Tu, Tu, Tx,) ]

= S[ZF(u, U, Xp41) + F(u, u,xn)].
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Now that {F(u, u,x,,1)} and {F(u, u, x,)} are c-sequences, by using Lemmas 5.7 and 5.8, we
conclude that Tu = u. Thus u is a fixed point of T'.

Finally, we prove the uniqueness of the fixed point. In fact, if v is another fixed point,

F(u,u,v) = F(Tu, Tu, Tv)

< kF(u, u,v).
That is,
(e—=Kk)F(u,u,v)<0.

Multiplying both sides above by

(e-h'=Y K=o,

i=0

we get F(u,u,v) < 0. Thus, F(u, u,v) = 0, which implies that « = v, a contradiction.
Hence, the fixed point is unique. d

Corollary 6.2 Let (X, F) be a 6-complete F-cone metric space over Banach algebra A. Sup-
pose that a mapping T : X — X satisfies, for some positive integer n,

F(T"x,T"x, T"y) < kF(x,%,) (6.2)
forall x,y € X, where k is a vector with p(k) < % Then T has a unique fixed point in X.

Proof From Theorem 6.1, 7" has a unique fixed point x*. But 7"(Tx*) = T(T"x*) = Tx*.
So, Tx* is also a fixed point of T7”. Hence Tx* = x*, x* is a fixed point of T Since the fixed
point of T is also a fixed point of 7", then the fixed point of T is unique. d

We now prove Chatterjee’s fixed point theorem in the new space.

Theorem 6.3 Let (X, F) be a 0-complete F-cone metric space over a Banach algebra A, and
let P be the underlying cone with k € P with p(k) < ﬁ Suppose that a mapping T : X — X
satisfies the generalized Lipschitz condition

F(Tx, Tx, Ty) < k[F(Tx, Tx,x) + F(Ty, Ty,y)] (6.3)

for all x,y € X. Then T has a unique fixed point in X. And for any x € X, the iterative
sequence {T"x} converges to the fixed point.

Proof Let xy € X be arbitrarily given and set x,, = T"x, n > 1. We have

F(Xns1, %ps15%n) = F(Txy, T, T 1)
< k[F(Txm Ty, %) + F (T, Txnfhxn—l)]

< k[F(xn+l¢xn+1yxn) + F(xnvxnrxn—l)}
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which implies
(e - k)F(er-l; Xn+1 xn) < kF(xn—I: Xn-1, xn)- (631)

Note that p(k) < (s + 1)p(k) < 1.
Then by Lemma 5.5 it follows that (e — k) is invertible.
Multiplying both sides of (6.3.1) by (e — k)%, we get

F(xn+1: Xn+lr xn) < (e - k)_l : kF(xn—ls Xn-1» xn)~

As is shown in the proof of Theorem 6.1, {x,} is a #-Cauchy sequence, and by the 6-
completeness of X, there exists z € X such that

lim F(x,,x,,2) = lLm F(x,,%,,%,)
n—00 n,m—> 00

=F(z,2,2)

=0.
Put 1= (e- k)_l Ky F (X1, X1 %) < HE (%021, %521, %)

p(h) =p[(e—k)™" k]
<ple-k)™"- p(k)

__r) <}
“1-pk) s

We shall show that z is a fixed point of T
We have

F(z,z,T2) < s[ 2,2, Ix,) + F(z,z, Tx,) + F(Tz, Tz, Tx,) — F(Tx,;, Ty, Txn)]
< s[2F (2,2, Tx,) + F(Tz, Tz, Tx,) |
< $[2F(z,2,%041) + k(F(T2, T2, 2) + F(Txy, T, %)) |

= 25F (2,2, %41) + SKF (2, 2, TZ) + SKF (X141, X1141> %)
which implies that
(e —sk)F(z,z, TZ) < 28F (2,2, %41) + SKF (X141, X51415 X1)-
Since p(sk) < (s + 1)p(k) < 1, it concludes by Lemma 5.5 that (e — sk) is invertible. So,
F(z,2,Tz) < (e —sk)™ - [2sF(z, Z,Xp41) + skF(x,,+1,xn+1,x,,)].

Now that {F(z, z, %,,41)} and {F (%1, %41, %)} are c-sequences, then by Lemmas 5.7 and 5.8,
it concludes that 7z = z. Then z is a fixed point of T
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Finally, we prove the uniqueness of the fixed point. In fact, if v is another fixed point,
then
F(v,v,2) = F(Tv, Tv, Tz)
< k[F(Tv, Tv,v) + F(Tz, Tz, z)]
= k[F(V, v,v) + F(z,z, z)].
So, F(v,v,z) < 0, which is a contradiction. Hence F(v,v,z) = 6.

So,v=z.
Hence the fixed point is unique. d

Example 6.4 Let the Banach algebra A and the cone P be the same ones as those in Ex-
ample 3.3, and let X = R*. Define a mapping F : X> — A as in Example 3.3. We make a
conclusion that (X, F) is a 6-complete F-cone metric space over Banach algebra A. Now
define the mapping 7': X — X by T'(x) = cos 5 — 1.
Then
F(Tx, Tx, Ty)(t)
= ((max{Tx, Ty}) + (max({Tx, Ty})z,a((max{Tx, Ty})2
+ (max{Tx, Ty}) 2))et

= 2((max({Tx, Ty}) ;o (max({Tx, Ty})z)et

2 2
(<max{cos——1 cosz—l}) ,a(max{cosf—l,cosj—]—l}) >e’f
2 2 2
71\’ x v\

<2( ( max cos—,cos ,o | max{cos =,cos = e

(moxfemseos3}) e (marfeosems3}) )

2 ; 2
2( max{ }) ,a<max{—,2}> )e‘
2°2

=—[2 (max{x,y}) 20 (max{x,y})z]et

=2

»l>r-—‘»-!>|»—ﬂ

—F(x,%,9)(2),

where k = %, then all the conditions of Theorem 6.1 hold trivially good and 0 is the unique
fixed point of T. Clearly, T is a generalized Lipschitz map in X.

7 Expansive mapping on F-cone metric space over Banach algebra
In this section, we define expansive maps in F-cone metric spaces over Banach algebra.

Definition 7.1 Let (X, F) be an F-cone metric space over Banach algebra A and P be a
conein A. Amap T : X — X is said to be an expansive mapping where k, k™! € P are called
the generalized Lipschitz constants with p(k™!) <1 for all x,y € X such that

F(Tx, Tx, Ty) = kF (x, %, ).
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Example 7.2 Let the Banach algebra A and the cone P be the same ones as those in Ex-
ample 3.3, and let X = R*. Define a mapping F : X> — A as in Example 3.3. Then (X, F)
is an F-cone metric space over Banach algebra A. Now define the mapping 7': X — X by
T (x) = 2x. Then, for all x,y € X, we have
F(Tx, Tx, Ty)(t)

= ((max{Tx, Ty})2 + (max({Tx, Ty})z,a((max{Tx, Ty})2 + (max({Tx, Ty})z))et

= 2((max{Tx, Ty})z, o (max{Tx, Ty})2)et

= 2((max{2x, 2y})2,a(max{2x, 2y})2)et

= 8((max{x,y})2,oz(max{x,y})z)e‘

= éL[((rnax{x,y})2 + (max{x,y})z),a((max{x,y})2 + (max{x,y})z)]et

= 4F (x,%,9)(2),
where k = 4. Clearly, T is an expansive map in X.
Now we present a fixed point theorem for such maps.

Theorem 7.3 Let (X, F) be a 6-complete F-cone metric space over Banach algebra, and let
P be an underlying solid cone with k € P with p((e + k + sk —a)(b + ¢ — 2sk)™) < % Letf and
g be two surjective selfmaps of X satisfying

F(fx, fx,gy) + k[F(x, x,gy) + F(y,y,fx)] = aF(x,x,fx) + bF(y,y,gy) + cF(x,x,y)  (7.3.1)
forall x,y € X, and then f and g have a unique common fixed point in X.

Proof We define a sequence x,, as follows for n =0,1,2,3,...:

Xon :fx2n+1: Xon+1 = ZX2n+2.

If %9, = %941 = X242 for some n, then we say that x,, is a fixed point of f and g. Therefore,
we suppose that no two consecutive terms of the sequence {x,} are equal.
Now, putting x = x;,,,1 and ¥ = xp,,,5 in (7.3.1), we get

F(fxons1, fFone1, @am2) + k[ F(Xoni1s ¥2ne1, @62m2) + F (22 X2ms2, f2m1) |
= aF (X211, %2111, fX2n11) + DF (X242, %2012, §%2n42) + CF (X241, X2n41, ¥2n12),
F (%2> Xoms %2n41) + K[ F (X211, %241, %2m41) + F (Ko K220 %2n) |
= aF (X201, %211, %21) + DF (X212, X241, ¥2041) + CF (X201, X241, X2142),
aF (%2141, %2141, %2n) + DE (%2142, %2041, X2n41) + CF(X211415 X241, X21142)
< F (o %2 X2m1) + K[ F(%2m41 %201 %2) + S (F (K242 X242 ¥2m41)5
+ F (X242, Xma2s Xane1) + F (@ Xoms Xani1) = F(Kone1, X2ne1, X2n1)) | [BY (F2)],

ﬂF(x2n+l¢x2n+17 x2n) + bF(x2n+27 X2n+1s x2n+1) + CF(x2n+1: X2n+1s x2n+2)
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< F (%205 %201 %2141) + KE (020415 X241, X20) + 28KF (X211425 X01425 X2141)
+ SKE (%21, %211 X2 41) — SKE (X215 X2y X21141),

(b + ¢ = 28K)F (%2115 %2115 X2042) <X (€ + K + sk — @)F (%2, X2, X241)-
Put b + ¢ — 2sk = r, then

TF (%2041, %2041, X2n42) < (€ + k + sk — a)F (%20, X2, X2041)- (7.3.2)
Since r is invertible, to multiply ! on both sides of (7.3.2),

F (%2415 %2415 %2142) < HF (X210, X211, X2141),

where i1 = (e + k + sk — a)(b + ¢ — 2sk)7L.
Note that p(/) < %
Hence by the proof of Theorem 6.1, we can easily see that the sequence {x,,} is a 9-Cauchy

sequence. Moreover, by the -completeness of X, there exists x* € X such that

lim F(x,,,x,,,x*) = lim F(x., %, %m) = F(x*,x*,x*) =4.

n—00 n,m—00

Since f and g are surjective maps and hence there exist two points y and y’ in X such that

x* =fyand x* = gy’
Consider

F (%2 %2, 8%) = F(fane1,fX2n11,8Y')
= /([F(x2n+1:x2n+lrgy/) + F(y/,y/,fxznu)] + ﬂF(x2n+lrx2n+17fx2n+l)

+bF(Y,y,)) + cF (¥2n41, %2151, ).
Then

F (%2 %00,%%) 3= = KE (%2141, %2141, %) = KE (Y, ¥, %20) + GF (Xo41, %2141, X2)

+BE(y,y, %) + cF (%201, %2041, Y )-
Since
F(y,y,x*) < s[2F(Y, Y %ana1) + F(6%,8%, X0011) — F (%241, %2041, %) |5
50

— KE (%2415 %241,%%) = KE (Y, 5/ s %3m) + AF (%21, %2041, X2) + CF (%2415 %241, Y )
< F (%, %0, 6%) = B[2SF (Y, s %2m41) + SE (X%, 2%, %241) — SF (2141, %2115 X241 |5
- kF(x2n+1s Xon+ls x*) + ﬂF(x2n+1: Xon+ls x2n) + CF(x2n+1: x2n+l;y/)

< ks[zF(qur x2n7x2n+1) + F(x2n+1: x2n+1y_y,) - F(x2n+1: Xon+ls x2n+1)]
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+ S[2F(x2mx2mx2n+l) + F(x2n+1;x2n+lyx*)]

- b[ZSF(y/; j/, x2n+l) + SF(JC*, x*, x2n+1) - F(x2n+lr X2n+1> x2n+1)]r
which implies

(ZSb +C— Sk)F(xZ;le x2n+1’y/)

< (s = bs + K)F (%241, %211, %" + (25K + 28 — @)F (X041, X241, X2
Since 2sb + ¢ — sk = r is invertible, we have

PF (%2041, %2041, Y')
< (s = bs + k) - F(%ous1, %0041, 87) + (28K + 25 — @) - F(X41, %2041, %2,
F (%41, %2141,))
< (s = bs + K)F (%241, %2041, %) + (25K + 28 — @) F (X241, %2041, %20) .
Now that {F (211, %2141, %*)} and {F(x2,41, %2441, %2,)} are c-sequences, then by using Lem-
mas 5.7 and 5.8, we conclude that gx,,, = ¥
Finally, we prove the uniqueness of the fixed point. In fact, if y* is another common fixed
point of f and g, that is, fy* = y* and gy* = y*,
F(x,,5%)
= F(Tx, Tx, Ty*)
= —k[F(x,%,87%) + E(y*,y", fx) ] + aF (x,x,fx) + bF (y*,5*,gy") + cF (%, %,y")
= F(x,xy%) = —k[F(xx") + F(y*,y*,x)] + aF(x, x,%) + bF (y*,5*,5*)
+cF(x,%,7%)

= F(xxy") = (-2k + O)F (x,%,5)
or

(c = 2k)F (x,%,¥*) < F(x,%,5%),

(c—2k- e)F(x,x,y*) <6,

which means F(x,x,y*) = 6, which implies that x = y*, a contradiction. Hence the fixed

point is unique. g

Corollary 7.4 Let (X,F) be a 0-complete F-cone metric space over Banach algebra, and
let P be an underlying solid cone, where c € P is a generalized Lipschitz constant with
plo)t < % Let f and g be two surjective selfmaps of X satisfying

F(fx,fx,gy) = cF(x,%,9). (7.3)

Then f and g have a unique common fixed point in X.
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Proof If we put k,a,b = 6 in Theorem 7.3, then we get the above Corollary 7.4. O

Corollary 7.5 Let (X,F) be a 0-complete F-cone metric space over Banach algebra, and
let P be an underlying solid cone, where c € P is a generalized Lipschitz constant with
ple)t< % Let f be a surjective selfmap of X satisfying

E(fx, fx,fy) = cF(%,x,). (7.4)
Then f has a unique fixed point in X.

Proof If we put f = g in Corollary 7.4, then we get the above Corollary 7.5 which is an
extension of Theorem 1 of Wang et al. [29] in an F-cone metric space over Banach alge-
bra. O

Corollary 7.6 Let (X, F) be a 0-complete F-cone metric space over Banach algebra, and
let P be an underlying solid cone, where c € P is a generalized Lipschitz constant with
ple)t < % Let f be a surjective selfmap of X, and suppose that there exists a positive in-
teger n satisfying

F(f"x,f"%,f"y) = cF(x,%,). (7.5)
Then f has a unique fixed point in X.

Proof From Corollary 7.5 f" has a unique fixed point z. But f*(fz) = f (f"z) = fz, so fz is also
a fixed point of /. Hence fz = z, z is a fixed point of f. Since the fixed point of f is also a
fixed point of f”, the fixed point of f is unique. O

Corollary 7.7 Let (X,F) be a 0-complete F-cone metric space over Banach algebra, and
let P be an underlying solid cone, where a,b,c,—a € P are generalized Lipschitz constants
with plle—a)(b+c)™] < % Let f and g be two surjective selfmaps of X satisfying

F(fx,fx,gy) = aF (x,x,fx) + bE(y,y,gy) + cF(x,%,7). (7.6)
Then f and g have a unique common fixed point in X.
Proof If we put k = 0 in Theorem 7.3, then we get the above Corollary 7.7. O

Corollary 7.8 Let (X,F) be a 0-complete F-cone metric space over Banach algebra, and
let P be an underlying solid cone, where a,b,c,—a € P are generalized Lipschitz constants
with plle—a)(b +c)™] < % Let f be a surjective selfmap of X satisfying

F(fx,fx,fy) = aF(x,x,fx) + bF(y,9,fy) + cF(x,x,y). (7.7)

Then f has a unique fixed point in X.

Proof If we put f = g in Corollary 7.7, then we get the above Corollary 7.8 which is an
extension of Theorem 2 of Wang et al. [29] in an F-cone metric space over Banach alge-
bra. O
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8 Conclusion

In this paper, we introduce an F-cone metric space over Banach algebra which generalizes
an N,-cone metric space over Banach algebra and an Nj-cone metric space over Banach
algebra. We introduce the concept of generalized Lipschitz and expansive mapping in the
new structure. Also we derive the existence and uniqueness of some fixed point theorems
for such spaces. Our main theorems extend and unify the existing results in the recent
literature. Example is constructed to support our result.
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