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Abstract

In this paper we give some applications to integral equations as well as homotopy
theory via fixed point theorems in partially ordered complete Sp,-metric spaces by
using generalized contractive conditions. We also furnish an example which supports
our main result.
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1 Introduction

Banach contraction principle in metric spaces is one of the most important results in fixed
theory and nonlinear analysis in general. Since 1922, when Stefan Banach [1] formulated
the concept of contraction and posted a famous theorem, scientists around the world have
published new results related to the generalization of a metric space or with contractive
mappings (see [1-24]). Banach contraction principle is considered to be the initial result
of the study of fixed point theory in metric spaces.

In the year 1989, Bakhtin introduced the concept of b-metric spaces as a generalization
of metric spaces [6]. Later several authors proved so many results on b-metric spaces (see
[13-16]). Mustafa and Sims defined the concept of a generalized metric space which is
called a G-metric space [12]. Sedghi, Shobe and Aliouche gave the notion of an S-metric
space and proved some fixed point theorems for a self-mapping on a complete S-metric
space [22]. Aghajani, Abbas and Roshan presented a new type of metric which is called
Gp-metric and studied some properties of this metric [2].

Recently Sedghi et al. [20] defined S,-metric spaces using the concept of S-metric
spaces [22].

The aim of this paper is to prove some unique fixed point theorems for generalized
contractive conditions in complete Sj,-metric spaces. Also, we give applications to integral
equations as well as homotopy theory. Throughout this paper R, R* and N denote the sets
of all real numbers, non-negative real numbers and positive integers, respectively.

First we recall some definitions, lemmas and examples.

2 Preliminaries
Definition 2.1 ([22]) Let X be a non-empty set. An S-metric on X is a function S : X3 —
[0, +00) that satisfies the following conditions for each x,y,z,a € X:

(S1): 0<S(x,9,2) forallx,y,z€ X withx #y ¥z # x,
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(82): S(x,y,z)=0ifandonlyifx =y =z,
(83): S(x,y,2) <S(x,x,a) + S(y,y,a) + S(z,z,a) for all x,y,z,a € X.

Then the pair (X, S) is called an S-metric space.
Definition 2.2 ([20]) Let X be a non-empty set and b > 1 be a given real number. Suppose
that a mapping S; : X> — [0, 00) is a function satisfying the following properties:

(Spl) 0 < Sp(w,y,2) forallx,y,z€ X withx #y #z # x,
(Sp2) Sp(x,,2) =0 ifandonlyifx =y =2,
(Sp3) Sp(x,y,2) < b(Sp(x,x,a) + Sp(y,¥,a) + Sp(z,2,a)) for all x,y,z,a € X.

Then the function S, is called an S,-metric on X and the pair (X, Sp) is called an S,-metric
space.

Remark 2.3 ([20]) It should be noted that the class of S,-metric spaces is effectively larger
than that of S-metric spaces. Indeed each S-metric space is an S,-metric space with b = 1.

The following example shows that an S,-metric on X need not be an S-metric on X.

Example 2.4 ([20]) Let (X, S) be an S-metric space and S.(x,y,2) = S(x,y,z)?, where p > 1
is a real number. Note that S, is an S,-metric with b = 22V, Also, (X, S,) is not necessarily
an S-metric space.

Definition 2.5 ([20]) Let (X,S;) be an S,-metric space. Then, for x € X, r > 0, we define
the open ball Bg, (x,7) and the closed ball Bg, [x,7] with center x and radius r as follows,

respectively:

Bg, (x,7) = {y €X:Sp(5,y,%) < r},

Bg, [x,7] = {y €X:Sp(y,y,x) < r}.
Lemma 2.6 ([20]) In an Sy-metric space, we have

Sp(x,%,5) < bSy(y,9,%)

and
Sp(1, 3, %) < bSp(x,x,9).

Lemma 2.7 ([20]) In an S,-metric space, we have
Sp(x,%,2) < 2bSp(x,x,y) + szb(y,y, 2).

Definition 2.8 ([20]) If (X,S;) is an S,-metric space, a sequence {x,} in X is said to be:
(1) Sp-Cauchy sequence if, for each € > 0, there exists 79 € A/ such that
Sp Xy %, %) < € for each m, n > ny.
(2) Sp-convergent to a point x € X if, for each € > 0, there exists a positive integer ng
such that S, (x,;, %, %) < € or Sy(x,x,%,) < € for all # > ny, and we denote

limy, s o0 %, = X.
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Definition 2.9 ([20]) An S,-metric space (X,S;) is called complete if every S,-Cauchy
sequence is Sp-convergent in X.

Lemma 2.10 ([20]) If (X,Sp) is an Sy-metric space with b > 1, and suppose that {x,} is
Sp-convergent to x, then we have

1
@) %Sb(y,x,x) < lim infSp(y,5,%,) < lim sup Sy(y,y,%,) < 2bSy(y, y, %)
n—00 n—oo
and
| .. . 9
(ii) ﬁSb(x,x,y) < lim inf Sy (%, x,,,¥) < Hm sup Sp(x,,, %y, y) < b°Sp(x,x,y)

forallye X.
In particular, if x = y, then we have lim,_, o, Sp(x,,, %, ) = 0.

Now we prove our main results.

3 Results and discussions
Definition 3.1 Let (X, S;, <) be a partially ordered complete S,-metric space which is said
to be regular if every two elements of X are comparable,

ie,ifx,ye X = eitherx <yory=<ux.

Definition 3.2 Let (X, S;, <) be a partially ordered complete S,-metric space which is also

regular; let f : X — X be a mapping. We say that f satisfies (1, ¢)-contraction if there exist
¥, :[0,00) — [0,00) such that

(3.2.1) f is non-decreasing,

(3.2.2) ¥ is continuous, monotonically non-decreasing and ¢ is lower semi-continuous,
(3.2.3) ¥(t)=0=¢(t)ifand only ift = 0,

(3.2.4) Y (4b*Sy(fr.fr. 7)) < ¥ (Mj(x,9) — ¢(M}(x,9)), Vx,y € X, x < y,i = 3,4,5 and

M; (x,9) = max {Sp(x, %, %), Sp (%, %, fx), Sp (3 3, /), Sp (%, %,19), Sp (0,3, /%) } »
1

M}*(x,y) = max {Sb(x, %,9), Sp(x, %, %), Sp (¥, ¥,1), b

(S0 %.9) + Ss0 3,/ } ,

1
Mfg(x’y) = maX{Sb(x,x,y)» 4_1’)4 [Sb(x’x’fx) + Sb(y’y’fy)]’
1

1 [Sp (. /9) + Sp (3,7, fx) ] }

Definition 3.3 Suppose that (X, <) is a partially ordered set and f is a mapping of X into
itself. We say that f is non-decreasing if for every x,y € X,

x < y implies that fx < fy. 1)

Theorem 3.4 Let (X, Sy, X) be an ordered complete S;, metric space, which is also regular,

and let f : X — X satisfy (, ¢)-contraction with i = 5. If there exists xo € X with xo < fxo,
then f has a unique fixed point in X.
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Proof Since f is a mapping from X into X, there exists a sequence {x,} in X such that
X1 =fxy, n=0,1,2,3,....
Case (i): If x, = x,,41, then x,, is a fixed point of f.

Case (ii): Suppose x,, # x,,,1 Vn.
Since xy < fxo = x1 and f is non-decreasing, it follows that

X0 =< fro < frx0 <fx0 <o < fMwo < f"ag <o

Now

w(4b45b(fx0,fxo,f2xo)) = 1/[(4b45b(fxo,fxo,fx1))
< 1//(Mjé(xo,x1)) - ¢(M?(xo,x1)),

where

Sp(x0, %0, %1), Sb(xo:xOrfxO)rSb(xlrxlyfxl)
Sb(x01x0:f2x0)> Sb(fxo,fxo,fxo)

=max {Sb(xO)xO’fxO): Sbvx01fx01f2x0),Sb(xo:xoyfzxo)} .

Mf(xo,xl) = max

Therefore

¥ (46*Sp (fxo, f%0,f *%0))
< (max {S, (o, %o, fro), S (Fos fro, 250 ), Sp (%0, %0, 2%0) })
— ¢ (max {Sy(x0, %0, f%0)> St (fx0, /%0, *%0) Sp (%0, %0, 2%0) })
< (max { S, (%0, %0, f%0), S (F¥0, fx0, f %0 ) Sp (%0, %0,/ *%0) }) -

By the definition of v, we have that

27 Sb (%0, %o, fX0)
Sb(fxo,fxo,fzxo)fmax ﬁsb(fxo,fxo,fzxo) . (2)
257 Sv(%0, %0, *%0)

But

1 1
@Sb(xo,xo,fzxo) < W [ZbSb(xo,xo;fxo) + szb(fxo,fxo,fzxo)]

1
b

1
Z—Zﬂsb(fxo,fxo,fzxo)}

< max{ Sb(xo;xo;fxo)y

From (2) we have that

1 1
Sb(fxo’fx07f2x0) = max{ ﬁsb(xoyxo,fxo), 2—wa (fxo;fxo,fzxo) }
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If 2%S;y(fxo, fx0,f>%0) is maximum, we get a contradiction. Hence

1
Su (o, frx0, f*%0) < Esb(xo,xo,fxol

Also

W(4b45b (foo,fzxo,f3x0)) = 1/f(4b45b(fx1,fx1,fx2))
=V (Mfs(xl,x2)) - ¢(My (x1,%2)),

where

Ms(x x )—max Sb(fxo,fxo» 2x0)15b(fx0’fx0’ 2x0)»5b(fo01 ZxO; on)
1,A2) =
I Sb(fxO)fxO) SxO))Sb(fszr 2x01f2x0)

= max {S;,(fxo,fxo,fxo),Sb(fzxo, x0, 3x0),Sb(fx0,fxo,f3xo)}.

Therefore

w(4b4sb(fzx0’f2x0;f3xo))
=y (max {S”(fxo’fxo' 2%0), Sp(f 0,0, on)})

Sp(fxo, fro, f%0)
— ¢ | max Sb(fxo,fxO:fzxo):Sb(fsz’ 2%0,f%%0)
Sp(fxo, fxo, f>%0)
<¢f max Sb(fX(),on, Zxo),Sb(fzx(), 2750: Sx())
N Sp(fxo. fx0,f>x0) ‘

By the definition of i, we have that

257 Sb(fxo, fxo, f2%0)
Sp(f*x0,f %0, >%0) < max ﬁsb(fzxo,fzxo,fgxo)
257 So(fxo, fo, f3%0)

But

1
4p*

1
= W[stb(fxo,fxo,fzxo) + bzsb(fszrf2x0,f3xo)]

Sb(fxo,fxo,foo)

1

1
< maX{ 53 5o (Feo. o, f*%0), 55

Sb(fsz,fzx(),faxO) }

From (4) we have that

1 1
Sb(f2xo,f2xo,f3xo) = max{ Esb(fxo,fxo,fzxo), — S (fzxoyfzxo,fgxo) }

2b?

Page 5 of 14

(4)
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If 2%S;y(fzxo, f2x0,f3x0) is maximum, we get a contradiction. Hence

1
Sp(f >0,/ *x0,f>x0) < Esb(fxo,fxo,fzxo)
Sb(xO,xOIfxO)'

1
<
- (%)

Continuing this process, we can conclude that

1
Sb(fnxO) nxO» n+lx0) = —Sb(xO)xO»fxO)

@)

—0 asn— oo.
That is,
lim Sb(f”xo,f"xo,f”+lxo) =0. (5)
n—00
Now we prove that {f"x,} is an S,-Cauchy sequence in (X, S;). On the contrary, we sup-

pose that {f"x¢} is not Sp-Cauchy. Then there exist € > 0 and monotonically increasing
sequences of natural numbers {m;} and {n} such that n; > my.

Sh(fmkxo,fmkxo,f"kxo) > € (6)
and
Sp(f ™0, f " %0, [ t0) < €. @)

From (6) and (7), we have

€= Sb (fmkxOIfmkxOIfnkxO)
= 2bSh (fmkxoyfmkxOrfmk+lx0)

+ bZSb (fmk+1x(),fmk+lx(),fnkX()).
So that

4b*e < SbBS;,(f”’kxo,f’”kxo,fmk”xo)

+ 4b4Sb (fm"“xo,f’”"“xo,f”kxo).
Letting k — oo and applying ¥ on both sides, we have that
Y (4b%€) < lim g (45"S, ("o, f " o, " x0))
= kll>n<>lo I// (4‘b4sb(fxmk»fxmk;fxnk—l))

. 5 . 5
=< klirgo I/f(1\/If(xmk’xnk—l)) - kllg)loq;(Mf(xmk’x"k_l))’ (8)
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where

. 5
klirgo Mf (xmk: xnk—l)

Sb(fmkxo,fmkxo,f""_lxo); Sb(fmkx01fmkx0)fmk+lx0)
= klirn max 3 Sp(f™ Lxg, f% Lo, % x0), Sp(f ™ x0, f " %0, f " X0)
—00
Sb(fnk—lxo’fnk—lxo,fmkﬂxo)

< klim max {e, 0, O,Sb(f’”kxo,f’”kxo,f”kxo), Sb(f”k‘lxo,f"k_lxo,fmk”xo) } .
— 00

But

lim Sy (f"*xq, ™ x0,f*xg) < lim
k—o00 b(f 0/ %0, f 0)_keoo

2bS,(f ™k %0, f ™ x0, f " xg) < 2be
+ DS (™, £ L, f ™ x0) '
Also

2bS np—1 , ng—1 | ™k
lim Sb (fnk_le,fnk_le’fmk+1x0) < lim b(f X0 f X0 f x()) < 2b2€.
k— o0 k—oo [ + b25b(fmkx0,fmkx0,fmk+1xo)

Therefore

. 5 2
klgroloMf(xmk,xnk_l) < max {e,2be,2b e}

= 2b%.

From (8), by the definition of v, we have that

4b%e < 2b%¢,
which is a contradiction. Hence {f"x,} is an S,-Cauchy sequence in complete regular Sj-
metric spaces (X, Sp, <). By the completeness of (X, Sp), it follows that the sequence {f"x¢}
converges to « in (X, Sp). Thus

lim f"xo = = lim f"x,.

k—00 k—00
Since x,,,@ € X and X is regular, it follows that either x, < & or & < x,,.

Now we have to prove that « is a fixed point of f.
Suppose fa # o, by Lemma (2.10), we have that

1
%Sb(fa,fa,a) < lim infSy(fa, for, " x0).

Now from (3.2.4) and applying ¥ on both sides, we have that

v (2b’Sy(fa.fo, o)) < lim infy (4b"S, (fer,fa,f" x0))

< lim infy (M7 (e, x,)) = lim inf (M (o, x,)). 9)
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Here

Sb(Ol, a,xn), Sb(ar a,fa)r Sh(xmxmfxn)

lim infoS (a,%,) = lim infmax
n—00 n—00 Sb(a:arfxn)ﬁsb(xn’xmfa)

< lim supmax {O,Sb(a,ot,fot), 0, Oer(xmxmfa)}
n— 00

< max {Sy(cr, o, for), Sy (e, t, fr) }
<B’Sp(fo,fa,a).

Hence from (9) we have that

w(stSb(fa,fa,a)) < w(bsSb(oz,oz,foc)) - nli)rgloinf(b(M;(a,xn))
<y (B’Sp(fa.fa,@)),

which is a contradiction. So that « is a fixed point of f.
Suppose that o* is another fixed point of f such that o # a*.
Consider

V(4053 (o)) =y (M (0,0°)) ~ (M (,))
=y (max{Sy (e @, 0), Sy (e, 0, ) ))
~ g (max{Sy (e a,0), Sy (e, @) ))
< (bSy(e 0 0%)),

which is a contradiction.
Hence « is a unique fixed point of f in (X, Sp). g

Example3.5 Let X = [0,1]and S: X x X x X — R* by Sy(x,7,2) = (|y+z—2x| +|y—z|)* and
<bya=xb < a <b, then (X,Sp, <) is a complete ordered S,-metric space with b = 4.

Define f : X — X by f(x) = 32’;5. Also define ¥,¢ : R* — R* by ¢ (¢) = t and ¢(¢) = £.

W (4b* Sy, f, f)) = 4b* ([fx + fy — 2fx| + |fx — )

- (linsal)
3242 3242

4p*

@Sb(x,x,y)

1
< ¥ (M} (x,9) - $(M}(x,9)),
where
M;(x,y) = max {Sp(%,%,%), Sp (%, %,1%), Sp (1, ¥, 17) Sp (%, %, /), Sp (3, 3, ) } -

Hence, all the conditions of Theorem 3.4 are satisfied and 0 is a unique fixed point of f.
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Theorem 3.6 Let (X,Sy, <) be an ordered complete S, metric space, and let f : X — X
satisfy (Y, p)-contraction with i = 3 or 4. If there exists xo € X with xo < fxo, then f has a
unique fixed point in X.

Proof Follows along similar lines of Theorem 3.4 if we take Mf3(x, y) or M;(x, y) in place
of Mf (%,7) in Theorem 3.4. O

Theorem 3.7 Let (X, Sy, X) be an ordered complete S, metric space, and let f : X — X
satisfy

46 Sy (fi, fi, fy) < Mj(%,9) — (M} (x,9)),

where ¢ : [0,00) — [0,00) and i = 3 or 4 or 5. If there exists xy € X with xo < fxo, then f
has a unique fixed point in X.

Proof The proof follows from Theorems 3.4 and 3.6 by taking v(¢) = ¢ and ¢(t) = ¢(z). O

Theorem 3.8 Let (X, Sy, X) be an ordered complete S, metric space, and let f : X — X
satisfy

Splf, fe.fy) < AM(x,),

where A € [0, 4%) and i = 3,4,5. If there exists xog € X with xy < fxo, then f has a unique
fixed point in X.

3.1 Application to integral equations

In this section, we study the existence of a unique solution to an initial value problem as

an application to Theorem 3.4.

Theorem 3.9 Counsider the initial value problem
xl(t) = T(t;x(t)), tel= [0,1],x(0) = X0, (10)

where T : I x [%O,oo) — [’%,oo) and xg € R. Then there exists a unique solution in
C(1, [, 00)) for initial value problem (10).

Proof The integral equation corresponding to initial value problem (10) is

x(t) = xo + 3b° /t T(s,x(s)) ds.
0

Let X = C(I, [, 00)) and Sy (%, 9, 2) = (|y+2—-2x| + ly—z|)*forx,y € X. Define ¥, ¢ : [0, 00) —
[0,00) by ¥ (t) = ¢, ¢(2) = %. Define f : X — X by

fO0O =5+ /0 T(s,x(s)) ds. (11)
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Now

W (46" S, (F(8), fx(0), f(2)))

= 4-b4{ [fx )+ fy(t) — 2fx(e | Vx ‘ }
= 165* |fi(t) - fy(8)[”
_16b* 2

xo + 3b* / T(s,x(s)) ds — yo — 3b* / T(s,y(s)) ds
0 0

T opt
= Sl -0
= gS(x,x,y)
< gM}’(x,y)
=y (M}(w)) - 6(M}(x.))

where

M; (x, y) = max {Sb (=, x,}’), Sp(x, x’fx)’ Sb(y’ J’,fy), Sp x’fy)r Sb (y’ y’fx) } .
It follows from Theorem 3.4 that f has a unique fixed point in X. g

3.2 Application to homotopy
In this section, we study the existence of a unique solution to homotopy theory.

Theorem 3.10 Let (X,S;) be a complete Sy-metric space, U be an open subset of X and U
be a closed subset of X such that U C U. Suppose that H : U x [0,1] — X is an operator
such that the following conditions are satisfied:
(i) x#H(x,A) foreach x € dU and X € [0,1] (here dU denotes the boundary of U in X),
(ii) ¥ (4b*Sy(H(x, 1), H(x, 1), H(y, 1)) < ¥ (Sp(x,%,9)) — p(Sp(x,%,9)) V&, y € U and
A € [0,1], where ¥ : [0,00) — [0, 00) is continuous, non-decreasing and
¢ :[0,00) — [0, 00) is lower semi-continuous with ¢(t) > 0 fort >0,
(iii) there exists M > 0 such that

Sb(H(x»)L):H(x’)“)»H(xrﬂ)) SMl)‘ - M|

forevery x € U and A, i € [0,1].
Then H(-,0) has a fixed point if and only if H(-,1) has a fixed point.

Proof Consider the set
A= {)» €[0,1]:x = H(x, A) for some x € L[}.

Since H(-,0) has a fixed point in U, we have that 0 € A. So that A is a non-empty set.

We will show that A is both open and closed in [0, 1], and so, by the connectedness, we
have that A = [0,1]. As aresult, H(-,1) has a fixed point in U/. First we show that A is closed
in [0,1]. To see this, let {1,}52; £ A with A, — X € [0,1] as n — o0.



Kishore et al. Fixed Point Theory and Applications (2017) 2017:10 Page 11 of 14

We must show that A € A. Since A,, € A for n=1,2,3,..., there exists x, € U with x,, =
H(x,, M)
Consider

Sb(xnr Xn» xn+1) = Sb (H(x,,, )\n)x H(xn: )\n): H(xnﬂr }WHI))
< 2bSb (H(xn: )\n):H(xm )Vn)r H(xn+17 )"n))
+ szb (H(xn+1; )\'n)r H(xn+1; )\vn)’H(anr )\n+1))

< Sp(H @ )y Hy )y Hp1, ) + Mdy = M|
Letting n — o0, we get
Tim Sy (s %y Xr11) < Tim Sy (F (s 2on), H (s An) H@opi1, 1)) + 0.
Since ¥ is continuous and non-decreasing, we obtain

nli)ngo W (4']94817(96,,,, X xn+1)) < nlinolc Eﬁ (4b4Sb (H(xm )m)r H(xm )‘fn)vH(xnﬂy )\n)))
< nllpgo[l/f (Sb(xm Xn» xn+l)) - ({b(sb(xm Xn» xn+1))]'
By the definition of ¥, it follows that

lim (45" = 1)Sp (%, %11) < 0.

n—00

So that

Hm S (%0, %y Xre1) = O. (12)

n—0oQ
Now we prove that {x,} is an S,-Cauchy sequence in (X, d,,). On the contrary, suppose that
{x,} is not Sp-Cauchy.

There exists € > 0 and monotone increasing sequences of natural numbers {m} and

{n;} such that ny > my,

SpXmgr Xy Xmy) = € 13)
and

Sb(xmk:xmkyxnk—l) <E€E. (14)

From (13) and (14), we obtain

€< Sb(xmermk:xnk)

=< ZbSb (xmk7 Ky xmk+l) + szb (xmk+1: Ky +1> Xy )
Letting k — oo and applying ¥ on both sides, we have that

¥ (2b%€) < lim ¥ (45" Sp(Kmy 41, X415 %oy ) ) (15)

n—00
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But

im ¥ (4b*Sp(Xmg s> X 1 %))

n—00

= nlilgo W (Sb (4'b4H(xmk+17 )"mk+1)’ H(xmk+lr )\mk+l); H(xnk; )‘fnk)))

< lim [1/f (Sh(xmk+1:xmk+l:xnk)) - ¢(Sb(xmkﬂ;xmkﬂrxnk))}

T n—oo

It follows that

,,IEEO(LLM - I)Sb(xmkﬂyxmkﬂrxnk) =< 0.

Thus

im Sy (X +1) Xy 415 %y ) = 0.

n—00

Hence from (15) and the definition of v, we have that
€ <0,

which is a contradiction.
Hence {x,} is an S;-Cauchy sequence in (X, S,) and, by the completeness of (X, Sp), there
exists a € U with

lim x, =« = lim x,.1, (16)
n—> 00 n—00

v (26°S,(H(at, ), H(a, 1), ) < lim infy (46*Sy (H (e, 1), H(at, ), H (x4, 1)))

< nler;o inf[ ¥ (Sp(er, @, %)) — D(Sp(et, @, %)) |

=0.

It follows that o = H(a, A).
Thus A € A. Hence A is closed in [0,1].
Let A¢ € A. Then there exists xy € U with xq = H(xg, Ag).
Since U is open, there exists 7 > 0 such that Bg, (xo,7) € U.
Choose A € (Ao — €, 1 + €) such that |A — Ag| < ﬁ <e.
Then, for x € B, (%, 7) = {x € X/Sp(x,%,%0) < r + b>Sp(x0, %0, %0)},

Sp(H (x, 1), H(x, 1), %0)
= Sp(H (%, 1), H(x, 1), H(x0, A0))
< 2bSy(H(x, 1), H(x, 1), H(x, 1)) + b*S,(H (x, ho), H (x, 1), H (%0, Ao) )
< 2bM|) = kol + b*Sy(H (x, ko), H(%, 1o), H (%0, 10))

2b
Mn—l

=

+ b2 Sy(H (%, Ao), H(x, ho), H (0, Ao)).
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Letting n — oo, we obtain
Sb (H(xr )")7H(x’ )")r xO) = szb (H(xx AO)rH(x; )"O)’H(x07 )"0))

Since v is continuous and non-decreasing, we have

v (Sp(H (% 1), Hx, 1), %0)) < ¥ (467, (H(x, 1), H(x, 1), %0))
< ¥ (4b"Sp(H (%, 10), H(x, ho), H (%0, 10)))
< ¥ (Sp(x,%,%0)) — B(Sp(x, %, %0))
< Y (Sp(x,x,%0)).

Since ¥ is non-decreasing, we have

Sp(H(x, 1), H(x, 1), %0) < Sp(x,%,%0)

=r+ bZSb(xO’xO:xO)'

Thus, for each fixed A € (Ao — €, X0 + €), H(:, 1) : B,(%0,7) = By(x0,7).

Since also (ii) holds and v is continuous and non-decreasing and ¢ is continuous with
¢(t) > 0 for t > 0, then all the conditions of Theorem (3.10) are satisfied.

Thus we deduce that H(-,A) has a fixed point in U. But this fixed point must be in U
since (i) holds.

Thus » € A forany A € (Ag — €, A¢ + €).

Hence (Ag — €, + €) € A and therefore A is open in [0, 1].

For the reverse implication, we use the same strategy. O

Corollary 3.11 Let (X, p) be a complete partial metric space, U be an open subset of X and
H:U x [0,1] — X with the following properties:
(1) x #H(x,¢) for each x € dU and each A € [0,1] (here dU denotes the boundary of U in
X),

(2) there exist x,y € U and A € [0,1],L € [0 ) such that

T
Sp(H(x, 2), H(x, 1), H(y, ) < LSp(x,%,),
(3) there exists M > 0 such that
Sp(H(x, 1), H(x, 1), H(x, 1)) < M|A — ]

forallx e U and A, € [0,1].
IfH(-,0) has a fixed point in U, then H(-,1) has a fixed point in U.

Proof Proof follows by taking ¥ (x) = x, ¢(x) = x— Lx with L € [0 ) in Theorem (3.10). (J

1
7 4
4 Conclusions
In this paper we conclude some applications to homotopy theory and integral equations
by using fixed point theorems in partially ordered S,-metric spaces.

Page 13 of 14
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