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1. Introduction

In this paper, the separation of convex sets in a real reflexive Banach space are investigated,
existence of a fixed-point theorem for a general mapping acting in a Banach space and the
obtained results are applied to study certain properties of continuous linear operators.
Furthermore, here is proved the solvability theorem for an inclusion with sufficiently
general mapping. Fixed-point theorems obtained here are some generalizations of results
obtained earlier in [1, 2] (see, also [3]).

It is known that (see [4-6]) sufficiently general results about the separation of convex
sets are available for the case when the space considered is a finite-dimensional Euclidean
space. But, if X is infinite-dimensional, it is not possible to prove such results since the
geometrical characteristics of an infinite-dimensional space essentially differ from those
of a finite-dimensional space. Here we prove results about the separation of convex sets in
an infinite-dimensional space which resemble the results in the finite-dimensional case,
provided that the space has a geometry satisfying some complementary conditions. These
results concern the separation of convex sets in a reflexive Banach space which, together
with its dual space, has a strictly convex norm (it is known that [7-10] in a reflexive
Banach space, such equivalent norm can be defined to consider that the space in this
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norm and his dual space in the respective norm are strictly convex spaces). Moreover,
the obtained results are used to prove some fixed-point theorems for sufficiently general
mappings. It should be noted that to investigated the existence of fixed-points, sufficiently
many works are dedicated (see, e.g., [1-3, 11-14], etc. and references therein).

Here we investigate certain properties of continuous linear operators acting in a reflex-
ive Banach space, and obtain conditions under which such operator has an eigenvector
(clearly this implies that the operator has an invariant subspace). It should be noted that
many works are devoted to the problem of type of the existence of an invariant subspace
of the linear operator (see, e.g., [15-18], etc.) and one of the essential results is obtained
in [16] (see, also [17]). In these papers, the connection of the considered linear operator
with a completely continuous operator played a basic role as in [16] (see, also [17, 18]).

In particular, here is obtained the following assertion. Let X and Y be Banach spaces,
let B(X;Y) be the Banach space of linear bounded operators acting from X into Y (in
particular, if Y = X, then B(X;Y) = B(X), as usual). Let BX(0) = {x € X | ||lx|lx < r} and
let Xy be a subspace of X, let xy € X, be an element, then let BX(xo) = BX(0) N Xo+ {x0}
be a closed ball of Xj.

TueoreM 1.1. Let X be a reflexive Banach space with strictly convex norm together with
its dual space. Then the operator A € B(X) possesses an eigenvector if and only if there exist
numbers r,p # 0, a subspace Xy of X and an element xo € Xo with ||xollx >r > 0 such that

UA:BY (x) — BX(x,),  wA(BR(x))) nXo £ 2 (LD

holds where BX° (x0) is a closed ball of X,.

Further, we conduct a result about existence of an invariant subspace of a linear bound-
ed operator without using a completely continuous operator.

2. Remarks on the separation of convex sets in a Banach space

We will cite the following known results (see [6, 12, 19, 20]) on the separation of convex
sets.

THEOREM 2.1. Let R" (n = 2) be n-dimensional Euclidian space and Ky, Ky are nonempty
convex sets in R". In order that there exists a hyperplane separating K, and K, properly, it is
necessary and sufficient that the relative interiors riKy and riK, have no point in common,
that is, riKo N 1iK, = @. In other words, Ky and K, are properly separated if and only if
there exists a vector xo € R" such that

inf {(x,x0) | x € Ko} > sup {{x,x0) | x € K1},
sup {(x,x0) | x € Ko} >inf {(x,x0) | x € K }. @1

Further, in order that there exists a hyperplane separating these sets strongly, it is necessary
and sufficient that there exists a vector xo € R" such that

inf {{x,x0) | x € Ko} >sup{{x,x0) | x € K1} (2.2)
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or
inf{|x1—x2| |X1€K0,X2€K1}>0. (23)

In other words, 0 ¢ cl(Ko — K1) (i.e., 0 is not in the closure of the set Ky — K, ).

The general result on the separation of convex sets in an infinite-dimensional space X
has the following known formulation.

TueoreM 2.2. Let Ky and K be disjoint convex subsets of a linear space X, and let Ky have
an internal point. Then there exists a nonzero linear functional f which separates Ky and
K;.

In a linear topological space, any two disjoint convex sets, one of which has an interior
point, can be separated by a nonzero continuous linear functional, that is, Ko N K, = &,
[ Ky # @, and there exists an element xj € X* such that

inf {(x,x}) | x € Ko} =sup{{x,xf) | x € K }. (2.4)

Moreover, if Ko, K1 C X are open convex subsets in X, then they are strictly separated.

If Ky and K, are disjoint closed convex subsets of a locally convex linear topological space
X, and if Ky is compact, then there exist constants ¢ and ¢, ¢ > 0, and a non-zero continuous
linear functional x§ € X* on X, such that

inf {(x,x) |x €Ky} =c>c—e>sup{{x,x}) | x € K},

({Oaxd) I VxeKol =c>c—e> {{x,x}F) | Vx € Ky }). 23)
Now let X, Y be real Banach spaces and let X*, Y* be their dual spaces. Here and
hereafter we will denote by X and Y reflexive Banach spaces with strictly convex norm
together with their dual spaces X*, Y*. A Banach space X is called strictly convex [12, 21]
if and only if [[tx + (1 — t)yllx < 1 provided that [Ix|lx = lyllx =1, x # y,and 0 <t < 1,
consequently any point from the unit sphere S{ (0) is an extremal point.
We begin by proving a result on the dual space of a subspace of a reflexive Banach
space. We recall that a subset X, of a Banach space X is called a subspace of X if it is a
linear closed subspace in X.

ProrosritioN 2.3. Let X and its dual space X* be strictly convex reflexive Banach spaces,
and let Xo C X be a subspace of X. Then the dual space of a subspace Xy C X is equivalent
to a subspace of X* which is determined by the subspace Xy, that is, X* has a subspace
Xy C X* defined by the unit sphere of the subspace Xy and X = (Xo)*. Consequently, X,
and its dual space (Xo)* are strictly convex reflexive Banach spaces under the norms induced
by the norms of X and X*, respectively.

Proof. Ttisknown from [5, 22, 23] that the dual space of the subspace X, C X is equivalent
to a factor (quotient) space of the form X*/Xy, where Xy C X* is the annihilator of
Xy C X:

Xo = {x* € X*| (x,x*) =0, Vx € Xo}. (2.6)
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(Here the expression (-, -) denotes the dual form for the pair (X, X*), or an inner product
if X is a Hilbert space.) It is also known from [23] that the subspace X, C X is a reflexive
Banach space under the norm induced from X and that its dual space (Xp)* is also reflex-
ive. Moreover, if X is a strictly convex reflexive Banach space, then so is Xy. In addition,
by [22], if X is a strictly convex reflexive Banach space, then an arbitrary element of the
unit sphere is an extremal point and the dual space (Xy)* is equivalent to a subspace of
X*. It remains, therefore, to identify this subspace.

In order to construct a dual subspace to X, we will consider the duality mapping
J: X — X* for the pair (X;X*), thatis, X 2Lox* (see, [8,9, 20,21, 24] and the references
therein). In the case under consideration, the duality mapping is bijective and together
with its inverse mapping is strictly monotone, surjective, odd, demicontinuous, bounded
and coercive. Hence we have (x,x*) = (x*,x) for any x € X, x* € X*, and in particular
for any x € X we have x — x* = J(x), that is, it is an equivalence relation [5, 8, 22]. It
follows from this that it will be enough to consider these mappings on the unit spheres of
X and X*.

We will denote the unit spheres of X and X* by §§ and S§", respectively. Then we have
9(8¥) = $X". In addition, the following relations hold:

(Vx)(x € ¥ = 9(x) =x* € ),

2.7
(Vx)(x € Sf = (x,I(x)) = (x,x*) = lIxllx - [[x*||x« =1 1), @7)

and conversely
(Vo) (x* €857 = (x, 37 (x")) = (x*x) = [l [l - Ixlx = 1-1),  (2.8)

since the duality mapping is a homeomorphism, by virtue of the conditions of the propo-
sition (see, [8, 21] and the references therein). Moreover, the following relation holds:

VxeX,3XeS{ sothatx = %|x|x. (2.9)

Hence we have that the unit sphere S{ defines the whole space X in the sense that X =
SEXRyRy={r€R:7>0}.

Hence, if X C X is a subspace of X, then Xj can be defined through a subset of the
unit sphere of the form Si( ¢ =8 N Xy = 8%(0) N Xp. Here, Sf ’ denotes the unit sphere of
Xo with the norm induced from X. Thus, the space X is a strictly convex reflexive Banach
space. Consequently, there exists an equivalent norm such that X, together with its dual
space, is a strictly convex reflexive Banach space. Under the induced topology—which
we obtain by virtue of the duality mapping 3 from X onto X*—the sphere S will be
transformed onto a subset which can be expressed in the form

§f‘ = {x* e ST (971 (x*),x*) = |Ixllx - lx e =1, 371 (x*) =x€ Sf"}, (2.10)
because we have

g1(SF) =80, vxt eSS = x=91(x*) e S (2.11)
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It is known that if X and X* are strictly convex reflexive spaces, then the duality mapping
J:X = X*: 97 is the Gateaux-differential of a strictly convex functional f and 37! is
the Gateaux-differential of a strictly convex functional F *, that is, the duality mapping

X - X*isa positively homogeneous potential operator with strictly convex potential.
In addition, there is a strongly monotone increasing continuous function ®: R, — R,
®(0) = 0, ®(r) ~ +00 when 7 / +c0 such that J(rx) = ®(7)x* for any x € S and x* €
S{(*, where (x,x*) = 1 and 7 € R, [8]. Consequently, S(Bf”) is a convex subset X* (see
also [5]). Thus we obtain that S§ defined by (2.10) is the unit sphere of the subspace
(Xo)* from X*, which we can denote by X; (i.e., (Xo)* = X{) that also is equivalent to
X*/XE.

In other words we have obtained that X is equivalent to the dual space of the subspace
X of X, and so a subspace X of a reflexive Banach space X is a reflexive Banach space
under the induced topology under the conditions of the proposition. O

Note 2.4. It should be noted that the validity of results of this type also follows from
results obtained by Phelps in [25] concerning the uniqueness of the extension of a linear
functional to the whole of a Banach space.

Remark 2.5. We note that the annihilator of X', which is a subspace * X of X, is orthog-
onal to Xy, that is,

Xf={yeXllx+Ayll = lIxll, Vx € Xo, VA e [-1,1]}. (2.12)

In other words, the subspace * X of X is generated by a subset SiX; of the sphere ¥
which has the form

XS

S, lyeS | llx+Ayll =1, Vxe S, A= +1}. (2.13)

We will now show that if X is a reflexive Banach space which, together with its dual
space X* has a strictly convex norm, we may prove (under certain general conditions)
certain generalizations of the results on separation of convex sets.

THEOREM 2.6. Let Ky and K, be disjoint bounded convex subsets of a reflexive Banach space
X which, together with its dual space X*, has a strictly convex norm, and let Ky have an
internal point relative to the subspace Xo C X, codimy Xy = 1. Then there exists a nonzero
linear continuous functional x;§ € X* which properly separates Ky and K;. That is,

inf {(x,x) | x € Ko} = sup{{x,x5) | x € K1 },
2.14
sup { (x5 ) | x € Ko} >inf {(x,x8) | x € K1 }. (2.14)

Proof. Itis easy to see that Ky C X, and that it has a nonempty interior relative to Xy. We
will consider all possible cases with respect to the position of the sets Ky and K;, which
are as follows:
(1) Ky n Xy = Kyo # @ (particular case, K; C Xy, i.e., K; = Kyo);
2)KinXy=2.
First we will consider the subcase of case 1 for which K; C X, that is, K; = K. We
can study separation in this case with the help of Proposition 2.3 because we can see the
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subspace X, as a space Xy by virtue of Proposition 2.3. Then, by using Theorem 2.2, we
obtain the existence of a linear functional xj* € X which separates K, and Kjo, and using
the Hahn-Banach theorem we obtain an extension of this functional x§ to X (X*) which
is equal to x§* on X, because X (X*) is a strictly convex Banach space.

Now assume that K; # Kjo. Then in a similar way, we obtain the existence of a continu-
ous linear functional x§ € X which separates the sets Ky and K relative to the subspace
X, that is,

inf {(x,x7) | x € Ko} = sup{(x,x¢) | x € Kyo},

2.15
sup {(x,x5) | x € Ko} >inf {(x,x5) | x € Kjo} ( )

hold. From this, we obtain that there exists x; € Xy such that
sup { (x,x5) | x € Kio} = (x1,x7) = co (2.16)

since K; is a convex bounded set. Clearly, such an assertion is valid for any functional
x§ € X which separates the sets Ky and K. Since the linear functional x; is defined on
the subspace Xy, by the Hahn-Banach theorem, we can extend it to a continuous linear
functional on the whole space X. Therefore, at least for the point x; € X determined
by (2.16), we have a corresponding support hyperplane on this point separating the sets
Ky and K;. In other words, if we will consider hyperplanes {L(x;)} which contain the
hyperplane generated by the functional x; relative to Xp, then there exists L; in {L(xg)}
which separates the sets Ky and K;. If this is not so, then there would exist a point X of
Ko such that the relation (X,x¢) < ¢ is not fulfilled, that is, X is contained in the other
half-space relative to the hyperplane generated by the functional x;. This contradiction
shows that the assertion of the theorem is valid in case 1.

Now we will consider case 2. Since the set K; is convex, there exist a subspace XcX R
codimy X = 1, such that Ky C Xo C X and the half-spaces X3 generated by it are such
that either K; C cl X; orK; cdl X)g . Indeed, if we assume that such a subspace does not
exist, then we will obtain a contradiction with the condition that K; is a convex set [7].
We should note that the “induction” method (or applying Zorn’s lemma) can be used for
the proof of this proposition in the sense that we can choose a sequence of expanding
subspaces in X which contain the subspace Xy (as in [19, 2]). More exactly, if X; € X is
a subspace such that X, C X, codimy, Xo = 1, then it is not difficult to see that if K; N
X; = K11 # @ then at least either K1) C cl(X))5, or K11 C cl(X))x, (since K is a convex
set). O

A subset K of X is called open relative to a subspace Xy of X if for any element x € K,
there exists a neighborhood U(x) from X such that U(x) N Xy C K, and a subset K of X is
called closed relative to the subspace X; of X if the complement Cx, K is open set relative
to Xo. Consequently, if Xj is a subspace of a Banach space X, if a set is closed relative to
subspace Xj, it is closed with respect to X.

THEOREM 2.7. Let X be a space as in Theorem 2.6, and let Ky and K, be disjoint bounded
open convex sets relative to subspaces Xo and X, of X, respectively, that is, Ky C Xy and
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Ky c X (codimx Xy = 1, codimx X; = 1). Then Ky and K, are strictly separated, that is,
there exists an element x§ € X* such that

{xy) I Vx e K} > {{xx5) | Vx € Kol (2.17)

Proof. We will consider all possible cases separately, as in the proof of Theorem 2.6. These
cases have the following form:
(1) Ko € Xo and K; C Xo, that is, Xy = X; (the subspaces or hyperplanes X, X; are
the same);
(2) Ky C Xy and KinXy=o;
(3) Ky € Xy and KinXy =Ky 9& .

Case 1 follows from Proposition 2.3 and Theorem 2.2, therefore we will consider the
remaining cases.

Separation of the sets considered in the remaining cases follows from Theorem 2.6.
So, we must show that this separation is strict. Thus we assume that the sets Ky and K;
are open relative to the subspaces X, and X, of X, respectively, and we will consider case
2. For the proof in this case, we will use the theorem of Kakutani and Tukey [23]. We
obtain with the help of these results that there exist two convex sets Koo and K;; such that
Koon Ki1 = 9, Ky C Ky, K1 C Ki1, and Kog, K11 C X. Then if we choose a set Koy such
that Ko is a bounded open convex set of X, for example as K;; = K, then we can use a
well-known result (Theorem 2.2). From here the statement of the theorem follows.

For the proof of case 3, one may use the proof of Theorem 2.6 and cases 1, 2. Thus we
obtain the validity of Theorem 2.7. O

Note 2.8. The above theorems remain correct if we replace one of the subspaces X, and
X, with a closed hyperplane. In this case, for example if X; = L is a closed hyperplane and
Ki C L, then K; — xo with X; — xo satisfies the condition of the theorem.

3. Some fixed-point theorems

Let X, Y and their dual spaces X*, Y* be strictly convex reflexive Banach spaces. We will
consider a general mapping f acting from X into Y and investigate when the image of a
certain set under this mapping contains zero. It is clear that this result is equivalent to the
existence theorem for inclusion y € f(x). Moreover, if Y = X, we will investigate when
this mapping f has a fixed point in some set from X. Here we will consider variants of
the fixed-point theorems of the type proved earlier in [1]. Other results of this type may
be proved analogously as in the papers mentioned above.

Specifically, let f : D(f) € X — Y be a bounded mapping (i.e., if G = D(f) is the
bounded subset of X, then f(G) is a bounded subset of Y) which may be multivalued
or discontinuous, and let BY and S} be the unit ball and unit sphere from Y, respectively.
We will consider the following conditions. Let G = D(f) be a bounded subset and

(i) there exists a subspace Yy of Y with codimy Yy > 1 such that f(G) N Y, = fy,(G)
is an nonvoid open (or closed) convex set relative to the subspace Yo;
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(ii) for any y* € Sf"* =S!" N Y{, there exists x € G satisfying the inequality
(fro(x),y*)NRT £ 2, Rt={r:7>0}, (3.1)

and also

(i1) there exists a subspace Yy of Y with codimy Yy > 1 such that fy,(G) is a convex
set with nonvoid internal relative to the subspace Yo;

(iiy) for any y* € Sfo*, there exists x € G satisfying the inequality ( fy,(x), y*) N (R+\
{0}) # &, for a dual form of the pair (Yo, Y").

TaEOREM 3.1. Let f : D(f) € X — Y be a bounded mapping, and let Y and its dual space
Y* be reflexive Banach spaces with a strictly convex norm. Assume that on a bounded subset
G € D(f), f satisfies conditions (i), (ii) or conditions (i,), (iiy).

Then there exists xo € G such that 0 € f(xo), thatis, 0 € f(G).

Proof. Let f(G) be an open (or closed) convex set relative to the subspace Y;. For the
proof, it is sufficient to note that here we can use the separation theorem from the pre-
vious section. For this, we will consider the sets fy,(G) and {0}, and prove the result by
reductio ad absurdum. Then it is enough to note that all the conditions of Theorem 2.6
(or of Theorem 2.2) are fulfilled relative to the pair (Y, Y;*). Consequently, we obtain the
correctness of Theorem 3.1 with the aid of Theorem 2.7. O

The next corollary immediately follows from Theorem 3.1.

CoRroLLARY 3.2 (fixed-point theorem). Let the mapping f : D(f) € X — X be a bounded
mapping and let the space X be such as the space Y in Theorem 3.1. Assume that on a subset
G < D(f), the mapping fy defined by fo(x) = x — f(x) for any x € G satisfies conditions (i),
(i) or (i), (iiy) in the case when Y = X and Yy = X, respectively.

Then there exists xo € G such that xy € f(xo), that is, the mapping f possesses a fixed
point in the subset G.

For the proof, it is sufficient to note that under the conditions of the corollary, the
mapping fj satisfies the conditions of Theorem 3.1. Consequently 0 € fo(G).

In particular, if the set G < D(f) is a closed ball BX(xy) centered at a point xy € X
and having radius r > 0 for a subspace Xy of X, then we can formulate this corollary in
the following form (other results of such type exist in [3]). This may be proved using the

duality mapping J : X . X*. It is known from [8, 11, 23] that if a Banach space X is

as above, then there exists a duality mapping J : X L. X* which is a demicontinuous
strictly monotone operator together with its inverse mapping.

CoroLLARY 3.3. Let f:D(f) < X — X and X be as in Corollary 3.2, and let B} (xo) =
D(f) be some ball with a point xo of X;. Assume that f(BX(x0)) < BX(xo) and that the
mapping fo is such that fox, (BX1(xo)) is an open (or closed) convex set relative to the subspace
X, from X, where fo(x) = x — f(x) for any x € BX1(x0), fox,(x) = fo(x) N Xy, BX1(x) =
BX(x0) N X; and codimy X, > 1. Then f possesses a fixed point in BX(xo), that is, there
exists X € BX (xo) such that X € f(X).
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For the proof, it is enough to show that the necessary inequality is true for any x € S},
which has the form

(fox, (x0 +7%),3(X)) = (x0+ X — f (%0 +7X), I (%))
= (1%, 3(x)) — (f (x0 +7X) — %0, I(X)) (3.2)

>r—||f (x0+7X) — x| = 0.

Let X, Y be Banach spaces as above, and let f : D(f) € X — Y be a mapping which
may be multivalued or discontinuous. Let Bf and S! be the unit ball and unit sphere
from Y, respectively. We will conduct results on the solvability of inclusion y € f(x) and
a fixed-point theorem that is used in the following sections.

4. About completeness of the image of a set under a linear mapping
In beginning, we will prove the following result.

LemMa 4.1. Let X and Y satisfy the above conditions and A € B(X,Y). Then the image of
each closed bounded convex subset of X under operator A will be a closed bounded convex
subset of Y.

Proof. It is known from [12, 19] that in the conditions of the lemma, the operator A is
weakly compact. Let K C X be a bounded closed convex set and A(K) = M C Y. It is easy
to see that M is a bounded convex set of Y. So it remains to show that M is a closed
set.

Let {y,} C M be a fundamental sequence (if the space is not separable, then we will
consider a general sequence but here for simplicity we will not conduct this case). Then
there exists yo € Y such that lim,,— e ym = 0.

We will consider an inverse image of the sequence {y,,} C M from K and denote it by
{xm}. It is clear that, generally, the inverse image is a set of the form {x,, + kerA} C X.
Therefore, we must consider the set {x,, + kerA} N K. Then there exists a subsequence
{%m, } C {xm +kerA} N K such that x,,, — xo weakly in X for some x, € X by virtue of
reflexivity of the space X and boundedness of the set {x,, +ker A} N K. From here, follows
that x,,, — xo € K weakly in X by virtue of completeness and convexity of set K [23,
19].

Thus the sequence {A(xy, )} converges weakly in Y, furthermore A(xy,,) — A(xo)
weakly in Y because A is weakly compact. On the other hand, we have A(x,,,) = ¥, and
Ym, — Yo € Y in Y by assumption. From here, it follows that A(xy) = yo, consequently
Yo € M.

So we have shown that if K C X is a bounded closed convex subset, then so is A(K) =
MinY. O

CoROLLARY 4.2. Under the conditions of the previous lemma, an affine mapping with the
mentioned linear operator satisfies the statement of this lemma.

The proof is obvious.
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5. On existence of an eigenvector of a linear bounded operator
Let X be a Banach space such as above, and let A € B(X), Xy be a closed subspace of X.

LeEMMma 5.1. Let A € [B(X ), A # 0, and there exist a closed subspace Xy of X and a closed
ball BX(x0) C Xo, 0 & By (xo) with a radius r > 0 and a center xo € Xo such that for a y #
0, the expressions yA : B Xo (x0) — BX(x0) C X holds, also yA( "(x0)) N Xy # &. Then the
operator A has a nontrivial eigenvector in the ball BX (xo), that is, there exists x; € BX (xo) N
Xo and Ay € 0(A) such that Ax; = Aix;.

Proof. We will consider a mapping f : X — X defined in the form
f(x)=x—pAx+xo — uAxo = x — [uA(x+x0) —x0] =x— Ax. (5.1)
From the condition, it is easy to see that
HA X (xo) — BX (x0) = Ay : B¥(0) — BX(0) (5.2)

holds and A, is an affine mapping.

Further, f(K) is a convex subset of X for any convex subset K from X. We will show
that if x;,x, € K = X are arbitrary elements and « € R', 0 < a < 1, then af (x) + (1 —
a) f(x2) € f(K). In fact,

y=af(x)+(1—a)f(x) =ax —adix; + (1 —a)(x — A1x2)
=ax;+ (1 —a)x; — [aA1x1 + (1 — @)A1x2] = axy + (1 — a)xz + X0 (5.3)
— pA(axy + (1 — a)xz) — pAxg = x — [pA(x+x0) —x0] = f(x),

here x = ax; + (1 — a)x; e K. Consequently, f(x) = y € f(K) by virtue of convexity of
K. Thus we have that f(B:*(0)) is a convex subset of X.

From boundedness of the operator A, it follows that the image f(BX(0)) is a bounded
subset of X, that is, the inequality

f Gy = Ilxllx +[xolly +[[uA (x+x0)[[x = CUuL 1A (r+lxollx) — (5:4)

holds for any x € BX(0) where C(|ul,||All) > 0 is a number. Thus, using Corollary 3.3, we
obtain that f(BX(0)) is a bounded closed convex set of X.

Hence, the mapping f on the ball B (0) satisfies all conditions of Theorem 3.1 (in
particular, A; satisfies all conditions of Corollary 3.3) by virtue of the conditions of
Lemma 5.1 and

(f(x),3(x)) = (x,3(x)) = (A1x,3(x)) = (x,5(x))

— (UA (x0 +x) —x0,3(x)) = llxllx (Ilxllx — [[#A (x0 +x) — x0]y) = 0
(5.5)

holds for any x € $°(0), where 3 : X < X* is a duality mapping which in this case is a
homeomorphism.
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Consequently, we obtain using Corollary 3.3 that there exists ¥ € B;°(0) such that
A1X =X, that is, pA(xo +X) = xo +X. The last equality shows that the obtained element
Xo + X is an eigenvector of the operator A with respect to the eigenvalue A = y~!. (Obvi-
ously, u™! < [|Allx—x.) O

We must note that when X, = X this lemma follows also from the Tychonov-
Schauder fixed-point theorem as the operator A is weakly compact.
The following statement immediately follows from Lemma 5.1.

COROLLARY 5.2. Let X be as in Lemma 5.1, A € B(X), A # 0, and Xy let be a nonzero
element of Xo. Then there exist numbers y #+ 0 and r > 0 such that the mapping fo : fo(x) =
U(Ax +Xo), for all x € X, possesses a fixed point in the closed ball BX(0) C X.

Proof. For the proof, we must show that there is a closed ball BX(0) ¢ X with radius
r > 0 such that the mapping fy(x) satisfies the inequality | fy(x)|lx < r for any x € B*(0),
that is, we must find a number r(¢) > 0. Such number exists under the conditions of the
corollary. In fact, we have

1o = [lea(Ax + %)l < Ll (1A N x, —x7 + [|Follx) (5.6)
for any x € B (0). For fulfilment of the inequality, || fo(x)|lx < r is enough for
Al -+ [Rolly < 7 (5.7)
to hold, and we have

r= lull[%ollx (1= [l Alg-x)"" or lul™" > lAllx_x. (5.8)

Hence the necessary ball is found. Further, since the mapping f; satisfies all condi-
tions of Corollary 3.3, we can apply this result to the considered case. Then we obtain
Corollary 5.2 using Corollary 3.3, in other words, there exists a point x; € BX(0) such
that fo(x1) = x1, that is, Ax; +Xo =y~ 'x1. O

LEMMA 5.3. Let X and the operator A € B(X) be such as in Lemma 5.1, furthermore A
possesses a nontrivial eigenvector x), corresponding to the eigenvalue Ao : |Ao| < ||All. Then
there exist a subspace X, of X, a nonzero element xo € Xo, and numbers y, r such that y # 0,
0 < r < lIxollx, and the following relation holds:

UA:BY (x) — BX(x,),  pA(BY(x,)) X £ 2. (5.9)

Proof. Let xy = xy,. Then for the proof, it is sufficient to show that there exist a needed
subspace Xy of X and numbers p # 0, r > 0, which are found by the following way.

We assume the existence of a subspace X, such that [|Allx,—x < [Agl. It is clear that
such subspace X exists (we can choose Xy as a subspace over the eigenvector xo, at least).
Let r > 0 be a number such that r < ||xg||, then we have

[luAx — xo|ly = |[uAx — A5 " Axol|y (5.10)
< || A(ux = A5 x0) [ = [Ao| I Allxo—x||hox — xo] I '
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forany x € B0 (x0), where B0 (x9) C X is a closed ball. From (5.10), it follows that x must
be such that

|/\0|71||A||X0ﬁx||y/10x—xo||xsr or ||uhox —xol|x =7 (5.11)

Then it is sufficient to choose y as y = Ay, because in this case inequality (5.11) holds
for for all x € BX° (x0). The assertion follows from here. O

We obtain the following theorem from Lemmas 5.1 and 5.3.

THEOREM 5.4. Let X be a Banach space such as above. Then an operator A € B(X) possesses
a nontrivial invariant subspace (an eigenvector, at least) if and only if there exist numbers
> 1> a subspace Xy of X, and an element x, € Xg such that xo # 0, 0 <r < |lxollx, p # 0 and

uA:BY (x0) — BX(x0),  pA(BY(x0)) N Xo # & (5.12)

hold for the closed ball BXo (x0).

Remark 5.5. It is easy to see that Theorem 5.4 is correct for a linear compact operator in
the case of an arbitrary Banach space.

6. Some remarks on existence of the invariant subspace

Let X be a Banach space such as above and A € B(X), and let B4(X) be a subset of B(X)
of operators that are commuting with A. It is obvious that B4 (X) # &.

Since B4(X) contains an operator satisfying the conditions of Theorem 5.4, then A
possesses an invariant subspace in X, we will consider the case when this is not known.

So let xo # 0 be an element of X, and let B,(xy) C X be a closed ball such that 0 < r <
llxollx. As known [16] (see, also [17]), there exist operators Ag € Ba(X), € C R! such
that Ag(B,(x0)) N B;(xo) # @, which can be shown by the same way. From Section 4, it
follows that Ag(B,(x0)) N B,(xo) is closed for each B € I. Let

[B() = {Aﬁ (S [BA(X) |A/;(BV(X0)) ﬂBr(Xo) =}/: g, ﬁ EI},

6.1
Vas = {x € B;(x0) | Ag € By, Ap(x) € B;(x0)}, BeL (o0

It is clear that if Ag € By, then uAg € By also for some numbers y, moreover we can
choose these numbers such that
uAg(B;(x0)) N B;(x0) 2 Ag(B;(x0)) N By (x0). (6.2)
So we will select yg as

ug - ppAp (B (x0)) N By (x0)

= sup {udg (B, (x0)) (B, (x0) | 55 (B, (x0)) 1 By (x0) 2 Ag(B, (x0)) 1 By (x0) ).
(6.3)

Thus we assume that xo € X, xo # 0. Further, we regard yg selected such that the re-
lation (6.3) holds, therefore we choose only one of such operators and define it as Ag.
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Under these assumptions, we have [ J AseBy Vag = B, (xp), because otherwise as known (see
[16, 17], etc.), operators from By have invariant subspace.

It is easy to see that if A;,A; € By then a1 A; + @A, € By for some numbers a; > 0,
a; = 0, besides the operator oA} + axA; = A such that there exists X € B/ (x0) N Vy for
which X V4, U Vg4, holds. For example, if V4, N V4, = @ then some convex subset of
a convex hull on V4, U Vy, will be contained in V3. This shows that with use of this
method, we can construct operators from B, by using the operators from B, for which
Vg < B,(xp).

Let {Ag | B € Iy C I'} be a minimal subset of By for which

U Vi, = B (x0) (6.4)
Bely

(the number I of such operators for which (6.4) takes place may be finite).
Now, we define the following mapping:

fx) ={UApx 1L}, xe|JVa, (6.5)

where |JAgx is the union of an image of the operators Ag for which x € V. Obviously,
f is a multivalued mapping (generally speaking) and f(B.(xo)) € B,(xo). Therefore, we
will consider the mapping f; : fi(x) = x — f(x) for any x € B,(xy), that is, for any x €
Uger, Vag-
So, we consider the following condition.
(1) Assume that the mapping f defined in (6.5) is such that there exist a subspace X, of
X and a closed ball BY® (x0) on which f; (Bf(0 (x0)) N Xp is a convex closed (or open)
subset of X,.

THEOREM 6.1. Let X be a Banach space as above and A € B(X) is such that there exist an
element xo € X, a number r: || xollx >r >0, and a subset {Ag € By C B4(X) | B € I} for
which the mapping f defined in (6.5) satisfies condition 1. Then the operator A possesses an
invariant subspace.

The proof of the theorem follows from Corollary 3.3 as all conditions of Corollary 3.3
hold in this case. In fact with using Corollary 3.3, we obtain that in the class B4 (X) there
exists an operator which possesses an eigenvector in the ball B, (xj). The theorem follows
from here.
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