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1. Introduction

Let E be a real Banach space and C a nonempty closed convex subset of E. We denote by |
the normalized duality map from E to 25" (E* is the dual spaces of E) defined by

J(x) = {f €E": (x, f) = |lx|* = I fII?, ¥x € E}. (1.1)

A mapping T : C — C is said to be nonexpansive if [|[Tx — Ty|| < ||x — y||, for all
x,y € C. We denote by Fix (T) = {x € C : Tx = x} the set of fixed points of T. In the last
ten years, many papers have been written on the approximation of fixed point for nonlinear
mappings by using some iterative processes (see, e.g., [1-18]).

An explicit iterative process was initially introduced, in 1967, by Halpern [3] in the
framework of Hilbert spaces, that is, Halpern’s iteration. For any u, xo € C, the sequence {x,} is

defined by

Xne1 = g+ (1 —a,)Tx,, VYn>0, (1.2)

where {a,} C [0,1]. He proved that the sequence {x, } converges weakly to a fixed point of T,
where a,, =n7%, a € (0,1). In 1977, Lions [8] further proved that the sequence {x,} converges
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strongly to a fixed point of T in a Hilbert space, where {a,} satisfies the following conditions:

(C1) lim a, =0,

n—oo

(C2) D an=+o,
n=0

(1.3)
. |“n+1 - “n| _
(C3) lm ———— =0.
n— oo a
n+1

But, in [3, 8], the real sequence {a,} excluded the canonical choice a,, = 1/(n + 1). In 1992,
Wittmann [16] proved, still in Hilbert spaces, the strong convergence of the sequence (1.2) to
a fixed point of T, where {a,} satisfies the following conditions:

(C1) lim a, =0,

n—oo

(C2) i a, = +oo,

n=0

(C4) D |ana — an| < +oo.

n=1

(1.4)

The strong convergence of Halpern's iteration to a fixed point of T has also been
proved in Banach spaces (see, e.g., [2, 6, 10-12, 14, 15, 17, 18]). Reich [10, 11] has showed the
strong convergence of the sequence (1.2), where {a,} satisfies the conditions (C1), (C2), and
(C5). {ay} is decreasing (noting that the condition (C5) is a special case of condition (C4)).
In 1997, Shioji and Takahashi [12] extended Wittmann's result to Banach spaces. In 2002, Xu
[17] obtained a strong convergence theorem, where {a,} satisfies the following conditions:
(C1), (C2), and (C6). limy, o (|ans1 — anl/ane1) = 0. In particular, the canonical choice of
a, =1/(n + 1) satisfies the conditions (C1), (C2), and (C6).

However, is a real sequence {a,} satisfying the conditions (C1) and (C2) sufficient to
guarantee the strong convergence of the Halpern’s iteration (1.2) for nonexpansive mappings? It
remains an open question.

Some mathematician considered the open question. A partial answer to this question
was given independently by C. E. Chidume and C. O. Chidume [2] and Suzuki [14]. They
defined the sequence {x,} by

X1 = gt + (1= a,) ((1 - 6)x, + 6Txy), (1.5)

where 6 € (0,1), I is the identity, and obtained the strong convergence of the iteration (1.5),
where {a,} satisfies the conditions (C1) and (C2). Recently, Xu [18] gave another partial
answer to this question. He obtained the strong convergence of the iterative sequence

X1 = 0y (L= 8)u+ 6x,) + (1 — ) Txy, (1.6)

where 6 € (0,1) and {a,} satisfies the conditions (C1) and (C2).
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Inspired and motivated by the above researches, we introduce a modified Halpern’s
iteration. For any u, xo € C, the sequence {x,} is defined by

Xp41 = AU + PuXy + YnITx,, n2>0, q))

where { {Bn}, and {y,} are three real sequences in (0,1), satisfying a, + Py + v, = 1. Clearly,
the 1terat1ve sequence (I) is a natural generalization of the well-known iterations.

(i) If, for all n, we take 8, = 0 in (I), then the sequence (I) reduces to Halpern’s iteration
(1.2).
(ii) If, for all n, we take a,, = 0 in (I), then the sequence (I) reduces to Mann iteration.

The purpose of this paper is to present a significant answer to the above open
question. we will show that the sequence {a,} satisfying the conditions (C1) and (C2) is
sufficient to guarantee the strong convergence of the modified Halpern’s iterative sequence
for nonexpansive mappings. As we will see, our theorem extends the corresponding results
in three aspects. (1) The real sequence {a,} satisfies only the conditions (C1) and (C2). (2)
In contrast with the results [2, 14], we replace the sequence {(1 — a,)(1 - 6)} in (1.5) by an
arbitrary sequence {f,} in (0,1). (3) In contrast with the result [18], we replace the sequence
{a,6} in (1.6) by an arbitrary sequence {f,} in (0,1).

2. Preliminaries

A Banach space E is said to have a Gateaux differentiable norm if the limit

t —
o e+ 11 = ] o
t—0 t
exists for each x,y € U, where U = {x € E : ||x|| = 1}. E is called a uniformly Gateaux dif-
ferentiable norm if for each y € U, the limit is attained uniformly for x € U. It is well known
that if the norm of E is uniformly Géateaux differentiable norm, then the duality mapping is

single-valued and norm-to-weak* uniformly continuous on each bounded subset of E.

Lemma 2.1 (see [9, 10]). Let C be a nonempty closed convex subset of a Banach space E which has
uniformly Gateaux differentiable norm and T : C — C a nonexpansive mapping with Fix (T) # @.
Assume that every nonempty closed convex bounded subset of C has the fixed points property for
nonexpansive mappings. Then there exists a continuous path: t — z;, t € (0,1) satisfying z; =
tu + (1 —t)Tz, for any u € C, which converges to a fixed point of T.

Lemma 2.2 (see [13]). Let {x,} and {y,} be two bounded sequences in a Banach space E such that
Xn+l = ﬂnxn + (1 - ﬂn)yn/ n>0, (22)
where { Py} is a sequence in (0,1) such that 0 < liminf, _, ,, p, <limsup, , B, <1. Assume

limsup ([[yns1 = Y| = [| 201 = xa]) < 0. (23)

Then limy, -, o0 || yn — xul| = 0.
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Lemma 2.3. Let E be a real Banach space. Then the following inequality holds:
lx+yl> < llxl* +2(y,j(x +y)), Vx,y€E, Vj(x+y) € J(x+y). (2.4)

Lemma 2.4 (see [17]). Let {a,} be a sequence of nonnegative real numbers such that
Api1 < (1 = 6p)ay + 6nén, Yn > 0, where {6,} is a sequence in [0,1] and {&,} is a sequence

in R satisfying the following conditions:
(i) X2 On = +00;
(ii) limsup,,_, &, <0o0r 372 6uléul < +o0;

Then lim,, _, o, a, = 0.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Banach space E which has a
uniformly Gateaux differentiable norm. Let T : C — C be a nonexpansive mapping with Fix (T) # @.
Assume that {z;} converges strongly to a fixed point zof T ast — 0, where z; is the unique element of
C which satisfies z; = tu+ (1 — )Tz for any u € C. Let {a,}, {Bn}, and {y,} be three real sequences
in (0,1) which satisfy the following conditions: (C1) lim, o a,, = 0 and (C2) >.7° a, = +oo. For
any xo € C, the sequence {x,} is defined by the iteration in (I). Then the sequence {x,} converges
strongly to a fixed point of T.

Proof. Take any p € Fix (T). From (I), it implies that

1%ns1 = pll = lln (e =) + Bu(xn = p) + Y (Txn = p) |

(3.1)
<ayllu-pll+ (1 -an)|x. - pl|-
Adopting mathematical induction, we obtain, for all n > 0,
[|xn = p|| < max {{|xx0 = p||, llu - pll}- (32)

Therefore, we conclude that the sequence {x,} is bounded. Next, we separate the proof into
two cases.

Case 1 (0 < liminf,_, o f, <limsup,_,  p. <1). Rewrite the iterative process (I) as follows:

Xn+1 = Ol + Py + YnT Xy

ayu + Y, Txy,

= Pnxn + (1 - ﬂn) T (3.3)
= Puxn + (1= Pu)Yn,
where
Ay YTl
u+ Tx,, Vn2>0. (3.4)

V=12, 1= 5,
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Since T is a nonexpansive mapping and {x,} is bounded, we get that {y,} and {Tx,} are
bounded. Manipulating (3.4) yields

Xyl ay Ayl
Yy = - 1- —"L V(Txpy - T
Y1 = Yn <1—ﬂn+1 1—ﬁn>”+< 1—ﬁn+1)(x”” xn)

(3.5)

Xn Hptl

+ —— - Tx,.

<1_ﬁn 1_ﬁn+1> n
Consequently, we have
Xptl oy Hpt1
—_ _ _ < _ —_ —
et =l = e =5l < |25 = 2+ 1= 2225 =
(3.6)
Xp Xpil
| 2 = T Tl =
From the fact that {x, } and {Tx,} are bounded and lim,,_, ., a,, = 0, it follows that
limsup ([[yn1 = Y| = [ 201 = xa]) < 0. (3.7)
n—oo
Hence, by Lemma 2.2, we get
rlli_{r;o||yn - x| =0. (3.8)
Using lim,,_, o, a, = 0 and (3.8), we obtain
X PrXn + YnTxn calu- PrXn + YnTxn 0 1o,
1 - Dln 1 - Ltn (3.9)
et = %all < (1= o) = a — 0, 11— o
Clearly,
PrnXn +YnTXn _ Yn
" T =T a (xn — Txyn). (3.10)

Since lim,, _, o, a, = 0 and limsup, _, _ f, < 1, we get that liminf, ., y, > 0. Therefore, from
(3.9), and (3.10), we find

_ ﬁnxn + YnTxn

" 1-a,

1 _
%0 = Tty || = —
Yn

— 0, n— oo. (3.11)
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From lim,, _, oo ||x, — Tx,|| = O, it follows that there exists a positive number N such that ¢, =

max{+/||x, = Tx,|,1/n}, n> N. Obviously, we find

L =T

n—oo

0. (3.12)

tn
Since z; is a unique solution of the equation z; = tu + (1 — t)Tz;, we can write

z, —Xn = (1= t,) (T2, — xn) + tu(u — xp). (3.13)
Using Lemma 2.3, we get

21, = all? < (1= 1021721, = 0l + 28 = 0,7 (21, = )
< (1= 12 (T2, = Tl + T2~ 20 + 2t =0, (21, — )

< (1+ ) 126, = xall* + (1= 20 + £) || = Txa]| (2]

zt, = Xu| + [|2n = Toxu|)
+ 2ty (u— 2z, j (21, — xn))-
(3.14)

Thus,

tn

1+t -T
<u_ztnrj(xn_ztn>> < 5 ( + ")”x" Xn

o+ L1z, — ol + e = Tl

2t,
(3.15)
From the fact that {x,}, {z:,}, and {Tx,} are bounded and (3.12), it implies that
lim sup(u — z,, j(xn —21,)) <0. (3.16)
We know that
(u=zj(xn=2)) = (u=z j(xn=2) = j(xn = 21,)) + (U= 2z, j(xn = 21,)) 517)

+(zt, = 2,j (X — 21,))-

Noting the hypothesis that z;, — z € Fix(T), n — oo, and the fact that {x,} is bounded and
the duality mapping j is norm-to-weak* uniformly continuous on bounded subset of E, we
have

(z-z,, j(xn—2z1,)) — 0, n— oo,
(3.18)
(u-z, j(xn—z1,) —j(xn—-2)) — 0, n— oo.
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Consequently, from (3.16), (3.17), and the two results mentioned above, we obtain

limsup (u -z, j(x,—z)) <0. (3.19)

n— oo

Estimating (I) yields

l2ne1 = 2)1% < 1B (en = 2) + ¥ (Tt = 2) |I* + 200 (4 = 2, j (31 - 7))
) (3.20)
< (1 —an)||xn = z||” + 200 (u — 2, j (201 — 2)).

Therefore, combining Lemma 2.4 with (3.19) and (3.20), we get that lim,, ., ||x, — z|| = 0.

Case 2 (limy,—, o B = 1). Assume that T,x = 3,/ (1 —a,)x + v,/ (1 —a,)Tx, for all n > 0, then it
is easy to see that for each n € N, T,,x = x if and only if Tx = x, that is, T,, has the same set of
fixed points of T. Rewrite the iterative process (I) as follows:

X1 = apu + (1 = ay) Ty (3.21)
Since limy, o, @, = 0 and lim,, ., f, = 1, and {T;,x,,} is bounded, we have
[x¢ns1 = xu || < @nlluell + yu|| Taen|| — 0, 1 — oo. (3.22)

Consequently, we get that

Xp+l — M San u_ﬁnxn_'_—hm HO, n — oo. (323)
1- 2%} 1- Ay
Combining (3.22) and (3.23) yields
|27 = Tuxu| < ||xn = xnit || + ||Xne1 = Tuxn|| — 0, 1 — oo. (3.24)

Adopting the same proof as Case 1, we can easily conclude that lim,, o, ||x, — z|| = 0.

If limsup, _, B, =1, then we take arbitrarily the two subsequences {f,,} and {f,,} in
{Pn} such that lim; ., f, = 1andlimsup,_, f, <1, and we obtain the strong convergence
of the sequence {x,} by employing the above-mentioned proof method. O

Remark 3.2. If lim,, _, o, f, = 0 and liminf, _ . 8, = 0, then, from Xu's results [18] and proof of
Theorem 3.1, we obtain the strong convergence theorem.

As direct consequences of Theorem 3.1, we obtain the two following corollaries.

Corollary 3.3 (see [2, Theorem 3.1]). Let E, C, and T be as Theorem 3.1. For a fixed 6 € (0,1),
define S : C — Cby Sx :=(1-06)x+6Tx, Yx € C. Assume that {z;} converges strongly to a fixed
point zof T ast — 0, where z; is the unique element of C which satisfies z; = tu+ (1 —t)Tz;, for any
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u € C. Let {a,} be a real sequence in (0,1) satisfying the conditions (C1) and (C2). For any xo € C,
the sequence {x,} is defined by

X1 = apu + (1 - ay)Sxp. (3.25)

Then the sequence {x,} converges strongly to a fixed point of T.

Proof. If, in proof of Theorem 3.1, we take f, = (1 - a,)(1-06), lim,_,, f, = 1 - 6, then we get
the desired conclusion. O

Corollary 3.4 (see [18, Theorem 3.1]). Let E be a uniformly smooth Banach space, C a closed convex
subset of E, and T : C — C a nonexpansive mapping such that Fix (T) # @. For any sequence {a,}
in (0,1) satisfying the conditions (C1) and (C2), number 6 € (0,1), and vectors u, xy € C, define a
sequence {x,} by the iterative algorithm

Xpe1 = Ay (6u+ (1-6)x,) + (1 —a,)Tx,, n>0. (3.26)

Then the sequence {x,} converges strongly to a fixed point of T.

Remark 3.5. For any real sequence {f,} C (0,1), the real sequence {a,} satisfying the two
conditions (C1) and (C2) is sufficient for the strong convergence of the iterative sequence (II)
for nonexpansive mappings. Therefore, our results give a significant partial answer to the
open question.
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