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We propose a modified hybrid projection algorithm to approximate a common fixed point of a
k-strict pseudocontraction and of two sequences of nonexpansive mappings. We prove a strong
convergence theorem of the proposed method and we obtain, as a particular case, approximation
of solutions of systems of two equilibrium problems.

1. Introduction

In this paper, we define an iterative method to approximate a common fixed point of a k-
strict pseudocontraction and of two sequences of nonexpansive mappings generated by two
sequences of firmly nonexpansive mappings and two nonlinear mappings. Let us recall from
[1] that the k-strict pseudocontractions in Hilbert spaces were introduced by Browder and
Petryshyn in [2].

Definition 1.1. S : C — C is said to be k-strict pseudocontractive if there exists k € [0, 1[ such
that

1Sx = Sy||> < |x - y|> + k|| d=S)x - T -S)y|>, VxyeC. (1.1)

The iterative approximation problems for nonexpansive mappings, asymptotically
nonexpansive mappings, and asymptotically pseudocontractive mappings were studied
extensively by Browder [3], Goebel and Kirk [4], Kirk [5], Liu [6], Schu [7], and Xu [8, 9]
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in the setting of Hilbert spaces or uniformly convex Banach spaces. Although nonexpansive
mappings are O-strict pseudocontractions, iterative methods for k-strict pseudocontractions
are far less developed than those for nonexpansive mappings. The reason, probably, is that
the second term appearing in the previous definition impedes the convergence analysis for
iterative algorithms used to find a fixed point of the k-strict pseudocontraction S. However,
k-strict pseudocontractions have more powerful applications than nonexpansive mappings
do in solving inverse problems. In the recent years the study of iterative methods like Mann’s
like methods and CQ-methods has been extensively studied by many authors [1, 10-13] and
the references therein.

If C is a closed and convex subset of a Hilbert space H and F : CxC — Risa
bi-function we call equilibrium problem

FindxeC st F(x,y)>0, VyeC, (1.2)

and we will indicate the set of solutions with EP(F).

If A: C — H is a nonlinear mapping, we can choose F(x,y) = (Ax,y — x), so an
equilibrium point (i.e., a point of the set EP(F)) is a solution of variational inequality problem
(VIP)

Findx e C st (Ax,y-X)>0, VyeC. (1.3)

We will indicate with VI(C, A) the set of solutions of VIP.

The equilibrium problems, in its various forms, found application in optimization
problems, fixed point problems, convex minimization problems; in other words, equilibrium
problems are a unified model for problems arising in physics, engineering, economics, and
so on (see [10]).

As in the case of nonexpansive mappings, also in the case of k-strict pseudocontraction
mappings, in the recent years many papers concern the convergence of iterative methods
to a solutions of variational inequality problems or equilibrium problems; see example for,
[10, 14-18].

Here we prove a strong convergence theorem of the proposed method and we obtain,
as a particular case, approximation of solutions of systems of two equilibrium problems.

2. Preliminaries

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H.
We denote by Pc the metric projection of H onto C. It is well known [19] that

(x—Pc(x),Pc(x)-y) >0, VxeHand yeC (2.1)

Lemma 2.1. (see [20]) Let X be a Banach space with weakly sequentially continuous duality mapping
J, and suppose that (x,),cy converges weakly to xo € X, then for any x € X,

lim inf ||x;,, — x| < lim inf ||x, — x||. (2.2)
n— oo n— oo

Moreover if X is uniformly convex, equality holds in (2.2) if and only if xo = x.
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Recall that a point u € C is a solution of a VIP if and only if

u="Pc(I-AA)u YA>0, thatis, ue€ VI(C,A) & u € Fix(Pc(I -1A)), VA>0.
(2.3)

Definition 2.2. An operator A : C — H is said to be a-inverse strongly monotone operator if
there exists a constant & > 0 such that

(Ax - Ay, x - ) 20c||Ax—Ay||2 Vx,y € C. (2.4)

If « = 1 we say that A is firmly nonexpansive. Note that every a-inverse strongly
monotone operator is also 1/a Lipschitz continuous (see [21]).

Lemma 2.3. (see [2]). Let C be a nonempty closed convex subset of a real Hilbert space H and let
S : C — C bea k-strict pseudocontractive mapping. Then Sy := tI + (1 - t)S with t € [k,1[ isa
nonexpansive mapping with Fix(S;) = Fix(S).

3. Main Theorem
Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H. Let

(i) A be an a-inverse strongly monotone mapping of C into H,
(ii) B a B-inverse strongly monotone mapping of C into H,

(iii) (Tn) ey and (V) ,en two sequences of firlmy nonexpansive mappings from C to H.
Let S : C — C be a k-strict pseudocontraction Fix(S) # 0.
Set Sk = kI + (1 — k)S and let us define the sequence (x,),cx as follows:
x1 €C,
C=¢C
u, =T,(I -1r,A)x,
Zn = Vn(I - )‘HB)un/ (31)
Yn = AnXpy + (1 - an)skznz
Coni = {we€Cpt |lyn—w| < llxn —wll},

Xn41 = Pc,,,x1, VneN,

n+l

where

(1) (@n)pen C [0, a] witha < 1;

(i) (An)ners € [b,¢] € (0,2P);
(i) (r)nery € [d, €] € (0,20).



4 Fixed Point Theory and Applications
Moreover suppose that
(i) F := Fix(S)NNy Fix(V, (I = 1, B)) NNy Fix(T,, (I — 1, A)) #0;

(ii) (Th(I = 1, A)),eny pointwise converges in C to an operator R and (V,(I —A,B)),cn
pointwise converges in C to an operator W;

(iii) Fix(W) = N, Fix(V,(I = A,B)) and Fix(R) = Ny, Fix(T, (I - 1,A)).

Then (xy,) ey strongly converges to x* = Prx;.

Proof. We begin to observe that the mappings T,,(I — r,A) and V,(I — 1,,B) are nonexpansive
for all n € N since they are compositions of nonexpansive mappings (see [22, page 419]). As
arule ifp € F

i = pII” < llu = pII,

(3.2)
2 2 2
o = pII” < llun = p||” < [|2n - pI™
Now we divide the proof in more steps.
Step 1. C, is closed and convex for each n € N.
Indeed C,; is the intersection of C,, with the half space
{weH: (w,x,—ya) <L}, (3.3)
where L = (|xall* = llyal*) /2.
Step 2. F C C, for eachn € N.
For each w € F we have
”yn - w” = |lanxy + (1 = ) Skzn — w||
< apllxn —w|| + (1 - ay)||zn — w|
= ayllx, —w| + (1 - a,)||Va(d = AyB)u, — w||
< anllxn —w| + (1 = ay)||un — w|| (3.4)
= apl|xn —w| + (1 = ay) [T (I = 1, A)x — w|
< apllxn —w| + (1 = ay)||x, - wl|

llocn = wo]|-

So the claim immediately follows by induction.
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Step 3. limy, . 4o ||x, — x1|| exists and (x,,) e is asymptotically regular, that is, limy, — 4o || 41 —
xull = 0.

Since x,, = Pc,x1, xpn+1 = Pc
C =C,, we have

x1, and Cy41 C Cy, by (2.1) choosing y = xp41, X = x1 and

n+1

0 < (X1 = X, X — Xpa1)
= (X1 = Xp, Xp — X1+ X1 — Xpy1) (3.5)

< =l = 2all® + llxn = xallllxr = 2l

that is/ ”xn - X1|| < “xnﬂ - X1|I.
By x,, = Pc,x1 and F C C,, we have

1261 = x| < [l21 = Proc - (3.6)

Then lim,, —, o ||x, — x1]| exists and (x;,),,cy is bounded. Moreover

%1 = Xn|* = | 2ns1 — X1 + X1 — X[

= || %ns1 = X1 |* + |20 = 211> + 2(2ns1 = 21, X1 — %)

(3.7)
= ||2ps1 — x1||2 + |2, — x1||2 +2(Xp41 = X, X1 = X ) = 2[| x5 = xl”2
< it = 21 |? = [0 = x1]1* by (3.5),
and consequently limy, _, ;o0 ||xXn+1 — X5|| = 0.
Step 4. limy, o ||Xn — Yull = 0 and limy, , 4o ||, — Skzall = 0.
By x441 € Cyyq, it follows
”]/n - xn+1” <l = X1l
(3.8)
”yn - xn” < ”yn - xn+1|| +[[xns1 = Xnll < 2| X041 — x| — 0.
Moreover
lyn = xu|| = (1 = an)llxn — Siczall, (3.9)

and by boundedness of (a;),,cy, it follows that limy, ., o ||x, — Skza|| = 0.
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Step 5. limy, ., +o||Bu, — Bw|| =0, for each w € F.
For w € F, we have

llyn = wl|* < @ullxn 2wl + (1 - @) [ Sizo — wl?
< anllocn - w|* + (1 - )|z - |
< ayllxn = w|* + (1 = a)||Va (I = \uB)uy = V(I = A, B)w||?
< allxn —w|* + (1= an)||(I = XuB)uy — (I — A, B)w|?
= s = w|* + (1~ @) ([l = 0] + 13| Buty ~ Beo|[* ~ 2Bty — B,y ~ w) )
< s = I + (1= ) (It = I = 10 (26 = \) | B - Beo?)

< lxn = w* + (1 = @) An (An = 28)[|Buy — Buw|>.
(3.10)

Consequently

(1- an)-)tn(zﬁ - /ln)HBun - Bwllz < lxn = w”2 - ”yn - w”2
= (Ixn = w0l = |yn = w]||) (20 = w0l + [|yn —0]])  (3.11)
< (10 = yal) (e = wll + [lyn = 20]l),

and by Step 4, the assumptions on (&), and (A,,),,cn, We obtain the claim of Step 5.

Step 6. limy, oo ||ty — 24|l = 0.
Since V,, is firmly nonexpansive, for any w € F, we have

20 = w|* < (I = \uB)tty — (I = X, B)w, z,, — w)
= {10 - By~ (1= LBy + (2 - )

I = LBy, = (I = 1B)w (2, - w)|*}

1

< 7{4n = 20IP = 02 = 1) 1Buty = Beol” + |1z, — ]
(3.12)
~llttn = 2 = An(Bty — Beo)|?}

1 2 2 2
< {14 = w0I + 1120 = I = 4 = 2 = An(But — Beo) I}
= = I + iz = 0l 1t — 2

4

+245 (1t — 2, Bty — Bw) — 12| Bty - Bw||2}
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which implies

3\|zn — w|* < |[ttn — w|* = |[ttn — Zull* + 2X0 {1ty — 2y, Bity — Bw)
. . (3.13)
< ”xn_w” - ”un_ZnH +2)‘n”un_zn” ”Bun_Bw”~

Consequently

”]/n - w”2 < anllxn - sz +(1—an)llzn - w”2
(3.14)
< lxcn - w”2 - (1—ay)|lu, - Zn”2 +2(1 = ap) M|l = za|||| Bun — Bw|

which implies

(1 —au)|lu, - Zn||2 < lxn - w”2 - ”]/n - wllz +2(1 = ap) M|ty = zu|| ||Bun, — Bw||
< (loen =wll = [|yn = w|)) (loxn = 2wl + [[yn = w][)
+2(1 = ap)Ay||ltty, — 24| ||Buy — Bw||
< (1w = yull) (llxen = wll + |l ym = w||) +2(1 = @n) Aullttn, = 2| ||Bun — Bw||.
(3.15)
By the assumptions on (a;),cy, Steps 4 and 6, and the boundedness of (x,),cy (Vn) ey and
(Un) ey the claim follows.
Step 7. limy, — +oo||Xn — Uy|| = 0 and limy, —, o || X, — Skx,|| = 0.
Since T, is firmly nonexpansive, for each p € N, Fix(T,,(I — r,)A), we have
l[s0n = pII* = | (T = 2. A)x, = T (I = 1, A)p|*
<Aup—p, I -14A)x, — (I -1,A)p)
1
= LN = ), = (= 1 Al + s~ I
_”(I — 1, A)xy — (I -1, A)p - (u" _P) ”2>
1 (3.16)
= 5 (Ilen = pII” = (2 = ) | Az = Ap||* + s
|2 = ttn = 7 (A, — Ap) |1?)
1
< 3 (Il =PI + e = I = = P

—ra||Axn - Ap||2 + 21Xy — Uy, Axy — Ap)),
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and consequently
l|wn - p||* < <||x,, — P = 1% = ]l + 27|20 — ||| A Ap||>. (3.17)

Then, for each w € F, we have

|9 = w|” < @ulln - w]? + (1 = )|t — w2
< Nlxn = w* = (1 = @) |30 — ta)* (3.18)

+2(1 = a)rallxn — tn|| ||Axn — Aw|| by (3.17),
consequently

(1= )1 = unll? < 12 = I = [y = 0| + 201 = @)1l — gl Axy — Aco]

< ”xn - ]/n”(”xn —w| + “yn - w“) +2(1 = an)rullxn — unlll| Ax, — Aw||,
(3.19)

and by the assumptions on (a;),cy, Step 4 and the boundedness of (x,),cy and (), it
follows that ||x, — u,|| — 0asn — +oo. By Step 6 we note that also ||x, — z,|| — 0.
Finally

”xn - Skxn” < ”xn - Skzn” + ”Skzn - Skxn”
<lxn = Skzall + 120 — x4l (3.20)

<l = Skzall + |20 — wnll + |ltn — x4,

and by previous steps, it follows that ||x, — Sxx,|| — 0Oasn — +oo.

Step 8. The set of weak cluster points of (x,),,y is contained in F.

We will use three times the Opial’s Lemma 2.1.

Let p be a weak cluster point of (x,),cy and let (xn/.)jEN be a subsequence of (x;),cx
such that x,; — p.

We prove that p € Fix(S) = Fix(Sk). We suppose for absurd that p # Sip. By Opial’s

Lemma 2.1 and ||x,, — Skx,|| — 0asn — oo, we obtain

lim inf |[x,, - p” <lim inf ||x,, - SkP”
j—+o0 ]t
= hjrgg.}f Xn, = Sanj - Skxnj — Skp” < h;nligf [ Xn; — Skxnj + ||Skxn/» - SkPH] (3.21)
- 11Inl+12f Xp; — p”

which is a contradiction.
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Since Fix(R) = N, Fix(T,, (I — r,A)) it is enough to prove that p € Fix(R). Now if p # Rp
we note that

tim inf [, | <tim iné}x, e
< h}nl :gf ” Xp; = Ty, <I - rnjA> X,
#[ T (1= 1 &) 2, = T (1= 1, )| + | T2, (1=, 4)p - Rp ]
S Y A Y A R |
= lim inf ||, —p“.
j—+oo

(3.22)

This leads to a contraddiction again. By the hypotheses and Step 7 the claim follows. By the
same idea and using Step 6, we prove that p € Fix(W) =n, Fix(V,,(I - 1,,B)).

Step 9. x, — x* = Prxy.
Since x* = Prxy € C,, and x,, = Pc,x1, we have

lloer = Xul| < flxz = 7. (3.23)

Let (xn].)].eN be a subsequence of (xy) ey such that x,; — p. By Step 8, p € F. Thus

21 = x*|| < ||x1 = p|| < liminf ||x1 — Xn,
j—+oo

(3.24)
< limsup“xl = X, || < [loe1 — x|
j—+oo
Therefore we have
e =2l = ey = p = tim | =, | (3.25)

Since H has the Kadec-Klee property, then x,, — pasj — +oo.
Moreover, by ||x; — x*|| = ||x1 — p|| and by the uniqueness of the projection Prx;, it
follows that p = x* = Prx;.

. o
Thence every subsequence (x,,}.)]. converges to x* as j — +oo and consequently

€N
X, — X*,asn — +oo. ]

Remark 3.2. Let us observe that one can choose (Ty),cy and (Vy),cy as sequences of y,-
inverse strongly monotone operators and 77,-inverse strongly monotone operators provided
Yn 21,7, >1foralln e N.
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The hypotheses (ii) and (iii) in the main Theorem 3.1 seem very strong but, in the
sequel, we furnish two cases in which (ii) and (iii) are satisfied.

Let us remember that the metric projection on a convex closed set Pc is a firmly
nonexpansive mapping (see [19]) so we claim that have the following proposition.

Proposition 3.3. If (r,),cy C (0,00) is such that lim,r, = r > 0 and A an a-inverse strongly
monotone, then Pc(I — r, A) realizes conditions (ii) and (iii) with R = Pc(I — rA).

Proof. To prove (ii) we note that for each x € C,
|Pc(I = 1ryA)x = Pc(I —rA)x|| < ||(I =1 A)x — (I =1 A)x|| < |1 — ]| Ax]|. (3.26)

Moreover, (iii) follows directly by (2.2). O

Now we consider the mixed equilibrium problem

Find x e C: f(x,y) + h(x,y) + (Ax,y —x) >0, VyeC. (3.27)

In the sequel we will indicate with MEP(f, h, A) the set of solution of our mixed equilibrium
problem. If A = 0 we denote MEP(f, h,0) with MEP(f, h).

We notice that for h = 0 and A = 0 the problem is the well-known equilibrium problem
[23-25].If h = 0 and A is an a-inverse strongly monotone operator we have the equilibrium
problems studied firstly in [26] and then in [18, 22, 27]. If h(x,y) = ¢(y) —¢(x) and A = 0 we
refound the mixed equilibrium problem studied in [16, 28, 29].

Definition 3.4. A bi-function g : CxC — R is monotone if g(x,y)+g(y,x) <0forall x,y € C.

A function G : C — R is upper hemicontinuous if

lint1 soup G(tx + (1-t)y) < G(y). (3.28)

Next lemma examines the case in which A = 0.

Lemma 3.5. Let C be a convex closed subset of a Hilbert space H.
Let f : C x C — R be a bi-function such that

(f1) f(x,x) =0forall x € C;
(f2) f is monotone and upper hemicontinuous in the first variable;
(f3) f is lower semicontinuous and convex in the second variable.

Let h: C x C — R be a bi-function such that

(h1) h(x,x) =0 forall x € C;
(h2) h is monotone and weakly upper semicontinuous in the first variable;

(h3) h is convex in the second variable.
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Moreover let us suppose that

(H) for fixed r > 0 and x € C, there exists a bounded set K C C and a € K such that for all
ze€C\K,-f(a,z)+h(z,a)+ (1/r){a-z,z-x) <0,

forr>0and x € HletT, : H — C be a mapping defined by
Trxz{zeC:f(z,y)+h(z,y)+%<y—z,z—x>20, VyeC}, (3.29)

called resolvent of f and h.
Then

(1) Trx#0;

(2) Tyx is a single value;

(3) T, is firmly nonexpansive;
)

(4) MEP(f, h) = Fix(T,) and it is closed and convex.

Proof. Let xo € H. For any y € C define
Gryly = {z €C:-f(y,z)+h(z,y) + }(y—z,z—x) > O}. (3.30)

We will prove that, by KKM’s lemma, NyecGy,x, Y is nonempty.
First of all we claim that G, ,, is a KKM’s map. In fact if there exists {y1,...,yn} C C
such that y = 3; a;y; (with 3}, a; = 1) does not appartiene to G, »,y; forany i =1,..., N then

— — 1 — .
~f (Wi y) + b, vi) + 2y~ ¥,y ~x0) <0, Vi (3.31)
By the convexity of f and h and the monotonicity of f, we obtain that
— 1
0=f(%y) +h(@y) + (V-7 -x)
_ _ 1 —
< Daif (Y yi) + Daih(@,yi) + — Yailyi =¥,y - xo)
1 (3.32)
<-Daif (i) + Xk (3, i) + — ailyi =¥,y - xo)

- S| ) b @)+ (n-5,5 - 0)| <0,

that is absurd.
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Now we prove that Gr,xow = G,,x,- We recall that, by the weak lower semicontinuity of
| - |I?, the relation

lim sup(y — Zm, zm — Xo0) < (¥ — 2,z — Xo) (3.33)

m

holds. Let z € G, 4, yw and let (z,,),, be a sequence in G,y such that z,,, — z.
We want to prove that

—f(y,z)+h(z,y)+%<y—z,z—xo>20. (3.34)

Since f is lower semicontinuous and convex in the second variable and h is weakly upper
semicontinuous in the first variable, then

0 <limsup|—f(y,zm) + h(zm y) + }(y— Z,2 = Xo)

<limsup(-f(y,zm)) + limsup h(zm, y) + D lim sup(y - z,z — xo)
m m room (3.35)

< -liminf f (y, zpm) +limsup h(zy, y) + % limsup(y — z,z — xo)

<=f(y.2) +h(zy) + +(y - 2.2 - x0)

Now we observe that G, 4, yw = G, 4,V is weakly compact for at least a point y € C. In
fact by hypothesis (H) there exist a bounded K C C and a € K, such that forall z € C\ K
it results z ¢ G, x,a. Then G,y a C K, that is, it is bounded. It follows that G, y,a is weakly
compact. Then by KKM’s lemma Ny,ecG,x, v is nonempty. However if z € NyecG;,x, then

~f(52) +h(zy) + {y-2z-x) 20, VyeC (336)

As in [24, Lemma 3], since f is upper hemicontinuous and convex in the first variable and
monotone, we obtain that (3.36) is equivalent to claim that z is such that

f(zfy)+h(z,y)+%<y—z,z—xo>zo, Vy e C, (3.37)

that is, z € T, (xg). This prove (1). To prove (2) and (3) we consider z; € T,x; and z; € T,x,.
They satisfy the relations

1
f(z1,22) + h(z1,22) + = (220 — 21,21 — x1) 20,
r (3.38)

1
f(Zz, z1) + h(z2,z1) + ;(Zl — 2,20 —x2) > 0.
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By the monotonicity of f and h, summing up both the terms,

0< —[(z2—z1,21 - x1) — (22— 21,22 — X2)]

[(z2— 21,21 — X1 — 22 + X2)] (3.39)

N | ==

= [z -2l + (22 - zm - x)

so we conclude
lzo = z1|1* < (22 = 21,2 - x1) (3.40)

that means simultaneously that z; = z; if x; = x» and T, is firmly nonexpansive.
To prove (4), it is enough to follow (iii) and (iv) in [25, Lemma 2.12]. O

Remark 3.6. We note that if h = 0, our lemma reduces to [25, Lemma 2.12]. The coercivity
condition (H) is fulfilled.
Moreover our lemma is more general than [16, Lemma 2.2]. In fact

(i) our hypotheses on f are weaker (f weak upper semicontinuous implies f upper
hemicontinuous);

(ii) if ¢ satisfies the condition in Lemma 2.2 , choosing h(x,y) = ¢(y) — ¢(x) one has
that h is concave and upper semicontinuous in the first variable and convex and
lower semicontinous in the second variable;

(iii) the coercivity condition (H) by the equivalence of (3.36) and (3.37) is the same.

Lemma 3.7. Let us suppose that (f1)~(f3), (h1)—(h3) and (H) hold. Let x,y € H, r1,r, > 0. Then

r—n

[Ty = Trx]l < fly = ]| + I Ty -yl (341)

]

Proof. By Lemma 3.5, defining u; = Ty, x and u, := T,,y, we know that

1
f(u2/z)+h(u2/z)+_<Z_u2/u2_y>201 VZGC,
2
1 (3.42)
fQur,z) +h(uy, z) + r—(z —u,u;—x)>0, VzeC.
1

In particular,

1
fuz,ur) + h(uz, uy) + r_<”l —,up —y) >0,
2 (3.43)

1
f(u1,up) + h(ug, uz) + Z(uz —u,up —x)>0.
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Hence, summing up this two inequalities and using the monotonicity of f and h,

<u2—u1,”l_x—”2_y>zo. (3.44)
1 L)
We derive from (3.44) that
<u2—u1,u1—u2—x+u2—%(uz—y)>20, (3.45)
and so
Nz — | + <uz —uy, (w2 - y) <1 - %) +(y- x)> > 0. (3.46)
Then,
2= 1P < s =l (N = 1) + 1= 2 [z - 1), (3.47)
and thus the claim holds. O

Proposition 3.8. Let us suppose that f and h are two bi-functions satisfying the hypotheses of
Lemma 3.5. Let T, be the resolvent of f and h. Let A be an a-inverse strongly monotone operator.
Let us suppose that (1) ,en C (0, 00) is such that lim,r, = r > 0. Then T,, (I — 1, A) realize (ii) and
(iii) in Theorem 3.1.

Proof. Let x be in a bounded closed convex subset K of C. To prove (i) it is enough to observe
that by Lemma 3.7

IT;, (8 = ra Ay =T, = rAYxl < = rlllAx] + U (0 raye = (- r el 349)

When n — oo, by boundedness of the terms that do not depend on 7, we obtain (ii).

To prove (iii) let W = T,(I — rA) the pointwise limit of T,, (I — r,A). It is necessary
to prove only that Fix(W) ¢ n, Fix(T,, (I — r,A)). Let x € Fix(W). We want to prove that
x € MEP(f,h, A). Let w, = T, (I — r,A)x. Thus, by definition of T,,, w, is the unique point
such that

1
f(wn,y) +h(w,,y) + T—(y — Wy, wy — (I -1,A)x) >0, Vy. (3.49)
By monotonicity of f and h this implies

h(wn, y) + %(y =Wy, wy — (I =1, A)x) > f(y, wy). (3.50)
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Passing to the limit on n, by (£3) and (h2) we obtain
h(x,y) +(y-x,Ax) > f(y,x), Yy. (3.51)
Let now u =ty + (1 — t)x with t € [0, 1]. Then by the convexity of f and h

0= f(uu)+h(uu)<t[f(uy)+h(uy)] + @1 -t)[f(u x)+h(ux))]

<t
<t[f(u,y) +h(uy)] +(u-x, Ax) (3.52)
=t[f(uy) +h(uy) + (y - x, Ax)].

Passing t — 0 we obtain by (f1) and (h1)
f(xy) +h(x,y) + (Ax,y - x) > 0. (3.53)

Thatis, x € MEP(f, h, A). At this point we observe that from the definitions of MEP(f, h, A)
and T, one has MEP(f, h, A) = Fix(T,, (I — r,A)). O

By Propositions 3.3 and 3.8 we can exhibit iterative methods to approximate fixed
points of the k-strict pseudo contraction that are also

(1) solution of a system of two variational inequalities VI(C,A) and VI(C,B) (V,, =T, =
Pc);

(2) solution of a system of two mixed equilibrium problems (T}, = T}, and V,, = T} );

(3) solution of a mixed equilibrium problem and a variational inequality (T, = T, and
V. = Pc).

However when the properties of the mapping T,, and V,, are well known, one can
prove convergence theorems like Theorem 3.1 without use of Opial’s lemma.

In next theorem our purpose is to prove a strong convergence theorem to approximate
a fixed point of S that is also a solution of a mixed equilibrium problem and a solution of a
variational inequality VI(C, B). One can note that we relax the hypotheses on the convergence
of the sequences (13,) yery and (A, eny-

Theorem 3.9. Let C be a closed convex subset of a real Hilbert space H, let f,h : C x C — R be two
bi-functions satisfying (f1)-(f3),(h1)—(h3), and (H). Let S : C — C be a k-strict pseudocontraction.
Let A be an a-inverse strongly monotone mapping of C into H and let B be a p-inverse strongly
monotone mapping of C into H.
Let us suppose that F = Fix(S) N MEP(f,h, A)nVI(C,B) #0.
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Set Sk = kI + (1 —k)S, one defines the sequence (xy),x as follows:

x1 €C,
Ci=C,
flun,y) + h(un, y) + %(y = Up, Up — Xn) + (AXy, Yy — U1y) >0,
n
zp =Pc(l - )‘nB)un/
Yn = AnXy + (1 - a,)Skzn,

Con={weCy: ||yn—w| < llxn—w|},
x1, Vm€eN,

(3.54)

Xns1 = Pc

n+l

where
(1) (@n)pen C [0, a] witha < 1;

(i) (An)yen C [b,c] € (0,2P);
(iii) (r4),en C [d, €] € (0,2a).

Then (xn) ey Strongly converges to x* = Prxy.

Proof. First of all we observe that by Lemma 3.5 we have that u, = T,, (I — r,A)x,. We can
follow the proof of Theorem 3.1 from Steps 1-7. We prove only the following.

Step 10. The set of weak cluster points of (x;),,cy is contained in F.
Let p be a cluster point of x,; we begin to prove that p € MEP(f, h, A). We know that

flun,y) +h(un,y) + (Axn, y — ) + rl(y —Up, Uy —Xy) 20, VyeC, (3.55)
and by (f2)
h(un, y) + (Axn, y — un) + %(y —Up,Up — Xn) > f(y,un), VyeC. (3.56)
n

Let (xn]) be a subsequence of (x,),cy weakly convergent to p, then by Step 7 u,, — p as
j — +oo. Let pr =ty + (1-t)p, t €]0,1]. Then by (3.56)

(pr =t Apr ) = (pr = ttny, Apy = Ay, )+ ( Ay, p1r = 4y, )
2 (pr =t Apy = A%, )+ £ (310) = () = o (=t =)
= (pt =, Apr = Aty ) + (pr = thny, Atty, — Ax,, )
T s B Y

> <pt = Un;, Ally; — Axn].> +f<y,un/.> - h(un/.,y> - i<y = Unj, Un; = Xn, >

j (3.57)
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Since A is Lipschitz continuous and |[u,; — x| — 0asj — +oo, we have ||Au,; — Axy || — 0
asj — +oo.

By condition (f3), for x € H fixed, the function f(x,-) is lower semicontinuos and
convex, and thus weakly lower semicontinuous [30].

Since [[x,~un|| — 0,asn — oo and by the assumption on r, we obtain (uy,~xn;) /7n, —
0. Then we obtain by (h2)

(pe—p, Apt) > f(y.p) —h(p,y). (3.58)
Using (f1), (£3), (h1), (h3) we obtain

0= f(pi,pt) +h(pr,pr) <tf(pr,y) + 1=t f(pr,p) +th(pny) + (1 = t)h(ps,p)
<tf(pry) +th(p,y) + 1 =t)(f(pr,p) - h(p, pr))

(3.59)
<tf(pvy) +th(pry) + (1= 6)(p: —p, Apr)
=t(f(pry) + h(pry) + (L=1)(y —p, Ap1))-
Consequently
flpvy) +h(pny) + (A -t){y—p, Api) >0 (3.60)
by (f2) and (h2), ast — 0, we obtainp € MEP(f,h, A).
Now we prove that p € VI(C, B).
We define the maximal monotone operator
Ty < Bx+ Ncx, ifxeC, (3.61)
0, se x¢C,
where Ncx is the normal cone to C at x, that is,
Nex={weH: (x-u,w)>0,YueC}. (3.62)
Since z, € C, by the definition of N¢ we have
(x = zn,y - Bx) > 0. (3.63)
But z,, = Pc(I — A,B)u,, then
(x=2zp,zn— I -A;,B)u,) >0, (3.64)

and hence

<x g, Bun> > 0. (3.65)
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By (3.63), (3.65), and by the p-inverse monotonicity of B, we obtain

<x—znj,y> > <x—zn].,Bx>
> <x - zn/.,Bx> - <x — Zn;, w + Bunj>
nj

- <x — Zp,, Bx - an]»> + <x = Zn;, Bz, = Bu"/'>

an - unj
- X—Zni,T .
nj

By ||x, — zul| — Oasn — +oo (immediately consequence of Steps 6 and 7), it follows that
Zn; = pasj — +oo. Then

(3.66)

(x-p,y) >0, (3.67)

moreover, since T is a maximal operator, 0 € Tp, thatis, p € VI(C, B).
Finally, to prove that p € Fix(S) = Fix(Sk) we follow Step 8 as in Theorem 3.1.
Since also Step 9 can be followed as in Theorem 3.1, we obtain the claim. O
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