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Abstract

Let £ be a real uniformly convex Banach space which has the Fréchet differentiable
norm, and K a nonempty, closed, and convex subset of E. Let T: K — K be an
asymptotically x-strictly pseudocontractive mapping with a nonempty fixed point set.
We prove that (/ - T) is demiclosed at 0 and obtain a weak convergence theorem of
the modified Mann'’s algorithm for T under suitable control conditions. Moreover, we
also elicit a necessary and sufficient condition that guarantees strong convergence of
the modified Mann's iterative sequence to a fixed point of T in a real Banach spaces
with the Fréchet differentiable norm.
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1 Introduction
Let E and E* be a real Banach space and the dual space of E, respectively. Let K be a
nonempty subset of E. Let / denote the normalized duality mapping from E into 25
given by J(x) = {fe E*: (x, f = ||x||* = ||f]|*}, for all x € E, where (,-) denotes the dua-
lity pairing between E and E* In the sequel, we will denote the set of fixed points of a
mapping T : K — Kby F(T) = {xe K: Tx = x}.

A mapping T : K — K is called asymptotically s-strictly pseudocontractive with
sequence {kn}oo; € [1,00) such that lim,_ ..k, = 1 (see, e.g., [1-3]) if for all x, y € K,

there exist a constant x € [0, 1) and j(x - y) € J(x - y) such that
(T —T,j(x—y)) <kn | x—yII> = k | x—y— (T"x =T"Y)I>,Vn > 1. (1)
If 7 denotes the identity operator, then (1) can be written as
(I=T")x= (=T, j(x=y)) = & | [=T")x— (=TI~ (kn—1) Il x=y[%, ¥n = 1. (2)

The class of asymptotically x-strictly pseudocontractive mappings was first intro-
duced in Hilbert spaces by Qihou [3]. In Hilbert spaces, j is the identity and it is
shown by Osilike et al. [2] that (1) (and hence (2)) is equivalent to the inequality

n n., 2 2 n n 2
[ T'x = TYI" < Ap lx=yI° + A lx—y = (T"x = T"Y)II%,
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where lim,,_,., A,, = lim,,_,.,[1 + 2(k,, - 1)] = 1, A = (1 - 2x) € [0, 1).

A mapping T with domain D(T) and range R(7T) in E is called strictly pseudocontractive
of Browder-Petryshyn type [4], if for all x, y € D(T), there exists x € [0, 1) and j(x - y) € J
(x - y) such that

(Tx =Ty j(x =) < 2= yl* = & | x—y— (Tx=TH)|I* (3)
If I denotes the identity operator, then (3) can be written as

((I=T)x = (I =T)yjlx—y)) Zw Il (1= T)x = (I =T)*. @)
In Hilbert spaces, (3) (and hence (4)) is equivalent to the inequality

I Tx=Ty1? <l x=yl*+ kllx—y— (Tx =TI k= (1-2«) < 1,

It is shown in [5] that the class of asymptotically x-strictly pseudocontractive map-
pings and the class of x-strictly pseudocontractive mappings are independent.

A mapping T is said to be uniformly L-Lipschitzian if there exists a constant L >0
such that

I Tx =Ty [l <Lllx=yl, nx1

for all x, y € K and is said to be demiclosed at a point p if whenever {x,} < D(T)
such that {x,} converges weakly to x € D(T ) and {Tx,} converges strongly to p, then
Tx = p.

Kim and Xu [6] studied weak and strong convergence theorems for the class of
asymptotically s-strictly pseudocontractive mappings in Hilbert space. They obtained a
weak convergence theorem of modified Mann iterative processes for this class of map-
pings. Moreover, a strong convergence theorem was also established in a real Hilbert
space by hybrid projection method. They proved the following.

Theorem KX [6] Let K be a closed and convex subset of a Hilbert space H. Let T :
K — K be an asymptotically x-strictly pseudocontractive mapping for some 0 < x <1
with sequence {r,} € [1, ) such that > p-) (kn—1) <ooand F(T ) = &. Let

{xn}52, be a sequence generated by the modified Mann’s iteration method:
Xne1 = OpXn + (1 — ) T'xp,n > 1,

Assume that the control sequence {an};2; is chosen in such a way that k + 4 < @, <
1 - A for all n, where A € (0, 1) is a small enough constant. Then, {x,} converges
weakly to a fixed point of T.

The modified Mann’s iteration scheme was introduced by Schu [7,8] and has been
used by several authors (see, for example, [1-3,9-11]). One question is raised naturally:
is the result in Theorem KX true in the framework of the much general Banach space?

Osilike et al. [5] proved the convergence theorems of modified Mann iteration
method in the framework of g-uniformly smooth Banach spaces which are also uni-
formly convex. They also obtained that a modified Mann iterative process {x,} con-
verges weakly to a fixed point of 7" under suitable control conditions. However, the
control sequence {¢,} € [0,1] depended on the Lipschizian constant L and excluded

the natural choice a, = :l, n > 1. These are motivations for us to improve the results.
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We prove the demiclosedness principle and weak convergence theorem of the modified
Mann’s algorithm for 7' in the framework of uniformly convex Banach spaces which
have the Fréchet differentiable norm. Moreover, we also elicit a necessary and suffi-
cient condition that guarantees strong convergence of the modified Mann’s iterative
sequence to a fixed point of 7 in a real Banach spaces with the Fréchet differentiable
norm.

We will use the notation:

1. — for weak convergence.

2. ow(xn) = {x : Ixy, = x} denotes the weak w-limit set of {x,}.

2 Preliminaries
Let E be a real Banach space. The space E is called uniformly convex if for each & >0,

there exists a d >0 such that for x, y € E with ||x|| < 1, ||y]| < 1, || - y|| = & we have
I 3(x+y) | <1— 8. The modulus of convexity of E is defined by

_ 1
e(e) = inf{1— || 2(x+y) [:lxl<1 yll<1l llx—yll>¢}Vxy€cE

for all ¢ € [0,2]. E is uniformly convex if dz(0) = 0 and dx(e) >0 for all ¢ € (0, 2]. The
modulus of smoothness of E is the function pg : [0, ) € [0, «) defined by

1
pE(f)=sup{2(|Ix+y|I +llx—=yl)—1:01xI <Lyl <t} Vxy€E.

E is uniformly smooth if and only if limr_mpfgr) =0.

E is said to have a Fréchet differentiable norm if for allx e U ={x e E: ||x|| = 1}

. X+t - x
i X0
t—0 t

exists and is attained uniformly in y € U. In this case, there exists an increasing
function b : [0, «0) — [0, ) with lim,_o[b(t)/t] = O such that for all x, h € E

1
xl|? + (h,j(x)) <

| x|[> + (h,j(x)) + b(][h]]). (5)

1
lx+h|> < _|
2

! |
2
It is well known (see, for example, [[12], p. 107]) that uniformly smooth Banach
space has a Fréchet differentiable norm.
Lemma 2.1 [2, p. 80] Let {an}i2;, {ba}21, {8n}22; be nonnegative sequences of real

numbers satisfying the following inequality

ane1 < (1+68,)an +by, Vu > 1.

If ) 02,80 <00 and Y o) by < 00, then lim,, ,.. a, exists. If in addition {a.}52; has
a subsequence which converges strongly to zero, then lim,, ,., a,, = 0.

Lemma 2.2 [2, p. 78] Let E be a real Banach space, K a nonempty subset of E, and T':
K — K an asymptotically x-strictly pseudocontractive mapping. Then, T is uniformly L-
Lipschitzian.

Lemma 2.3 [[13], p. 29] Let K be a nonempty, closed, convex, and bounded subset
of a uniformly convex Banach space E, and let 7': K — E be a nonexpansive mappings.

Let {x,} be a sequence in K such that {x,} converges weakly to some point x € K.
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Then, there exists an increasing continuous function % : [0, ) — [0, ) with 4(0) = 0
depending on the diameter of K such that

h(ll x — Tx ||) < liminf || x, — Tx, || .
n—oo
Lemma 2.4 [[14], p. 9] Let E be a real Banach space with the Fréchet differentiable

norm.
For x € E, let B*(t) be defined for 0 < t <o by

I+ eyl =1l

B*(t) = sup 20y, j(x) |-
yel L
Then, lim,_,o , B*(t) = 0 and
I x+hI> < |l xII* + 2(h,j(x)) + || k| B*(l b |I), Vh € E\{O}. (6)

Remark 2.5 In a real Hilbert space, we can see that f%(¢) = ¢ for £ >0. In our more
general setting, throughout this article we will still assume that

pr(1) = 21,

where 3* is a function appearing in (6).

Then, we prove the demiclosedness principle of T in the uniformly convex Banach
space which has the Fréchet differentiable norm.

Lemma 2.6 Let E be a real uniformly convex Banach space which has the Fréchet
differentiable norm. Let K be a nonempty, closed, and convex subset of E and T: K —
K an asymptotically r-strictly pseudocontractive mapping with F(T) = &. Then, (I - T)
is demiclosed at 0.

Proof. Let {x,} be a sequence in K which converges weakly to p € K and {x,, - Tx,}
converges strongly to 0. We prove that (I - T)(p) = 0. Let x* € F(T). Then, there exists
a constant r >0 such that ||x, - x*|| <7, Vn > 1. Let B, = {x € E: ||x — x*|| < r}, and

let C=KnNB,. Then, C is nonempty, closed, convex, and bounded, and {x,} € C.
Choose any o € (0, ) and let Ty, : K — K be defined for all x € K by

Tonx=(1—a)x+aT'x,n>1,

Then for all x, y € K,

[ To,nx = Tanyll* = 11(x =) —a[(I = T")x — (I = T")]II?

llx = yII* = 2((I = T"x = (I = ")y, j(x — )

+allx—y— (T"x = T"Y)IIB"[allx —y — (T"x — T"y)II]

llx = 11> = 2«fxllx —y = (T"x = T"Y)II* = (kn — 1)llx = yII*] @)
+ 227 lx —y — (T = T")I?

= [1+2a(kn — D]llx = yI* = 2a(x —a)llx —y — (T"x = T"y)||?

2 2
=l =yl

IA

where T = [1 + 20(kcn — 1)15 (In fact, in (7) the domain of §*(-) requires ||x - y -
(T"x-T")|| = 0. But when ||x - y - (T"x-T"y)|| = 0, we have || To,x-Toy||> = || - ¥]|%
which still satisfies the inequality ||Ty,»x — Tu,nyl|*> < 72||x — y||*. So we do not specially

emphasize the situation that the argument of 3*(-) equals 0 in this inequality and the
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following proof of Theorem 3.1.) Define G,,,,, : K — E by

1
Gomx = Tymx, m=>1.
Tm

Then, Gg,,, is nonexpansive and it follows from Lemma 2.3 that there exists an
increasing continuous function /4 : [0, ) — [0, o) with %(0) = 0 depending on the dia-
meter of K such that

h(||P - Ga,mP”) < liminf||x, — Ga,mXnll. (8)
n—00

Observe that

1
llxn — Gam¥Xnll = 1lxn — _ To,mXnl|
Tm
1
< |lxn = Tamxall + (1 — . ) (@m0 — ™[] + [1x*(]) ©)
m
1 k
< 1% — Tamxall + (1 — . (Tt + [1x7[1),

m

and as n — =

m
|10 = Tamnl| = el g =T"x ]| < Y [T 20 = Ty || < [1+L(m=1)]llxu—Txull = 0. (10)
j=1

Thus, it follows from (9) and (10) that
. 1 «
llmsup [l — Ga,mXn|| < (1 - )(tmr +|x ||)/
n—o0o Tm
so that (8) implies that

1
h(llp = Gampll) = (1 — . )(@mr + 11x7]1).

Observe that

\

1
[P = Gampll = [P = To,mpll — (1 — . M Templl

v

1
lp = To,mpll — (1 — . )(Tmr + [1x*]1),

m

so that

1
[P = Tampll = |lp = Gampll + (1 — c ) (@ + [1x*]])

1 1
<h (1= Yowr + 1D+ (1 = )(zwr +|1x*|]) = 0,as m — oo.
Tm Tm

Since T is continuous, we have (I - T)(p) = 0, completing the proof of Lemma 2.6.
O

Lemma 2.7 Let E be a real uniformly convex Banach space which has the Fréchet
differentiable norm, and let K be a nonempty, closed, and convex subset of E. Let T :
K — K be an asymptotically s-strictly pseudocontractive mapping with F(T) = &. Let

{xn};2, be the sequence satisfying the following conditions:
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(a) nlggo l1xn — Pll exists for every p € F(T );
(b) lim |x, — Txy|| = 0,
n—oo

(c) nlggo l[txy + (1 — £)p1 — pall exists for all t € [0, 1] and for all p,, p € F (T ).

Then, the sequence {x,} converges weakly to a fixed point of T.

Proof. Since lim,,_,.. ||%, - p|| exists, then {x,} is bounded. By (b) and Lemma 2.6,
we have wy(x,) C F(T). Assume that py,p, € ow(x,) and that {x,} and {xm} are
subsequences of {x,} such that x,, — p1 and ¥m; — P2, respectively. Since E has the

Fréchet differentiable norm, by setting x = p; - py, h = t(x,, - p1) in (5) we obtain

1
2||P1 —pall? + tlxn — 1, j(p1 — p2)) < _ lltxn + (1 = 0)p1 — pall?

lor — pal? + t(xn — p1,j(p1 — p2)) + b(t|lxa — p111),

=

N =N =

where b is an increasing function. Since ||x, - p1|| < M, Vn = 1, for some M >0, then

1 1
e —pall? + tlxn — prj(p1 — p2)) < e+ (1= )py —pall?
1
<
2

[Ip1 = p2II” + t{xn — p1,j(p1 — p2)) + b(tM).
Therefore,

1 _ . 1.
o — 2|l + tlimsup{x, — py,j(p1 — p2)) < 5 Jim i + (1= 0y -l
n—o0 n—00

1
=, llpr — palI” + tligigf(xn = p1j(pr — p2)) + b(tM).

b(tM)
t

Hence, lim sup (x, — p1,j(p1 — p2)) < lim ni£1£0<xn —p1j(pr —p2)) + Since

n—oo
i
= - p1 j(p1 - p2)), for all p € ww(xn). Set p = po. We have (p; - p1, j(p1 - p2)) = 0,
that is, p, = p;. Hence, wyy(x,) is singleton, so that {x,} converges weakly to a fixed

b(tM . . . . . .
(tt ) - 0, then lim,, ,.. (x,, - p1, j(p1 - p2)) exists. Since lim,,_,.. (x, - p1, j(p1 - P2))

pointof 7. DO

3 Main results

Theorem 3.1 Let E be a real uniformly convex Banach space which has the Fréchet
differentiable norm, and let K be a nonempty, closed, and convex subset of E. Let T :
K — K be an asymptotically x-strictly pseudocontractive mapping for some 0 < x <1

with sequence {kn}no; C [1,00), such that Y .2, (k, — 1) < 0o, and let F(T) = @.
Assume that the control sequence {a}e; is chosen so that

i0<a,<kn=1;
(i) 3 (e — ) = 00. (11)
n=1

Given x; € K, then the sequence {xn};2; is generated by the modified Mann’s algo-

rithm:
Xne1 = (1 — an)xn + @y T xy, (12)

converges weakly to a fixed point of T.
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Proof. Pick a p € F(T). We firstly show that lim,,_,.. ||x, - p|| exists. To see this,
using (2) and (6), we obtain

et — Pl = 11(n — 5) — ot (ta — T"x)11?
< |lxn — 17||2 — 20tp(xy — T"xnrj(xn - P)) + o Xy — Tnxnllﬂ*(anllxn - Tnan) (13)
< lxn = pIP = 2a[xllxn = T"%nl1> = (kn — 1)l lx — pI1*] + 207|130 — T"xa]?
=1+ 2a(kn — D)l1xn — plI* = 200 (i — et) 10 — Tl I*.
Obviously,
1Xn1 — pII* < [1+ 20 (in — 1)]11x0 — pII°. (14)

Let 6, = 1 + 20,(k, - 1). Since Y oy (kn — 1) < 00, we have

i(5n—l)§2i(lcn—l)<oo,
n=1 n=1

then (14) implies lim,,_,.. ||x, - p|| exists by Lemma 2.1 (and hence the sequence {||
x, - p||} is bounded, that is, there exists a constant M >0 such that ||x,, - p|| < M).
Then, we prove lim, ,.. ||x, - Tx,|| = 0. In fact, it follows from (13) that

j j j
D2k — an)llty = T'l1> <D (Il = pII” = [lner — pII*) + D [2ea(icn — 1)]l1xn = pII

n=1 n=1 n=1

j j
< (Ul =PI = [lner = pIIP) + D (80 — M.
n=1

n=1

Then,
o0 o0
> 2an(c = an)llxn = Tl < [l = plI + M? Y (8, — 1) < o0. (15)
n=1 n=1

Since Y p2; an(k — ay) = 00, then (15) implies that lim inf, ,.. ||x, - T"x,|| = 0.

Thus lim,, .. ||%, - T"%,|| = 0.
By Lemma 2.2 we know that 7 is uniformly L-Lipschitzian, then there exists a con-
stant L >0, such that

xtn = Txall < | %0 = T"l| + [|T"%0 — Txull < %0 — T"al| + LI T" " x0 — xal|
<l = Tl + LT oy — T" ey ||+ LIT™ o1 — x|
< o — Tl + L2100 — X1 1]+ LIT" %=1 — X1 1] + L% — xn—11]
< lxtn = T + L(2 + L)||T" ' xpe1 — X1

Hence, lim,, .. ||x, - Tx,|| = 0.

Now we prove that for all py, p, € F(T), lim,,_,.. ||tx,, + (1 - £)p1 - p»|| exists for all ¢
€ [0, 1]. Let 0,,(¢t) = ||tx,, + (1 - t)p1 - p2||. It is obvious that lim, ,.. 7,(0) = ||p; -
pol|| and lim,,_,.. 0©,(1) = lim,,_,.. ||x, - p2|| exist. So, we only need to consider the
case of t € (0, 1).

Define T, : K — K by

Tox = (1 —op)x+a,T"x, x€K.
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Then for all x, y € K,

1 Tox = Tayll> = [1(x —y) — an[(I = T")x — (I = T")Y]II?

[lx = pII> = 20 (I = T)x — (I = T")y, j(x — y))
+aglle —y = (T = T"Y)||B* [l lx — y — (T"x — T"y)I|]

llx = pII> = 2au[k|lx —y — (T" = T"Y)I1* = (0 — 1)llx —yII’]
+2a)|lx —y — (T"x — T")|?

IA

IA

= (1 + 20 (icn — D]llx = Yl = 20k — o) [lx — y — (T"x — T")] 1.

By the choice of o, we have ||T,x - T,y||* < [1 + 20,(k, - 1)]||x - y]|>. For the con-

venience of the following discussing, set  _ [1+ 2a,(kp — 1)] é, then ||T,x - T,y|| <
Al - 31|

Set Sy = TyemaTnima = Ty m = 1. We have

n+m—1

1Snmx = Sumbll < ( [ A)llx = yllfor all x,y € K,

j=n

and
SumXn = Xnem,  Smmp = p for all p € F(T).

Set by = ||Sum x, + (1 - Op1) - £S,%, - (L - B)S,,,.p1]]- If ||%, - p1|| = O for some
no, then x,, = p; for any n > nq so that lim,,_,.. ||%, - p1|| = 0, in fact {x,} converges
strongly to p; € F(T). Thus, we may assume ||, - p1|| >0 for any n > 1. Let 6 denote
the modulus of convexity of E. It is well known (see, for example, [[15], p. 108]) that

lltx+ (1 —o)yll <1 -2min{t, (1 —£)}8(lx—yll) (16)
< 1—2(1 —1)8(llx —yII)

for all t € [0, 1] and for all x, y € E such that ||x|| < 1, ||y|| £ 1. Set

Snmp1 — Sum(txn + (1 —1)p1)
(T ) 1w = pal

_ Sum(tve+ (1= 0p1) = Sty
(=0 (T 24) 1w =l

Wnm =

Zn,m

Then, ||W,m|| < 1 and ||z,,|| < 1 so that it follows from (16) that
2t(1 = )8 (llwnm — znmll) < 1= ltwnm + (1 = )znml- (17)
Observe that
bn,m
t(1 = O)(TTE"" 2) e — pall

[Wn,m — Znmll =

and

[1Sn,mXn — Snmp1ll
twnm + (1 = Ozgull = " 0" ,
(nj:n )‘j)| |xn — p1ll
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it follows from (17) that

n+m—1
bn,m
2t(1 —1t) ( H )tj) [1%n — p11l8 n+m—1

j=n t(1=0C [T 2)llxn —pall
j=n

n+m—1 n+m—1
< l_[ )\j ||xn7p1||7||Sn,mxnfsn,mpl||= l_[ )\j ||xn7pl||7||xn+m7p1”~

j=n j=n

(18)

Since E is uniformly convex, then 5(:) is nondecreasing, and since

AT il = [T #hwcalisa=pill < < ([ a)([T, Wlba=mli= ([T #)lim—pill, hence it
follows from (18) that

n+m—1
( jlz_{ Aj) Hxl _pIH 4 n+m—1
2 8 n+m—1 bn,m = ( 1_[ )‘j) le" =P H - ||xn+m —p1 ||
( 1_{ M) llx1 = pall j=n
j=

1
(since t(1—1) < 4for allt € [0, 1]) .

. . 1
Since limy_ oo ]_[;';1'"

the continuity of ¢ yields lim,, ,.. b,,,,, = 0 uniformly for all m > 1. Observe that

A =1 and since 6(0) = 0 and lim,,_,.. ||x, - p1|| exists, then

Opem(t) < NXpam + (L = 0)p1 — p2 + (Sum(txn + (1 = 0)p1) — tSum¥n — (1 — £)Symp1)ll
+ [Spm(txn + (1 — O)p1) — tSumXn — (1 — )Spmp1
= ||Sn,m(txn + (1 - t)pl) — Sump2!l + bn,m

n+m—1
= ( 1_[ )“j) ||tx"+(1 _t)pl —P2|| + bn,m

j=n

= ( I1 A]-) on(t) + by

j=n

Hence, lim sup,,_,.. 0,(¢) < lim inf, ,.. 0,(¢), this ensures that lim,_,.. 0,(f) exists
for all t e (0, 1).

Now, apply Lemma 2.7 to conclude that {x,} converges weakly to a fixed point of
T. ©

Theorem 3.2 Let E be a real Banach space with the Fréchet differentiable norm, and
let K be a nonempty, closed, and convex subset of E. Let T : K — K be an asymptoti-
cally k-strictly pseudocontractive mapping for some 0 < x <1 with sequence {x,} < [1,

) such that Y 7o, (k, — 1) < 00, let F(T) = &. Let {at,,} be a real sequence satisfying

the condition (11). Given x; € K, let {xs};2; be the sequence generated by the modi-

fied Mann’s algorithm (12). Then, the sequence {x,} converges strongly to a fixed point
of T if and only if

liminfd(x,, F(T)) =0,

where d(xm F(T)) = infpeF(T)l |xn - p| |
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Proof. In the real Banach space E with the Fréchet differentiable norm, we still have
|11 = pII® < Sull — plI*. (19)

as we have already proved in Theorem 3.1. Thus, [d(x),,1 - P < 6,ld(x, - p))* and it
follows from Lemma 2.1 that lim,,.. d(x,, F(T)) exists.
Now if {x,} converges strongly to a fixed point p of T, then lim, ... ||x, - p|| = 0.

Since
0 < d(x, F(T)) < lxa — pll,

we have lim inf,_,.. d(x,, F(T)) = 0.

Conversely, suppose lim inf, ,.. d(x,, F(T)) = 0, then the existence of lim,, ,.. d(x,,
F (7)) implies that lim,, ,.. d(x,, F(T)) = 0. Thus, for arbitrary ¢ >0 there exists a posi-
tive integer 1y such that d(x,, F(T)) < § for any n > n.

From (19), we have
[ner = pII* < [lxw — plI* + M*(85 — 1), n > 1,
and for some M >0, ||, - p|| < M. Now, an induction yields

[lxn = plI* < [1xa1 = pII* + M? (851 — 1)
< |2 = plI> + M* (852 — 1) + M* (8,1 — 1)
n—1
e = plP MY (G —1), n—1=1>1,
j=1

IA

Since Y 2, (8, — 1) < oo, then there exists a positive integer n; such that
Z;-fn (6 — 1) < (,3,)? ¥n = n;. Choose N = max{ng, n,}, then for all n, m > N + 1
and for all p € F (T ) we have

[1xn = xmll =< |lxn = pll + llxm — plI

n—1 m—1

[len = pI2 + M2 37 (5= 1)]2 + [l — pll2 + M2 3 (8 = 1)]2

=N =N

IA

<[l —pI2 + M2 Y (6 = D2 + [llw — pl 2+ M2 3 (8 1)] 2.

j=N j=N

Taking infimum over all p € F(T), we obtain

ad 1 ad 1
1w =l < {[d(en, F(T)]? + MY (85— 1)) 2+ {[d(xn, F(T))] + M? Y (8 — 1)}2
=N =N
€12 20 €\
<2[(2) +M (2[\/1) ]2 < 2e.
Thus, {xn}52 is Cauchy. We can also prove lim,,_,.. ||, - Tx,|| = 0 as we have done

in Theorem 3.1. Suppose lim,,_,.. x,, = u. Then,

0 < [lu—Tull = [lu—xnll + %0 = Tota|l + L|lxn — ul| = 0,as n — oo.

Thus, u e F(T). o
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