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Abstract

In this paper, we introduce a new modified block iterative algorithm for finding a
common element of the set of common fixed points of an infinite family of closed
and uniformly quasi-g-asymptotically nonexpansive mappings, the set of the
variational inequality for an o-inverse-strongly monotone operator, and the set of
solutions of a system of generalized mixed equilibrium problems. We obtain a strong
convergence theorem for the sequences generated by this process in a 2-uniformly
convex and uniformly smooth Banach space. Our results extend and improve ones
from several earlier works.
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1 Introduction

Let C be a nonempty closed convex subset of a real Banach space E with ||-|| and let
E* be the dual space of E. Let {f},c.r : C x C — R be a bifunction, {¢},cr : C > R be a
real-valued function, and {Bj};cr : C = E* be a monotone mapping, where I is an arbi-
trary index set. The system of generalized mixed equilibrium problems is to find x € C
such that

fi(x,y) + (Bix,y —x) + ¢i(y) — ¢i(x) >0, ieTl, VyeC. (1.1)

If I' is a singleton, then problem (1.1) reduces to the generalized mixed equilibrium

problem, which is to find x € C such that

flx,y)+Bx,y—x) +o(y) —¢(x) >0, VyeC. (1.2)
The set of solutions to (1.2) is denoted by GMEP(f, B, ¢ ), i.e.,
GMEP(f,B,¢) ={x € C: f(x,¥) + (Bx,y — x) + p(y) — ¢(x) > 0, Vy € C}. (1.3)
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If B = 0, the problem (1.2) reduces into the mixed equilibrium problem for f, denoted
by MEP (f; ¢), which is to find x € C such that

fxy)+oy) —e(x) >0, VYyeC (1.4)

If f= 0, the problem (1.2) reduces into the mixed variational inequality of Browder
type, denoted by VI(C, B, ¢), which is to find x € C such that

(Bx,y —x) +¢(y) —¢(x) >0, VyeC. (1.5)

If B=0 and ¢ = 0 the problem (1.2) reduces into the equilibrium problem for f,
denoted by EP(f), which is to find x € C such that

f(x,y) =0, VyeC. (1.6)

If f= 0, the problem (1.4) reduces into the minimize problem, denoted by Argmin(¢p),
which is to find x € C such that

o(y) —e(x) =0, VyeC. (1.7)

The above formulation (1.5) was shown in [1] to cover monotone inclusion pro-
blems, saddle point problems, variational inequality problems, minimization problems,
optimization problems, vector equilibrium problems, Nash equilibria in noncooperative
games. In addition, there are several other problems, for example, the complementarity
problem, fixed point problem and optimization problem, which can also be written in
the form of an EP(f). In other words, the EP(f) is an unifying model for several
problems arising in physics, engineering, science, optimization, economics, etc. In the
last two decades, many papers have appeared in the literature on the existence of solu-
tions of EP(f); see, for example [1,2] and references therein. Some solution methods
have been proposed to solve the EP(f); see, for example, [1-15] and references therein.

The normalized duality mapping ] : E — 25* is defined by

J(x) = (x* € E*: (e, x) = [ 2l % 1= 1l x 11}

for all x € E. If E is a Hilbert space, then / = I, where [ is the identity mapping.
Consider the functional defined by

o(xy) =l x> — 2(x,Jy) + I yI?,  Vx,y€E. (1.8)

As well known that if C is a nonempty closed convex subset of a Hilbert space H
and Pc : H — C is the metric projection of H onto C, then P is nonexpansive. This
fact actually characterizes Hilbert spaces and consequently, it is not available in more
general Banach spaces. It is obvious from the definition of function ¢ that

Uxll=ly* <o) <Uxl+1yl)> V¥xyeE. (1.9)

If E is a Hilbert space, then ¢(x, y) = ||x - y||? for all %, y € E. On the other hand,
the generalized projection [16] Ilc : E — C is a map that assigns to an arbitrary point x
€ E the minimum point of the functional ¢(x, y), that is, [Igx = X, where x is the

solution to the minimization problem

P(x,x) = ;ggd)(y, x), (1.10)
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existence and uniqueness of the operator Il follows from the properties of the func-
tional ¢(x, y) and strict monotonicity of the mapping / (see, for example, [16-20]).

Remark 1.1. If E is a reflexive, strictly convex, and smooth Banach space, then for x,
ye E, ¢, y) = 0if and only if x = y. It is sufficient to show that if ¢(x, y) = 0 then x
= y. From (1.8), we have ||x|| = ||y||. This implies that (x, /y) = [|x||* = ||/y||*. From
the definition of J, one has Jx = Jy. Therefore, we have x = y; see [18,20] for more
details.

Let C be a closed convex subset of E, a mapping 7 : C — C is said to be L-Lipschitz
continuous if ||Tx - Ty|| < L||x - y||, Vo, y € C and a mapping T is said to be nonex-
pansive if ||Tx - Ty|| < ||x - y||, V&, y € C. A point x € C is a fixed point of T pro-
vided Tx = x. Denote by F(T) the set of fixed points of T; that is, F(T) = x € C: Tx =
x}. Recall that a point p in C is said to be an asymptotic fixed point of T [21] if C con-
tains a sequence {x,} which converges weakly to p such that lim, .. ||x, - Tx,|| = 0.
The set of asymptotic fixed points of T will be denoted by Fﬁ)

A mapping T from C into itself is said to be relatively nonexpansive [22-24] if
FF(T) = F(T) and ¢(p, Tx) < ¢(p, x) for all x € Cand p € F(T). T is said to be relatively
quasi-nonexpansive if F(T) # & and ¢(p, Tx) < ¢(p, x) for all x € Cand p € F(T). T'is
said to be @-nonexpansive, if p(Tx, Ty) < @(x, y) for x, y € C. T is said to be quasi-¢-
asymptotically nonexpansive if F(T) = & and there exists a real sequence {k,} € [1, o)
with &, — 1 such that ¢(p, T"x) < k,@(p, x) forall n > 1 x € C and p € F(T). The
asymptotic behavior of a relatively nonexpansive mapping was studied in [25-27].

We note that the class of relatively quasi-nonexpansive mappings is more general
than the class of relatively nonexpansive mappings [25-29] which requires the strong
restriction: F(T) = FF(T)- A mapping T is said to be closed if for any sequence {x,} < C
with x,, &> x and Tx,, — y, then Tx = y. It is easy to know that each relatively nonex-
pansive mapping is closed.

Definition 1.2. (Chang et al. [30]) (1) Let {Ti}{5; : C — C be a sequence of mapping.
(T3} is said to be a family of uniformly quasi-@-asymptotically nonexpansive map-
pings, if F = N2 F(T;) #9, and there exists a sequence {k,} < [1, «) with k,, = 1 such
that for each i > 1

o, Ti'x) < kup(p,x), VpeF, xeC, Vn=>1. (1.11)

(2) A mapping T : C — C is said to be uniformly L-Lipschitz continuous, if there
exists a constant L >0 such that

[ T'x =Tyl <Lllx—yl, ¥xyeC (1.12)

Recall that let A : C — E* be a mapping. Then A is called
(i) monotone if

(Ax —Ay,x—y) >0, Vx,yeC,
(i) a-inverse-strongly monotone if there exists a constant o >0 such that
(Ax — Ay, x —y) > o | Ax— Ay||?, Vx,yeC.

Remark 1.3. It is easy to see that an a-inverse-strongly monotone is monotone and

i-Lipschitz continuous.
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In 2004, Matsushita and Takahashi [31] introduced the following iteration: a

sequence {x,; defined by
Xn+l = Hclil((xnlxn + (1 - an)]Txn)/ (1.13)

where the initial guess element x, € C is arbitrary, {o,} is a real sequence in [0, 1], T
is a relatively nonexpansive mapping and Ilc denotes the generalized projection from E
onto a closed convex subset C of E. They proved that the sequence {x,} converges
weakly to a fixed point of 7.

In 2005, Matsushita and Takahashi [28] proposed the following hybrid iteration
method (it is also called the CQ method) with generalized projection for relatively
nonexpansive mapping 7 in a Banach space E:

xp € C chosen arbitrarily,

Vn = ]71(an]xn + (1 - Oln)]Txn),

Ch={z€C:¢(z,yn) < d(z.x1)}, (1.14)
Qn=1{z2€C: {xn —2zJxo — Jxn) > 0},

Xns1 = Ilc,nQ,%o-

They proved that {x,} converges strongly to Ilgxo, where Iy is the generalized
projection from C onto F(T).

In 2008, liduka and Takahashi [32] introduced the following iterative scheme for
finding a solution of the variational inequality problem for an inverse-strongly mono-
tone operator A in a 2-uniformly convex and uniformly smooth Banach space E : x; =
x e Cand

Xne1 = Tc] ™ (Jon — AnAxy), (1.15)

for every n = 1, 2, 3, ..., where Il¢ is the generalized metric projection from E onto C,
J is the duality mapping from E into E* and {A,} is a sequence of positive real numbers.
They proved that the sequence {x,} generated by (1.15) converges weakly to some ele-
ment of VI(4, C). Takahashi and Zembayashi [33,34] studied the problem of finding a
common element of the set of fixed points of a nonexpansive mapping and the set of
solutions of an equilibrium problem in the framework of Banach spaces.

In 2009, Wattanawitoon and Kumam [14] using the idea of Takahashi and Zembaya-
shi [33] extended the notion from relatively nonexpansive mappings or ¢-nonexpansive
mappings to two relatively quasi-nonexpansive mappings and also proved some strong
convergence theorems to approximate a common fixed point of relatively quasi-nonex-
pansive mappings and the set of solutions of an equilibrium problem in the framework
of Banach spaces. Cholamjiak [35] studied the following iterative algorithm:

Zn = HC]_Ian - )"nAxn)r

Yn = ]_1 (Oln]xn + BnJTx, + )/n]SZn)/
1

uy € C such that f(un, y) + . (y —up, Ju, —Jyn) >0, VyeC(C, (1.16)
n

Ch1=1{zeCy: ¢(Z, un) = ¢(Z, xn)}/

Xn+1 = HC,M X0,

where ] is the duality mapping on E. Assume that {e,}, {8,} and {y,} are sequences in
[0, 1]. Then, he proved that {x,} converges strongly to g = I1xxy, where F:= F(T') n F
(S) N EP(f) n VI(A, C).
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In 2010, Saewan et al. [29] introduced a new hybrid projection iterative scheme
which is difference from the algorithm (1.16) of Cholamjiak in [[35], Theorem 3.1] for
two relatively quasi-nonexpansive mappings in a Banach space. Motivated by the
results of Takahashi and Zembayashi [34], Cholumjiak and Suantai [36] proved the fol-
lowing strong convergence theorem by the hybrid iterative scheme for approximation
of common fixed point of countable families of relatively quasi-nonexpansive mappings
in a uniformly convex and uniformly smooth Banach space: xy € E, x1 = ¢, x0, C; = C

Yni =T (onxn + (1 — ) Txn),
Ui = T Tt Ty 1.17)
Cni1 = {z € Cy :sup;.10(2 Juyi) < ¢(w, Jx4)},

Xne1 = I, X0, n > 1.

Then, they proved that under certain appropriate conditions imposed on {o,,}, and
{r, #, the sequence {x,,} converges strongly to Iz 7)nepp*o-

We note that the block iterative method is a method which often used by many
authors to solve the convex feasibility problem (see, [37,38], etc.). In 2008, Plubtieng
and Ungchittrakool [39] established strong convergence theorems of block iterative
methods for a finite family of relatively nonexpansive mappings in a Banach space
by using the hybrid method in mathematical programming. Chang et al. [30] pro-
posed the modified block iterative algorithm for solving the convex feasibility pro-
blems for an infinite family of closed and uniformly quasi-@-asymptotically
nonexpansive mapping, and they obtained the strong convergence theorems in a
Banach space.

In 2010, Saewan and Kumam [40] obtained the following result for the set of solu-
tions of the generalized equilibrium problems and the set of common fixed points of
an infinite family of closed and uniformly quasi-@-asymptotically nonexpansive map-
pings in a uniformly smooth and strictly convex Banach space E with Kadec-Klee
property.

Theorem SK Let C be a nonempty closed and convex subset of a uniformly smooth
and strictly convex Banach space E with the Kadec-Klee property. Let f be a bifunction
from C x C to R satisfying (A1)-(A4). Let B be a continuous monotone mapping of C
into E*. Let {S;}; : C — C be an infinite family of closed uniformly L;-Lipschitz con-
tinuous and uniformly quasi-@-asymptotically nonexpansive mappings with a sequence
{k,} < [1, ), k, = 1 such that F := N F(S;) N GEP(f, B)is a nonempty and bounded
subset in C. For an initial point xy € E with x1 = Ilc,xo and C; = C, we define the
sequence {x,,} as follows:

Vn =) (BuJxn + (1 = Bu)lzn),
zn =7 (am,0)xn + Y5y o, iJSIXR),
uy € Csuch that f(uy, y) + (Byn, y — ty) + Tl (y —un, Juy, —Jyn) >0, VyeC, (1.18)

n
Cur1 = {2 € Cy: ¢(z,un) < ¢(2,%n) + 60},
Xpi1 = g, X0, Yn >0,

n+1

where J is the duality mapping on E, 8, = sup,c r (k, - 1)@(q, x,,), {0, 3}, {B,,} are
sequences in [0, 1] and {r,} € [a, ) for some a >0. If Y ° ;= lfor all n 2 0
and lim inf, _, . o, o0, ; > 0 for all i > 1, then {x,} converges strongly to p € F,
where p = TTxx,,.
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Quite recently, Qin et al. [9] purposed the problem of approximating a common
fixed point of two asymptotically quasi-¢p-nonexpansive mappings based on hybrid
projection methods. Strong convergence theorems are established in a real Banach
space. Zegeye et al. [15] introduced an iterative process which converges strongly to a
common element of set of common fixed points of countably infinite family of closed
relatively quasi- nonexpansive mappings, the solution set of generalized
equilibrium problem and the solution set of the variational inequality problem for an
o-inverse-strongly monotone mapping in Banach spaces.

Motivated and inspired by the work of Chang et al. [30], Qin et al. [7], Takahashi
and Zembayashi [33], Wattanawitoon and Kumam [14], Zegeye [41] and Saewan and
Kumam [40], we introduce a new modified block hybrid projection algorithm for find-
ing a common element of the set of the variational inequality for an a-inverse-strongly
monotone operator, the set of solutions of the system of generalized mixed equilibrium
problems and the set of common fixed points of an infinite family of closed and uni-
formly quasi-@-asymptotically nonexpansive mappings in the framework Banach
spaces. The results presented in this paper improve and generalize some well-known

results in the literature.

2 Preliminaries

A Banach space E is said to be strictly convex if || *;' ||< 1for all x, y € E with ||x|| =
[ly|]| =1 and x = y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then a Banach
space E is said to be smooth if the limit

lim X =Nl

t—0 t

exists for each w, y € U. It is also said to be uniformly smooth if the limit is attained
uniformly for x, y € U. Let E be a Banach space. The modulus of convexity of E is the
function ¢ : [0, 2] — [0, 1] defined by

. X+
s(e) =inf{1= 1 "V exy e Bl =ty 1= 1 x—y 1= e]

A Banach space E is uniformly convex if and only if d(¢) >0 for all ¢ € (0, 2]. Let p be
a fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if
there exists a constant ¢ >0 such that d(¢) > c&? for all ¢ € [0, 2]; see [42,43] for more
details. Observe that every p-uniformly convex is uniformly convex. One should note
that no a Banach space is p-uniformly convex for 1 < p <2. It is well known that a
Hilbert space is 2-uniformly convex, uniformly smooth. It is also known that if E is
uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of E.

Remark 2.1. The following basic properties can be found in Cioranescu [18].

(i) If E is a uniformly smooth Banach space, then J is uniformly continuous on each
bounded subset of E.

(ii) If E is a smooth, strictly convex, and reflexive Banach space, then the normalized
duality mapping / : E — 2* is single-valued, one-to-one, and onto.

(iii) A Banach space E is uniformly smooth if and only if E* is uniformly convex.

(iv) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for
any sequence {x,} € E, ifx, ~ x € E and ||x,|| — ||x||, then x, —> «.
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We also need the following lemmas for the proof of our main results.
Lemma 2.2. (Beauzamy [44] and Xu [45]). If E be a 2-uniformly convex Banach
space, then for all x, y € E we have

2
lx=yl< , 1x=Jrl,

where ] is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant i in lemma is called the p-uniformly convex constant of E.

Lemma 2.3. (Beauzamy [44] and Zalinescu [46]). If E be a p-uniformly convex
Banach space and let p be a given real number with p > 2, then for all x, y € E, j, € ],
(x) and j, € J,(y)

. . %
=y =i 2 5y 3= yiv,

where ], is the generalized duality mapping of E and lis the p-uniformly convexity
constant of E.

Lemma 2.4. (Kamimura and Takahashi [19]). Let E be a uniformly convex and
smooth Banach space and let {x,} and {y,} be two sequences of E. If ¢(x,, y,,) — 0 and
either {x,} or {y,} is bounded, then ||x, -y,|| — 0.

Lemma 2.5. (Alber [16]). Let C be a nonempty closed convex subset of a smooth
Banach space and x € E. Then xo = lcx if and only if

(xo —y,Jx—Jxo) >0, VyeC.

Lemma 2.6. (Alber [[16], Lemma 2.4]). Let E be a reflexive, strictly convex and

smooth Banach space, and let C be a nonempty closed convex subset of E and let x €
E. Then

o(y, Mex) + ¢(Mex, x) < ¢(y,x), VyeC.

Let E be a reflexive, strictly convex, smooth Banach space and / is the duality map-
ping from E into E*. Then /! is also single value, one-to-one, surjective, and it is the
duality mapping from E* into E. We make use of the following mapping V studied in
Alber [16]:

V(x,x*) = | xlI> = 2x,x*) + || *|1%, (2.1)

for all x € E and &* € E*, thatis, V (x, &%) = @(x, J'(x*)).
Lemma 2.7. (Alber [16]). Let E be a reflexive, strictly convex smooth Banach space
and let V be as in (2.1). Then

V(x,x*) + 2071 (x*) — x, %) < V(e x* +y"),

for all x € E and x*, y* € E*.

A set valued mapping U : E 3 E* with graph G(U) = (x, x*) : x* € Ux}, domain D(U)
={x e E: Ux = I}, and range R(U) = U{Ux : x € D(U)}. U is said to be monotone if (x
-y, x* -y*) > 0 whenever (x, x*) € G(U), (y, y*) € G(U). We denote a set valued opera-
tor U from E to E* by U € E x E*. A monotone U is said to be maximal if its graph is
not property contained in the graph of any other monotone operator. If U is maximal
monotone, then the solution set 1/'0 is closed and convex. Let E be a reflexive, strictly

Page 7 of 24
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convex and smooth Banach space, and it is known that U is a maximal monotone if
and only if R(J + rU) = E* for all r >0. Define the resolvent of U by J.x = x,. In other
words, Jr = (J + rU)" for all r >0. J, is a single-valued mapping from E to D(U). Also,
U (0) = E(J,) for all r >0, where F(J,) is the set of all fixed points of Jr. Define, for r
>0, the Yosida approximation of U by T,.x = (Jx - JJ,.x)/r for all x € C: We know that
Txe U (Jx) for all » >0 and x € E.

Let A be an inverse-strongly monotone mapping of C into E* which is said to be
hemicontinuous if for all x, y € C, and the mapping F of [0, 1] into E*, defined by F(¢)
= A(tx + (1 - t)y), is continuous with respect to the weak* topology of E*. We define
by N(v) the normal cone for C at a point v € C, that is,

Nc(v) ={&* € E*: (v—y,4*) > 0, Vy € C}. (2.2)

Lemma 2.8. (Rockafellar [47]). Let C be a nonempty, closed convex subset of a
Banach space E, and A is a monotone, hemicontinuous operator of C into E*. Let U <

E x E* be an operator defined as follows:

Uy < {Au +Nc(v), ve G (2.3)

] otherwise.

Then U is maximal monotone and U 0 = VI(4, C).

Lemma 2.9. (Chang et al. [30]). Let E be a uniformly convex Banach space, r >0 be a
positive number and B,(0) be a closed ball of E. Then, for any given sequence
{x;}°, C B;(0)and for any given sequence {Ai}S, of positive number with Y poi Ap =1,
there exists a continuous, strictly increasing, and convex function g : [0, 2r) — [0, )
with g(0) = 0 such that, for any positive integer i, j with i < j,

00
§ AnXn
n=1

Lemma 2.10. (Chang et al. [30]). Let E be a real uniformly smooth and strictly con-

2 oo
<Yl xall? = didgg (Il xi — x5 1) (2.4)
n=1

vex Banach space, and C be a nonempty closed convex subset of E. Let T : C — C be a
closed and quasi-@-asymptotically nonexpansive mapping with a sequence {k,} € [1, ),
k, — 1. Then F (T ) is a closed convex subset of C:

For solving the equilibrium problem for a bifunction f: C x C — R, let us assume
that f satisfies the following conditions:

(A1) fix,x) =0 for all x € G;

(A2) fis monotone, ie., fix, y) + f(y, x) <0 forallx, ye C;

(A3) for each x, y, z € C,

lim f(tz+ (1 = 0)xy) = f(x7);

t

(A4) for each x € C, y a flx, y) is convex and lower semicontinuous.

For example, let A be a continuous and monotone operator of C into £* and define
f(xy) =(Ax,y —x), Vx,yeC.

Then, f satisfies (A1)-(A4). The following result is in Blum and Oettli [1].

Motivated by Combettes and Hirstoaga [2] in a Hilbert space and Takahashi and
Zembayashi [33] in a Banach space, Zhang [48] obtained the following lemma.
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Lemma 2.11. (Zhang [[48], Lemma 1.5]). Let C be a closed convex subset of a
smooth, strictly convex and reflexive Banach space E. Assume that f be a bifunction
from C x C to R satisfying (Al1)-(A4), A : C — E* be a continuous and monotone map-
ping and ¢ : C — R be a semicontinuous and convex functional. For r >0 and let x €
E. Then, there exists z € C such that

Qz,y) + i(y—z,]z—]x) >0, VyeC,

where Q(z, y) = flz, ¥) + (Bz, ¥ - 2) + ¢(y) ¢(2), x, y € C. Furthermore, define a map-
ping T, : E — C as follows:

1
Tyx = {ze C:Q(zy)+ r(y—z,]z—]x) >0, Vye C}.
Then the following hold:

1. T, is single-valued;

2. T, is firmly nonexpansive, i.e., for all x, y € E, (T\x - Ty, JT,.x - JT,y) < (T)x -
Ty, Jx -Jy);

3. F(T,) = F(T,) = GMEP(f, B, )

4. GMEP(f, B, ¢) is closed and convex;

5.0, Tz) + o(Tz, z) < @p, z), Vp e FT,) and z < E.

3 Main results

In this section, we prove the new convergence theorems for finding the set of solutions
of system of generalized mixed equilibrium problems, the common fixed point set of a
family of closed and uniformly quasi-@-asymptotically nonexpansive mappings, and the
solution set of variational inequalities for an ¢-inverse strongly monotone mapping in
a 2-uniformly convex and uniformly smooth Banach space.

Theorem 3.1. Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. For each j = 1, 2, .., m let f; be a bifunction from C
x C to R which satisfies conditions (A1)-(A4), B;: C — E* be a continuous and monotone
mapping and ¢; : C i— R be a lower semicontinuous and convex function. Let A be an o-
inverse-strongly monotone mapping of C into E* satisfying ||Ay|| < ||Ay - Aul|, Vy e C and
ue VIA, C) = @. Let {Si}Z, : C — Cbe an infinite family of closed uniformly L;-Lipschitz
continuous and uniformly quasi-Q-asymptotically nonexpansive mappings with a sequence
{ky} € [1, o), k,, > 1 such that F = (N2, F(Si)) N (ML, GMEP(f;, Bj, ¢;))(NVI(A, C)) is a
nonempty and bounded subset in C. For an initial point xo € E with x1 = Ilc,Xeand C; =
C, we define the sequence {x,} as follows:

Up = HC]_l(]xn - )\nAxn)/
zn =] (atn,0J%n + Y0y n,iJST ),

Yn = ]71(,3n]xn + (1 - ,Bn)]zn)/
TQm Tmel . TQZ TQ]

Un = Ly drniin YR Y
Cni1 ={z € Cy 1 ¢(z,un) < ¢(z,xn) + 6},
Xne1 = I, X0, Vn>1,

(3.1)

where 0, = sup . f(k,, -1)@(g, x,,), for each i > 0, {at,,;} and {B,} are sequences in [0, 1],
{r, u} € [d, o) for some d >0 and {A,;} < [a, b] for some a, b with 0 < a < b < a2,
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where iis the 2-uniformly convexity constant of E. If 3 o5 oty = Yfor all n = 0, lim inf,
5w (1-B,) > 0andlim inf, ,. 0,00, ; > 0 for all i > 1, then {x,} converges strongly
to p € F, where p = Il x,.

Proof. We first show that C,,,; is closed and convex for each n > 0. Clearly, C; = C is
closed and convex. Suppose that C,, is closed and convex for each n € N. Since for any
ze C,, we know ¢(z, u,) < ¢(z, x,,) + On is equivalent to 2(z, Jx,, - Ju,) < ||x,| |2 -]
u,||* + 6,. So, C,,.1 is closed and convex.

Next, we show that F < C, for all » > 0. Since u,=Q}y, when

i _ Qi Q Q>
QL =TIT7 ... T

Tin = Tj—1,n T2,n

TTQLL,]' = 1,23, .., m Q0 =1, by the convexity of ||-||> property of
¢, Lemma 2.9 and by uniformly quasi-@-asymptotically nonexpansive of S,, for each ¢
€ Fc C,, we have

¢(q1 un) = ¢(q, Q:IHYn)

= ¢(d,yn)
#(q, I_l(,B,an + (1 - ﬂn)]Zn) (3.2)
= 1| g0? — 2(q, BuJxn + (1 — Bu)Jzn)+ || BuJxn + (1 — Bu)Jznll? '
<1 ql* = 2Bu(q, J%n) — 2(1 = Bu)(q,Jzn) + B | xall? + (1 = Bn) || 2all?
= Bu® (g, xn) + (1 — Bn)p(d, 2n)

and

&(q,zn) = ¢(q, T (an0xn + 3oy 0, iJSIUR))

I qI> = 2(d, ctn,on + D255 nifSTvm) + || o) + 32551 ot iJ S} vall®

I ql1> = 2a,0(q, Jxn) = 2373 i, JS}Vn) + || tn,0fn + D05y tn,if S}l

< 6IH2 — 2ay,0(q, Jxn) — 2 Z;fl an,i{qg, IS,UUn> + a0 |l ]xn”Z + Z;fl an,i |l ]S:-lvn”2
—0n,00n,;8 | Jvn _]S]nvn I (33)

=| q”2 - 2an,0<qr]xn> + 0n,0 I ]xn”2 -2 Zf:ol O‘n,i(qus?vﬂ)
+ Z?:o] an,i |l ]S;’UWHZ — On,00n,i8 Il Jvn — ]van I

= an,0¢(q/ xn) + Z,o:ol ‘xn,i¢(q/ S?Vn) — 0n,00n,j§ Il Jvn — ]S?Vn I

< an09(q, X%n) + Z;fl n,ikn®(q, vn) — an,00nig |l Jvn — ]S]nvn Il

It follows from Lemma 2.7 that

#(q,vn) = ¢(q, M) ™! (Uxn — AnAxy))
< ¢(q.)7" Uxn — dnAxy))
= V(q/ Jxn — )LnAxn)
=< V(q, an - AnAxn) + AnAxn) - 2(]_1(]xn - AnAxn) — q, MnAxy)
= V(q,Jxn) — 220U Jxn — AnAxy) — g, Axy)
= ¢(q, %n) — 2hn (%0 — G, Axn) + 201Xy — AnAxy) — X, —AnAxy).

(3.4)

Since g € VI(4, C) and A is an a-inverse-strongly monotone mapping, we have

—2An(Xn — q, Axp) = —2Xp{xn — q, Axy — Aq) — 2An(xn — G, Aq)
=20 (%0 — g, Axn — Aq) (3.5)

— 20y || Axy — Aq|I%.

INIA

From Lemma 2.2 and ||Ax,|| < ||Ax, - Aq||, Vg € VI(A, C), we also have

207 Jxn — 2nAxy) — X, —2nAxy) = 207 (Jon — AnAxy) — J71(J%0), —AnAxy)

IA NI

24|| J7 %0 = dnAxn) =T~ 0%0) 1l AnAxn |l
= o 1771 0% = dnAxa) = I %) N1 AnAs |
4
= 942 | Jxn — AnAxy — Jxn |l )‘nAxn I (36)
= 2 Il )LnAxn”z
4 2 2
= R 1A

4
< ok A — AqlP?.
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Substituting (3.5) and (3.6) into (3.4), we obtain
(g, vn) < (g, xn) — 2akn2|| Axy — Aq|)? + 222 || Ax, — Aq|?
= ¢(qrxn) + 2)%(62 Ay — 05) I Axy, _Aq||2
S ¢(qr xn)-

Substituting (3.7) into (3.3), we also have

¢(d,2n) < ano0®(q,xn) + 27, on,iknd(q, xn) — tnocn;g || Jvn — IS} v ||
= an,Okn¢(q/ xn) + Z?:ol Oln/iknd)(qr xn) — Qp,00n,i§ | Jv, — ]S]nvn [
knd(q, %) — an,00n,i8 |l Jvp _]S?Un Il

3.8
< ¢(q,xn) + Supqu(kn = 1)¢(q, xn) — onoon g Il Jvn — ]S]ﬂvn [ 58
= ¢(q, xn) + O — om0, g || Jvn — IS} vy ||
< ¢(q, %u) + 6n.
and substituting (3.8) into (3.2), we also have
#(q,un) < (g, xn) +6n. (3.9)

This shows that g € C,,,; implies that F € C,,; and hence, F € C, for all # > 0. This
implies that the sequence {x,} is well defined. From definition of C,; that x, = Ilc,Xo
and xy41 = Ig,,, X0, € Cpie1 C Gy, we have

@ (xn, X0) < P(Xni1,X%0), ¥ = 0. (3.10)
By Lemma 2.6, we get

& (xn, x0) = ¢(Ic,x0, Xo0)
< ¢(q,x0) — (g, xn) (3.11)
<#(qg,x), VYqeF.

From (3.10) and (3.11), then {¢(x,, xo)} are nondecreasing and bounded. So, we

obtain that },Enw¢(x"’x0) exists. In particular, by (1.9), the sequence {(||x,|| - ||xo|])* is

bounded. This implies {x,} is also bounded. Denote

M = sup{l| x, ||} < oc. (3.12)

n>0
Moreover, by the definition of 8, and (3.12), it follows that

6, — 0 asn — oo. (3.13)

Next, we show that {x,} is a Cauchy sequence in C. Since x,, = Il¢c,xo € Cy, C Cy, for
m > n, by Lemma 2.6, we have

¢(xmr xn) = ¢(xmr 1_IC,[XO)
< ¢(xm, x0) — ¢(Ic, X0, X0)
= ¢ (Xm, x0) — P (xn, X0).

Since lim,, ,.. @(x,, %) exists and we take m, n — o, we get ¢(x,,, x,,) = 0. From
Lemma 2.4, we have lim,, ,.. ||x,, - x,|| = 0. Thus, {x,} is a Cauchy sequence, and by
the completeness of E, there exists a point p € C such that x, > p as n — oo.

Now, we claim that ||Ju,, - Jx,|| — 0, as n — . By definition of x, = Ilc,xo, we have

O (Xne1,%n) = @ (Xns1, T,x0)

< ¢(xn+1,%0) — (I, x0, Xo0)

= ¢(xne1,%0) — D (%xn, X0).

Page 11 of 24
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Since lim,, .. @(x,, xo) exists, we also have
lim ¢(x441,%,) = 0. (3.14)
n—oo

Again from Lemma 2.4 that
lim || %541 — %y, [|= 0. (3.15)
n—0o0

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain
lim || Jxpe1 —Jxu 1= 0. (3.16)
n—oo

Since xp41 = I¢,,, X0 € Cpy1 C Cpp and the definition of C,,,;, we have
¢(xn+1r un) < ¢(xn+1rxn) + 6.

By (3.13) and (3.14) that
lim ¢(xp41,uy) = 0. (3.17)
n—oo

Again applying Lemma 2.4, we have

lim || xpe1 —un ||= 0. (3.18)
n—o00

Since
|ty — 2 || | up — Xpe1 + Xne1 — X |

S up—Xper |+ 1 Xpe1r —Xn |l -
It follows from (3.15) and (3.18) that

lim || up = xn 1= 0. (3.19)

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we also
have

Jim || Jup = Jxn ||= 0. (3.20)
Next, we will show that p € F := N2, GMEP(fj, Bj, ¢;) N (NZ, F(Si)) NVI(A, C).

(a) We show that p € N¢F(S;). Since x4.1 =T
(3.8), we have

X0 € Cpy1 C Gy, it follow from

n+1l

O (Xne1,2n) < O(Xne1, Xn) + Op,

by (3.13) and (3.14), we get
lim ¢(xps1,2,) =0 (3.21)
n—oo

again from Lemma 2.4 that
lim || xp1 — 25 [|= 0. (3.22)
n—oo

Since / is uniformly norm-to-norm continuous, we obtain

nlglgo | Jxps1 —Jzu |I= 0. (3.23)

Page 12 of 24
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From (3.50), we note that

I mer =Sz I =l st = (molitn + Y eonifSIwy) |
=l ol — nof% + Y oniln = Y IS |
=[l otn,0(Jxns1 — Jxn) + ZZ otn,i(Jxns1 — JSivn) |l
=1 Y it — IS[n) = o (o — st |

(&)
=Y o | e = ISP un | —no | Jw = Jxen I,
and hence

1
I Jxns1 — JSivn 1< T (M xner = Jzn || +a,o 1 JXn — Jxnia 1) (3.24)
i=1 “mt

From (3.16), (3.23) and lim inf, ., Y ) ani > 0, we obtain that
lim ||Jxn1 — JS{vall = 0. (3.25)
n—oo

Since ' is uniformly norm-to-norm continuous on bounded sets, we have

lim || Xp.1 — SMvy [|= 0. (3.26)

n—o0

Using the triangle inequality that

%, — S?Vn | = Il Xp — Xne1 + Xne1 — S?Vn Il

| %0 — Xpe1 || + I X1 — S?Vn Il -

IA

From (3.15) and (3.26), we have

lim || x, — S'vy, [I= 0. (3.27)

n—oo
On the other hand, we note that

&(d,xn) — (4, un) + 0 = | xn||2_ [ unHZ —2(q, Jxn — Juy) + 6y
Slxn —un (2 [+ 0t 1)+ 211G 1l Jxn — Jun || + 6.

It follows from 6,, — 0, ||x,, - u,|| — 0 and ||Jx,, - Ju,|| — O, that

&g, xn) — P(q, un) +6, > 0 asn — oo. (3.28)

From (3.2), (3.3) and (3.7) that
¢(d. tn) < ¢(d, yn)
< B, xa) + (1 = Bu)d(d,2n)
< Bud(@ %) + (1= B)lanod(g, ) + Y cnikud(d, 1)
= aonoanig Il Jun —JS]vn 1]
= i (@) + (1= B)amod (@ 50) + (1= B 3 conilnd(d, )
= (1= B)anocng I Jo = IS}v, |
< Bud(@ %) + (1= B)enod(@5) + (1= Bu) Y niendh(d, vn)
= Bud(@ %) + (1= B)anod(@50) + (1= B) Y nikal(d %) = 20n(et = 22n) || A%y — Aql?]
= Bud (@) + (1= Bu)anolnd(d, %) + (1= Bu) Y aniknd ()
—(1=B) Y anien2hale = 33n) Il Ax, — Aq?
= Buka(@ %) + (1= Bl (@, %) = (1= B) D cuika2in(e = 220 || Ay = Aq?
= ka (@) = (1= o) Y nilnZin( = 3a) || Axo — AqlP]
< 0(0.%:) + suplly — 1)¢(d, %) = (1~ fu) Do cnikn2ha(e = ) || Axy — Aql?

= (@) +0n— (1= Ba) Y anikain(ec — 24) || Axy — Ag?,
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and hence

2a(a — 2) || Axy — Aql® < 2hn(0t — Z4n) || Axy — Aq)?
< : B0 %) — @ u) +6).
o ,Xn) — @(q, un) +6,).
T (1= Bn) 2251 anikn v frtin !
From (3.28), {4,.}  [a, b] for some a, b with 0 < a < b < ¢* &/2, lim inf, _,..(1 - f3,)
>0 and lim inf, , . @00, ; > 0, for i > 0 and k,, > 1 as n — oo, we obtain that

lim || Ax, —Aq || = 0. (3.30)
n—oo

From Lemmas 2.6, 2.7 and (3.6), we compute

¢(xnr Vn) = (P(Xm HC]_I (]xn - )\nAxn))
= ¢(xn:]_1 an - )\nAxn))
= V(xn, JXn — AnAxy)
< V(on, Uxn — AnAxy) + AnAxy) — 207 (Jxn — AnAxp) — Xn, AnAxy)
¢(xn/ xn) + 2(]_1 an - )\nAxn) — Xn, —AnAXp)
= 2(]_1 an - )\nAxn) — Xn, —AnAXy)
I Axy — Aql?
) Axy — AqIP2.

IAIA

Applying Lemma 2.4 and (3.30) that
lim || x;, — v, |=0 (3.31)
n—-oo

and we also obtain

llm ||]xn _]Un“ = 0 (332)
n—oo

Since S} is continuous, for any i > 1

lim || S'x, — Sty |I= 0. (3.33)
n—oo

Again by the triangle inequality, we get
Il x, — S?xn I <1l % — Slr'lvn I+ S?Vn - S?xn Il -
From (3.27) and (3.33), we have

lim || x, — Sfx, =0, Vi>1. (3.34)

=00
By using triangle inequality, we get
I S0 —p I=I Sixn —xn | + 1 xn —p I, Vix 1.
We know that x,, — p as n — o and from (3.34)
Sixy = p foreach i> 1.

Moreover, by the assumption that Vi > 1, S; is uniformly L;-Lipschitz continuous, and
hence we have.

I S5+ xy — ST 1| < 1 S otw — SP er |+ 11 S %1 — X |+ | Xt — 2 |+ [l 20 — SP, |l
= (Li + 1) [Foner — 0 |+ 1l S:'Hlxnﬂ — Xne1 ||+ 1] %0 — S:lxn Il

(3.35)

By (3.15) and (3.34), it yields that || S**'x, — S"x, ||~ 0. From S/'x, — p, we have
S;’”xn — p, that is $;S'x, — p. In view of closeness of S;, we have Sp = p, for all i > 1.
This implies that p € N F(S;).
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(b) We show that p € N2 GMEP(f;, Bj, ¢;).
Let iy = "y, when @, = TU 7Y .. Q7

Tin “Tj-1,n Ton =T

¢(q1 un) = ¢(C], Q:?Yn)
< (9, 25 yn)
< ¢(q, 2 yn) (3.36)

,j =123, .., mand 92 =], we obtain

< ¢(q, Lyn).

By Lemma (2.11)(5), we have for j = 1, 2, 3, ..., m

S (L, V) + 60 < D(d, yn) — B(d, Layn) + 6
< ¢(Cl: xn) - ¢(q/ Q]nyn) + 0y (3.37)
< ¢(q,x1) — ¢(q, un) + 6n.

From (3.13) and (3.28), we get ¢(Q];:an Yn) = 0as n —> o, for j = 1,2, 3, .., m and

Lemma 2.4 implies that
lim | Qyn—yn =0,V =1,2,3,...,m. (3.38)

Since xp41 = I¢,,, X0 € Cpy1 C Gy, it follows from (3.2) and (3.8) that
G (Xns1,¥n) < G(Xne1, Xn) + Op.
By (3.13) and (3.14), we have
nlggo & (Xns1,yn) = 0.
Applying Lemma 2.4 that
Jim [l %1 =y [l= 0. (3.39)
Using the triangle inequality, we obtain
I xn —yn I < I X0 — Xnar I+ 1 Xpar — Y Il -
From (3.15) and (3.39), we get
nlgglo | X0 —yn II=0.
Since x,, > p and ||x,, - y,|| = 0, we have y, > p as n — oo.
Again by using the triangle inequality, we have for j = 1, 2, 3, ..., m
o=y 1< 1P =y -+ yn = o |-
From (3.38) and y,, > p as n — oo, we get
lim || p - Qyn I=0,Vj=1,2,3,...,m. (3.41)
By using the triangle inequality, we obtain
Iy = @y < iy =+ 1 p = 2y -
From (3.41), we have

lim | Ly — Ay 120,¥=1,2,3,...,m. (3.42)
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Since {r; ,} € [d, ) and ] is uniformly continuous on any bounded subset of E,

- Ty — T2y |l

n—oo

=0,¥j=1,23,...,m. (3.43)
Tin

From Lemma 2.11, we get for j = 1, 2, 3, ..., m

. 1 . . -
Qj(Q]nan Y) + . ()/ - Q]nan ]QJnYn - ]Q]n 1)’n> >0, Vye C.

m

From (A2),

1 . . i 4
(V— Q]n)/n/]szjn)/n _]Q]n 1}/n> = Qj(y/ Q]n)/n), V)/ e C, Vj =1,2,3,...,m.

Tin
From (3.41) and (3.43), we have
0>Qi(y,p), VyeC Vj=123,...,m (3.44)
FortwithO<t<landye C lety, =ty + (1 - t)p. Then, we get that y, € C. From
(3.44), and it follows that
Qilynp) <0, VyeC Vj=1,23,...,m. (3.45)

By the conditions (A1) and (A4), we have forj =1, 2, 3, .., m

0= Qi(yuy)
= tQj(yuy) + (1 = )Qj(ye p)
3.46
< 1Qi(r.y) (340
= Qi(y1y)-
From (A3) and letting £ — 0, This implies that p € GMEP(f,, B}, ¢), Vj = 1, 2, 3, ...,
m. Therefore p € N2, GMEP(fj, Bj, ¢))
(c) We show that p € VI(4, C). Indeed, define U € E x E* by

(3.47)

_JAv+Nc(v), ve G
U”‘{@, véC.

By Lemma 2.8, U is maximal monotone and o = VI(4, C). Let (v, w) e G(U).
Since w e Uv = Av + Nc(v), we get w - Av € N¢(v).
From v, € C, we have

(v —v,, w— Av) > 0. (3.48)
On the other hand, since v, = TIcJ~! (Jx;, — AnAx,). Then, by Lemma 2.5, we have
(v —vp, Juy — an - )\nAxn» >0,

and thus

<v — ]x”; Jow _ Axn> <o. (3.49)
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It follows from (3.48), (3.49) and A is monotone and ;—Lipschitz continuous that
(v —vp, w) > (v — vy, Av)

> (V— vy, Av) + <v — Uy, ]x"; Jon — Axn>
n

= (v—vn,Av—Axn)+<v—zvn,]x”_]v”>
An
= (v — v, AV — Avy) + (v — vy, Avy — Axy) + v—vn,]x”_]v”>
Fom — 2% | I Jxw — Juw |
>—lv—wv,| "a R n = Jn
Z_H(” Up — Xpn ||+||]xn—]1/n ||>’
o a

where H = sup,s; ||v - v,||- Take the limit as n i— oo, (3.31) and (3.32), we obtain (v
- p, w) > 0. By the maximality of B we have p € B0, that is p € VI(4, C). Hence,
from (a), (b) and (c), we obtain p € F.

Finally, we show that p = I1gx,. From x, = Ilc,xo, we have {(Jx; - Jx,, x,, - z) 2 0, Vz €
C,. Since F € C,, we also have

(Jxo — Jxn, xn —y) 20, Vye€eF.

Taking limit # — oo, we obtain
(Ixo—=Jp,p—y) =0, VyeF.

By Lemma 2.5, we can conclude that p = I[Igxg and x, — p as n — oo. This com-
pletes the proof. O

If S; = S for each i € N, then Theorem 3.1 is reduced to the following corollary.

Corollary 3.2. Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. For each j = 1, 2, ..., m let f; be a bifunction
Jrom C x C to R which satisfies conditions (A1)-(A4), B; : C — E* be a continuous and
monotone mapping and ¢; : C — R be a lower semicontinuous and convex function.
Let A be an a-inverse-strongly monotone mapping of C into E* satisfying ||Ay|| < ||Ay -
Aul|,Vye Candue VI, C) = B. Let S : C — C be a closed L-Lipschitz continuous
and quasi-@Q-asymptotically nonexpansive mappings with a sequence {k,} < [1, =), k,
— 1 such that F = F(S) N (N, GMEP(fj, Bj, ¢;)) N VI(A, C)is a nonempty and bounded
subset in C. For an initial point xo € E with x1 = llg,Xoand C; = C, we define the
sequence {x,} as follows:

vy = TcJ  (Jxn — AnAxy),
zn = T Y anJxn + (1 — an)JS™y),

Vn = ]_1(,3njxn + (1 - ,Bn)]zn)/
TQuQu-1 7

Un = 1y, dr i o driaYns
Cui1 =1{z€ Cp: ¢(z,un) < ¢(z, %) + 00},
X1 = Mg, %0, YN =1,

(3.50)

where 0, = supge ¢ (k, - 1)@(q, x,,), {0}, 1B} are sequences in [0, 1], {r; ,} € [d, =) for
some d >0 and {A,;} < [a, b] for some a, b with 0 < a < b < c*o/2, where ic is the 2-
uniformly convexity constant of E. If lim inf,_,..(1 - B,,) >0 and lim inf,_,..(1 - ) >0,
then {x,} converges strongly to p € F, where p = Il x,.



Saewan and Kumam Fixed Point Theory and Applications 2011, 2011:35 Page 18 of 24
http://www fixedpointtheoryandapplications.com/content/2011/1/35

For a special case that i = 1, 2, we can obtain the following results on a pair of quasi-
_-asymptotically nonexpansive mappings immediately from Theorem 3.1.

Corollary 3.3. Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. For each j = 1, 2, ..., m let f; be a bifunction
Jrom C x C to R which satisfies conditions (Al)-(A4), B; : C — E* be a continuous and
monotone mapping and ¢; : C — R be a lower semicontinuous and convex function.
Let A be an o-inversestrongly monotone mapping of C into E* satisfying ||Ay|| < ||Ay -
Au||,Vye Candue VIA, C) 2 . Let S, T: C — C be two closed quasi-@-asymptoti-
cally nonexpansive mappings and Ls, Ly -Lipschitz continuous, respectively with a
sequence {k,} c (1, ), k,, - 1 such that
F:=F(S) NF(T) N (N2, GMEP(f;, Bj, ;)) N VI(A, C) is a nonempty and bounded subset
in C. For an initial point xo € E with x1 = ¢, x0and C; = C, we define the sequence
{x,.} as follows:

Vp = HcJ 7 (Jxn — ApAxy),

Zn = J! (an)xn + BulS™ vy + yJ T"vy),

Vn = ]_1(8n]xn +(1 = 8p)Jzn),

y = T T - T TRy,
Cui1={z€Cy: ¢(Z, un) =< ¢(Z, xn) +0n},
Xn+1 = HC,MxO/ vn >0,

(3.51)

where 0,, = supge p (k, - 1)(q, x,,), {003, (B}, (v} and {0,;} are sequences in [0, 1], {r;
4} € ld, ) for some d >0 and {A,} < [a, b] for some a, b with 0 < a < b < *a/2,
where iis the 2-uniformly convexity constant of E. If o, + B,, + ¥, = 1 for all n = 0 and
lim inf, _,.. 0,8, >0, lim inf, _,.. &%, >0, lim inf, _,., B,,%, >0 and lim inf,, _,..(1 - J,)
>0, then {x,} converges strongly to p € F, where p = Tx,.

Corollary 3.4. Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. For each j = 1, 2, ..., m let f; be a bifunction
Jrom C x C to R which satisfies conditions (A1)-(A4), B; : C — E* be a continuous and
monotone mapping and ¢; : C — R be a lower semicontinuous and convex function.
Let A be an a-inverse-strongly monotone mapping of C into E* satisfying ||Ay|| < ||Ay -
Aul|,Vy e Cand ue VIA, C) = @. Let {Si}7°, : C — Cbe an infinite family of closed
quasi- Q- nonexpansive mappings such that
F:= N2 F(Si) N (N2, GMEP(f;, Bj, ¢j)) NVI(A, C) # B.For an initial point xo € E with

x1 = ¢, x0and C; = C, we define the sequence {x,} as follows:

v = McJ 7 (Jxn — AnAxy),
Zn = ]71 (an/OIxn + Z?:ol an/i]SiUn)/

Vn = ]_l(lgn]xn + (1 - ﬁn)]zn)/
TQm TQm—l . TQZ TQI

Up = Tmn = Tm—1,n Tan rl,nyn’
Cni1 ={2€ Cy: ¢(z un) < d(z xn),
Xni1 = Ic,, X0, ¥n >0,

(3.52)

where {o, ;} and {B,)} are sequences in [0, 1], {r; .} < [d, «) for some d >0 and {A,} ©
[a, b] for some a, b with 0 < a < b < c*0./2, where iis the 2-uniformly convexity con-
stant of E. If Y > oni = Yor all n = 0, lim inf, ,..(1 -B,) >0 and lim inf, _,.. @, o0y, ;
> 0 for all i > 1, then {x,} converges strongly to p € F, where p = Ilgx.

Proof. Since {S;}i5) : C — C is an infinite family of closed quasi-@-nonexpansive map-
pings, it is an infinite family of closed and uniformly quasi-@-asymptotically
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nonexpansive mappings with sequence k,, = 1. Hence, the conditions appearing in The-
orem 3.1 F is a bounded subset in C and for each i > 1, §; is uniformly L;-Lipschitz
continuous are of no use here. By virtue of the closeness of mapping S; for each i > 1,
it yields that p € F (S;) for each i > 1, that is, p € N2 F(S;). Therefore, all conditions in
Theorem 3.1 are satisfied. The conclusion of Corollary 3.4 is obtained from Theorem
3.1 immediately. O

4 Deduced theorems

Corollary 4.1. [[41], Theorem 3.2] Let C be a nonempty closed and convex subset of a
2-uniformly convex and uniformly smooth Banach space E. Let f be a bifunction from C
x C to R satisfying (A1)-(A4) and ¢ : C — R is convex and lower semicontinuous. Let
A be an a-inverse-strongly monotone mapping of C into E* satisfying ||Ay|| < ||Ay -
Au||,Vy e Cand u e VIA, C) = @. Let (S}, : C — Cbe a finite family of closed
quasi-@- nonexpansive mappings such that
F:= N}, F(Si) N GMEP(f, B, ¢) N VI(A, C) # @. For an initial point x, € E with lomd C,

= C, we define the sequence {x,} as follows:

Zn = HC]_Ian - )"nAxn)r
Yn = ]_1 (Olojxn + Zﬁl ai]Sizn)/ )
f(unl )/) + (Bunry - ”n) + (p()/) - Qo(un) + T (Y - un:]un - ]Yn) Z O! VY € Cr(41)

n
Cni1 = {2z € Cy : (2, un) < P(z,xn),
Xne1 = g, X0, Vn >0,

where {0} is sequence in [0, 1], {r,} € [d, =) for some d >0 and {A,;} < |a, b] for some
a, b with 0 < a < b < c*0/2, where ic is the 2-uniformly convexity constant of E. If o; €
(0, 1) such that Zfi o oi = 1then {x,} converges strongly to p € F, where p = Ir xo.

Remark 4.2. Theorems 3.1, Corollaries 3.4 and 4.1 improve and extend the corre-
sponding results of Wattanawitoon and Kumam [14] and Zegeye [41] in the following

senses:

« from a solution of the classical equilibrium problem to the generalized mixed
equilibrium problem with an infinite family of quasi-¢@-asymptotically mappings;

« for the mappings, we extend the mappings from nonexpansive mappings, rela-
tively quasi-nonexpansive mappings or quasi-@-nonexpansive mappings and a finite
family of closed relatively quasi-nonexpansive mappings to an infinite family of
quasi-@-asymptotically nonex-pansive mappings.

Corollary 4.3. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E. Let f be a bifunction from C x C to R satisfying
(A1)-(A4) and ¢ : C — R is convex and lower semicontinuous. Let B be a continuous
monotone mapping of C into E*. Let {Si}°, : C — Cbe an infinite family of closed and
uniformly quasi-@-asymptotically nonexpansive mappings with a sequence {k,} < [1, o),
k, — 1 and uniformly L;-Lipschitz continuous such that F := N°,F(S;) N GMEP(f, B, ¢)
is a nonempty and bounded subset in C. For an initial point xo € E with
x1 = ¢, x0and C, = C, we define the sequence {x,} as follows:
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Vn = ]_l(an,ojxn + Z?:ol an,ijs?xn), )
f(un, ) + (Bup, y — un) + () — @(un) + . (y — tn, Jun —Jyn) =0, Vye(C,

n
Cni1 ={z € Cy: ¢z, un) < ¢(2z,xn) + 6},
Xne1 = g, X0, Vn >0,

(4.2)

where 0, = sup,c r (k, - 1)@(q, x,,), {0t} is sequence in [0, 1], {r,,} < [a, o) for some a
>0. If Yy ani = Yor all n > 0 and lim inf, ... o, o 0, ; >0 for all i > 1, then {x,} con-
verges strongly to p € F, where p = I x,.

Proof. Put A = 0 in Theorem 3.1 Then, we get that z, = x,. Thus, the method of
proof of Theorem 3.1 gives the required assertion without the requirement that E be
2-uniformly convex. ©

If setting B =0 and ¢ = 0 in Corollary 4.3, then we have the following corollary.

Corollary 4.4. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E. Let f be a bifunction from C x C to R satisfying
(A1)-(A4) and ¢ : C — R is convex and lower semicontinuous. Let {Si}, : C — Cbe an
infinite family of closed and uniformly quasi-@p-asymptotically nonexpansive mappings
with a sequence {k,} € [1, o), k,, > 1 and uniformly L;-Lipschitz continuous such that
F := NL F(S;) NEP(f) is a nonempty and bounded subset in C. For an initial point x,
€ E with x1 = ¢, xoand C; = C, we define the sequence {x,} as follows:

Vn = J! (a'iﬂ]xﬂ + Z:}:ol an,iJSixn),
fun,y) + r y —unJuy —Jyn) 20, VyeC,

n
Chi1={z€Cy: ¢(Z/ un) = ¢(Z1xn) +6n},
Xne1 = g, %0, YN >0,

where 0, = sup g r (k, - 1)9(q, %), {@t,,, i} is sequence in [0, 1], {r,,} € [a, ) for some a
>0. If Yy an,i = Yor all n > 0 and lim inf, ... o, ¢ 0, ; >0 for all i > 1, then {x,} con-
verges strongly to p € F, where p = Il x,.

Remark 4.5. Corollaries 4.3 and 4.4 improve and extend the corresponding results of
Zegeye [41] and Wattanawitoon and Kumam [14] in the sense from a finite family of
closed relatively quasi-nonexpansive mappings and closed relatively quasi-nonexpansive
mappings to more general than an infinite family of closed and uniformly quasi-¢@-
asymptotically nonexpansive mappings.

Remark 4.6. Moreover, Our theorems improve, generalize, unify and extend Qin et
al. [9], Zeg-eye et al. [15], Zegeye [41] and Wattanawitoon and Kumam [14,49] and

several results recently announced.

5 Applications
5.1 Application to complementarity problems
Let K be a nonempty, closed convex cone in E. We define the polar K* of K as follows:

K* = {y* € E*: {x,y*) > 0,Vx € K}. (5.1)

If A: K — E* is an operator, then an element u € K is called a solution of the com-
plementarity problem [20] if

Au e K* and (u,Au) = 0. (5.2)

The set of solutions of the complementarity problem is denoted by CP(A, K).

Page 20 of 24
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Theorem 5.1. Let K be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. For each j = 1, 2, ..., m let f; be a bifunction
Jrom C x C to R which satisfies conditions (A1)-(A4), B; : C — E* be a continuous and
monotone mapping and ¢; : C — R be a lower semicontinuous and convex function.
Let A be an a-inverse-strongly monotone mapping of K into E* satisfying ||Ay|| < ||Ay -
Aul|,Vy € Kand ue CP(A, K) = &. Let {Si}2, : K — K be an infinite family of closed
uniformly Li-Lipschitz continuous and uniformly quasi-@-asymptotically nonexpansive
mappings with a sequence {k,} < [1, ), k, — 1 such that
F = N2 F(Si) N (N2, GMEP(f;, Bj, ¢)) N CP(A, K) is a nonempty and bounded subset in
K. For an initial point xo € E with x1 = llc,Xoand K; = K, we define the sequence {x,}

as follows:

Uy = HK]_l(]xn - )\nAxn),

Zn = ]_1 ((xn,len + Z?:l an,i]S?Un),

Yn = ]71(,3n]xn + (1 - ,Bn)]zn)/

y = T T - T Ty,

Kni = {2 € Ky : ¢(2, un) < ¢(z,%0) + On},
Xpe1 = g, X0, VYn >0,

(5.3)

where ] is the duality mapping on E, 0, = supg ¢ (k, - 1)@(g, x,,), for each i > 0, {o,,
i and {B,} are sequences in [0, 1], {r; ,} € [d, ) for some d >0 and {A,} < la, b] for
some a, b with 0 < a < b < c*0/2, where iis the 2-uniformly convexity constant of E. If
Yo oni = Yor all n 20, lim inf, ,.(1 - B,) >0 and lim inf, , . o, o0, ;> O for all i
> 1, then {x,} converges strongly to p € F, where p = Il¢ x,.

Proof. As in the proof of Takahashi in [[20], Lemma 7.11], we get that VI(4, K) = CP
(A, K). So, we obtain the result. O

5.2 Application to zero points
Next, we consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E*. Assume that A satisfies the conditions:

(C1) A is a-inverse-strongly monotone,

(C2)A0={ue E:Au=0} = @.

Theorem 5.2. Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. For each j = 1, 2, ..., m let f; be a bifunction
Sfrom C x C to R which satisfies conditions (A1)-(A4), B; : C — E* be a continuous and
monotone mapping and ¢; : C — R be a lower semicontinuous and convex function.
Let A be an operator of E into E* satisfying (C1) and (C2). Let {Si};5, : C — Cbe an infi-
nite family of closed uniformly L~ Lipschitz continuous and uniformly quasi-@-asympto-
tically nonexpansive mappings with a sequence {k,} € [1, «), k, = 1 such that

F:= N2 F(Si) N (N2, GMEP(f;, Bj, ¢;)) NA™'0

is a nonempty and bounded subset in C: For an initial point xy € E with
x1 = ¢, x0and C; = C, we define the sequence {x,} as follows:

Up = Hclil(]xn - }\nA-xn)/
zn =] (an,0J%n + Yooy 0, iJSI VL),

Vn = ]_l(lgn]xn + (1 - ﬁn)]zn)/
TQm TQm—l . TQZ TQI

Up = Tmn = Tm—1,n T2,n rl,nyn’
Cni1 ={z € Cy 1 ¢(z,un) < ¢(z,xn) + 6},
Xne1 = Ic,, X0, Vn =0,
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where ] is the duality mapping on E, 0, = sup,e r (kn - 1)¢(q, x,,), for each i 2 0, {0,
i and {B,} are sequences in [0, 1], {r; ,| € [d, ) for some d >0 and {A,} < la, b] for
some a, b with 0 < a < b < *a/2, where iis the 2-uniformly convexity constant of E. If
Yo oni = Yor all n = 0, lim inf, ,..(1 - B,) >0 and lim inf, . a, o0, ;> 0 for all i
> 1, then {x,} converges strongly to p € F, where p = Il x,.

Proof. Setting C = E in Corollary 3.4, we also get Iz = 1. We also have VI(4, C) = VI
(A, E) {x € E:Ax = 0} = & and then the condition ||Ay|| < ||Ay - Au|| holds for all y
€ Eand u e A '0. So, we obtain the result. O

5.3 Application to Hilbert spaces
If E = H, a Hilbert space, then E is 2-uniformly convex (we can choose ¢ = 1) and uni-
formly smooth real Banach space and closed relatively quasi-nonexpansive map
reduces to closed quasi-nonexpansive map. Moreover, J = I, identity operator on H
and I1¢ = PC, projection mapping from H into C: Thus, the following corollaries hold.
Theorem 5.3. Let C be a nonempty closed and convex subset of a Hilbert space H.
Foreach j = 1, 2, .., m let f; be a bifunction from C x C to R which satisfies conditions
(A1)-(A4), B; : C — E* be a continuous and monotone mapping and ¢; : C — R be a
lower semicontinuous and convex function. Let A be an o-inverse-strongly monotone
mapping of C into H satisfying ||Ay|| < ||Ay - Aul||, Vy e Cand ue VI(A, C) = &. Let
{Si}2, : C — Cbe an infinite family of closed and uniformly quasi-@-asymptotically
nonexpansive mappings with a sequence {k,} € [1, o), k, > 1 and uniformly L;-
Lipschitz continuous such that F := N F(S;) N (ﬂfﬁchEP(ﬁ‘, B;, ¢;))NVI(A,C) is a
nonempty and bounded subset in C. For an initial point xo € H with x1 = Pc,Xo and
C, = G, we define the sequence {x,} as follows:

2y = Pe(xn — ApAxy),

Vn = Ono0Xy + Z?:OI an/islr'lzn/

= T TR TR T v, (5.5)
Cii1={zeCp:llz—un =l 2—xn || +6n},

X1 = P, %0, Yn =0,

where 0,, = supy r (k, - D|||q -x4||, {0, i} is sequence in [0, 1], {r; ,} € [a, o) for some
a >0 and {A,}} < [a, b] for some a; b with 0 < a < b < o/2. If Y 75y an,i = Yor all n 2 0
and lim inf, .0, 00, ; > 0 for all i = 1, then {x,} converges strongly to p € F, where p
= I xo.

Remark 5.4. Theorem 5.3 improves and extends the Corollary 3.7 in Zegeye [41] in
the aspect for the mappings, and we extend the mappings from a finite family of closed
relatively quasi-nonexpansive mappings to a more general infinite family of closed and
uniformly quasi-¢@-asymptotically nonexpansive mappings.
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