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Abstract
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MSC: 47H09; 47H10; 54E40

Keywords: Asymptotically nonexpansive type, Fixed points A-convergence, Uniformly
convex W-hyperbolic spaces, CAT(0) spaces

1. Introduction

In 1974, Kirk [1] introduced the mappings of asymptotically nonexpansive type and
proved the existence of fixed points in uniformly convex Banach spaces. In 1993,
Bruck et al [2] introduced the notion of mappings which are asymptotically nonexpan-
sive in the intermediate sense (continuous mappings of asymptotically nonexpansive
type) and obtained the weak convergence theorems of averaging iteration for mappings
of asymptotically nonexpansive in the intermediate sense in uniformly convex Banach
space with the Opial property. Since then many authors have studied on the existence
and convergence theorems of fixed points for these two classes of mappings in Banach
spaces, for example, Xu [3], Kaczor [4,5], Rhoades [6], etc.

In this work, we consider to extend some results to uniformly convex W-hyperbolic
spaces which are a natural generalization of both uniformly convex normed spaces and
CAT(0) spaces. We prove the existence of fixed points and demiclosed principle for
mappings of asymptotically nonexpansive type in uniformly convex W-hyperbolic
spaces with monotone modulus of uniform convexity.

In 1976, Lim [7] introduced a concept of convergence in a general metric space set-
ting which he called “A-convergence.” In 2008, Kirk and Panyanak [8] specialized
Lim’s concept to CAT(0) spaces and showed that many Banach space results involving
weak convergence have precise analogs in this setting. Since then the notion of A-con-
vergence has been widely studied and a number of articles have appeared (e.g., [9-12]).
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In this article, we also obtain a A-convergence theorem of Krasnoselski-Mann iteration

for continuous mappings of asymptotically nonexpansive type in CAT(0) spaces.

2. Preliminaries
First let us start by making some basic definitions. Let (M, d) be a metric space.
Asymptotically nonexpansive mappings in Banach spaces were introduced by Geobel
and Kirk in 1972 [1].

Definition 2.1. Let C be bounded subset of M. A mapping T : C — C is called
asymptotically nonexpansive if there exists a sequence {k,} of positive real numbers
with k,— 1 as # — o for which

d(T"x, T"y) < kyd(x,y), forallx, y e C.

The mappings of asymptotically nonexpansive type in Banach spaces were defined in
1974 by Kirk [2].

Definition 2.2. Let C be bounded subset of M. A mapping T : C — C is called
asymptotically nonexpansive type if T satisfies

lim sup sup (d(T"x, T"y) — d(x,y)) <0
n—oo  yeC

for each x € C, and TV is continuous for some N > 1.

Obviously, asymptotically nonexpansive mappings are the mappings of asymptotically
nonexpansive type.

We work in the setting of hyperbolic space as introduced by Kohlenbach [13]. In
order to distinguish them from Gromov hyperbolic spaces [14] or from other notions
of “hyperbolic space” which can be found in the literature (e.g., [15-17]), we shall call
them W-hyperbolic spaces.

A W-hyperbolic space (X, d, W) is a metric space (X, d) together with a convexity
mapping W: X x X x [0, 1] — X is satisfying

(W1) d(z, W(x, y, 1)) < (1 - Vd(z, x) + Ad(z, y);

(W2) d(W(x, y, 1), W(x,y,X)) = [A—A]- d(x, y)

(W3) Wix, y, 1) = W(y, x, 1 - A);

(W4) d(W(x, z, ), W(y, w, 1)) < (1 - V)d(x, y) + Ad(z, w).

The convexity mapping W was First considered by Takahashi in [18], where a triple
(X, d, W) satisfying (W1) is called a convex metric space. If (X, d, W) satisfying (W1) -
(W3), then we get the notion of space of hyperbolic type in the sense of Goebel and
Kirk [16]. (W4) was already considered by Itoh [19] under the name “condition III”,
and it is used by Reich and Shafrir [17] and Kirk [15] to define their notions of hyper-
bolic space. We refer the readers to [[20], pp. 384-387] for a detailed discussion.

The class of W-hyperbolic spaces includes normed spaces and convex subsets
thereof, the Hilbert ball [21] as well as CAT(0) spaces in the sense of Gromov (see
[14] for a detailed treatment).

If x, ye Xand A € [0, 1], then we use the notation (1 - A)x & Ay for W(x, y, A). It is
easy to see that for any x, y€ X and A € [0, 1],

d(x, (1 = A)x @ ry) = Ad(x,y) and d(y, (1 — A)x @ ry) = (1 — A)d(x,y). (2.1)

As a consequence, 1x®0y = x, 0xP1y = y and (1 - A)x®Ax = AxB(1 - )x = «.
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We shall denote by [x, y] the set {(1 - A)x & Ay : A € [0, 1]}. Thus, [x, x] = {x} and
for x # y, the mapping

vy [0dxy)] = R yyla) = (1 - d(zy))xea d(zy)y

is a geodesic satisfying ¥,,([0, d(x, y)]) = [x, y]. That is, any W-hyperbolic space is a
geodesic space.

A nonempty subset C € X is convex if [x, y] € Cforall x,ye C. Foranyxe X, r
>0, the open (closed) ball with center x and radius r is denoted with U(x, r) (respec-
tively U(x, r)). It is easy to see that open and closed balls are convex. Moreover, using
(W4), we get that the closure of a convex subset of a hyperbolic spaces is again convex.

A very important class of W-hyperbolic spaces are the CAT(0) spaces. Thus, a W-
hyperbolic space is a CAT(0) space if and only if it satisfies the so-called CN-inequality
of Bruhat and Tits [22]: For all x, y, z € X,

1. 1)\ 1 , 1 , 1 5
d<z, 2x®2y> < 2d(z,x) +2d(z,y) —4d(x,y) .

In the following, (X, d, W) is a W-hyperbolic space.
Following [18], (X, d, W) is called strictly convex, if for any x, y € X and 4 € [0, 1],
there exists a unique element z € X such that

d(z,x) = Ad(x,y) and d(z,y)=(1—2r)d(x,y).

Recently, Leustean [23] defined uniform convexity for W-hyperbolic spaces. A W-
hyperbolic space (X, d, W) is uniformly convex if for any r >0 and any ¢ € (0, 2] there
exists € € (0, 1] such that for all 4, x, y € X,

d(x,a) <r ) )
diya)<r ; =d <2x69 Nz a) <(1-09)r. (2.2)
d(x,y) = er

A mapping 71 : (0, ) x (0, 2] — (0, 1] providing such a 0 := n(r, ¢) for given r >0
and ¢ € (0, 2] is called a modulus of uniform convexity. 1 is called monotone, if it
decreases with r (for a fixed ¢).

Lemma 2.3. [[23], Lemma [7]] Let (X, d, W) be a UCW-hyperbolic space with modu-
lus of uniform convexity 1. For any r >0, e€ (0,2],A € [0, 1], and a, x, y € X,

d(x,a) <r
d(y,a) <r p =>d((1 —A)x@d Ay, a) < (1 —2x(1 — A)n(r, &))r.
d(x,y) > er

We shall refer uniformly convex W-hyperbolic spaces as UCW-hyperbolic spaces. It
turns out that any UCW-hyperbolic space is strictly convex (see [23]). It is known that
CAT(0) spaces are UCW-hyperbolic spaces with modulus of uniform convexity 7n(r, ¢)
= ¢*/8 quadratic in ¢ (refer to [23] for details). Thus, L/CW-hyperbolic spaces are a nat-
ural generalization of both uniformly convex-normed spaces and CAT(0) spaces. The
following proposition can be found in [24].



Zhang and Cui Fixed Point Theory and Applications 2011, 2011:39
http://www fixedpointtheoryandapplications.com/content/2011/1/39

Proposition 2.4. Let (X, d, W) be a complete UCW-hyperbolic space with a monotone
modulus of uniform convexity. Then the intersection of any decreasing sequence of none-
mpty bounded closed convex subsets of X is nonempty.

3. Fixed point theorem for mappings of asymptotically nonexpansive type
The First main result of this article is the existence of fixed points for the mappings of
asymptotically nonexpansive type in UCW-hyperbolic space with a monotone modulus
of uniform convexity.

Theorem 3.1. Let (X, d, W) be a complete UCW-hyperbolic space with a monotone
modulus of uniform convexity. Let C be a bounded closed nonempty convex subset of X.
Then, every mapping of asymptotically nonexpansive type T : C — C has a fixed point.

PROOFE. For any y € C, we consider

B, := {b € R* : there exist x € C, k € N such that d(T"y, x) < b for all i > k}.

It is easy to see that diam(C) € B,, hence B,is nonempty. Let f3,:= inf B,, then for
any € >0, there exists bge Bysuch that by < B,+ 6, and so there exists x € K and k €
N such that

d(T'y,x) <by < B,+6, Vi>k (3.1)

Obviously, 8,> 0. We distinguish two cases:

Case 1. B,= 0.

Let ¢ >0. Applying (3.1) with & = &/2, we get the existence of x € C and k € N such
that for all m, n = k

d(T™y, T"y) < d(T™y, x) +d(T"y, x) < ; + ; =e.

Hence, the sequence {T"y} is a Cauchy sequence, and, hence, convergent to some z €
C. Let { >0 and using the Definition of 7' choose M so that i > M implies

sup (d(T'z, T'x) — d(z, x)) < ;é“-

xeC

Given i > M, since T"(y) — z, there exists m > i such that d(T™y,z) < ;C and
d(T"y,z) < ¢ Thus, if i > M,

d(z, T'z) < d(z, T"y) + d(T™y, T'z)

< d(z, T"y) +d(T'z, T(T" ') —d(z, T"'y) + d(z, T"'y)
1 . : 1

< ¢ +sup(d(T'z, T'x) — d(z,x)) + _¢
3 xeC 3

< .

This proves T"z — z as n — oo. By the continuity of T, we have T"z = z. Thus,
Tz =T(TNz) = TNz > z asi— oo,

and 7z = z, i.e,, z is a fixed point of T.

Page 4 of 12
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Case 2. 3, >0. For any 7 > 1, we define

VIR (Tiy, ﬁy+rll>, D, :=C,NC.

k>1i>k

- 1
By (3.1) with 6 = rll, there exist x € C, k > 1 such that * € 'ﬂkU(le, By + n); hence,
i>

D, is nonempty. Moreover, {D,} is a decreasing sequence of nonempty-bounded closed
convex subsets of X, hence, we can apply Proposition 2.4 to derive that

D:= (D, #0.

n>1

For any x € D and 6 >0, take N € N such that i, < 6. Since x € D, we have x € Cy»
and so there exists a sequence {x} in Cysuch that lim,_, Y = x. Let P > 1 be such
that d(x, ) < Al] for all > P, and K > 1 such that xf € MNisk U(Tly, gy + [}]) It fol-
lows that for all i > K

d(T'y, x) < d(T'y, &) + d(, x) < B, + Ib . Ib < B, +0. (3.2)

In the sequel, we shall prove that any point of D is a fixed point of 7. Let x € D and
assume by contradiction that Tx # x. Noticing the last part of Case 1, then {T"x} does
not converge to x, and so we can find ¢ >0; for any k € N, there exists n > k such that

d(T"x, x) > e. (3.3)

We can assume that ¢ € (0, 2]. Then, ﬂyil € (0,2] and there exits 0, (0, 1] such
that

-6
1—77(ﬂy+1r ° )Sﬁy .
By+1 By + 0,
Applying (3.2) with 6 = ‘927, there exists K€ N such that

, )
d(T'y,x) < B, + 2y Vi>K. (3.4)

By the Definition of 7, there exists N such that if m > N, then

sup (d(T™x, T"z) — d(x,z)) < iy (3.5)

zeC
Applying (3.3) with k = N, we get N > N such that
d(TNx, x) > €. (3.6)
Let now m € N be such that m > N + K. Then, by (3.4)-(3.6), we have
by
d(x, T"y) < By + 5 = By +6y;
d(TNx, T™y) = {d(TNx, TN(T™Ny)) — d(x, T" Ny)} + d(x, T"Ny)
by by
< 2+ﬁy+2=/3y+9},‘

d(TVx,x) > & = f-@y “(By+6) = ﬂyi’ 1 (By +60y).

By
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Now applying the fact that X is uniformly convex and 71 is monotone, we get that

o™y .
d(x ) x,T y)f(l—n <,By+0yr ,Byi1>>(:3y+0)/)

e
< (1—77 <,By+1: ﬂy+1>> (By+6))

B, —6
< ﬂyy+0:'(ﬂy+9y)=lgy_9y~

Thus, there exist kK := N + K and z := x@ng € C such that for all m > k, d(z, T"y) <
B,- 0,. This means that 8,- 0, B,, which contradict with f8,= inf B,. It follows x is a
fixed point of 7. O

Since CAT(0) spaces are UCW-hyperbolic spaces with a monotone modulus of uni-
form convexity, we have the following Corollary.

Corollary 3.2. Let X be a complete CAT(0) space and C be a bounded closed none-
mpty convex subset of X. Then every mapping of asymptotically nonexpansive type T :
C — C has a fixed point.

In the following, we shall prove that a continuous mapping of asymptotically nonex-
pansive type in UCW-hyperbolic space with a monotone modulus of uniform convexity
is demiclosed as it was noticed by Cohde [25] for non-expansive mapping in uniformly
convex Banach spaces. Before we state the next result, we need the following notation:

{xn} > o ifandonlyif &(w)= ingcb(x),
xXe

where C is a closed convex subset which contains the bounded sequence {x,} and ®
(%) = lim sup,,sed(x,, x).

Theorem 3.3. Let (X, d, W) be a complete UCW-hyperbolic space with a monotone
modulus of uniform convexity and C be a bounded closed nonempty convex subset of X.
Let T : C — C be a continuous mapping of asymptotically nonexpansive type. Let {x,}
< C be an approximate fixed point sequence, i.e., lim,_,..d(x,, Tx,) = 0, and {x,} - o.
Then, we have T(w) = .

PROOF. We denote

¢n = max{0, sup (d(T"x, T"y) — d(x,y))}.
x,yeC

Since {x,} is an approximate fixed point sequence, then we have

®(x) = lim sup d(T™"xy, x)

for any m = 1. Hence, for each x € C

®(T"x) = limsup d(T"x,, T"x) < ®(x) + Cm,

n—oo
In particular, noticing that lim sup,,,_,..c,,,= 0, we have
s m
nlgrgo P(T"w) < ¢(w). (3.7)

Assume by contradiction that Tw = w. Then, {T"w} does not converge to w, so we

can find &,>0, for any k € N, there exists m > k such that d(T"w, w) > &. We can
&0

assume &g € (0, 2]. Then, g(,),; € (0:2] and there exists § € (0, 1] such that
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1—n<<1>(w)+1, £ >< O(w) =0

P(w)+1) ~ P(w)+0° (38)

By the definition of @ and (3.7), for the above 6, there exists N, M € N, such that

d(w,x,) < ®(w)+6, VYn=N;
A(T"w, xy) < ©(w)+60, VYn>N, Vm > M.

For M, there exists m > M such that

0

€0 &
P(w) +1

d(T"w, =
(Mo ) z & P(w) +6

(P(w) +6) = - (P(w) +0).

Since X is uniformly convex and 7 is monotone, applying (3.8) we have

o®dT"w )
d , <{1—-nl® 0, (P 0
(P57 )21 oot o 5.)) e
P(w) -0
(P 0
T O(w)+0 ((w) +0)
= O(w)—06.
m
Since z := @ ®2T @ e C and z # w, we have got a contradiction with ®(w) = inf,. ¢

®(x). It follows that Tw = w. O

Corollary 3.4. Let X be a complete CAT(0) metric space and C be a bounded closed
nonempty convex subset of X. Let T : C — C be a continuous mapping of asymptotically
nonexpansive type. Let {x,} € C be an approximate fixed point sequence and {x,} ~ o.
Then, we have Tow = w.

4. A-convergence theorems for continuous mappings of asymptotically
nonexpansive type in CAT(0) spaces

Let (X, d) be a metric space, {x,} be a bounded sequence in X and C € X be a none-
mpty subset of X. The asymptotic radius of {x,} with respect to C is defined by

7(C, {x,}) = inf{limsup d(x,xp) © x€ C} .

The asymptotic radius of {x,}, denoted by r({x,}), is the asymptotic radius of {x,}
with respect to X. The asymptotic center of {x,} with respect to C is defined by

A(C, {x,}) = {z € C : limsupd(z, x,) = r({C,xn})} .

n—o0

When C = X, we call the asymptotic center of {x,} and use the notation A({x,}) for A
(G {xi}).

The following proposition was proved in [26].

Proposition 4.1. If {x,} is a bounded sequence in a complete CAT(0) space X and if
C is a closed convex subset of X, then there exists a unique point u € C such that

r(u, {xn}) = infr(x, {x,}).
xeC
The above immediately yields the following proposition.

Proposition 4.2. Let {x,}, C and X be as in Proposition 4.1. Then, A({x,}) and A(C,
{x,.}) are singletons.
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The following lemma can be found in [27].

Lemma 4.3. If C is a closed convex subset of X and {x,} is a bounded sequence in C,
then the asymptotic center of {x,} is in C.

Definition 4.4. [7,8] A sequence {x,} in X is said to A-converge to x € X if x is the
unique asymptotic center of {u,} for every subsequence {u,} of {x,}. In this case, we
write A - lim,,_,..x,= x and call x the A-limit of {x,}.

Lemma 4.5. (see [8]) Every bounded sequence in a complete CAT(0) space always has
a A-convergent subsequence.

There exists a connection between “ — “ and A-convergence.

Proposition 4.6. (see [28]) Let {x,} be a bounded sequence in a CAT(0) space X and
let C be a closed convex subset of X which contains {x,}. Then,

(1) A - lim,,_,.x,= x implies {x,} — x;
(2) if {x,,} is regular, then {x,} — x implies A - lim,,_,..x,= x.

The following concept for Banach spaces is due to Schu [29]. Let C be a nonempty
closed subset of a CAT(0) space X and let 7': C — C be an asymptotically nonexpan-
sive mapping. The Krasnoselski-Mann iteration starting from x; € C is defined by

Xn+l = anTn(xn) 7 (1 - an)xnr n>1, (4.1)

where {0} is a sequence in [0, 1]. In the sequel, we consider the convergence of the
above iteration for continuous mappings of asymptotically nonexpansive type. The fol-
lowing Lemma (also see [3]) is trivial.

Lemma 4.7. Suppose {ri} is a bounded sequence of real numbers and {ay,,} is a dou-
bly indexed sequence of real numbers which satisfy

limsup limsupagm <0, Thm < 1+ apm for eachk, m > 1.
k— o0 m— 00

Then {r} converges to an r € R; if ay,, can be taken to be independent of k, i.e. ay,, =
A,y then r < ry for each k.

Lemma 4.8. Let (X, d, W) be a complete UCW-hyperbolic space with a monotone
modulus of uniform convexity and C be a bounded closed nonempty convex subset of X.
Let T : C — C be a continuous mapping of asymptotically nonexpansive type. Put

¢n = max{0, sup (d(T"x, T"y) — d(x,y))}.
x,yeC

If Y72 cn < ocand {a,} is a sequence in [a, b] for some a, b € (0, 1). Suppose that x,
€ Cand {x,} generated by (4.1) for n > 1, Then lim,,_,..d(x,, p) exists for each p € Fix

(7).
PROOF. Let p € Fix(T). From (4.1), we have

d(xne1,p) = d(onT"xn @ (1 — atn)xn, p)
< ond(T"%p, p) + (1 — an)d(x4, p) by (W1)
= apd(T"xn, T"p) + (1 — otn)d(xn, p)
< an(d(xn, p) +cn) + (1 — an)d(xn, p)
< d(xu, p) + Cn,

Page 8 of 12
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and hence that

k+m—1

d(xem, p) < dGap) + Y cn.

n=k

Applying Lemma 4.7 with r= d(x;, p) and g, = '::Z”l c,» we get that lim,, ,.d(x,,
p) exists. O

Lemma 4.9. Let (X, d, W) be a complete UCW-hyperbolic space with a monotone
modulus of uniform convexity and C be a bounded closed nonempty convex subset of X.

Let T : C — C be a continuous mapping of asymptotically nonexpansive type. Put

¢n = max{0, sup (d(T"x, T"y) — d(x,y))}.
x,yeC

If Y 021 ¢n < ocand {0} is a sequence in [a, b] for some a, b € (0, 1). Suppose that x,
€ Cand {x,} generated by (4.1) for n = 1. Then,

lim d(x,, Tx,) = 0.
n—oo
PROOF. It follows from Theorem 3.1, T has at least one fixed point p in C. In view

of Lemma 4.8 we can let lim,,_,..d(x,, p) = r for some r in R.

If r = 0, then we immediately obtain
d(xn, Txp) < d(xp, p) + d(Txy, p) = d(xn, p) + d(Tx,, TP),

and hence by the uniform continuity of 7, we have lim,, ,..d(x,, Tx,) = 0.
If r >0, then we shall prove that

lim d(T"xp, p) = lim d(o, T"x, © (1 — )2, p) = 7 (4.2)

n—o0

by showing that for any increasing sequence {#n;} of positive integers for which the
limits in (4.2) exist, and it follows that the limit is r. Without loss of generality we may
assume that the corresponding subsequence {ani} converges to some o; we shall have

o >0 because {ani }is assumed to be bounded away from 0. Thus, we have
r= lim d(x,, p) = lim d(xy;4+1,p) = lim d(otn, T"xn, B (1 — oty )X, D)
n—oo 1— 00 1— 00
< lim (an,d(T"%n;, p) + (1 — 0tn,)d(xn;, p)) by (W1)
1—> 00

< alimsupd(T"xp,, p) + (1 — a)r

< alimsup (d(xn, p) +cn) + (1 — o)1
<ealimsupd(x,, p) + (1 —a)r=r.

It follows that (4.2) holds.
In the sequel, we shall prove lim,_,.d(T"x,, x,) = 0. Assume by contradiction that
{T"x,} does not converge to x,, and so we can find ¢ >0 and {r;} € N such that

A(T™xp,, Xn,) > €.

3
We can assume that ¢ € (0, 2]. Then, - € (0, 2]. Since {o,,} is a sequence in [a, b]
+

for some a, b € (0, 1), we may assume that limy,_, o min{a,,, (1 — oy, )} exists, denoted
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by o, then 0>0. Choose 6 € (0, 1] such that

1 ( 1 e ><r—0
-« T+1, < .
on r+1 r+6

For the above 6 >0, there exists N € N such that
d(xp,p) <1 +60 and d(T"x,,p) <r+6, Vk>N.
For k > N, we also have that

& €
M > o = . > .
A(T™xy,, Xp,) > € . (r+9)_r+l (r+0).

Now applying the fact that X is uniformly convex and 1 is monotone, by Lemma 2.3,

we get that

d(aﬂankxnh ® (1 - aﬂk)xﬂk' P)

< (1 — 20, (1 —ap)n (r+9, “8_ 1)) (r+0)
< (1 — 20y, (1 — o )n <r+ 1, rf 1)) (r+0)
< (1 — 2minf{ay,, (1 —ay)}n <T+ 1, “8_ 1)) (r+0).

Let k — oo, we obtain that
<(-200m(re1, S Yooy ) re)=r—o
T — r+1, T < < (r =r—0.
- o r+1 * r+0 i

Hence, we get a contradiction, and therefore

lim d(T"x,, x,) = 0. (4.3)

This is equivalent to

Jim d(xp, Xn11) = 0. (4.4)

Thus, we have

d(xn, Txn) < d(xn, Xni1) + d(ner, T K1)
+d(T %1, T %) + d(T(T" %), Txy)
< d(xn Xni1) + d(xns1, T x001)
+d(Xni1, %n) + Cpe1 + A(T(T"xy), Txy).

By (4.3), (4.4) and the uniform continuity of 7, we conclude that d(x,, Tx,) — 0 as n
—> oo, O

The following lemma can be found in [9].

Lemma 4.10. If {x,} is a bounded sequence in a CAT(0) space X with A({x,}) = {x}
and {u,} is a subsequence of {u,} with A({u,}) = {u} and the sequence {d(x,, u)} con-
verges, then x = u.

Lemma 4.11. Let X be a complete CAT(0) space. Let C be a closed convex subset of
X, and let T : C — C be a continuous mapping of asymptotically nonexpansive type.
Suppose that {x,} is a bounded sequence in C such that lim,,_,..d(x,, Tx,) = 0 and d(x,,
p) converges for each p € Fix(T ), then w,(x,) € Fix(T ). Here wy (x,) = JA ({tn})
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where the union is taken over all subsequences {u,} of {x,}. Moreover, w,(x,,) consists of
exactly one point.

PROOF. Let u € w,(x,), then there exists a subsequence {u,} of {x,} such that A
({u,.y) = {u}. Since {u,;} is bounded sequence, by Lemma 4.5 and 4.3 there exists a sub-
sequence {v,} of {u,} such that A - lim, ,..v,= v € C. By Corollary 3.4, we have v €
Fix(T). By Lemma 4.10, u = v. This shows that w,,(x,) € Fix(T). Next, we show that
w,,(x,) consists of exactly one point. Let {u,} be a subsequence of {x,} with A({x,}) =
u, and let A({x,}) = x. Since u € w,(x,) < Fix(T), {d(x,, u)} converges. By Lemma 4.10,
x = u. This completes the proof. O

Theorem 4.12. Let X be a complete CAT(0) space. Let C be a bounded closed convex
subset of X, and let T : C — C be a continuous mapping of asymptotically nonexpan-
sive type withy -, ¢, < 0o, Where

¢n = max{0, sup (d(T"x, T"y) — d(x,y))}.

x,yeC

Suppose that x, € C and {0} is a sequence in |a, b] for some a, b € (0, 1). Then, the
sequence {x,} given by (4.1) A-converges to a fixed point of T.

PROOF. It follows from Corollary 3.2 that Fix(7) is nonempty. Since CAT(0) spaces
are UCW-hyperbolic spaces with a monotone modulus of uniform convexity, by
Lemma 4.8, {d(x,, p)} is convergent for each p € Fix(T ). By Lemma 4.9, we have
lim,, ,..d(x,, Tx,) = 0. By Lemma 4.11, w,(x,) consists of exactly one point and is con-
tained in Fix(7). This shows that {x,} A-converges to an element of Fix(7). O
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