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1 Introduction
It has been described thin-thick sets for normed spaces in [1]. Therein, it is showed
that there is an open mapping principle connected with thick sets in study of [1]. It is
presented a wide survey for thick sets in [2,3]. In this studies it is unveiled some
impacts of thick sets on certain operator spaces and also indicated that the bounded-
ness and surjectivity results can be taken from this property.

B(X) and S(X) denote a closed unit ball and sphere of some normed space X, respec-

tively. A set U € X such that feisr(l)f*) i‘elg F(¥)1 = for some & > 0, means norming for

X* the continuous dual of X. A set A means thick if for every representation of A as

[0
the union of an increasing sequence of sets, A = | J Ay, (A}}), there exists an index m
n=1

such that A,, is norming. The set A means thin if it is not thick. Moreover, a set V €

X* satistying xel?g() ?:5 )l = 6, for some J > 0, means norming for X or w*-norming.

A set B means w*-thick if for every representation of B as the union of an increasing

oo
sequence of sets, B = | By, (B}), there exists an index m such that B,, is w*-norming
n=1

[2,3]. The definitions of the norming and w*-norming sets are also qualified as follows

[3].

(L1) Let X be a normed space, A € X and B € X*.
(i) A is norming for X* iff co(£A) 2 8B(X) for some J > 0.
(i) B is norming for X iff co* (+B) D §B(X*) for some & > 0.
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A subset A of a normed linear space X means to have the boundedness property if
for every normed space Y, every family (7,,) in L(X, Y), the space of all continuous lin-
ear operators from X into Y, which is pointwise bounded on A, is bounded. It is evi-
denced in [2] a strong uniform boundedness principle valid on all Banach spaces for
the thick sets. As an practice of this result it is given in [2] to a special case of the clas-
sical Banach-Steinhauss theorem; videlicet, suppose I is a subset of L(X, Y) and B is a
thick subset of S(X). If I'(x) = {Tx : T € T’} is a bounded subset of Y for each x € B,
then T is a bounded subset of L(X, Y). The usual Banach-Steinhauss theorem is a spe-
cial status of this result since every second category set is thick. Latterly, it is given a
new property of thick sets by dint of weak integrability of Banach space valued mea-
surable functions in [4]. It is also expressed thick sets by the agency of boundedness of
vector measures, and clarify what case this concept is about the theory of barrelled
spaces.

In this study it is aimed to find whether this type of important properties be given
on uniform quasi-boundedness principles like equicontinuity of some family of opera-
tors between cone locally convex (clc, for short) spaces. Openly, the uniform bounded-
ness principles in Banach spaces can tackle in two different forms in clc-spaces:

(i) weak*-bounded sets are equicontinuous iff X is barrelled,
(ii) weak*-bounded sets are strong*-bounded iff X is a Banach-Mackey (B - M, for
short) space [5,6].

These two different forms coexist in quasi-barrelled spaces since strong*-bounded
sets are equicontinuous in this status. It is represented that these principles happen
under some weaker conditions through the medium of thick sets.

On the other hand, the fixed point, computer science and endpoint theory, concern-
ing various single-valued and set-valued contractions, nonlinear contractions and
asymptotic contractions in uniform, locally convex (lc, for short) and metric spaces
and in cone metric spaces, goes back to the original works by Banach [7]. Recently,
renewed interest in this theory which is play a very important for many research areas
as well as in function analysis arose also in different areas as applied mathematics.

Let X be a real Banach space. A subset K of X means a closed convex pointed cone
iff:

(i) K is closed, nonempty, and K = {0},
(i) r;, me Rr,r=20,xye Ko>rx+nye K
(iii) x € Kand wx e K= x = 0.

Given a cone K € X, we can define a partial ordering < with respect to K by x < y iff
y - x € K. We write x <y to indicate that x < y but x # y, while » << y will stand for y
- x € intK, intK denotes the interior of K.

In most of the proofs in [8-11] cones are required to be restricted to a special case,
namely to normal cones. The cone K means normal if there is a constant number k >
0 such that for all x, y € X, 0 <« < y implies ||x|| < k [|y]|. The least positive number
satisfying the above inequality means the normal constant of K.
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(T1) Let X be a vector space over R and let E be an ordered Banach space with cone
K where I is a index set:

(i) The family Q = {go : X = E, a € I} means to be a Q-family of cone seminorms
on X (Q-family, for short) if the following three conditions hold:

*)Vae LVxe X, {05 gux) Ax =0= qux) =0}

(ii*) Yo e I YA € R, Vx € X, {qu(Ax) = |A|go(x)}; and

(iii*) Yoo e L Vx, y € X, {qolx + 9) < qo(x) + qo(y)}-

(ii) If Q is a Q-family, then the pair (X, Q) means a clc space.

(iii) A Q-family Q means to be separating if:

) Vae X, {x 20> Jdae L {0 < gu,x)}}.

(iv) If a Q-family Q is separating, then the pair (X, Q) means a Hausdorff clc-space
(hclc space, for short) [12].

In this study, it is investigated thin-thick sets of clc spaces endowed with a important
place in the fixed point with endpoint theory and being a natural generalization of Ic

spaces.

2 Extensions and some important results
Definition 2.1. For a subset A of a clc-space X (T1), the polar of A, written A, is {f e
X* |fx)] < 1, for all x e A}. In dual sense, for A < X*
A={xeX:|f(x)| < 1, forall f € A}. For all A, A is absolutely convex and closed in
any suitable topology for X* and A is the absolutely convex closure of A. For the defi-
nition of the strong-topology (strong*-topology) B(X, X*) (B(X*, X)) of X(X*), it can be
refered to [5,6]. If X is a normed space, B(X*, X) is (equivalent to) the norm topology
in X* on the strength of [5,6]. However, B(X, X*) need not be the norm topology for X
even if X is a normed space where the Mackey (M, for short)-topology z(X, X*) is the
norm topology for X in this status. Note that 7(X, X*) is the strongest clc-topology (for
X) suitable with the dual pair (X, X*). Let T be a clc-topology for X and S be a subset
of (X, T)*. Then S is equicontinuous iff § is a neighborhood of 0. In dual sense, ] is
equicontinuous whenever U is a neighborhood of 0. In a seminormed space X, a set S
C X* is equicontinuous iff it is norm bounded. In this case, the equicontinuity is a gen-
eralization of the uniform boundedness. A barrelled space is a hclc-space in which
every barrel is a neighborhood of 0. Remember that a barrel is an absolutely convex
absorbing closed set. The initial perspective of barrelled spaces was in reply to the
question of finding an internal qualification of spaces where the uniform boundedness
principle holds. The reply is given by the following characterization by virtue of [5,6].

Theorem 2.1. Let X be a clc-space. Then the following three conditions are
equivalent:

(i) For any clc-space Y, every pointwise bounded family S of continuous linear maps
from X to Y is equicontinuous.

(ii) Every weak*-bounded subset of X* is equicontinuous.

(iii) X is barrelled.

It is an important property of a barrelled space that its topology is the strong-topol-
ogy on the strength of [6]. A hclc-space means quasi-barrelled if every bornivorous
barrel is a neighborhood of 0. Nonforget that a bornivorous is a set which absorbs all
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bounded sets. The natural embedding of a hclc-space X into X** = [X*, B(X*, X)]* is the
map i where X(f) = f(x) for fe X* It is a homeomorphism iff X is quasi-barrelled. A
hclc-space is X quasi-barrelled iff all strong*-bounded sets are equicontinuous. A hclc-
space X means semireflexive if X = X**, that is, the natural embedding is onto X**. It
means reflexive if the natural embedding is a homeomorphism of X onto X**. Thus
reflexive means semireflexive and quasi-barrelled. A hclc-space means a B - M space if
all its bounded sets are strongly bounded.

Now we proceed by the extended definition of norming sets in clc-spaces.

Definition 2.2. Let X be a vector space and T be a clc-topology for X. A set A € X
means T-norming for (X, T)* whenever co’ (£A), the absolutely convex closure of A,
includes a T-neighborhood of 0.

Remark 2.1. Let T be normable, that is, (X, 7) be a normed space. Then T is charac-
terized by balls, and so finding some J > 0 such that co’ (£A) D §B(X) is a sufficient
condition for the definition of a norming set. Moreover, let X be a dual space of a
normed space Y with the w*-topology. Then, by the definition, a set A € X = Y* is w*-
norming for (X, w*)* = Y iff co”” (£A) includes a w*-neighborhood U of 0. But, U is
also a norm-neighborhood of 0 in X and hence 0" (+A) D §B(Y*) for some 6 > 0.
Thus, Definition 2.2 includes earlier definitions of both norming and w*-norming sets
by means of (L1). The other definitions of [13] like strong and strong*-norming sets
are derived from Definition 2.2 taking T as M, strong and strong*-topology,
respectively.

Definition 2.3. Let X be a vector space and T be a clc-topology for X. A set A € X
means T-thick if for every representation of A as the union of an increasing sequence

o0
of sets, A = |J An, (A}), there exists an index m such that A,, is T-norming for (X, T)*.

n=1
The set A means T-thin if it is not T-thick.

We see to benefit using only the words norming, thin-thick whenever 7T is clear from
the context.

It can see easily as in [2,5] that a set in a clc-space which is of the second category is
thick.

Theorem 2.2. For a clc-space X, all suitable topologies for X have the same norming
sets. Hence, thick concept is a duality invariant.

Proof. This comes from the fact that the closures of convex sets in all suitable topol-
ogies are the same, that is, a closed convex set is a duality invariant. Also it is possible
to express it on the strength of both [14] and [5,6]. Hence with this result it is sub-
jointed an argument to the list of duality invariants as presented in [5,6]. It is well
known that the strong-topology S(X, X*) may not be suitable even if X is a normed
space.

There is some examples of normed spaces as [5,6] such that the strong-topology is
strictly larger than the M-topology.

Now, we give an example of a set which is strong-norming but is not M-norming.

Example 2.1. Let X = Cyo[-1, 1], the set of real continuous functions on the interval
[-1, 1], each of which vanishes on a neighborhood of 0, with the sup norm || . ||.. For
each n € N, f,(x) = nx(1/n) is a continuous linear functional on X since |f,(x)| £ ||
|| Let A = {x € X : |x(l/m)] < 1/n} and B={f}2, U{0}. Then

n=1
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A=B={x:|f(x) = |nx(1/n)| =< 1}. The set B is w*-bounded in X*. Since the set of
w*-bounded sets is the polar family for the strong-topology like [14,15], A is a strong-
neighborhood of 0 and hence is strong-norming. However, A is not M-norming. Let us
prove this. Since the M-topology 7(X, X*) is the strongest suitable topology for X,
cof(X/X*)(iA) = A. But A is not a M-neighborhood of 0. To prove this assertion, let us
assume that A is a 7(X, X*)-neighborhood of 0. In a normed space, M-topology is the
norm topology, and so A is a || . ||..-neighborhood of 0. Hence, A must contain 6B(X)
for some ¢ > 0. But this is not the case. Indeed, consider the function x : [-1, 1] — R,

X(t) = 8/2ift=1/nn=1,2,3,
~ |0 if otherwise.

Then x € 0B(X) while x ¢ A. This proves the claim. For dual spaces, w*-topology is
not suitable with the strong*-topology, in general. Hence, we cannot expect w*-thick
sets to be strong*-thick up to semireflexivity.

Theorem 2.3. In a semireflexive hclc-space X, w*-thick sets are strong*-thick.

Proof. It is expressed from [5,6] that a /clc-space X is semireflexive iff the w*-topol-
ogy is suitable with the strong*-topology. Hence the result follows from Theorem 2.2.

Remark 2.2. (i) Theorem 2.3 is a generalization of a general conjecture where for a
reflexive Banach space X, w*-thick sets are (norm) thick in X*. This comes from the
facts that (i*) the norm topology of the dual is equivalent to the strong*-topology and
(ii*) a Banach space is reflexive iff it is semireflexive from [5,6]. (if) For a clc-space X,
the uniform boundedness principles for a Banach space appear in two different forms:
(i*) w*-bounded sets are equicontinuous iff X is barrelled; (ii*) w*-bounded sets are
strong*-bounded iff X is a B - M space. These two different forms coexist in quasi-bar-
relled spaces since strong*-bounded sets are equicontinuous in this case. Remember
that a quasi-barrelled B - M space is a barrelled space.

Now, let us inspect some impacts of thick sets using these principles. The following
theorems extend the main results of [2,5] in these respects.

Theorem 2.4. Let (X, T) be a B - M space and A be a thick subset of X. Suppose
that B € X* is pointwise bounded on A4, i.e., the set B(x) = {f{x): f€ B} is bounded in R
for each x € A. Then B is strong*-bounded.

Proof. Since X is a B - M space, so also is X*. Hence, if we show that B is a w*-
bounded then we have that B is also strong*-bounded. Let A, = {x e A : |[f(x)| < n,
for each fin B}, so that each A4, = [(1/n)B]° N A and A = Elen, (A;). Since A is thick,

=
there is a positive integer m such that A,, is norming for (X, 7)*. Then co (+A,,)
includes a neighborhood of 0. But co’ (+A,,) € [(1 /m)B]* since a polar is an absolutely
convex and closed set. This implies [(1/m)B]" is a neighborhood of 0 in (X, 7) and
hence (1/m)B is an equicontinuous set in (X, T)*. This implies B is a weak*-bounded
set in (X, T)*.

Definition 2.4. A subset A of a clc-space X means to have the equicontinuity prop-
erty if for every clc-space Y, every family (7,) € L(X, Y) which is pointwise bounded
on A is equicontinuous.

Theorem 2.5. Let A be a thick subset of a clc-space X. Then the following three con-
ditions are equivalent: (i) A has the equicontinuity property for clc-spaces; (ii) A has
the equicontinuity property for R; (iii) X is barrelled.
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Proof. (i) = (ii) is obvious. For (if) = (iii), let A have the equicontinuity property for
R. This means that a set B € X* which is pointwise bounded on A is equicontinuous.
Suppose U € X is a barrel and f € . Pick some x € X, and let ¢ > 0 so that ex € UL
Then |[flx)| = (1/e)|f(ex)| < 1/e. Hence [] is w*-bounded since «x is arbitrary. This
implies, clearly, that {7 is pointwise bounded on A, and hence equicontinuous by the
hypothesis. Moreover, {J = [J because U is absolutely convex. Thus, it is a neighbor-
hood of 0 since it is the polar of an equicontinuous set, whence X is barrelled. For (iii)
= (i), let Y be a clc-space and S be any subset of L(X, Y) such that S(x) = {T(x): Te L
(X, Y)} is bounded in Y for each x € A. In a similar way to the proof of Theorem 2.4
shows that S is pointwise bounded on the whole space, and hence equicontinuous
from Theorem 2.1.
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