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Abstract

In this paper, we suggest a hybrid method for finding a common element of the set
of solution of a monotone, Lipschitz-continuous variational inequality problem and
the set of common fixed points of an infinite family of nonexpansive mappings. The
proposed iterative method combines two well-known methods: extragradient
method and CQ method. Under some mild conditions, we prove the strong
convergence of the sequences generated by the proposed method.
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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm || - ||. Let C be
a nonempty closed convex subset of H. Let A : C — H be a nonlinear operator. It is well
known that the variational inequality problem VI(C, A) is to find u € C such that

(Au,v—u) >0, VveC.

The set of solutions of the variational inequality is denoted by Q.

Variational inequality theory has emerged as an important tool in studying a wide
class of obstacle, unilateral and equilibrium problems, which arise in several branches
of pure and applied sciences in a unified and general framework. Several numerical
methods have been developed for solving variational inequalities and related optimiza-
tion problems, see [1,1-25] and the references therein. Let us start with Korpelevich’s
extragradient method which was introduced by Korpelevich [6] in 1976 and which
generates a sequence {x,} via the recursion:

vn = Pclxn — AMAxy],

(1.1)
Xn+1 = PC[xn - )\AYn]r n=>0,

where Pc is the metric projection from R” onto C, A : C — H is a monotone opera-
tor and A is a constant. Korpelevich [6] proved that the sequence {x,} converges
strongly to a solution of V I(C, A). Note that the setting of the space is Euclid space
R".
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Korpelevich’s extragradient method has extensively been studied in the literature for
solving a more general problem that consists of finding a common point that lies in
the solution set of a variational inequality and the set of fixed points of a nonexpansive
mapping. This type of problem aries in various theoretical and modeling contexts, see
e.g., [16-22,26] and references therein. Especially, Nadezhkina and Takahashi [23]
introduced the following iterative method which combines Korpelevich’s extragradient
method and a CQ method:

xo=x€C,

Yn = Pc[xn — AnAxy],

Zp = dpXy + (1 — o) SPc[xn — AnAynl,
Ch={zeC:llza—zll =l x—2zl}
Qn={2€C:{xs —2,x—x,) = 0},

Xne1 = Pc,nQ,xm>0,n >0,

where Pc is the metric projection from H onto C, A : C — H is a monotone

k-Lipschitz-continuous mapping, S : C — C is a nonexpansive mapping, {1,} and {«,}
are two real number sequences. They proved the strong convergence of the sequences
{x.), .} and {z,} to the same element in Fix(S) N Q. Ceng et al. [25] suggested a new
iterative method as follows:

Vn = PC[xn - )”nAxn]r

Zn = onXn + (1 — @) SuPc[xn — AnAyal,

Ci={fzeC:illzp—z = lxa—zl},

find x,,.1 € C, such that

(Xn — Xns1 + €n — OpAXpi1, Xne1 — X) > —&n, VX € Cy,

where A : C — H is a pseudomonotone, k-lipschitz-continuous and (w, s)-sequen-

tially-continuous mapping, {Si}ﬁ 1 : C — C are N nonexpansive mappings. Under some
mild conditions, they proved that the sequences {x,}, {y,} and {z,} converge weakly to
the same element of ﬂﬁl Fix(S;) N @ if and only if lim inf,(Ax,, x - x,,) 2 0, Vx € C.
Note that Ceng, Teboulle and Yao’s method has only weak convergence. Very recently,
Ceng, Hadjisavvas and Wong further introduced the following hybrid extragradient-
like approximation method

xo € C,

Yn = (1 — vu)xn + yuPclxn — AnAxy],

zn = (1 — ay — Bn)xn + anyn + BuSPc[xn — AnAyn],

Co={zeCillan—2l® <l xn—zl”+(3 = 3yn+an)b” | Axull*},

Qn={z€C:(xn —2z,% —xp) = 0},

Xn+1 = Pc,nq,%o,

for all #n > 0. It is shown that the sequences {x,}, {y,}, {z,,} generated by the above
hybrid extragradient-like approximation method are well defined and converge strongly
to Prsna-

Motivated and inspired by the works of Nadezhkina and Takahashi [23], Ceng et al.
[25], and Ceng et al. [27], in this paper we suggest a hybrid method for finding a com-
mon element of the set of solution of a monotone, Lipschitz-continuous variational

inequality problem and the set of common fixed points of an infinite family of
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nonexpansive mappings. The proposed iterative method combines two well-known
methods: extragradient method and CQ method. Under some mild conditions, we
prove the strong convergence of the sequences generated by the proposed method.

2 Preliminaries
In this section, we will recall some basic notations and collect some conclusions that
will be used in the next section.

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping A :
C — H is called monotone if

(Au — Av,u —v) > 0,Vu,v e C.
Recall that a mapping S : C — C is said to be nonexpansive if
ISx=Syll <llx—yl V¥xyeC
Denote by Fix(S) the set of fixed points of S; that is, Fix(S) = {x € C: Sx = x}.
It is well known that, for any u € H, there exists a unique uy € C such that
lu—up ||l=inf{]] u —x| : x € C}.

We denote uy by Pc[u], where Pc is called the metric projection of H onto C. The
metric projection Pc of H onto C has the following basic properties:

() [1Pclx] - Pely] 1] <[] - ]| for all 2, y € H.
(ii) (x - Pclx], y - Pclx]) < O forallx e H,ye C.
(iii) The property (ii) is equivalent to

I x — Pelx]I*+ |y — Pclx]II* <llx—yl,VxeHyeC.

(iv) In the context of the variational inequality problem, the characterization of the

projection implies that

u€ Q< u=Pclu— Au|, VA > 0.

Recall that H satisfies the Opial’s condition [28]; i.e., for any sequence {x,} with x,

converges weakly to x, the inequality

lim inf || x, —x || < lim inf || x, — y |
n—-oo n—oo

holds for every y € H with y = «.

Let C be a nonempty closed convex subset of a real Hilbert space H. Let {S;};5) be
infinite family of nonexpansive mappings of C into itself and let {&}{5) be real number
sequences such that 0 < & < 1 for every i € N. For any n € N, define a mapping W,
of C into itself as follows:

Upni =1,
Unn = EnSnUnni1 + (1 — &),
Unn-1 =En—1Sn—1Unn + (1 — &—1)1,

Unt = &Seln e + (1 — &)L (2.1)
Unj—1 = &e—1Sk—1Uns + (1 — &-1)1,

Uno = &S:Uns + (1 — &),
Wp=U1 =6S1Uyo + (1 — &)L
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Such W, is called the W -mapping generated by {S;}75; and {&}75.

We have the following crucial Lemmas 3.1 and 3.2 concerning W, which can be
found in [29]. Now we only need the following similar version in Hilbert spaces.

Lemma 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
S1, Sy, ... be nonexpansive mappings of C into itself such that (-, Fix(Sp)is nonempty,
and let &), &, ... be real numbers such that 0 < & < b <1 for any i € N. Then, for every
x € Cand ke N, the limit lim,,_,., U, ;x exists.

Lemma 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
S1, So, ... be nonexpansive mappings of C into itself such that (-, Fix(Sp)is nonempty,
and let &1, &, ... be real numbers such that 0 < &; < b <1 for any i € N. Then,
Fix(W) = (2, Fix(Sn)-

Lemma 2.3. (see [30]) Using Lemmas 2.1 and 2.2, one can define a mapping W of C
into itself as: Wx = lim,,_,.. W,x = lim,,_,.. U, 1%, for every x € C. If {x,,} is a bounded
sequence in C, then we have

lim || Wx, — Wyx, ||= 0.
n—oo

We also need the following well-known lemmas for proving our main results.

Lemma 2.4. ([31]) Let C be a nonempty closed convex subset of a real Hilbert space
H. Let S: C — C be a nonexpansive mapping with Fix(S) = &. Then S is demiclosed on
G ie, ify, > ze Cweakly and y, - Sy, — y strongly, then (I - S)z = y.

Lemma 2.5. ([32]) Let C be a closed convex subset of H. Let {x,} be a sequence in H
and u € H. Let q = Pclu]. If {x,} is such that w,(x,) € C and satisfies the condition

lxp—ull <|u—gql forall n.

Then x,, — q.
We adopt the following notation:

« For a given sequence {x,} € H, »,,(x,) denotes the weak w-limit set of {x,}; that
is, ww(xy) ={x e H: {xn;} converges weakly to x for some subsequence {nj} of {n}}.
» x, — x stands for the weak convergence of (x,) to x;

» x, — x stands for the strong convergence of (x,) to x.

3 Main results
In this section we will state and prove our main results.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A : C — H be a monotone, k-Lipschitz-continuous mapping and let {Sp};2,be an
infinite family of nonexpansive mappings of C into itself such that
Mooy Fix(Sy,) NQ # . Let x, = xg € C. For Cy = C, let {x,}, (.} and {z,} be sequences

generated by

Yn = Pc, [%n — AnAxy],
Zp = Ay + (1 — on)WiPc, [xn — AnAyn], (3.1)
Conn={z€Cp:llza—zll <llxn—2z|}, '

Xns1 = Pc,, [x0]l,n > 1,

where W, is W -mapping defined by (2.1). Assume the following conditions hold:
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(@) 4.} < la, b] for some a, b e (0, 1/k);
(i0) {o,} < [0, ¢] for some c € [0, 1).

Then the sequences {x,}, {y,} and {z,} generated by (3.1) converge strongly to the same
point P Fixs,)nal¥ol

Next, we will divide our detail proofs into several conclusions. In the sequel, we
assume that all assumptions of Theorem 3.1 are satisfied.

Conclusion 3.2. (1) Every C,, is closed and convex, n > 1;

(2) M2y Fix(Sn) N2 C Cuir, Yn > 1,
(3) {x,,41) is well defined.

Proof. First we note that C; = C is closed and convex. Assume that C; is closed and
convex. From (3.1), we can rewrite Cy,, as
X, + 2,

Cri1={z€C: (z 5

1 %k _xk> = O}'

It is clear that Cy,; is a half space. Hence, Cy,; is closed and convex. By induction,
we deduce that C, is closed and convex for all » > 1. Next we show that
Mooy Fix(S,) NQ C Cpyr, Vo > L

Set t, = P, [xn — AnAyn] for all m > 1. Pick up u € ﬂgﬁl Fix(Sn) N . From property
(iii) of Pc, we have

It — ull® < [ Xn — AnAyn — ull>= || % — AnAyn — ta?
= || xn — ull>= || %0 — tall® + 220 (Ayn, u — 1) (3.2)
= 2 = ull®= Il 0 = tall® + 200 (A, 1 = V) + 200 {AVn, Y = tn).

Since ue Qandy, e C, € C, we get

(Au, yn —u) > 0.
This together with the monotonicity of A imply that

(AYn,yn —u) > 0. (3.3)
Combine (3.2) with (3.3) to deduce

2 2 2
Il tn —ull® < I xn —ull"= Il X — tall” + 220 {AVn, Y — tn)

Il x, — u||2_ | %, — Yn”2 = 2% =Y Vn — )=l yu — tn”z
+ 200 (A, Y — ta) (3.4)
=l xp — “”2_ Il x, — Yn||2_ | yn — tn||2
+2(Xn — AnAYn — Vo tn — V).
Note that y, = Pc,[xn — AnAxn] and ¢, € C,. Then, using the property (ii) of Pc, we
have

(Xn — AnAXy — Yn, tn — Yn) < 0.
Hence,

(Xn — AnAYn — Vno tn — Yn) = (Xn — AnAXn — VYn, tn — Vn) + (AnAXn — AnAYn, tn — Vn)
< (AMAx, — )VnAan Iy — Yn> (35)
Skl %0 = ya lll ta—va Il -
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From (3.4) and (3.5), we get

I tn —ull® < 120 — ull®= 1l X0 — yull>= 1| yn = tall> + 220k 1| X — yu [l tw — i |
< |l x, = “”2_ I xp — Yn||2_ Ilyn — tn||2 +)\%k2 Il xp — )/n||2+ Il yn — tn”z
2 212 2
= |l xn —ull® + (A2K* = 1) || %0 — yul

2
< |l xn —ull”.

(3.6)

Therefore, from (3.6), together with z,, = a,x, + (1 )W, t,, and u = W,u, we get
Il 20— ull® = || etn (0 — u) + (1 = o) (Watn — )12
< o || n = ul® + (1= o) || Wity — ull?
< o | 2 —ul? + (1 — o) || ta — ul? (3.7)
< I xn = ull® + (1 — o) (Ak? = 1) || % — yull?
<% —ul?,
which implies that

ue Cn+1-

Therefore,
o0
() Fix(Sy) N2 C Cp1, Y > 1.
n=1

This implies that {x,,,} is well defined. O

Conclusion 3.3. The sequences {x,}, {z,,} and {t,} are all bounded and lim,, .. || x,, - xo ||
exists.

Proof. From xp.1 = Pg,,, [x0], we have

(X0 — Xn+1,Xnse1 —¥) = 0,y € Cpy1.
Since (2, Fix(Sn) N2 C Cyy1, we also have

oo
(X0 — Xne1, X — u) = 0,Vu € (1) Fix(Sy) N Q.

n=1
So, for u € (M2, Fix(S,) N 2, we have

0 < (X0 — Xps1, Xps1 — U)

= (X0 — Xp+1, Xne1 — Xo + Xo — U)

2
- ” X0 — Xn+1 ” + (xO — Xn+1,X0 — u)

2
< =l %0 — %1 17+ Il X0 — X1 Il X0 —u || .
Hence,
o0
Il %0 = %ne1 || < [l %0 — u |, Yu € (1) Fix(Sp) N, (3.8)
n=1

which implies that {x,;} is bounded. From (3.6) and (3.7), we can deduce that {z,} and
{t,} are also bounded.

From x, = Pc,[%o0] and X441 = Pc,,, [¥0] € Cnse1 C Cy, we have

(X0 — Xn, Xn — Xps1) = 0. (3.9)

Page 6 of 10
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As above one can obtain that

0 < — Il %0 = %all*+ Il X0 = xn [l X0 = %Xnan I,
and therefore

%0 = Xn Il < Il Xo — Xps1 |l -

This together with the boundedness of the sequence {x,} imply that lim,, .. || x,, - %o ||

exists.
Conclusion 3.4. lim,, ,.. ||%,.1 - x,|| = lim,, e ||%, - ¥,|| = lim, o ||x, - 2,4]] =
lim,, o ||%, - t,|| = 0 and lim,,_,.. ||x, - W,x,|| = lim,_,. ||x, - Wx,|| = 0.

Proof. 1t is well known that in Hilbert spaces H, the following identity holds:

lx—=yl? = x>~ Iyl = 2x = y,p), V¥xyeH

Therefore,
2 2
| Xne1 — xnll” = || (xns1 — X0) — (X0 — X0) |l
2 2
= |l Xps1 — Xoll“— Il Xu — Xoll” — 2{(Xns1 — Xn, Xn — Xo),
and by (3.9)

2 2 2
I %pe1 = Xnll” < Il X —x0l"— Il 0 — xo0ll”

Since lim,,_,.. ||x, - xo|| exists, we get ||%,.1 - %o||* - ||, - %0||> = 0. Therefore,

lim | Xne1 — %0 || = 0.
n—oo

Since x,,,, € C,, we have
| zn — Xne1 Il < Il %0 — X1 I,
and hence
I xn —2zn | < Il X0 — X1 | + 1| X1 — 20 |l
< 2 ” Xn+1 — Xn ”
— 0.
For each u € (2, Fix(S,) N Q, from (3.7), we have

1
(1—an)(1 - 2202)
1
= (1—a)(1 - 2212)

2 2 2
I X —yull® = (I xn — ull™= Il 20 — ull)

(lxn —ull+ 2o —ull) l xn—2nll .

Since ||x, - z,|]| = 0 and the sequences {x,} and {z,} are bounded, we obtain [|x,, -
Yull = 0.

We note that following the same idea as in (3.6) one obtains that
ltn = ul? < 1l — ul? + (Al = 1) |y — tall.
Hence,

| zn — u”2 <oap ||l x; — u”2 +(1—an) |l th— u”2
<apll X, — u”2 + (1 - Oln)(” Xn — u”2 + (}\%kz - 1) | yn — tn”z)

=l xu — u||2 +(1 - an)(k%kz — 1) llyn— tn||2-
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It follows that

1
th — yull® < Xy — ull?— || 2y — u?
I tn = ynll” = (l—an)(l—kﬁkz)(|| n—ul*= I za — ull)
1
5(1 w1 AZkz)(llxn—UlHllzn—ull)||xn—Zn||
—a)(1 - A2
— 0.

Since A is k-Lipschitz-continuous, we have ||Ay, - At,|| — 0. From
X0 —ta l <%0 —pn I+ 11 yn—tall,

we also have
Il %0 —tn | = O.

Since z,, = a,x,, + (1 - a,)W,t,,, we have
(1 — an)(Watn — ta) = an(tn — Xn) + (20 — tn).

Then,
(1 - C) | Waty — 1 | < (1 - O5r1) | Wity — |l

Saplltp—xp l + | 2n =ty ||

S(T+an) ltn =20 |l + 1 20 —2xn |
and hence || ¢, - W,t, || = 0. To conclude,

| %0 — Wakn | S %0 —tu | + 1| tn — Whata | + | Wity — Wixy ||
Sl —tu ll+ 1t — Waty || + || & — x|l

<20 xp—ta 1+l tn — Waty |l .

So, ||x, - W,x,|| = 0 too. On the other hand, since {x,} is bounded, from Lemma

2.3, we have lim,_,.. ||W,x, - Wx,|| = 0. Therefore, we have
lim || x, — Wx, || = 0.
n—oo
O

Finally, according to Conclusions 3.3-3.5, we prove the remainder of Theorem 3.1.
Proof. By Conclusions 3.3-3.5, we have proved that

lim || x, — Wx, || = 0.
n—oo

Furthermore, since {x,} is bounded, it has a subsequence {x;} which converges
weakly to some ii € C; hence, we have limj [l x5, — Wxy, |I= 0. Note that, from
Lemma 2.4, it follows that I - W is demiclosed at zero. Thus @ € Fix(W). Since
ta = Pc,[%n — AnAyn), for every x € C,, we have

(X — ApAYn — ty, ty —x) > 0

hence,

—t
(X — b, Ayn) = (x—tp, ")
.
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Combining with monotonicity of A we obtain

(x - tnrAx> > (x —ln, Atn)
(x — tn, Aty — Ayp) + (x — tn, Ayn)
Xn — ty

(x — ty, Aty — Ayp) + (x — tp, ).
An

v

Since lim,,_,..(x, - £,) = lim,_,..(y,, - £,) = 0, A is Lipschitz continuous and 4,, > a > 0,
we deduce that

{(x —u, Ax) = lim (x — t, Ax) > 0.

n]'—)OO

This implies that fie Q Consequently, i€ (2, Fix(S,)NQ That is,
ow(Xn) C ey Fix(Sy) NS
In (3.8), if we take u = P, Fix(s,)nal%o], we get

I X0 — Xns1 II < Il X0 — Prye; Fixgs,)nel*ol Il - (3.10)

Notice that wy(xs) C oy Fix(Sy) N 2. Then, (3.10) and Lemma 2.5 ensure the
strong convergence of {x,.,1} to PN, Fix(s,)ne [x0]. Consequently, {y,} and {z,} also con-
verge strongly to Pm,;";l Fix(S”)mQ[xO]. This completes the proof.

Remark 3.5. Our algorithm (3.1) is simpler than the one in [23] and we extend the
single mapping in [23] to an infinite family mappings. At the same time, the proofs are
also simple.
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