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Abstract

In this paper, we introduce and study some new classes of extended general
nonlinear regularized non-convex variational inequalities and the extended general
nonconvex Wiener-Hopf equations, and by the projection operator technique, we
establish the equivalence between the extended general nonlinear regularized
nonconvex variational inequalities and the fixed point problems as well as the
extended general nonconvex Wiener-Hopf equations. Then by using this equivalent
formulation, we discuss the existence and uniqueness of solution of the problem of
extended general nonlinear regularized nonconvex variational inequalities. We apply
the equivalent alternative formulation and a nearly uniformly Lipschitzian mapping S
for constructing some new p-step projection iterative algorithms with mixed errors
for finding an element of set of the fixed points of nearly uniformly Lipschitzian
mapping S which is unique solution of the problem of extended general nonlinear
regularized nonconvex variational inequalities. We also consider the convergence
analysis of the suggested iterative schemes under some suitable conditions.
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1 Introduction

The theory of variational inequalities, which was initially introduced by Stampacchia
[1] in 1964, is a branch of the mathematical sciences dealing with general equilibrium
problems. It has a wide range of applications in economics, optimizations research,
industry, physics, and engineering sciences. Many research papers have been written
lately, both on the theory and applications of this field. Important connections with
main areas of pure and applied sciences have been made, see for example [2,3] and the
references cited therein. The development of variational inequality theory can be
viewed as the simultaneous pursuit of two different lines of research. On the one hand,
it reveals the fundamental facts on the qualitative aspects of the solution to important
classes of problems; on the other hand, it also enables us to develop highly efficient
and powerful new numerical methods to solve, for example, obstacle, unilateral, free,
moving and the complex equilibrium problems. One of the most interesting and
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important problems in variational inequality theory is the development of an efficient
numerical method. There is a substantial number of numerical methods including pro-
jection method and its variant forms, Wiener-Holf (normal) equations, auxiliary princi-
ple, and descent framework for solving variational inequalities and complementarity
problems. For the applications on physical formulations, numerical methods and other
aspects of variational inequalities, see [1-52] and the references therein.

Projection method and its variant forms represent important tool for finding the
approximate solution of various types of variational and quasi-variational inequalities,
the origin of which can be traced back to Lions and Stampacchia [31]. The projection
type methods were developed in 1970’s and 1980’s. The main idea in this technique is
to establish the equivalence between the variational inequalities and the fixed point
problems using the concept of projection. This alternate formulation enables us to sug-
gest some iterative methods for computing the approximate solution. Shi [50,51] and
Robinson [48] considered the problem of solving a system of equations which are
called the Wiener-Hopf equations or normal maps. Shi [50] and Robinson [48] proved
that the variational inequalities and the Wiener-Hopf equations are equivalent by using
the projection technique. It turned out that this alternative equivalent formulation is
more general and flexible. It has shown in [48-53] that the Wiener-Hopf equations
provide us a simple, elegant and convenient device for developing some efficient
numerical methods for solving variational inequalities and complementarity problems.

It should be pointed that almost all the results regarding the existence and iterative
schemes for solving variational inequalities and related optimizations problems are
being considered in the convexity setting. Consequently, all the techniques are based
on the properties of the projection operator over convex sets, which may not hold in
general, when the sets are nonconvex. It is known that the uniformly prox-regular sets
are nonconvex and include the convex sets as special cases, for more details, see for
example [23,28,29,46]. In recent years, Bounkhel et al. [23], Noor [36,41] and Pang et
al. [45] have considered variational inequalities in the context of uniformly prox-regu-
lar sets.

On the other hand, related to the variational inequalities, we have the problem of
finding the fixed points of the nonexpansive mappings, which is the subject of current
interest in functional analysis. It is natural to consider a unified approach to these two
different problems. Motivated and inspired by the research going in this direction,
Noor and Huang [43] considered the problem of finding the common element of the
set of the solutions of variational inequalities and the set of the fixed points of the
nonexpansive mappings. Noor [38] suggested and analyzed some three-step iterative
algorithms for finding the common elements of the set of the solutions of the Noor
variational inequalities and the set of the fixed points of nonexpansive mappings. He
also discussed the convergence analysis of the suggested iterative algorithms under
some conditions.

Recently, Qin and Noor [47] established the equivalence between general variational
inequalities and general Wiener-Hopf equations. They proposed and analyzed a new
iterative method for solving variational inequalities and related optimization problems.
They also considered the problem of finding a comment element of fixed points of
nonexpansive mappings and the set of solution of the general variational inequalities.
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It is well known that every nonexpansive mapping is a Lipschitzian mapping.
Lipschitzian mappings have been generalized by various authors. Sahu [53] introduced
and investigated nearly uniformly Lipschitzian mappings as generalization of Lipschit-
zian mappings.

Motivated and inspired by the above works, at the present paper, some new classes
of the extended general nonlinear regularized nonconvex variational inequalities and
the extended general nonconvex Wiener-Hopf equations are introduced and studied,
and by the projection technique, the equivalence between the extended general non-
linear regularized nonconvex variational inequalities and the fixed point problems as
well as the extended general nonconvex Wiener-Hopf equations is proved. Then by
using this equivalent formulation, the existence and uniqueness of solution of the pro-
blem of extended general nonlinear regularized nonconvex variational inequalities are
discussed. Applying the equivalent alternative formulation and a nearly uniformly
Lipschitzian mapping S, some new p-step projection iterative algorithms with mixed
errors for finding an element of the set of fixed points of nearly uniformly Lipschitzian
mapping S which is a unique solution of the problem of extended general nonlinear
regularized nonconvex variational inequalities are defined. The convergence analysis of
the suggested iterative schemes under some suitable conditions is discussed. Some
remarks about established statements by Noor [38], Noor et al. [44] and Qin and Noor
[47] are presented. Also, this fact that their statements are special cases of our results
is shown. The results obtained in this paper may be viewed as an refinement and
improvement of the previously known results.

2 Preliminaries and basic results
Throughout this article, we will let 7{ be a real Hilbert space which is equipped with
an inner product (.,.) and corresponding norm ||cdot|| and K be a nonempty convex
subset of # . We denote by d{(-) or d(., K) the usual distance function to the subset K,
ie., dx(u) = lijglfﬂu — V|l Let us recall the following well-known definitions and some
auxiliary results of nonlinear convex analysis and nonsmooth analysis [27-29,46].
Definition 2.1. Let y € # is a point not lying in K. A point v € K is called a closest
point or a projection of u onto K if dy(u) = ||u - v||. The set of all such closest points
is denoted by Px(u), i.e.,

Px(u) :={veK:dk(u) = |lu—1v|}.

Definition 2.2. The proximal normal cone of K at a point y € H with u ¢ K is given
by

NP (u) := (€ € H : u € Px(u + ) for some o > 0}.

Clarke et al. [28], in Proposition 1.1.5, give a characterization of NE(u) as follows:

Lemma 2.3. Let K be a nonempty closed subset in H . Then & € N&(u)if and only if
there exists a constant o = o (&, u) >0 such that (&, v - uy < a||v - u||* for all ve K.

The above inequality is called the proximal normal inequality. The special case in
which K is closed and convex is an important one. In Proposition 1.1.10 of [28], the
authors give the following characterization of the proximal normal cone the closed and
convex subset K ¢ H :
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Lemma 2.4. Let K be a nonempty closed and convex subset in H . Then & € Nk(u)if
and only if (& v - u) <0 forallve K

Definition 2.5. Let X is a real Banach space and f: X — R be Lipschitzian with con-
stant 7 near a given point x € X, that is, for some ¢ >0, we have |f(y) - flz)| < 7||y - ||
for all y, z € B(x; ¢), where B(x; ¢) denotes the open ball of radius » >0 and centered at
x. The generalized directional derivative of f at x in the direction v, denoted by f°(x; v),
is defined as follows:

() = limsup? O S0,
y=x,640 t

where y is a vector in X and ¢ is a positive scalar.

The generalized directional derivative defined earlier can be used to develop a notion
of tangency that does not require K to be smooth or convex.

Definition 2.6. The tangent cone Ti{x) to K at a point x in K is defined as follows:

Tx(x) :={veH:dyg(x;v) =0}

Having defined a tangent cone, the likely candidate for the normal cone is the one
obtained from Ty(x) by polarity. Accordingly, we define the normal cone of K at x by
polarity with T{x) as follows:

Ni(x) :=1{&:(§,v) <0, Wve Tx(x)}.

Definition 2.7. The Clarke normal cone, denoted by N%(x), is given by
N&(x) = co[NE(x)], where co[S] means the closure of the convex hull of S. It is clear
that one always has N¥(x) € N%(x). The converse is not true in general. Note that

Ng(x) is always closed and convex cone, whereas Ng(x) is always convex, but may

not be closed (see [27,28,46]).

In 1995, Clarke et al. [29] introduced and studied a new class of nonconvex sets
called proximally smooth sets; subsequently, Poliquin et al. in [46] investigated the
aforementioned sets, under the name of uniformly prox-regular sets. These have been
successfully used in many nonconvex applications in areas such as optimizations, eco-
nomic models, dynamical systems, differential inclusions, etc. For such as applications
see [20-22,24]. This class seems particularly well suited to overcome the difficulties
which arise due to the nonconvexity assumptions on K. We take the following charac-
terization proved in [29] as a definition of this class. We point out that the original
definition was given in terms of the differentiability of the distance function (see [29]).

Definition 2.8. For any r € (0, +eo], a subset K, of H is called normalized uniformly
prox-regular (or uniformly r-prox-regular [29]) if every nonzero proximal normal to K,
can be realized by an r-ball.

This means that for all x € K, and 0 #§ € Ny (¥) with [|¢]| = 1,
I
(i:rx_x>§ ||x_x|| ’ VxeKr~
2r

Obviously, the class of normalized uniformly prox-regular sets is sufficiently large to
include the class of convex sets, p-convex sets, C""' submanifolds (possibly with
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boundary) of 7{ , the images under a C"' diffeomorphism of convex sets and many
other nonconvex sets, see [25,29].

Lemma 2.9. [29]A closed set K C H is convex if and only if it is proximally smooth
of radius r for every r >0.

If r = +oo, then in view of Definition 2.8 and Lemma 2.9, the uniform r-prox-regular-
ity of K is equivalent to the convexity of K,, which makes this class of great impor-
tance. For the case of that r = +, we set K, = K.

The following proposition summarizes some important consequences of the uniform
prox-regularity needed in the sequel. The proof of this results can be found in [29,46].

Proposition 2.10. Let r >0 and K, be a nonempty closed and uniformly r-prox-regu-
lar subset of H . Set U(r) ={ue H :0 < dk (u) <r}. Then the following statements
hold:

(a) For all x € U(r), one has Pk, (x) # 9;
(b) For all ¥ € (0, r), Pk, is Lipschitzian continuous with constant ', on
U(r)={ueH:0 <dg(u) <r};

(c) The proximal normal cone is closed as a set-valued mapping.

As a direct consequent of part (c) of Proposition 2.10, we have NI%(x) = NII;(x).

Therefore, we will define Nk, (x) := NI% (x) = Nﬁr (x) for such a class of sets.

In order to make clear the concept of r-prox-regular sets, we state the following con-

crete example: The union of two disjoint intervals [, b] and [c, d] is r-prox-regular
with r = C;b . The finite union of disjoint intervals is also r-prox-regular and r depends
on the distances between the intervals.

Definition 2.11. Let T, g: H — H be two single-valued operators. Then the opera-

tor T is said to be:

(a) monotone if

(T(x) =T(y),x—y) =0, VxyeH;

(b) r-strongly monotone if there exists a constant » >0 such that

(T(x) = T(y),x—y) = rllx—ylI>, VxyeH;

(c) k-strongly monotone with respect to g if there exists a constant x >0 such that

(T(x) — T(y), 8(x) — g(»)) = «llx —yII>, Vx,yeH;
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(d) (& ¢)-relaxed co-coercive if there exist constants & ¢ >0 such that

(T(x) = T(y), x —y) = — E[IT(x) = TWII* + sllx—ylI>, VxryeH;

(e) y-Lipschitzian continuous if there exists a constant ¥ >0 such that
IT(x) =TI < vllx =Vl VxyeH.

In the next definitions, several generalizations of the nonexpansive mappings which
have been introduced by various authors in recent years are stated.
Definition 2.12. A nonlinear mapping T : H — H 1is said to be:

(a) nonexpansive if

Tx =Tyl < llx—yll, VxyeH;

(b) L-Lipschitzian if there exists a constant L >0 such that

ITx —Tyll < Lllx—yll, Vx,yeH;

(c) generalized Lipschitzian if there exists a constant L >0 such that

ITx = Tyll < L(llx —yll+ 1), Vx,y € H;

(d) generalized (L, M)-Lipschitzian [53] if there exist two constants L, M >0 such
that

ITx— Tyl < L(lx —yll + M), Vaye#;

(e) asymptotically nonexpansive [54] if there exists a sequence {k,} € [1, ) with

nlggo kn =1 such that, for each n e N,

T — Tyl < kallx = yIl,  Vx,y € H;

(f) pointwise asymptotically nonexpansive [55] if, for each integer n € N,

[IT"x — T"|| < an(x)llx —yIl, Vx,yeH,

where ,, > 1 pointwise on X;

Page 6 of 34
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(g) uniformly L-Lipschitzian if there exists a constant L >0 such that, for each n €
N,

[IT"x —T"|| < Lllx—yll, Vx,yeH.

Definition 2.13. [53] A nonlinear mapping T : H — H is said to be:

(a) nearly Lipschitzian with respect to the sequence {a,} if for each n € N, there
exists a constant k,, >0 such that

IT"x = T"yI| < ka(llx =yl + an), Vx,y€H, (2.1)

where {a,} is a fix sequence in [0, «) with a,, — 0 as n —> .
The infimum of constants k,, in (2.1) is called nearly Lipschitz constant, which is
denoted by n(T "). Notice that

[1T"x = T"yl|

‘X, y € H,x }
=yl + ay 7 Y

-

A nearly Lipschitzian mapping T with the sequence {(a,, n(T "))} is said to be:
(b) nearly nonexpansive if n(T") = 1 for all n € N, that is,

NT"x —T"y|| < |Ix—yll+ an, Vx,y€H;

(c) nearly asymptotically nonexpansive if n(T") < 1 for all » € N and
nlgfolo n(T") = 1, in other words, k, > 1 for all 7 € N with nlgfolo ky =1,

(d) nearly uniformly L-Lipschitzian if n(T") < L for all n € N, in other words, k, =
L for all n e N.

Remark 2.14. It should be pointed that

(1) Every nonexpansive mapping is a asymptotically nonexpansive mapping and
every asymptotically non-expansive mapping is a pointwise asymptotically nonex-
pansive mapping. Also, the class of Lipschitzian mappings properly includes the
class of pointwise asymptotically nonexpansive mappings.

(2) It is obvious that every Lipschitzian mapping is a generalized Lipschitzian map-
ping. Furthermore, every mapping with a bounded range is a generalized Lipschit-
zian mapping. It is easy to see that the class of generalized (L, M)-Lipschitzian
mappings is more general that the class of generalized Lipschitzian mappings.

(3) Clearly, the class of nearly uniformly L-Lipschitzian mappings properly includes
the class of generalized (L, M)-Lipschitzian mappings and that of uniformly L-
Lipschitzian mappings. Note that every nearly asymptotically nonexpansive map-
ping is nearly uniformly L-Lipschitzian.
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Now, we present some new examples to investigate relations between these
mappings.

Example 2.15. Let { = R and define a mapping T : H — H as follow:

, x€[0,y],
0 x € (—o00,0) U (y,00),

T(x) = {

where y >1 is a constant real number. Evidently, the mapping 7T is discontinuous at
the points x = 0, . Since every Lipschitzian mapping is continuous, it follows that 7" is

not Lipschitzian. For each n € N, take a, = yln. Then,

1
Tx —Ty| < |x—y|+ = |x—y|l+ a1, YxyeR
14

Since T"z = }1/ for all ze R and n > 2, it follows that for all x, ye R and n > 2,
n n 1
[T"x —=T"y < |x—y|l+ y”= lx —y| + an.

Hence T is a nearly nonexpansive mapping with respect to the sequence {a,} = {},ln }.

The following example shows that the nearly uniformly L-Lipschitzian mappings are
not necessarily continuous.

Example 2.16. Let H = [0, b], where b € (0, 1] is an arbitrary constant real number,
and the self-mapping 7 of H be defined as below:

1= el

where y€ (0, 1) is also an arbitrary constant real number. It is plain that the map-
ping T is discontinuous in the point b. Hence T is not a Lipschitzian mapping. For
each n € N, take a,, = }/“. Then, for all # € N and «, y € [0, b), we have

|T"x — T"y|

ly"x—y"yl =y"lx—yl <y"lx—yl+ y"
Sylk—yl+ y"=y(x—yl+ an).

If x € [0, b) and y = b, then, for each n € N, we have T"x = yY’x and T"y = 0. Since 0
<|x - y| < b <1, it follows that, for all n € N,

IT"x —T"| = |y"x—0] =y"x <y"b<y" <y"lx—yl+ y"
Syle—yl+ y"=y(x—yl+ an).

Hence T is a nearly uniformly 9-Lipschitzian mapping with respect to the sequence
{ag = V).

Obviously, every nearly nonexpansive mapping is a nearly uniformly Lipschitzian
mapping. In the following example, we show that the class of nearly uniformly
Lipschitzian mappings properly includes the class of nearly nonexpansive mappings.

Page 8 of 34
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Example 2.17. Let 7{ = R and the self-mapping T of 7{ be defined as follow:

Jxelo,1)U{2},
T(x)=12x=1,
0x e (—o0,0)U(1,2)U(2,+00).
Evidently, the mapping 7T is discontinuous in the points x = 0, 1, 2. Hence T is not a

Lipschitzian mapping. Take for each n € N, a, = 21,[. Then T is not a nearly nonexpan-

1

sive mapping with respect to the sequence {21n }, because taking x = 1 and y =,

; We

have Tx = 2, Ty = } and
1
ITx — Tyl > Ix—y|+2 = [x—yl+ a1
However,
1
Tx — Ty| < 4(|x—y| + 2) =4(lx—yl+ a1), Vx,yeR
and for all n > 2,

1
|T"x — T"y| §4<|x—y|+ 2n> =4(lx —yl+ an), Vx,y€eR,

since Tz = ; for all ze R and #n = 2. Hence, for each L = 4, T is a nearly uniformly

L-Lipschitzian mapping with respect to the sequence { zln }.

It is clear that every uniformly L-Lipschitzian mapping is a nearly uniformly L-
Lipschitzian mapping. In the next example, we show that the class nearly uniformly L-
Lipschitzian mappings properly includes the class of uniformly L-Lipschitzian
mappings.

Example 2.18. Let 7{ = R and let the self-mapping T of 7 be defined the same as
in Example 2.17. Then T is not a uniformly 4-Lipschitzian mapping. In fact, if x = 1
and y e (1, ;), then we have |Tx - Ty| > 4|x - y| because 0 < |x—y| < ; But, in
view of Example 2.17, T is a nearly uniformly 4-Lipschitzian mapping.

The following example shows that the class of generalized Lipschitzian mappings
properly includes the class of Lipschitzian mappings and that of mappings with
bounded range.

Example 2.19. [26] Let { = R and a mapping T : H — H be defined by

x—1 x € (—o0,—1),
x—\/l—(x+ 1)?xe[-1,0),

xey/1—(x=1) xe[0,1],
x+1 x € (1, 00).

T(x) =

Then T is a generalized Lipschitzian mapping which is not Lipschitzian and whose

range is not bounded.

Page 9 of 34
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3 Extended general regularized nonconvex variational inequality
In this section, we introduce a new problem of extended general nonlinear regularized
nonconvex variational inequality and some special cases of the problem in Hilbert
spaces and investigate their relations.

Let T,f,§:H — H be three nonlinear single-valued operators such that K, € f(H).
We consider the problem of finding uy € H such that g(#) € K, and

(PT() + () — F(w) /) — g} + ) IFG) — QI 20, WeH:f() ek, (3.1

where p >0 is a constant. The problem (3.1) is called the extended general nonlinear
regularized nonconvex variational inequality involving three different nonlinear opera-
tors (EGNRNVID).

Proposition 3.1. If K, is a uniformly prox-regular set, then the problem (3.1) is
equivalent to that of finding u ¢ H such that gu) € K, and

0 € pT(u) +g(u) — f(u) + Ng (8(w)), (32)

where NIIZ (s) denotes the P-normal cone of K, at s in the sense of nonconvex analysis.

Proof. Let y € H with g(u) € K, be a solution of the problem (3.1). If pT(u) + g(u) -
flu) = 0, because the vector zero always belongs to any normal cone, we have

0 € pT(u) +g(u) —f(u) +N1127(g(u)). If pT(u) + g(u) - flu) = 0, then for all v e H
with flv) € K,, one has

(~(T(w) + 80) — ), F(2) — g(u) =, /(W) — W)
Now, by using Lemma 2.3 conclude that —(pT(u) + g(u) — f(u)) € NPr (g(u))and so

0 € pT(u) +g(u) — f(u) + N (8(u)).

Conversely, if 4y € H with g(u) € K, is a solution of the problem (3.2), then Defini-
tion 2.8 guarantees that y e H{ with g(u#) € K, is a solution of the problem (3.1). This
completes the proof.

The problem (3.2) is called the extended general nonconvex variational inclusion
associated with EGNRNVID problem.

Some special cases of the problem (3.1) are as follows:

(1) If g = I (: the identity operator), then the problem (3.1) collapses to the follow-
ing problem: Find u € K, such that

(OT(w) + u = (). f0) =)+ ) (@) ~ulP 20, VweH fO) ek, (3

which is a new problem of general nonlinear regularized nonconvex variational
inequality involving two nonlinear operators (GNRNVID).

(2) If f = g, then the problem (3.1) reduces to the following problem: Find 4 e H
such that g(u) € K, and

Page 10 of 34
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(pT(u), g(v) — g(u)) + ;rllg(v) —gwI? =0, YweH:g(v)ek, (3.4)

which is also a new problem of general nonlinear regularized nonconvex variational

inequality involving two nonlinear operators (GNRNVID).

(3) If g = I, then the problem (3.4) collapses to the following problem: Find u € K,
such that

1
(pT(u),v—uy+ _ |lv—ul> =0, WweK, (3.5)

2r|
which is a new problem of nonlinear regularized nonconvex variational inequality
(NRNVI).

(4) If r = o, i.e., K, = K, the convex set in 7 , then the problem (3.1) changes into
that of finding y € H such that g(u) € K and

(pT(u) +g(u) — f(u), f(v) —g(u)) = 0, VveH:f(v)ekK (3.6)

The inequality of type (3.6) is introduced and studied by Noor [33,39].
(5) If r = o, then the problem (3.3) is equivalent to the problem: Find ul K such
that

(pT(w) +u—f(u),f(v)—u)>0, YveH:f(v)eK. (3.7)

The problem (3.7) is introduced and studied by Noor [34].

(6) If r = oo, then the problem (3.4) reduces to the following problem: Find y €
such that g(u) € K and

(T(u), 8(v) —g(u)) =0, VveH:g(v) €K, (3.8)

which is known as the general nonlinear variational inequality introduced and stu-
died by Noor [37] in 1988.

(7) If r = oo, then the problem (3.5) changes into the problem: Find u# € K such
that

(Tu,v—u) >0, VYvekK. (3.9)

The inequality of type (3.9) is called variational inequality, which was introduced
and studied by Stampacchia [1] in 1964.

Now, we prove the existence and uniqueness theorem for solution of the problem of
extended general nonlinear regularized nonconvex variational inequality (3.1). For this
end, we need to the following lemma in which by using the projection operator techni-
que, we verify the equivalence between the problem (3.1) and the fixed point problem.

Lemma 3.2. Let T, f, g and p >0 be the same as in the problem (3.1). Then y e ‘H
with g(u) € K, is a solution of the problem (3.1) if and only if
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8(u) = P, (f(u) — pT(u)), (3.10)

where Py, is the projection of H onto K,.
Proof. Let y € { with g(u) € K, be a solution of the problem (3.1). Then, by using

Proposition 3.1, we have

0 € pT(u) +g(u) — f(u) + N (8(u))
& f(u) = pT(u) € g(u) + N (8(1))
& f(u) = pT(u) € (I+Ng)(8(w))
< g(u) = Pi.(f(u) — pT(u),

where [ is identity operator and we have used the well-known fact that
Py, = (I+Ng)™".
Theorem 3.3. Let T, f; g and p be the same as in the problem (3.1) such that

(a) T is k-strongly monotone with respect to f and o-Lipschitz continuous;
(b) g is t-strongly monotone and 1-Lipschitz continuous;
(c) f is W-Lipschitz continuous.

If the constant p >0 satisfies the following condition:

K| o e oo -r P ()

|p - 0_2| ro2

T’ > cr\/rzw2 — (=) -p) (3.11)
ro > (r—r)1-pn), wu=y1-Q2r-2)<1,

2t < 1+,

where v’ € (0, r), then the problem (3.1) admits a unique solution.

Proof. Define the mapping ¢ : H — H by
o(x) =x—g(x) + Px.(f(x) — pT(x)), VxeH:gx)eKkK. (3.12)

Now, we establish that ¢ is a contraction mapping. Let x,x € H with g(x), g(X) € K;
be given. It follows from Proposition 2.10 that
llp(x) — () < llx =X — (g(x) — 8ENII + 1Pk, (f(x) — pT(x)) — Pk, (f(X) — pT(X))Il

< =i @ - 3@+ | W 1@ - o -y O
By using 7-strongly monotonicity and ¢-Lipschitzian continuity of g, we have
A —ofAN12 = a2 (n _a A2
[l = &= (800) = gENIIT =[x = 21" = 208(x) — (), x = 1) +1Ig00) =g 5 ;)

< (1 =2t +3)|x - &%

Since T is k-strongly monotone with respect to f and o-Lipschitzian continuous, and
fis w-Lipschitzian continuous, we gain

I (x) = f(R) = p(T(x) = TE)I1?
= [If(x) = f@I1* = 2p(T(x) = T(R), f(x) = F(R) + p?IIT(x) = T(R)]I? (3.15)

< (w? = 2pK + p*c?)|Ix — X|%.
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Substituting (3.14) and (3.15) for (3.13), we obtain
llp(x) — (@) < yllx— x| (3.16)

where
r
y=\/1—21’+L2+r T,\/w2—2p/c+p202. (3.17)

In view of the condition (3.11), we note that 0 < ¥ <1 and so from (3.16) conclude
that the mapping ¢ is contraction. According to Banach fixed point theorem, ¢ has a
unique fixed point in 7 , that is, there exists a unique point y e H with g(u) € K,
such that @(u) = u. It follows from (3.12) that g(u) = Px.(f(u) — pT(u)). Now, Lemma
3.2 guarantees that y € { with g(u) € K, is a solution of the problem (3.1). This com-
pletes the proof.

As in the proof of Theorem 3.3, one can prove the existence and uniqueness theo-
rem for solution of the problems (3.3)-(3.5) and we omit their proofs.

Theorem 3.4. Assume that T, f and p are the same as in the problem (3.3) such that

(a) T is k-strongly monotone with respect to f and o-Lipschitz continuous;
(b) fis W-Lipschitz continuous.
If the constant p >0 satisfies the following condition:

\/rz,(z_ o2 (Pw2—(r—r')%)
!

|p_:2| < ro?

Tk > o\/rzwz— (r—r’)z, (3.18)
ro > (r—r),
where v’ € (0, r), then the problem (3.3) admits a unique solution.
Theorem 3.5. Let T, g and p be the same as in the problem (3.4) such that
(a) T is k-strongly monotone with respect to f and o-Lipschitz continuous;
(b) g is z-strongly monotone and 1-Lipschitz continuous.
If the constant p >0 satisfies the following condition:
o— 51 < «/ﬂﬂ—oﬂ(r%;(r—r’)z(l—u)z),
K > 0\/r2L2 —(r— r’)2(1 — /L)Z, (3.19)
> (r—1)1—p) ,u=\/1 -2r-?) <1,
2t < 1+ L2,

where v € (0, r), then the problem (3.4) admits a unique solution.
Theorem 3.6. Suppose that T and p are the same as in the problem (3.5) such that T
is k-strongly monotone and o-Lipschitz continuous. If the constant p >0 satisfies the fol-

lowing condition:

K \/r2/<2 —o2r'(r' —2r)
< ’

ro2

(3.20)
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where v’ € (0, r), then the problem (3.5) admits a unique solution.

4 Nearly uniformly Lipschitzian mappings and finite step projection iterative
algorithms

In this section, applying a nearly uniformly Lipschitzian mapping S and by using the
fixed point formulation (3.10), we suggest and analyze some new p-step projection
iterative algorithms with mixed errors for finding an element of set of the fixed points
of nearly uniformly Lipschitzian mapping S which is unique solution of the problem of
extended general nonlinear regularized nonconvex variational inequality (3.1).

Let S : K, — K, be a nearly uniformly Lipschitzian mapping. We denote the set of all
the fixed points of S by Fix(S) and the set of all the solutions of the problem (3.1) by
EGNRNVID(K,, T, f, g). We now characterize the problem. If u € Fix(S) N EGNRN-
VID(K,, T, f, g), then it follows from Lemma 3.2 that, for each n > 0,

u=S"=u—g(u)+DPx(f(u) — pT(u)) = S"{u — g(u) + Px,(f(u) — pT(u))}. (4.1)

The fixed point formulation (4.1) enables us to define the following p-step projection
iterative algorithms with mixed errors for finding a common element of two different
sets of solutions of the fixed points of the nearly uniformly Lipschitzian mappings and
the extended general nonlinear regularized nonconvex variational inequalities (3.1).

Algorithm 4.1. Let T, f, g and p be the same as in the problem (3.1). For arbitrary

chosen initial point xy € K,, compute the iterative sequence {x,};°, by the iterative

process
Xn+l1 = (1 — 0y — ﬁn,l)xn + an,l(snw()’n,l) + en,l) + ﬂn,lln,l +Tn1,
Yni= (1 — Op,isl — ﬂn,i+1)xn + an,i+1(snlp()’n,i+1) + en,i+1) + ﬂn,i+lln,i+1 + Tniv1s
Yrp—1 = (1 = ttnp — Bup)xn + an,p(S”\Il(xn) +enp) + Prplnp + Tnp, (4.2)
i=1,2,...,p—2,
where
Y (yni) = ¥ni — 8Wni) + P, (F (Vi) — pT(yni)),
W (xn) = xn — §(xn) + P, (f (xn) — pT(xn)),
i=1,2,...,p—2,
S : K, — K, is a nearly uniformly Lipschitzian mapping, {om,i}nco,

(Bnitoco(i=1,2,...,p) are 2p sequences in interval [0,1] such that
Y oo Bni <00, 3020 Bui < 00, and {enilncy, {nilno, {Mmiteo(i=1,2,...,p) are 3p
sequences in H to take into account a possible inexact computation of the resolvent
operator point satisfying the following conditions: {lni}oco(i=1,2,...,p) are p
bounded sequences in H and Y .o Bni < 00, {Tui}ie are 2p sequences in H such

that
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en,i=eln,i+eﬁn,i: n>0, i= 1,2,...,p

lim [|e/nil] =0, i=1,2,...,p,

"5 > o (4.3)
lle"nill <00, 3 limill <00, i=1,2,....p.

> lle"s, ,

n=0 n=0

Algorithm 4.2. Assume that 7, f and p are the same as in the problem (3.3). For
arbitrary chosen initial point xy € K,, compute the iterative sequence {xn};2, by the
iterative process

Xn+1 = (1 — 0p,1 — ,Bn,l)xn + an,l(SnPKr(f(Yn,l) - pT(yn,l)) + en,l) + ﬁn,lln,l +Tn,1,
Yni = (1 = anivr = Bujie1 )% + &niv1 (S"Pi, (f (Vn,is1) — 0T (Vni1)) + €niv1) + Bujiv1lnict + Tnjis1,

Yrp—1 = (1 — otnp — Bup)xn + tnp(S"Pr;, (f (xn) — pT(xn)) + €np) + Brplnp + Tnps
i=1,2,...,p—2,

where S, {04,i}20, {Bniloco, {enitnco, {lnitaco, {mitoco(i=1,2,...,p) are the same as
in Algorithm 4.1.
Algorithm 4.3. Let T, g and p be the same as in the problem (3.4). For arbitrary

chosen initial point x5 € K,, compute the iterative sequence {x;}5o, as follows:

Xn+1 = (1 — 0p1 — ,Bn,l)xn + an,l(sn(p(}/n,l) + en,l) + ,Bn,lln,l +Tn,1,
Yni= (1 — Upiv1 — ,Bn,i+1)xn + On,ivl (S"‘D()’n,m) + en,i+1) + ,Bn,i+1ln,i+1 + Th,itls

yn,p_l = (1 — anlp — ,Bnlp)xn + Olnlp(anD(xn) + enlp) + ﬁnlplnlp + Tn,p,
i=1,2,...,p—2,

where

D (yni) = Vi — 8(ni) + P, (§(¥ni) — pT(¥ni)).
D(x4) = x4 — (o) + Pr, (8(xn) — pT(x1)),
i=1,2,...,p—2,

and S, {an,i}og, {Bnitide, {enitoco, {nitoc, {mitaco(i=1,2,...,p) are the same as in
Algorithm 4.1.
Algorithm 4.4. Let T and p be the same as in the problem (3.5). For arbitrary cho-

sen initial point xy € K,, compute the iterative sequence {xn};2, by using

Xns1 = (1 —On,1 — ﬂn,l)xn + an,l(SnPK,()’n,l - PT(Yn,l)) + en,l) + /Sn,lln,l + Ty,

Yni = (1 — etnie1 — Buie1)%n + & is1 (S"Pk, (Vnic1 — PT(Vnjin1)) + €njis1) + Brjivtlnict + Tnjist,

Ynp—1 = (1 — Onp — .Bn,p)xn + a",ﬂ(SnPKr (x" - pT(xn)) + eﬂ,p) + ,Bn,pln,p +Tnp,
i=1,2,...,p—2,

where S, {an,i}i2g, {Bnitnco, {enitneo, nitoco, {Mmitneo(i=1,2,...,p) are the same as
in Algorithm 4.1.
Remark 4.5. It should be pointed out that

(1) Ife,; =r,; =0, forall m>0andi =1, 2,..., p, then Algorithms 4.1-4.4 change
into the perturbed iterative process with mean errors.

(2) Whene,;=1,,=r,;,=0,forallm>0andi=1,2,., p, then Algorithms 4.1-4.4
reduce to the perturbed iterative process without error.
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Remark 4.6. Algorithms 2.1-2.6 in [38] and Algorithm 2.1 in [44] are special cases of
Algorithms 4.1-4.4. In brief, for a suitable and appropriate choice of the operators T, f,
g, the constant p, and the sequences {04i}5%, {Bniloco, {enitoco, {lniloco,
{rni}oo(i=1,2,...,p), one can obtain a number of new and previously known itera-
tive schemes for solving the problems (3.1) and (3.3)-(3.5) and related problems. This
clearly shows that Algorithms 4.1-4.4 are quite general and unifying.

Now, we discuss the convergence analysis of the suggested iterative Algorithms 4.1-
4.4 under some suitable conditions. For this end, we need to the following lemma:

Lemma 4.7. Let -a,}, -b,} and -c,} be three nonnegative real sequences satisfying the
Sollowing condition: there exists a natural number ny such that

ape1 < (1 - tn)an +bpty + ¢y, Y= mny,

where t,, € [0, 1], Y 020 ta = 00, lim, 5. b, = 0, Y po €n < 00. Then lim,, 5o a,, = 0.

Proof. The proof directly follows from Lemma 2 in Liu [32].

Theorem 4.8. Let T, f, g and p be the same as in Theorem 3.3 such that the condi-
tions (a)-(c) and (3.11) in Theorem 3.3 hold. Assume that S : K, — K, is a nearly uni-
formly L-Lipschitzian mapping with the sequence {by}ocqsuch that Fix(S) n EGNRNVID
(K, T, f, g9 = @. Further, let Ly <1, where v is the same as in (3.17). If there exists a

constant oo >0 such that ]_[f=1 oy > o for each n 2 0, then the iterative sequence

{xn}i2o generated by Algorithm 4.1 converges strongly to the only element of Fix(S) n
EGNRNVID(K,,. T, f, g).

Proof. According to Theorem 3.3, the problem (3.1) has a unique solution x* € H
with g(x*) € K,. Hence, in view of Lemma 3.2, g(x*) = Pk, (f(x*) — pT(x*)). Since
EGNRNVID(K,, T, f, g) is a singleton set, it follows from Fix(S) n EGNRNVID(K,, T, f,
g) = O that x* € Fix(S). Accordingly, for each n = 0 and i € {1, 2,..., p}, we can write

X = (1 — i — Bri)xX" + o, iS™{x™ — g(x*) + P, (f(x*) — pT(x*))} + Buix™,  (4.4)

where the sequences {o,i}52, and {Bni}ocg(i=1,2,...,p) are the same as in Algo-
rithm 4.1. Let I = sup,»of||4.; - *||: i = 1, 2,. .., p}. It follows from (4.2), (4.4), Proposi-
tion 2.10 and the assumptions that
[%n41 — x*ll = (1 — Wp1 — Ign,l)”xn _x*ll + an,lllsn{)’n,l _g(}/n,l) +PK,(f(Yn,1) - pT(}’n,l))}

—=S"{x" — 8(x") + P, (F(x") = pT"DHI + Bualllny — x*11 + emallen |l + [Iraall
= (1 —an1 = Bua)llen — x|+ anaL(llyn1 — 2" = (8(yn1) — 8(x*))II (4.5)

O = ) = p(Ta) = TG+ bn)

+apllenall + el + 1l + Bra T

Since T is k-strongly monotone with respect to f and o-Lipschitz continuous, g is z-
strongly monotone and ¢-Lipschitz continuous, in similar way to the proofs (3.14) and
(3.15), we can prove that

yn1 — x* = (8(rm1) — NI < V1 — 27 + 2|1 — x*]] (4.6)

and

(1) = F&) = p(T(rm1) = T < Vo2 = 20K + p20 2 |lpny —x*||. (47)

Page 16 of 34



Balooee et al. Fixed Point Theory and Applications 2011, 2011:86
http://www.fixedpointtheoryandapplications.com/content/2011/1/86

Substituting (4.6) and (4.7) for (4.5), we obtain

(X1 — 2% < (1 = atn1 — B, 1) llwn — x¥|1 + a1 Ly |y — x|

(4.8)
+ an,lLbn + Oln,1||e,n,1|| + ||e//n,l|| + |1l + BuaT.

Like in the proofs of (4.5)-(4.8), we can establish that, for each i € {1, 2,.., p - 2},

||Yn,i - x*” = (1 — Qi1 — ﬁn,i+l)||xn - x*” + an,i+1LV||Yn,i+1 - x*”

+ O[n,i+1Lbn + Up,ivl ||e,n,i+1 [l + ||e”n,i+1 |+ lrnie1ll + Bnisa T

(4.9)

and

[Ynp—1 —x"l < (1- Un,p — Ign,p)”xn — x| + anpLy ||y — x|

(4.10)
|+ 11e"npll + 1ITnpll + Bupl.

+ 0Ll + atnpll€np

By using (4.9) and (4.10), we get

NYmp—2 = x| < (1 = anp—1 — Bup—1)l1xn — &I + tnp—1 LY [[Ynp—1 — £*||

+ Oln,p—lLbn +0p,p—1 ||e/n,p—1 [+ ||e”n,p—1 [+ HTn,p—l [+ ,Bn,p—lr

(1 —anp-1 = Bup-1)llxn — 2|1 + otnp-1Ly[(1 — @np — Bup)llxn — x¥||

+ 0t pLy 1% — X¥I] + ot Ly + anpll€ npll + 116" npll + [ITnpll + Bupl]

+ g1 Ly + enp 11 npot 11+ 1€ npot 1|+ [Tnp-1ll + Bupi T (4.11)
(1 — Opp—1 — ﬂn,p—l + an,p—l(l — Opp — lgn,p)LV + an,p—lan,pLzyz)Hxn — x|

+ (otmp-1L + onp-10npL?y You + ctnp111€np-11l + ctnp10mpLy [l€'npl|

+le" np-11l+ ctnp-1Ly1le"npll + [Tnp-11l + ctnp-1Ly lInpll

+ (ﬁn,p—l + an,p—lﬁn,pLV)F~

I\

As in the proof of (4.11), applying (4.9) and (4.11), we have

[Pnp—3 —x*|| < (1 — anp—2 — Bup—2 + otnp—2(1 — np—1 — Brp—1)Ly
+ tnp—20np1 (1 = anp = Brp)L?y? + anp20tmp-10npl’y’) [l — x|
+ an,p—ZHZ/n,p—zH + an,p—zan,p—lLy”e/n,p—l [l + an,p—zan,p—lan,pLzyzlIe/n,pll
+ (omp—aL + an,p,zan/p,ley + an'p,zan,p,lan,pﬁyz)bn (4.12)
+Heﬁn,p—2|| + O‘n,p—zL}’Heﬁn,p—IH + an,p—ZO‘n,p—leyzl|e”n,p||
Hrnp-2ll + @np—2Ly|tnp-1ll + an,p—zan,p—lLZJ/ZHTn,pH

+(:Bn,p—2 + Oln,p—Zlgn,p—lLy + an,p—zan,p—lﬁn,pLzyz)F-
Continuing this procedure in (4.10)-(4.12), we gain

lyn1 — "I < (1 —ap2 — P2+ n2(1 —an3 — Bus)Ly + an20y3(1 — ana — .Bn,4)L2y2

p—1 p
woeet [ Jomi(l = anp = Bup)lP2yP 2 4 ]‘[an,iLP—ly”‘l) llxn — x|
i=2 i=2

P
2 3,2 —1 —2
+ (an,ZL + an,2an,3L v+ an,Zan,SanAL Yo+t l_[an,in Vp ) bn
i=2

4
—2 —2
+anallenall + anp@nslyllensll +- -+ [ [anil? 2yP 2l I

=2 (4.13)
p—1
2.2 -2 p—2
+l1e"nall + cnaLylle”nll + ctno@nsL?y 1€ nall + -+ + [ [ anil? 2y 211"yl
i=2
p—1
2,2 —2 —2
2l + 2Ly llmsll + oo sL2y 2 rall + -+ [ [anil? 2y 2 Iapll
i=2

p—1
+ (ﬂn,z +ap2Bnsly + an,zan,Sﬂn,4L2]’2 toee 4t l_[ an,iﬂn,pr_zyp_z) r.
i=2
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It follows from (4.8) and (4.13) that

[ne1 — X*|| < (1 —an1 — Bu1)llxn — "+ an 1Ly llyna — x|

+ o1 Lby +anlle'n1ll + 1le"n 11l + |11l + Bua T

=< (1 —Op1 — ﬂn,l + an,l(l — Qp2 — ;Bn,Z)LV + c'fn,lc'ln,z(l —Qp3 — Ign,S)L2V2

p—1 p
+o 4 H“n,i(l — Opp — ﬂn,p)Lp71Vp71 + nan,iLPVp> [y — ™|
i=1 i=1

14
2 3.2 -1
+ (amL + o102 L%y + o100 3Lyt + o+ | | aniLPy? ) by
i=1

p
—1 —1
+ a1l + anpanaLyllenall + -+ [ [and? ™y e npll
i=1
p—1
2.2 —1 —1
+11e"nall + omaLylle’nall + cnranal?y2lle" sl + - + [ il v [l ]
i=1
p—1
2,,2 —1 —1
+lrall+ 1Ly llmall + omaen 2Ly sl + -+ [ [omil? 9" il
i=1

p—1
+ </3n,1 + a1 Bnoly + an,lan,zﬂn,BLzyz +oot Hwn,iﬂn,pr71Vp71> r

i=1

, o (4.14)
<[1= (1= Ly) [ [emiL? yP " llw — a*11 + Y [ JensL'v'~"bw
i1 i=1 j=1

poi-1

P
3 [Tty el + e nall+ Y T Tl v Hle nill + 1l

i=1 j=1 =2 j=1

P oi-1 P oi-1
+ 3 [ Temil™ v Hirnill + (ﬂn,l + Z]‘[an,;ﬁn,ivly”) r

i=2 j=1 i=2 j=1

P
=[1= (1= Ly) [ Jomil? " y* Il — x|l
i=1
Z?:l 1_[;:1 A Zlij:l 1_[;:1 an Ly 1l

P
_ L P—1,p—1
+(1 LV)l_[“n,tL v (1 — Ly)L-1yp-1

i=1

P oi-1 p i-1
i—1_ i1 i—1,,i—1
3 T Teml ™y e nall + Y [ TeotmiL ™" v Hirmll
i=2 j=1 i=2 j=1

+1e"n1 Il + ra Il + (ﬂn,l + Zp:ﬁan,jﬂn,iU_lyi_l) .
=2 j=1

Since Ly <1 and lim,,_,.. b,, = 0, in view of (4.3), it is clear that all the conditions of
Lemma 4.7 are satisfied and so Lemma 4.7 and (4.14) guarantee that x,, - x*, as n —>
0. Thus the sequence {x;};, generated by Algorithm 4.1 converges strongly to the
only element of Fix(S) N EGNRNVID(K,, T, f, g). This completes the proof.

As in the proof of Theorem 3.5, one can prove the convergence of iterative
sequences generated by Algorithms 4.2-4.4 and we omit their proofs.

Theorem 4.9. Assume that T, f and p are the same as in Theorem 3.4 such that
the conditions (a), (b) and (3.18) in Theorem 3.4 hold. Let S : K, — K, be a nearly
uniformly L-Lipschitzian mapping with the sequence {bu};ogsuch that Fix(S) n
GNRNVID (K,, T, f) = &, where GNRNVID (K,, T, f) is the set of the solutions of
the problem (3.3). Further, let LO <1, where 6 = ', \/wz —2pk + p2o?. If there

exists a constant o >0 such that ]_[5;1 ani > a for each n =2 0, then the iterative

sequence {xy},°ogenerated by Algorithm 4.2 converges strongly to the only element of
Fix(S) n GNRNVID (K,, T, f).
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Theorem 4.10. Suppose that T, g and p are the same as in Theorem 3.5 such that
the conditions (a), (b) and (3.19) in Theorem 3.5 hold. Let S : K, — K, be a nearly uni-
formly L-Lipschitzian mapping with the sequence {bn}soysuch that Fix(S) n GNRNVID
(K, T, f) = &, where GNRNVID (K,, T, g) is the set of the solutions of the problem
(3.4). Further, let 1§ < 1, where

~ T
9=\/1—2T+L2+ /\/L2—2,o/<+,0207-.
r—71

If there exists a constant o >0 such that ]_[f=1 ani > a for each n 2 0, then the itera-

tive sequence {xn}oc, generated by Algorithm 4.3 converges strongly to the only element
of Fix(S) n GNRNVID (K, T, g).

Theorem 4.11. Let T and p be the same as in Theorem 3.6 such that the condition
(3.20) in Theorem 3.6 holds. Assume that S : K, — K, is a nearly uniformly L-Lipschit-
zian mapping with the sequence {by}ocosuch that Fix(S) n NRNVI (K,, T') # &, where
NRNVI (K,, T') is the set of the solutions of the problem (3.5). Moreover, let Ln <1,

where n=_", V1 =2pk + p202. Then the iterative sequence (x4}, generated by

Algorithm 4.4 converges strongly to the only element of Fix(S) n NRNVI (K,, T).

5 Extended general nonconvex Wiener-Hopf equations
In this section, we introduce a new class of extended general nonconvex Wiener-Hopf
equations and some new special cases from it, and by using the projection method, we
establish that the aforesaid class is equivalent with the class of extended general non-
linear regularized nonconvex variational inequalities (3.1).

Let T, f; g and p be the same as in the problem (3.1) and suppose that the inverse of
the operator g exists. Associated with the problem (3.1), the problem of finding z € H
such that

Tg 'Pxz+p 'Qkz=0, (5.1)

Where Q, = I — fg~! Pk, with I the identity operator and Pk, the projection operator
is considered.

The problem (5.1) is called the extended general nonconvex Wiener-Hopf equation
(EGNWHE) associated with the problem of extended general nonlinear regularized
nonconvex variational inequality (3.1). Next, we denote by EGNWHE(K,, T, f, g) the
set of the solutions of the extended general nonconvex Wiener-Hopf equation (5.1).

Now, we state some special cases of the problem (5.1) as follows:

(1) If g = I, then the problem (5.1) is equivalent to the following problem: Find
z € H such that

TPxz+p 'Qgz =0, (5.2)

where Qk, =1— fPk, and is called the general nonconvex Wiener-Hopf equation
(GNWHE) associated with the problem of general nonlinear regularized nonconvex
variational inequality (3.3). We denote by GNWHE(K,, T, f) the set of the solutions of
the general nonconvex Wiener-Hopf equation (5.2).
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(2) If f = g, then the problem (5.1) changes into the following problem: Find z € #
such that

Tg 'Pxz+p 'Qkz=0, (5.3)

where Qg, =1 — Pk, and is called also the general nonconvex Wiener-Hopf equation
(GNWHE) associated with the problem of general nonlinear regularized nonconvex
variational inequality (3.4). We denote by GNWHE (K,, 7, g) the set of the solutions of
the general nonconvex Wiener-Hopf equation (5.2).

(3) If f = g = I, then the problem (5.1) collapses to the following problem: Find
z € ‘H such that
TPxz+p 'Qgz =0, (5.4)

where Qg, is the same as in Eq. (5.3). The equation of the type (5.4) is called the
nonconvex Wiener-Hopf equation (NWHE) associated with the problem of nonlinear
regularized nonconvex variational inequality (3.4).

We denote by NWHE (K, T') the set of the solutions of the nonconvex Wiener-
Hopf equation (5.2).

(4) If r = oo, that is K, = K, then the problem (5.1) reduces to the following pro-
blem: Find z € { such that
Tg 'Pxz + p~1Qkz = 0, (5.5)
Where Qg =1 - fg'1 Pr. The equations of the type (5.5) were introduced and studied
by Noor [39].
(5) If r = oo, then the problem (5.2) is equivalent to the following problem: Find
z € H such that
TPxz+ p~'Qkz =0, (5.6)
where Qi = I - Px. The problem (5.6) is introduced and studied by Noor [35].
(6) If r = oo, then the problem (5.3) changes into the following problem: Find
z € H such that
Tg 'Pkz+p ' Qz =0, (5.7)
where Qg = I - Px. The equations of the type (5.7) were introduced and studied by
Noor [40].
(7) If r = oo, then the problem (5.4) reduces to the following problem: Find z € H
such that
TPz + p 'Qkz =0, (5.8)

where Qg is the same as in (5.7). The equation (5.8) is the original Wiener-Hopf
equation mainly due to Shi [50].
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Remark 5.1. It has been shown that the Wiener-Hopf equations have played an
important and significant role in developing several numerical techniques for solving
variational inequalities and related optimizations problems (see, for example,
[30,31,35,39,50] and references therein).

The following lemma shows that the extended general nonlinear regularized noncon-
vex variational inequality (3.1) and the extended general nonconvex Wiener-Hopf
equation (5.1) are equivalent.

Lemma 5.2. Let T, f; g and p be the same as in the problem (3.1) and suppose that
the inverse of the operator g exists. Then y € H with g(u) € K, is a solution of the pro-
blem (3.1) if and only if the extended general nonconvex Wiener-Hopf equation (5.1)
has a solution z € H satisfying the following:

8(u) = Pz, z=f(u) - pT(u).

Proof. Let y ¢ H with g(u) € K, be a solution of the problem (3.1). Then, from
Lemma 3.2, it follows that

8(u) = Pi,(f(u) — pT(u)). (5.9)
Taking z = f (u) - pT () in (5.9), we have g(u) = Pk,z, which leads to

u=g'Pgz (5.10)
Applying (5.10) and this fact that z = f (1) - pT (1), we have

z=fg Pz — pTg Pk .
Evidently, the above equality is equivalent to the following:

Tg 'Pxz+p 'Qkz=0, (5.11)

where Q. is the same as in (5.1). Now, (5.11) guarantees that z € H is a solution of
the extended general nonconvex Wiener-Hopf equation (5.1).
Conversely, if z € H is a solution of the problem (5.1) satisfying the following:

8(u) = Pz, z=f(u) - pT(u),

then it follows from Lemma 3.2 that y € H with g (1) € K, is a solution of the pro-
blem (3.1). This completes the proof.

In similar way to the proof of Lemma 5.2, one can prove the following statements.

Lemma 5.3. Let T, fand p be the same as in the problem (3.3). Then u € K, is a
solution of the problem (3.3) if and only if the general nonconvex Wiener-Hopf equation
(5.2) has a solution z € H satisfying

u="Pxz z=f(u)— pT(u).

Lemma 5.4. Suppose that T, g and p are the same as in the problem (3.4) and let the
inverse of the operator g exists. Then u € H with gu) € K, is a solution of the problem
(3.4) if and only if the general nonconvex Wiener-Hopf equation (5.3) has a solution
z € H satisfying the following:

8(u) = Pz, z=g(u) — pT(u).
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Lemma 5.5. Assume that T and p are the same as in the problem (3.5). Then u € K,
is a solution of the problem (3.5) if and only if the nonconvex Wiener-Hopf equation
(5.4) has a solution z € H satisfying the following:

u="Pxz, z=u—pT(u).

6 Some new perturbed p-step projection iterative methods

In this section, by using the problems (5.1)-(5.4) and four Lemmas 5.2-5.5, we get some

fixed point formulations for constructing a number of the new perturbed p-step projec-

tion iterative algorithms with mixed errors for solving the problems (3.1) and (3.3)-(3.5).
(I) By using (5.1) and Lemma 5.2, we have

Tg 'Prz+p 'Qxz=0 % pTg 'Prz+Qxz=0
& pTg 'Pxz+z—fg 'Pkz=0
& z=fg 'Pxz— pTg 'Pxz
< z=f(u) — pT(u).

This fixed point formulation enables us to define the following p-step projection
iterative algorithm with mixed errors for solving the problem (3.1).

Algorithm 6.1. Let T, f, g and p be the same as in the problem (3.1) such that g be
an onto operator. For arbitrary chosen initial point zy € H , compute the iterative

sequence {zn}ncy by

8(un) = S"Px,zn,
Zne1 = (1 —an1 — Bu1)zn + a1 (f(vn1) — T (Vn1) + €n1) + Builuy + 1,

Un,i = (1 — Op,is1 — ﬁn,i+1)zn + Up,iv1 (f(un,i+l) - ﬂT(Un,h-l) + en,i+l) + ﬁn,i+lln,i+1 + Th,isls (6 1)

Unp-1 = (1 = anp = Bnp)zn + anp(f(un) — pT(un) +enp) + Brplnp + Tnps
i=1,2,...,p—-2,

where S, {ani}nly, (Bniltneos enitneo, nitneo, milneo(i=1,2,...,p), are the same
as in Algorithm 4.1.
(IT) From (5.1) and Lemma 5.2, it follows that

Tg 'Prz+p 'Qrz=0¢ Qrz=Qrz—Tg 'Prz—p ' Qkz
& Qiz=-Tg 'Prz+(1—p 1)Qkz
& z=fg "Pkz—Tg 'Prz+ (1 —p 1)Qkz
Sz=f(u)—Tu)+(1—p HQxz.

By using this fixed point formulation, we can construct the following p-step projec-
tion iterative algorithm with mixed errors for solving the problem (3.1).
Algorithm 6.2. Assume that 7, f, g and p are the same as in Algorithm 6.1. For arbi-
trary chosen initial point zy € H , compute the iterative sequence {zn}5o as follows:
8(un) = S"Px,zn,

Zna1 = (1 = a1 — Bn1)zn + @n1t (W(Un1,20) +en1) + Bulng + 71,

Vi = (1 = dnis1 — Buie1)Zn + Univ1 (W (Vn,ie1, Zn) + €nis1) + Buiv1 lnis1 + Tnis1,

Unp—1 = (1- Anp — ,Bn,ﬁ)zn + D‘n,ﬂ(\p(unrzn) + en,p) + 5n,pln,p +Tnpr
i=1,2,...,p—2,
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where

\I’(Un,i, Zn) :f(vn,i) - T(Vn,i) + (1 - pil)QKrznr
\I/(un, zn) :f(un) - T(”n) + (1 - p_l)QKTZn:
i=1,2,...,p—2,

and S, {an,itncg, {Bnitico, {enitaeor Unitaco, {nitaeo(i=1,2,...,p) are the same as in
Algorithm 4.1.
(III) Like in the proof (I), by using (5.2) and Lemma 5.3, we have

TPkz+p 'Qrz=0 & z=f(u)— pT(u).

This fixed point formulation allows us to construct the following p-step projection
iterative algorithm with mixed errors for solving the problem (3.3).
Algorithm 6.3. Let T, f and p be the same as in the problem (3.3). For arbitrary cho-

sen initial point zg € H , compute the iterative sequence {zn}scy by

Uy = S"Px,zp,
Zpel = (1 — 01 — ﬂn,l)zn + Oln,l(f(vn,l) - pT(”n,l) + en,l) + ﬁn,lln,l + 1,1,

Un,i = (1 — Up,isl — ﬁn/i+1 )zn + Op,itl (f(vn/i+1) - pT(Vn,i+l) + en,i+l) + /Sn,i+lln,i+1 + Tnivls

Unp-1 = (1 = otnp — Bup)an + ctnp(f(un) — oT(un) + np) + Buplup + Tnp,
i=1,2,...,p—2,

where S, {am,i}n2o, {Bnilneo, {enitneo, nitneo, Mmilno(i=1,2,...,p) are the same as
in Algorithm 4.1.

(IV) In similar way, from (5.3) and Lemma 5.4, it follows that
Tg 'Pkz+p 'Qxz=0 <& z=g(u)—pT(u).

By using the above fixed point formulation, we can define the following p-step pro-
jection iterative algorithm with mixed errors for solving the problem (3.4).

Algorithm 6.4. Let T, g and p be the same as in the problem (3.4) such that g be an
onto operator. For arbitrary chosen initial point zy € H , compute the iterative

sequence {zn}ocy by

g(un) = SnPK,Zn/
Zpel = (1 —Op1 — ,Bn,l)zn + an,1(g(l/n,1) - pT(Vn,l) + en,l) + lgn,lln,l + 1,1,

Un,i = (1 — Op,isl — ,Bn,i+l)zn + Op,itl (g(vn,i+l) - ;OT(Vn,i+l) + en,i+1) + ,Bn,i+lln,i+1 + Tnit1s

Unp—1 = (1 — Opp — ,Bn,p)zn + an/p(g(un) - pT(un) + en,p) + .Bn,pln,p +Tnp,
i=1,2,...,p—2,

where S, {01}, {Bnitoco, {enitoco, {niteco, {ni}eey are the same as in Algorithm
4.1.

(V) Similarly, by using (5.4) and Lemma 5.5, we have

TPiz+p 'Qrz=0 & z=f(u)— pT(u).
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This fixed point formulation enables us to construct the following p-step projection
iterative algorithm with mixed errors for solving the problem (3.5).

Algorithm 6.5. Let T and p be the same as in the problem (3.5). For arbitrary cho-
sen initial point zy € H , compute the iterative sequence {zn};2, by the iterative

scheme

uy = S"Pk,zp,
Zp+l = (1 — 01 — ,Bn,l)zn + 0fn,l(Vn,l - pT(Vn,l) + en,l) + ,Bn,lln,l + 1,

Uni = (1 — Opiv1 — ,Bn,i+1)zn + Op it (Un,i+1 - pT(Vn,i+1) + en,i+1) + ﬂn,i+lln,i+1 + Tnivls

Unp—1 = (1 — ctnp — Bup)zn + dup(tn — pT(Un) + €np) + Buplnp + Tnps
i=1,2,...,p—2,

where S, {am,i}n2g, {Bnilneo, {enitneo, nitneo, Mmilnco(i=1,2,...,p) are the same as
in Algorithm 4.1.

Remark 6.6. In similar to Remark 4.5, for a suitable and appropriate choice of the
sequences {eni}ncg, {nilneo and {m,i}neo(i=1,2,...,p), Algorithms 6.1-6.5 reduce to
algorithms with mean errors and without errors.

Remark 6.7. Algorithm 3.1 in [42] is a special case of Algorithms 6.1 and 6.4. Algo-
rithm 3.2 in [42] is a special case of Algorithm 6.2. Also, Algorithms 3.1-3.3 in [44]
and Algorithms 2.1-2.3 in [47] are special cases of Algorithms 6.1, 6.2 and 6.4.

Now, we discuss the convergence analysis of iterative sequences generated by per-
turbed projection iterative Algorithms 6.1-6.5.

Theorem 6.8. Let T, f, g and p be the same as in the problem (3.1) and suppose that
all the conditions of Theorem 3.3 hold. Assume that S : K, — K, is a nearly uniformly
L-Lipschitzian mapping with the sequence {by}ocqsuch that, for any u € EGNRNVID
(K, T, f, @), g(u) € Fix(S). Further, assume that Ly <1, where v is the same as in (3.17).

If there exists a constant o >0 such that ]_[f=1 Ay, > o for each n = 0, then the iterative

sequence {zu};2generated by Algorithm 6.1 converges strongly to the only element of
EGNWHE(K,, T, f, g).

Proof. Theorem 3.3 guarantees the existence a unique solution y* ¢ H with g(u*) €
K, for the problem (3.1). Hence, in view of Lemma 5.2, there exists a unique point
z € H satisfying the following:

8(u*) =Pyz, z=f(u) = pT(u"). (6.2)
Since g(u*) € Fix(S), it follows from (6.2) that, for each n > 0,
g(u*)=S"Pxz, z=f(u")— pT(u*). (6.3)

Let I = supusoll|ln: - z||, ||z - u*||: i = 1, 2,..., p}. By using (6.1), (6.2) and the
assumptions, we have
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Nzna —zll < (1 —an1 — Bu1)llzn — 2l + a1 lIf (Un,1) — fF(W*) = p(T(Wn,1) — T(w*))II
+,3n,l||ln,1 —z|| + anillegl] + [Irnll
< (1 —an1 — Bu)llzw — 2l + aniV@? — 2pk + p20 2 |y, — u?]

+Bnllla1 — 2l + (1€ n1ll +11e"n111) + lrnall

6.4
< (1 —an1 = Bui)llzn — 2l + an1V/@2 = 2pk + p202[vs,1 — 2| (6:4)
+ aniv@? = 20K + p202llz — || + anallenill + 1€ 11l + [Tarll + Bua T
< (=01 = Bun)llzn — 2|l + o1V ? = 2pK + p?02 [y — 2]
+ (an1v/@? = 20k + p202 + 1 )T + i l1€ 11 + 1€l + 11rna]]-
In similar way to the proof (6.4), for each i € {1, 2,..., p - 2}, we can get
[lvn,i — z|| < (1 — Qp,it1 — ,Bn,i+1)||zn -zl
+ Otn,i+1\/zzr2 — 2pk + p202||Vpi1 — 2] 6.5)
+ (@niny/ @2 = 20k + 0262 + Buic)T
+ an,i+1||e/n,i+1|| + ||e”n,i+1|| + i1l
and
Wnp-1 — 2l < (1= np — Bup)llzn — 2l + anpy/e? = 2pK + p202 Uy — u*|| 6.6)

+ npll€npll + 11 npll + lITnpll + Bupl.

Now, we make an estimation for ||u, - u*||. Applying (6.1), (6.3) and Proposition
2.10, we find that

Nup —ull < llup —u* — (g(un) — W) + [1S" Pk, 20 — S" Py zl|

’
5\/1—2t+ﬂ-||un—u*||+L< Nlzn — 2| + bn),
r—r

which leads to

7L Lb,

[ — u™|| llzn — z[| + :
" (r—=r)(1 =+v1—=2t+2) " 1-V1-2t+2

IA

(6.7)

By using (6.6) and (6.7), we conclude that

vnp—1 =2l < (1 = anp — Bnyp)llzn — 2l
r\/w2 — 2pK + p20?
(r—1)(1 =1 =2t +:2)
\/w2 — 2pKk + p20?
1-V1-2t+2 " ©.8)
+ anpll€npll + 1€ npll + |[Tnpll + Byl
< (1 —anp = Bup)llzn — 2l + anpL?||zn — z||

(r—r)Ly , p
n, n n, n, n, n, n, ’
+ Unp . b +anplle npll + 1€ npll + 1Tnpll + Bnpl

+ anpL llzn — zl|

+ appl

T\/w272pk+p202
(r=1")(1—v/1-27+2)

(0, ) and (6.8), we have

where § = In view of the condition (3.11), we have 9 <1. From r’ €
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vnp—1 — 2l = (1 —anp = Bup)llzn — zll + ompLit|lzn — zl|

, Y (6.9)
+ an,pLﬁbn +anpllenpll + e npll + rnpll + Bupl
Since /1 —27+2 + - \/w2 —2pk + p20?2 <1 and ¥ € (0, r), deduce that
A=\/w2—2px+p202 < 1. (6.10)

By using (6.10), the inequality (6.5), for each i = 1, 2,..., p - 2, can be written as fol-
lows:

[lvy,i —z|| < (1 — Onis1 — ,Bn,i+1)||zn —z|| + a1 A|vpie1 — 2l

(6.11)
+ Upivl ||e,n,i+1 [l + ||e”n,i+1 |+ [1Tn,ic1 ]| + ((xn,ﬂl)\ + ﬂn,i+1)r~

Thus it follows from (6.9) and (6.11) that

HVn,p—z —z|| < (1 —Opp—1 — ﬁn,pfl)llzn —z|| + an,p—l}‘{(l —Qpnp — ﬁn,p)”zn —z||
+ pL |20 — 2| + anpLOby + anplle npll +11€"npll + [ITapll + BpT)
+ Opp—1 Heln,p—l [+ ||e//n,p—1|| + ||7'n,p—l [l + (Oln,p—l)\ + ﬂn,p—l)r
= (1 —Onp-1 — lgn,p—l +pp—1 (1 — Onp — ,Bn,p))‘ + an,p—lan,p)hLl?) [lzn — 2l (6-12)
+ an,p—lan,p)‘-Lﬂbn + an,p—lan,p)\lle/n,pll + an,pfll‘e,n,pflll

+anp-1rlle"np

[+ 1le"mp—11l + anp-1Allrpll +lrnp-1ll

+ (otnp—1Buph + otnp_1 A + Bup—1)T.
Similarly, by using (6.11) and (6.12), we obtain

[1onp—3 — 2l < (1 = np—2 = Bup—2 + cnp—2(1 — otnp—1 — Bup—1)A
+ 020 p—1 (1= ey — Bup)A” + o0ty p—10mph’ L) |1zn — 2|
+ an,pfzan,pflan,p)hzl|e,n,p‘I + an,p72an,p71)hlle/n,pfl II + an,pfll‘e/n,pfﬂ‘
+ O p 20 p— 10 pA Ly + i p— 20 p—1 A1 1€ npl | + np—a Al np—1 ] + [1€"np—2ll
+ an,p—zan,p—l)»ZHTn,pH + Oln,p—z)LHTn,p—lH + ||Tn,p—2” + (05n,p—2)L + Utn,p—zan,pfl)hz)r

+ (.Bn,p—z + Oln,p—zlgn,p—l)L + an,p—zan,p—lﬂn,p}\z) r.
Continuing the same procedures, we get

a1 =2l < (1 = o2 = Bua + o2 (1 — @n3 — Bu3)A + o 2en3(1 — apa — }Sn,él))tz

p-1 4
+ot [ emi(l = anp = Bup)A? 2 + [ [ otnid 2L0Y) 2 — zll
i=2 i=2

14
2 —2
+ o llenall + @203 hl€ sl + onan30mad 1 nall + oo+ [ [ omid21len, ]
i=2

p p-1
—2 2 -2
+ [ Tanid?2L0by + 1€ nall + emallensll + cnoomsA2(le nall + -+ [ [ otmir?2l1e"npll
i=2 i=2

(6.13)

p—1
HIr2ll + cn2MIrsll+ onaen322[rall + -+ [ [ et 2lIrapll
i=2
p—1
+ <an,2)h + an,zan,3)\2 + an,zanlgamf 4t 1_[ an,ik"’2> I
i=2

-1
+ <,Bn,2 + oty 2Pn3h + an,2an,3,3n,4)\2 +oot 1—1 an,iﬂn,p)\p_z> I

i=2
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Thus, applying (6.4) and (6.13), one has
lzne1 — 2l < (1 = atn1 — By +tn1 (1 — tno — Br2) A+ atp10tn2(1 — a3 — Br3)A>

p-1 »
+roet Han,i(l — Opp — ﬂn,p))‘p_] + I—[an,i}\p_ll‘0> [lzn — ||
i=1

i=1

4
+ o 1llenill + omaamarllenall + omacnaan 32 llE sl + -+ [ [enid® i€ upll
i=1
P p—1
+ l_[an,i)\pillﬂ?bn + Heﬂn,l‘l + D‘n,l)\HeNn,le + an,lan,z)hzl‘e”n&” +eee 4t l_[‘xn,i)‘pil‘le”n,pl‘
i=1 i=1
p—1
a1l + @Al + anian222 sl + oo+ [ [ omir il
i=1

+ (an,l)\ + O‘n,ll)fn,z)Lz + an,lan,Zan,3A3 +ooot l_[an,i}\p_l) r

p—1
+ (ﬂn,l + 0,1 Bn2) + an,lan,Zﬂn,S)"z +ooot Han,iﬁn,p)‘pil) r

i=1

(6.14)
<1_(1_L1?)1_[0‘n1)\p 1> |Zn_7~||+21_[0‘n1)hi 1Hen1||

i=1 i=1 j=1
poi— poi-1

1
+1‘[an,x” L0by + Y [ JomaA Ml mill + D [ Jotmja™ M irall
i=2 j=1

=2 j=1

2
P oi-1 P oi-1
i—1 i—1
+l1e"nall # i ll+ | Y [T + D [ JetmiBnid™" + Bua | T
2

i=2 j=1 i=2 j=1

1—(1—L) [ Jenirt™" ) llzw —z2ll+ (1= L) [ Jotn2?™! an!

4 4 S Ty en2 = llemill +Loby
: 1-Lv
i=1

i=1
i—1

poi-1 P
i—1 i—1
> T Teamm = te il + 3 T Tetnia = iraill + 1€ mall + llra I

i=2 j=1 =2 j=1

P oi-1 P oi—
. (zn o o + ,s) ;
i=2 j=1

=2 j=1

If L > 1, then Ly <1, where 7 is the same as in (3.17), implies that
rL
\/1—2‘E+L2+ /\/wz—?_,o/c+,02<72<1,
r—7

whence deduce that LI <1. For the case that L <1, it is plain that L9 <1. In view of
(4.3), we note that all the conditions of Lemma 4.7 hold and so, (6.14) and Lemma 4.7
guarantee that the sequence {zn}52, generated by Algorithm 6.1 converges strongly to
the solution z € 4 of the problem (5.1) and there is nothing to prove. This completes
the proof.

As in the proof of Theorem 6.8, we can prove the convergence of iterative sequences
generated by Algorithms 6.2-6.5 and we omit their proofs.

Theorem 6.9. Suppose that T, f, g, p and S are the same as in Theorem 6.8 and let
all the conditions of Theorem 6.8 hold. If there exists a constant o« >0 such that
]_[’f=1 ani > o for each n = 0, then the iterative sequence {zu},2) generated by Algorithm
6.2 converges strongly to the only element of EGNWHE(K,, T, f, g).

Theorem 6.10. Let T, f, p and S be the same as in Theorem 4.9 and let all the con-
ditions of Theorem 4.9 hold. If there exists a constant o >0 such that ]_[f=1 Ay > a for

each n = 0, then the iterative sequence {zn}yo, generated by Algorithm 6.3 converges
strongly to the only element of GNWHE(K,, T, f).
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Theorem 6.11. Let T, g and p be the same as in Theorem 3.5 and suppose that the
conditions (a), (b) and (3.19) in Theorem 3.5 hold. Let S : K, — K, be a nearly uni-
formly L-Lipschitzian mapping with the sequence {bn}ocy such that for any u e
GNRNVID(K,, T, g), g(u) € Fix(S). Further, let [§ < 1, where @ is the same as in Theo-

rem 4.10. If there exists a constant o >0 such that [[}_, ay; > a for each n > 0, then

the iterative sequence {zn}oe, generated by Algorithm 6.4 converges strongly to the only
element of GNWHE(K,, T g).

Theorem 6.12. Assume that T, p and S are the same as in Theorem 4.11 and let all
the conditions of Theorem 4.11 hold. If there exists a constant o >0 such that

]_[f=1 an; > o for each n = 0, then the iterative sequence {Zn}ne, generated by Algorithm

6.5 converges strongly to the only element of NWHE(K,, T ).

7 Some remarks

In view of Definition 2.11, we note that the condition relaxed cocoercivity of the
operator T is weaker than the condition strongly monotonicity of T. In other words,
the class of relaxed cocoercive operators is more general than the class of strongly
monotone operators. In the present section, we shall show that unlike claims of Noor
[38], Noor et al. [44], Qin and Noor [47], they studied the convergence analysis of the
proposed iterative algorithms under the condition of strongly monotonicity, not the
mild condition relaxed cocoercivity.

Noor [38] proposed the following three-step iterative algorithm and its special forms
for finding a common element of two different sets of solutions of the fixed points of
the nonexpansive mappings and the general variational inequalities (3.9) and studied
convergence analysis of the suggested iterative algorithm under some conditions.

Algorithm 7.1. (Algorithm 2.1 [38]) For any xq € H , compute the approximate solu-
tion x,, by the iterative schemes

zZn = (1 — ¢n)xn + cnS{xy — g(xn) + Pr[g(xn) — pTxn]},
Yn = (1 = bn)xy + by S{zn — 8(2n) + Px([g(2n) — 0Tzn]},
Xne1 = (1 — an)xn + anS{yn — 8(yn) + Px[8(yn) — oTynl},

where a,, b,, ¢, € [0, 1] for all n > 0 and S is the nonexpansive operator.

Theorem 7.2. (Theorem 3.1 [38]) Let K be a closed convex subset of a real Hilbert
space H . Let T be a relaxed (, r)-cocoercive and u -Lipschitzian mapping of K into
H . Let g be a relaxed (y,, r1) -cocoercive and p; -Lipschitzian mapping of K into H
and S be a nonexpansive mapping of K into K such that F(S)\nGVI(K, T, g) = &. Let
{x,.; be a sequence defined by Algorithm 7.1, for any initial point xq € K, with the fol-
lowing conditions:

oyl —yu2)? — k(2 —k
r—yu (r—vu?)” — u?k(2 — k)
llo — MZ ||s‘/ 2 o ors itk k), k<1,

where

k=2\/1 + 217 — 211 + ud,
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A by cp € [0, 1] and Y p2 an = 00, then x,, obtained from Algorithm 7.1 converges
strongly to x* € F(S) n GVI(K, T, g).

From k= 2\/1 +2y1 03 = 21y + 2, it follows that 2(r; — y1ui) < 1+ puf. Accord-

ingly, the condition 2(r; — ylu%) <1+ ,u% should be added to the conditions of Theo-
rem 7.2. On the other hand, the conditions r > yu? + M\/k(?_ —k) and k <1 imply

that > y®. Since T is (3 r)-relaxed cocoercive and y-Lipschitz continuous, the condi-
tion r > yu” guarantees that the operator T is (r - yu*)-strongly monotone. Therefore,
one can rewrite Theorem 7.2 as follows.

Theorem 7.3. Let K be a closed convex subset of a real Hilbert space H and let T be
a &-strongly monotone and y-Lipschitzian mapping of K into H . Let g be a & -strongly
monotone and y,-Lipschitzian mapping of K into H and S be a nonexpansive mapping
of K into K such that F(S) n GVI(K, T, g) = @. If the constant p satisfies the following
condition:

2 E2—u2k(2—k
|Io - izl = \/ Zz ( )/

£ > uk(2 —k),
k=2\/1—2gf+uf< 1,
2“;‘12 < 1+M%,

and the sequence {a,} satisfies k= 2\/1 + 2)/1M% — 21 + ,u%,, then the iterative

sequence {x,} generated by Algorithm 7.1 converges strongly to the only element of F(S)
N GVI(K, T, g).
Remark 7.4. Theorem 3.2 in [38] is stated with the condition relaxed cocoercivity of
the operators T and g. Similarly, by using the conditions of Theorem 3.2 [38], we note
that the operators T and g are in fact strongly monotone. Hence, Theorem 3.2 [38] is
proved with the condition strongly monotonicity of the operators T and g instead of
the mild condition relaxed cocoercivity.
Noor et al. [44] presented the following iterative scheme and its special forms for
finding the common element of the solution sets of the general variational inequalities
(3.9) and the nonexpansive mappings.
Algorithm 7.5. (Algorithm 3.1 [44]) For a given
Tg 'Prz+p 'Qxz=0 < pTg 'Prz+Qxz=0
& pTg 'Pkz+z—fg 'Pkz=0
& z=fg 'Pxz— pTg 'Prz
& z=f(u) = pT(u).

[0, 1], compute the approximate solution z,., by the iterative schemes

and some sequence {a,}, a,, €

8(un) = SPxzy,
Zp+l = (1 - an)zn + an{g(“rl) — pTuy},

where S is a non-expansive operator.

They also studied convergence analysis of the suggested iterative algorithm under
some conditions as follows:

Theorem 7.6. (Theorem 3.1 [44]) Let K be a closed convex subset of a real Hilbert
space H . Let T be a relaxed (y, r)-cocoercive and u-Lipschitzian mapping. Let g be a
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relaxed (y,, ry)-cocoercive and p,-Lipschitzian mapping of K into H and S be a nonex-
pansive mapping of H into H such that F(S)NGWHE(H, T,g S) #9. Let {z,} be a
sequence defined by Algorithm 7.5, for any initial point zo € K, with the following con-
ditions:

r—yu? \/(T_ J’Mz)z — n?k(2 — k)
o—"" P < , ,
1 I

r> yu2+,u\/k(2—k), k<1,

where
k= 2\/1 + 2107 — 211 + ud,

a, < [0,1] and k= 2\/1 +2y1u3 — 211 + p3,, then z, obtained from Algorithm 7.5
converges strongly to z* € F(S) NGWHE(H, T, g, S).
As in Theorem 7.2, since k= 2\/1 + 2)’1/1% — 21 + M%r it follows that

2(r1 — y1u?) < 1+ p?. Hence the condition 2(r; — y1u?) < 1+ u? should be added

to Theorem 7.6. Moreover, by using the conditions r > yu? + u,/k(2 — k) and k <1,
(7, r)-relaxed cocoercivity and p-Lipschitz continuity of the operator T and (3, r1)-
relaxed cocoercivity and y;-Lipschitz continuity of the operator g, we note that the
operators T and g are (r - yu°)-strongly monotone and (r; — y1/42) -strongly monotone,
respectively. Therefore, Theorem 7.6 collapses to the following theorem.

Theorem 7.7. Let K be a closed convex subset of a real Hilbert space H and let
T:H — H be a &-strongly monotone and u-Lipschitzian mapping. Let §:H — H be
a & -strongly monotone and p,-Lipschitzian mapping and S : H — H be a nonexpan-
sive mapping such that F(S) n GVI(K, T, g) = &. If the constant p satisfies the following
condition:

2 2 ok(2—k
p— £ = VeI,
&> uyk(2—k),

k=2\/1—2§12+;¢§<1,
287 < 1+u3,

and the sequence {a,} satisfies Y oo dn = 00, then the iterative sequence {z,} gener-
ated by Algorithm 7.5 converges strongly to the only element of
F(S) N GWHE(H, T, g, S).

Therefore, Noor et al. [44] proved the strongly convergence of the iterative sequence
{z,} generated by Algorithm 7.5, under the condition strongly monotonicity of the
operators 7 and g, not under the mild condition relaxed cocoercivity.

Qin and Noor [47] proposed the following iterative algorithm and its special forms
for solving the general variational inequalities (3.9).

Algorithm 7.8. (Algorithm 2.1 [47]) For any zo € K, compute the sequence {z,} by
the iterative processes
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8(un) = SPxzn,
Zne1 = (1 — otn)zn + an[g(un) — pAuy], VYn >0,

where {0} is a sequence in [0, 1] and S is a nonexpansive mapping.

They studied convergence analysis of the suggested iterative algorithm under some
conditions as follows.

Theorem 7.9. (Theorem 3.1 [47]) Let K be a closed convex subset of a real Hilbert
space H . Let §: H — H be a relaxed (uy, v,)-cocoercive and p,-Lipschitz continuous
mapping, A:H — H be a relaxed (u,, v,)-cocoercive and p,-Lipschitz continuous
mapping and S be a nonexpansive mapping from K into itself such that F(S) = &. Let
{z.}, {u,} and {g(u,)} be the sequences generated by Algorithm 7.8 and {o,} be a
sequence in [0, 1]. Assume that the following conditions are satisfied:

(C1) 26, + 0, <1, where 0, = \/1 + 03— 201+ 2up and

0y = \/1 + 0213 — 2pvy + 2purpul;
(C2) Y 2o an = o00.

Then the sequences {z,}, {u,} and {g(u,)} converge strongly to z* € WHE(H, A, S), u*
e VI(K, A) and g(u*) € F(S), respectively.

From the condition (C1), it follows that 2(v; —uijp?) <1+pu? and
2p(v2 —uap3) < 1+ p3. Therefore, these conditions should be added to Theorem 7.9.
On the other hand, the condition (C1) implies that v; > ui,uiz, for i = 1, 2. Because g is
(uy, v1)-relaxed cocoercive and y;-Lipschitz continuous, the condition v; > uju? guar-
antees (v; — ujpu?)-strongly monotonicity of the operator g. Similarly, from (uy, v)-
relaxed cocoercivity and p,-Lipschitz continuity of the operator A and the condition
vy > upu3, it follows that the operator A is (v — upu3)-strongly monotone. Hence
Theorem 7.9 reduces to the following theorem:

Theorem 7.10. Let K be a closed convex subset of a real Hilbert space H and let
g:H —H be a & -strongly monotone and p,-Lipschitz continuous mapping,
A:H — H be &-strongly monotone and py-Lipschitz continuous mapping and let S
be a nonexpansive mapping from K into itself such that F(S) = O&. Let {z,}, {u,} and {g
(1,,)} be sequences generated by Algorithm 7.8. If the following conditions hold:

(C1) 26, + 6, <1, where 9, = \/1 +ud —2&and 0, = \/1 +p2pd — 2p&y;

(C2) 281 < 1+pud, 206 < 1+ ppland Y 2oy = 00,

then the iterative sequences {z,}, {u,} and {g(u,)}; generated by Algorithm 7.5 converge
strongly to z¥ € WHE(H, A, S), u* € VI(K, A) and g(u*) € F(S), respectively.

Remark 7.11. (1) Qin and Noor in Remark 3.2 [47] claimed that Theorem 7.9 is
obtained under the mild condition relaxed cocoercivity of the operators g and A. But,
in view of the above facts, their results are obtained under the condition strongly
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monotonicity of the operators g and A not under the mild condition relaxed cocoerciv-

ity.

(2) The operators A and g in Corollaries 3.3 and 3.4 [47] are relaxed cocoercive.
But we note that the conditions of the aforesaid corollaries guarantee that the
operators A and g in these corollaries are in fact strongly monotone. Accordingly,
Corollaries 3.3 and 3.4 in [47] are stated with the condition strongly monotonicity
of the operators A and g instead of the mild condition relaxed cocoercivity.

Remark 7.12. In view of the above facts, we note that Theorems 4.8 and 4.10 gener-
alize and improve Theorem 3.1 in [38]. Theorems 4.8, 4.10 and 4.11 generalize and
improve Theorem 3.2 in [38]. Theorems 6.8-6.11 improve and generalize Theorem 3.2
in [42], Theorem 3.1 in [44] and [47] and Corollaries 3.3 and 3.4 in [47].

8 Conclusion

In this paper, we have introduced and considered some new classes of extended gen-
eral nonlinear regularized nonconvex variational inequalities and the extended general
nonconvex Wiener-Hopf equations involving three different nonlinear operators. By
the projection operator technique, we have established the equivalence between the
extended general nonlinear regularized nonconvex variational inequalities and the fixed
point problems as well as the extended general nonconvex Wiener-Hopf equations.
Then by this equivalent formulation, we have discussed the existence and uniqueness
theorem for solution of the problem of extended general nonlinear regularized non-
convex variational inequalities. This equivalence and a nearly uniformly Lipschitzian
mapping S are used to suggest and analyze some new perturbed p-step projection
iterative algorithms with mixed errors for finding an element of the set of the fixed
points of the nearly uniformly Lipschitzian mapping S which is unique solution of the
problem of extended general nonlinear regularized nonconvex variational inequalities.
We have presented some remarks about established statements by Noor [38], Noor et
al. [44], Qin and Noor [47] and also have shown that their statements are special cases
of our results. Several special cases are also discussed. It is expected that the results
proved in this paper may simulate further research regarding the numerical methods
and their applications in various fields of pure and applied sciences.
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