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Abstract

In this article, we first consider weak convergence theorems of implicit iterative
processes for two nonexpansive mappings and a mapping which satisfies condition (C).
Next, we consider strong convergence theorem of an implicit-shrinking iterative process
for two nonexpansive mappings and a relative nonexpansive mapping on Banach
spaces. Note that the conditions of strong convergence theorem are different from the
strong convergence theorems for the implicit iterative processes in the literatures.
Finally, we discuss a strong convergence theorem concerning two nonexpansive
mappings and the resolvent of a maximal monotone operator in a Banach space.

1 Introduction
Let E be a Banach space, and let C be a nonempty closed convex subset of E. A map-
ping T: C — E is nonexpansive if ||Tx - Ty|| < ||x - y|| for every x, y € C. Let F(T): =
{x € C: x = Tx} denote the set of fixed points of 7. Besides, a mapping 7: C — E is
quasinonexpansive if F(T) # ¥ and ||Tx - y|| < ||x - y|| forallx € C and y € F(T).

In 2008, Suzuki [1] introduced the following generalized nonexpansive mapping on
Banach spaces. A mapping 7: C — E is said to satisfy condition (C) if for all x, y € C,

1
=Tl = flx =yl = |ITx = Tyl < [lx = yIl.

In fact, every nonexpansive mapping satisfies condition (C), but the converse may be
false [1, Example 1]. Besides, if T: C — E satisfies condition (C) and F(T) #, then T
is a quasinonexpansive mapping. However, the converse may be false [1, Example 2].

Construction of approximating fixed points of nonlinear mappings is an important
subject in the theory of nonlinear mappings and its applications in a number of applied
areas.

Let C be a nonempty closed convex subset of a real Hilbert space H, and let 7: C —
C be a mapping. In 1953, Mann [2] gave an iteration process:

X1 = ApXp + (1 —oy)Tx,, n >0, (1.1)

where x is taken in C arbitrarily, and {c,} is a sequence in [0,1].
In 2001, Soltuz [3] introduced the following Mann-type implicit process for a nonex-

pansive mapping T: C — C:
Xy = pXp—1 + (1 —on)Tx,, nel, (1.2)
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where x is taken in C arbitrarily, and {¢,} is a sequence in [0,1].
In 2001, Xu and Ori [4] have introduced an implicit iteration process for a finite
family of nonexpansive mappings. Let Ty, T, ..., Ty be N self-mappings of C and sup-

pose that F := ﬂﬁlF(Ti) +# (), the set of common fixed points of T}, i = 1, 2, .., N. Let I

= {1, 2, ..., N}. Xu and Ori [4] gave an implicit iteration process for a finite family of

nonexpansive mappings:
Xn = taXp—1 + (1 — tn)Tuxn, nel, (1.3)

where x, is taken in C arbitrarily, {z,} is a sequence in [0,1], and Tx = Ty moa - (Here
the mod N function takes values in I.) And they proved the weak convergence of pro-
cess (1.3) to a common fixed point in the setting of a Hilbert space.

In 2010, Khan et al. [5] presented an implicit iterative process for two nonexpansive
mappings in Banach spaces. Let E be a Banach space, and let C be a nonempty closed
convex subset of E, and let 7, S: C — C be two nonexpansive mappings. Khan et al.
[5] considered the following implicit iterative process:

Xn = UpXp—1 + BnSxy + vuTx,, neN, (1.4)

where {o,,}, {8}, and {y,} are sequences in [0,1] with o, + B,, + v, = 1.

Motivated by the above works in [5], we want to consider the following implicit
iterative process. Let E be a Banach space, C be a nonempty closed convex subset of E,
and let 77, T, : C — C be two nonexpansive mappings, and let S: C — C be a mapping
which satisfy condition (C). We first consider the weak convergence theorems for the

following implicit iterative process:

(1.5)

xo € C chosen arbitrary,
Xn = ApXp—1 + bnSxp_1 + ¢, T1%y + dny Taxy,

where {a,}, {b,}, {c,}, and {d,;} are sequences in [0,1] with a,, + b,, + ¢, + d,, = 1.
Next, we also consider weak convergence theorems for another implicit iterative pro-

cess:

xo € C chosen arbitrary,
Vn = anXp—1 + bnTl)/n +Cn'T2Yn, (1.6)
Xn = dpyn + (1 — dn)Syn,

where {a,}, {b,.}, {¢,.}, and {d,;} are sequences in [0,1] with a,, + b,, + ¢,, = 1.

In fact, for the above implicit iterative processes, most researchers always considered
weak convergence theorems, and few researchers considered strong convergence theo-
rem under suitable conditions. For example, one can see [5-7]. However, some condi-
tions are not natural. For this reason, we consider the following shrinking-implicit

iterative processes and study the strong convergence theorem. Let {x,} be defined by

xo € C chosen arbitrary and Cy = Dy = C,
Vn = AnXp—1 + bnTIYn + CnTZYn/

zn =] (duJyn + (1 — dn)ISyn),
Ci={z€Ch1:9(z21) < P(z,y0)}

Dy =1{z € Dp—1 : llyn — 2l < [|IXn-1 —zl[},
xn = Hc,np, %o,

(1.7)
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where {a,}, {b,}, {c,}, and {d,;} are sequences in (0, 1) with a,, + b, + ¢, = 1.

In this article, we first consider weak convergence theorems of implicit iterative pro-
cesses for two nonexpansive mappings and a mapping which satisfy condition (C). And
we generalize Khan et al.’s result [5] as special case. Next, we consider strong conver-
gence theorem of an implicit-shrinking iterative process for two non-expansive map-
pings and a relative nonexpansive mapping on Banach spaces. Note that the conditions
of strong convergence theorem are different from the strong convergence theorems for
the implicit iterative processes in the literatures. Finally, we discuss a strong conver-
gence theorem concerning two nonexpansive mappings and the resolvent of a maximal
monotone operator in a Banach space.

2 Preliminaries
Throughout this article, let N and R be the sets of all positive integers and real num-
bers, respectively. Let E be a Banach space and let E* be the dual space of E. For a
sequence {x,,} of E and a point x € E, the weak convergence of {x,} to x and the strong
convergence of {x,} to x are denoted by x,, -~ x and x,, — x, respectively.

A Banach space E is said to satisfy Opial’s condition if {x,} is a sequence in E with x,,
— x, then

limsup ||x, — x|| < limsup ||x, —y||, Vye€EyFx.

n—00 n—00
Let E be a Banach space. Then, the duality mapping J : E — E* is defined by
Ju: {x* € E* : (x,x*) = ||x])* = [Ix*]]*}, VxeE.

Let S(E) be the unit sphere centered at the origin of E. Then, the space E is said to
be smooth if the limit

. X + —||X
llm|| tyll — ]
t—0 t

exists for all x, y € S(E). It is also said to be uniformly smooth if the limit exists uni-

X+
formly in x, y € S(E). A Banach space E is said to be strictly convex if H ) 4 H <1

whenever x, y € S(E) and x # y. It is said to be uniformly convex if for each ¢ € (0, 2],

x
there exists 0 > 0 such that H ;}’H < 1—46 whenever x, y e S(E) and ||x - y|| = &.

Furthermore, we know that [8]

(i) if E in smooth, then J is single-valued;

(ii) if E is reflexive, then J is onto;

(iii) if E is strictly convex, then J is one-to-one;

(iv) if E is strictly convex, then J is strictly monotone;

(v) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

A Banach space E is said to have Kadec-Klee property if a sequence {x,} of E satisfy-
ing that x,, — x and ||x,,|| — ||x||, then x,, —> x. It is known that if E uniformly convex,
then E has the Kadec-Klee property [8].
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Let E be a smooth, strictly convex and reflexive Banach space and let C be a none-
mpty closed convex subset of E. Throughout this article, define the function ¢: C x C
— R by

o(x,y) = lIxlI> = 2(x, Jy) + |lyll>, Vx,y €E.

Observe that, in a Hilbert space H, ¢(x, y) = ||x - y| |2 for all x, y € H. Furthermore,
for each x, y, z, w € E, we know that:

@ (U=l - 111D < o 9) < (x| + [191])?

(2) olx, y) = 0;

(3) olx, 3) = @x, 2) + @z, y) + 2x - 2, Jz - Jy);

(4) 2(x - 3, Jz - Jw) = o(x, w) + @y, 2) - @, 2) - Py, W);
(5) if E is additionally assumed to be strictly convex, then

#(x,y) = 0 ifand only if x = y;

6) o, 'y + (1 - WJ2)) < ol 3) + (1 - Mol 2).

Lemma 2.1. [9] Let E be a uniformly convex Banach space and let r > 0. Then, there
exists a strictly increasing, continuous, and convex function g: [0, 2r] — [0, ) such
that g(0) = 0 and

llax + by + cz + dwl||* < al|x||* + bllyl|* + cllzl|* + dllw||* — abg(|lx — yI|)

forallx, y,z, we B,and a, b,c,de [01] witha + b + c+d =1, where B, : = {z €
E: ||z|| < 1}

Lemma 2.2. [10] Let E be a uniformly convex Banach space and let r > 0. Then,
there exists a strictly increasing, continuous, and convex function g: [0, 2r] — [0, oo)
such that g(0) = 0 and

¢ T My + (1= 2)J2)) < Ap(x,7) + (1 = 1) (x,2) — A(1 = M)g(IlJy — Jal))

for all x, y, ze B, and A € [0,1], where B, : = {z e E: ||z]| < 1}.

Lemma 2.3. [11] Let E be a uniformly convex Banach space, let {o,} be a sequence
of real numbers such that 0 <b < &, < ¢ < 1 for all » € N, and let {x,} and {y,} be
sequences of E such that lim sup,_,.. ||x,|| < a, lim sup, . ||7,|| < a, and lim,_,.. ||
o,x, + (1 - a,)y,|| = a for some a > 0. Then, lim,, .. ||x, - ¥,|| = 0.

Lemma 2.4. [12] Let E be a smooth and uniformly convex Banach space, and let {x,;}
and {y,} be sequences in E such that either {x,} or {y,} is bounded. If lim,, ,.. @(x,, .,
= 0, then lim,, .. ||x, - y.|| = 0.

Remark 2.1. [13] Let E be a uniformly convex and uniformly smooth Banach space.
If {x,} and {y,} are bounded sequences in E, then

lim ¢(xn,yn) =0 ¢ lim [|x, —yul| = 0 & lim [|Jx, — Jyn|| = O
n— 00 n—oo n—oo

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. For an arbitrary point x of E, the set
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{z e C:¢(zx) = r;leiélqb(y,x)}

is always nonempty and a singleton [14]. Let us define the mapping Il¢ from E onto
C by IIex = z, that is,

¢(Tcx, x) = min ¢(y, x)
yeC

for every x € E. Such Il¢ is called the generalized projection from E onto C [14].
Lemma 2.5. [14,15] Let C be a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, and let (x, z) € E x C. Then:

(i) z=Tx ifand only if (y - z, Jx - Je) < O for all y e C;
(i) o(z, Iex) + (I, x) < @(z, x).

Lemma 2.6. [16] Let E be a uniformly convex Banach space, C be a nonempty closed
convex subset of E and T: C — C is a nonexpansive mapping. Let {x,} be a sequence
in C with x,, - x € C and lim,, ,.. ||x, - Tx,|| = 0. Then, Tx = .

Lemma 2.7. [1] Let C be a nonempty subset of a Banach space E with the Opial
property. Assume that 7: C — E satisfies condition (C). Let {x,} be a sequence in C
with x,, -~ x € C and lim,,_,.. ||x, - Tx,|| = 0. Then, Tx = «.

Lemma 2.8. [1] Let T be a mapping on a closed subset C of a Banach space E.
Assume that T satisfies condition (C). Then, F(T) is a closed set. Moreover, if E is
strictly convex and C is convex, then F(7) is also convex.

Lemma 2.9. [17] Let C be a nonempty closed convex subset of a strictly convex
Banach space E, and T: C — C be a nonexpansive mapping. Then, F(T) is a closed
convex subset of C.

3 Weak convergence theorems

Lemma 3.1. Let £ be a uniformly convex Banach space, C be a nonempty closed con-
vex subset of E, and let 77, T, : C — C be two nonexpansive mappings, and let S: C
— C be a mapping with condition (C). Let {a,}, {b,}, {c.}, and {d,} be sequences with
0 <a < ay, b, ¢,, d, <b <1 and a, + b, + ¢, + d, = 1. Suppose that
Q:= F(S)NF(T,) NF(T,) # 4. Define a sequence {x,} by

xo € C chosen arbitrary,
Xp = dpXp—1 + buSxp_1 + ¢, T1xy + dpy Taxy,.

Then, we have:

(i) lim |lx, — pl| exists for each p € Q.
n— 00 p

(ii) lim [|x; — Sxul| = lim [|x, — Tixs|| = lim [|x; — Toxyl|| = 0,
n—00 n—00 n—00

Proof. First, we show that {x,} is well-defined. Now, let flx): = a1xo+b,Sxo+c; T1x
+d1T2x. Then,

) =W = alllTix =Tyl +da [ Tox = Toyl| < (e +di)llx—yll = (1 —2a)llx—yll.
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By Banach contraction principle, the existence of x; is established. Similarly, the exis-
tence of {x,} is well-defined.
(i) For each p e Q and n € N, we have:

[1xn — pll
< anllxn—1 — pll + bulISxn—1 — pll + cal|T1xn — pI| + dul| T2 — pll

< anl|Xn—1 = I + bullxu—1 = pll + (cu + du)|xn — pll.
This implies that (1 - ¢, - d,)||x, - p|| < (@, + b,)||x..1-p||. Hence, ||x,-p||< ||%-1-

pll, lim,, . ||x, -p|| exists, and {x,,} is a bounded sequence.

(ii) Take any p € Q and let p be fixed. Suppose that JLI{}O||xn—P|| =d,

Clearly,lifgs;lp [T2xn — pll < d, and we have:

lim [x, — p|
n—o00

= lim ||apxn—1 + bpSxn—1 + cnT1Xn + dnToxy — pl|
n—0oo

. n bn n
=n1520H(1_d,1)[1fd (s =p) | ) (St =p)+ 1id (Tlx,,—p)]+d,,(T2x,,—p)H.
n n n

Besides,

: an by Cn
lim sup H 1—d (xn—1 —p) + 1—d (Sxp—1 —p) + L —d (T1xy —p)H

n—o0

. an bn Cp
< lim sup |[Xn—1 — pl| + [1Sxn—1 — pl| + || T1n — pl
o l—dn n—1 P 1_dn n—1 P l—dn 14An P
a b c
< limsup ”d [ln1 = pll+ "d 1801 = pll + | "d || Ty, — Pl
n— 00 — Unp — Up — Un
+b

. an
< limsup
n—o00 1—-4d

an + b, + ¢y
Xn—1 — p|| = d.
L b =l

n Cn
Xn_1 — pl| + X —
s =pll+ | 7 b=l

< lim sup
n—oo

By Lemma 2.3,

. day bn Cp
lim H 1_d, (xp—1 —p) + 1 _d, (Sxp—1 —p) + 1_d, (Trxn — p) — (T2xy — p) H =0.

n—oo

This implies that lim,, .. ||%, - Tox,|| = 0. Similarly, lim,, .. ||%, - T1x,|| = 0.

Since {x,} is bounded, there exists » > 0 such that 2 sup{||x,-p||:n € N}j< r.

By Lemma 2.1, there exists a strictly increasing, continuous, and convex function g:
[0, 2r] — [0, =) such that g(0) = 0 and

|lxn — pII?
2 2 2 2
< anllxu—1 = plI= + bullSxn—1 — pII” + cul|T1xn — plI~ + dnl|Toxn — Pl
_anbng(Hxnfl — Sxp_1 ||)
= (an + bn)”xnfl - P||2 + (Cn + dn)”xn - P||2 - anbng(llan — Sxu-1ll)-
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This implies that
anbng(IxXn—1 — Sxn_111) < (an + b2)(I1xn—1 — pII* = l1xn — pII?).

By the properties of g and lim,,_,.. ||x, - p|| = d, we get lim,,_,.. ||, - Sx,|| = 0.

Theorem 3.1. Let E be a uniformly convex Banach space with Opial’s condition, C
be a nonempty closed convex subset of E, and let 77, 75 : C — C be two nonexpansive
mappings, and let S: C — C be a mapping with condition (C). Let {a,}, {b,}, {c,.}, and
{d,.} be sequences with 0 <a < a,, b,, ¢,, d,, < b <1 and a, + b, + ¢, + d,= 1. Suppose
that © := F(S) NF(T1) N F(T2) # 9. Define a sequence {x,} by

xo € C chosen arbitrary,
Xp = ApXp—1 + buSxp_1 + ¢, T1%y + dpy Tax,,.

Then, x,, - z for some z € Q.

Proof. By Lemma 3.1, {x,} is a bounded sequence. Then, there exists a subsequence
{xn,} of {x,} and z € C such that *n, = 2. By Lemmas 2.6, 2.7, and 3.1, we know that
z € Q. Since E has Opial’s condition, it is easy to see that x, —~ z

Hence, the proof is completed.

Remark 3.1. The conclusion of Theorem 3.1 is still true if S: C — C is a quasi-non-
expansive mapping, and 7 - S is demiclosed at zero, that is, x, ~ x and ({ - S)x, = 0
implies that (7 - S)x = 0.

In Theorem 3.1, if S = I, then we get the following result. Hence, Theorem 3.1 gen-
eralizes Theorem 4 in [5].

Corollary 3.1. [5] Let E be a uniformly convex Banach space with Opial’s condition,
C be a nonempty closed convex subset of E, and let 73, T5 : C — C be two nonexpan-
sive mappings. Let {a,}, {0,}, and {c,} be sequences with 0 <a < a,, b,, ¢, < b < 1 and
a, + b, + ¢, = 1. Suppose that Q := F(T;) N F(T,) # 4.

Define a sequence {x,} by

xo € C chosen arbitrary,
Xp = ApXpn—1 + b T1%, + CnToxy.

Then, x,, - z for some z € Q.

Besides, it is easy to get the following result from Theorem 3.1.

Corollary 3.2. Let E be a uniformly convex Banach space with Opial’s condition, C
be a nonempty closed convex subset of E, and let S: C — C be a mapping with condi-
tion (C). Let {a,} be a sequence with 0 <a <a,<b < 1. Suppose that F(S) #0. Define a

sequence {x,,} by

xo € C chosen arbitrary,
Xp = anXp—1 + (1 — a)Sxy—1.

Then, x,, — z for some z € F(S).
Proof. Let T = T, = I, where [ is the identity mapping. For each n € N, we know
that
ay 1—a,

1 1
Xy = N Xp_1 + 5 Sxp_1 + 4T1xn + 4sz,,.

By Theorem 3.1, it is easy to get the conclusion.
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Theorem 3.2. Let E be a uniformly convex Banach space with Opial’s condition, C
be a nonempty closed convex subset of E, and let 73, T, : C — C be two nonexpansive
mappings, and let S: C — C be a mapping with condition (C). Let {a,}, {b,}, {c,.}, and
{d,;} be sequences with 0 <a < a,, b,, ¢, d,, < b <1 and a, + b, + ¢, = 1. Suppose that
Q:=F(S)NF(T,) NF(T,) # . Define a sequence {x,} by

xp € C chosen arbitrary,
Yn = AnXp—1 + bnTIYn + cnToyn,
X = dnyn + (1 — dp)Syn.

Then, x,, - z for some z € Q.
Proof. Following the same argument as in Lemma 3.1, we know that {y,} is well-
defined. Take any w € Q) and let w be fixed. Then, for each n € N, we have

lyn — wll = llanxn—1 + bnTl)/n +cnToyn — w|
< anllxp—1 — w|| + bul|Tryn — wl| + cul|Toyn — wl|

< an||xn—1 — w|[ + (bn + cn)llyn — wl|.
This implies that ||y, - w|| < ||x,.1 - w|| for each n € N. Besides, we also have

%0 — wl| = [ldnyn + (1 — dp)Syn — wl|
< dullyn — wll + (1 — dy)|Syn — wl|

< llyn —wll.

Hence, ||x, - w|| < ||y - w|| < [|%,.1 - w|| for each n e N. So, lim,,_,.. ||x, - w|| and
lim,, .||y, - w|| exist, and {x,}, {y,,} are bounded sequences.
Suppose that lim,,_,.. ||x,-w|| = lim,_,.||y,-w|| = d. Clearly, lim sup,,_,.. ||Toy,-w|| <

d, and we have
lim [y, —wl|
n—o00

= lim [|anxn—1 + bpTryn + ¢ Toyn — wl|
n—o0

n—-oo

. a b
= lim H(l —¢n) [ " (Xp—1 —w) + " (Tryn — w)] +cn(T2yn — w) H .
1—¢y 1—c¢y
Besides,

b
timsup || =)+ (- )]
—Ln —Ln

n—oo

1

. a
< limsup nc [|%p—1 — w|| + 1
n

n
[ T1yn — wl]
n—o0 - Cn

. a b
< limsup . nc lXpo1 —wl| +

llyn — wl|
n— 00 —Cn 1—cn

< limsup [|x,—1 — w|| =d.
n—o0

By Lemma 2.3,

a_nc (xn_l — LU) + i"cn (Tl)/n — w) — (TZYn — LU) “ =0.

1 n 1

This implies that lim,, ,.. ||y, - Toy,|| = 0. Similarly, lim,, .. ||y, - Tw.|| = 0.
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Since {x,;} and {y,} are bounded sequences, there exists > 0 such that

2sup{[[xull, [yall, [Ixn — wll, [lyn —wl| :n € N} <.

By Lemma 2.1, there exists a strictly increasing, continuous, and convex function g:
[0, 2r] — [0, =) such that g(0) = 0 and
llnyn+ (1= dn)Syn—1l1* < dnlyn—1w] 1+ (1 —=dn)||Syn—]” —dn(1—dn)g(I1yn—Spul]).
This implies that
dn(1 = dn)g(Ilyn = Syall) < lyn — wiI* = l1xn — wl]?.

Since lim, .. ||%, - w|| = lim, . ||y, - w|| = d, and the properties of g, we get
lim, . ||y, - Syul| = 0. Besides,

[1%n — ¥nll = lldnyn + (1 — dn)Syn — yull = (1 = dn)llyn — Syall.

Hence, lim,, .. ||%,-y,,|| = 0. Finally, following the same argument as in the proof of
Theorem 3.1, we know that x,, — z for some z € Q.

Next, we give the following examples for Theorems 3.1 and 3.2.

Example 3.1. Let E = R, C: = [0,3], T1x = Tox = %, and let S: C — C be the same as
in [1]:

_Joifx#3,
Sx'_{lifx=3.

1
For each n, let a, = b, =¢,, = d, = 4 Let x9 = 1. Then, for the sequence {x,}, in The-

1
orem 3.1, we know that x, = o for all » € N, and x,, — 0, and 0 is a common fixed

point of S, T1, and T5.
Example 3.2. Let E, C, T}, T, S be the same as in Example 3.1. For each #, let

1 1
ap=b,=c¢c, = 3 and d, = . Let xy = 1. Then, for the sequence {x,} in Theorem 3.1,

1
we know that x, = o for all » € N, and x,, — 0, and 0 is a common fixed point of S,

Tl, and Tz.
Example 3.3. Let E, C, {a,}, {b,}, {c.}, {d,}, and let S: C — C be the same as in
Example 3.1. Let T1x = Tox = 0 for each x € C. Then, for the sequence {x,} in Theo-

1
rem 3.1, we know that x, = 4 forall me N.

Example 3.4. Let E, C, {a,}, {b,}, {c.}, {d,}, and let S: C — C be the same as in
Example 3.2. Let T1x = Tox = 0 for each x € C. Then, for the sequence {x,} in Theo-

1
rem 3.2, we know that x, = - for all ne N.

Remark 3.2.

(i) For the rate of convergence, by Examples 3.3 and 3.4, we know that the iteration
process in Theorem 3.2 may be faster than the iteration process in Theorem 3.1.
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But, the times of iteration process for Theorem 3.2 is much than ones in Theorem
3.1.

(ii) The conclusion of Theorem 3.2 is still true if S: C — C is a quasi-nonexpansive
mapping, and [ - S is demiclosed at zero, that is, x, -~ x and ({ - S)x,, = 0 implies
that (I - S)x = 0.

(iii) Corollaries 3.1 and 3.2 are special cases of Theorem 3.2.

Definition 3.1. [18] Let C be a nonempty subset of a Banach space E. A mapping T:
C — E satisfy condition (E) if there exists # > 1 such that for all x, y € C,

e = Tyll < pelloe = Toxl| + [|x = yIl.

By Lemma 7 in [1], we know that if T satisfies condition (C), then T satisfies condi-
tion (E). But, the converse may be false [18, Example 1]. Furthermore, we also observe
the following result.

Lemma 3.2. [18] Let C be a nonempty subset of a Banach space E. Let T: C — E be

a mapping. Assume that:

(i) im [1xy — Txnl| = 0 and x, — x;
n—0o0

(ii) T satisfies condition (E);

(iii) E has Opial condition.

Then, Tx = x.

By Lemma 3.2, if S satisfies condition (E), then the conclusions of Theorems 3.1 and
3.2 are still true. Hence, we can use the following condition to replace condition (C) in
Theorems 3.1 and 3.2 by Proposition 19 in [19].

Definition 3.2. [19] Let T be a mapping on a subset C of a Banach space E.

Then, T is said to satisfy (SKC)-condition if

1
= Tl = flx =yl = |ITx = Tyl = N(x ),

1 1
where N(x,y) := max{|lx = yll, , (Ile = Tll + [[Ty = yI1). , (IITx =yl + lx = Tyl[)} for

alx, ye C

4 Strong convergence theorems (I)

Let C be a nonempty closed convex subset of a Banach space E. A point p in C is said
to be an asymptotic fixed point of a mapping 7: C — C if C contains a sequence {x,}
which converges weakly to p such that lim,, ..., ||x, - Tx,|| = 0. The set of asymptotic

fixed points of T will be denoted by F(T). A mapping T: C — C is called relatively
nonexpansive [20] if F(T) # 0, I:“(T) =F(T), and ¢(p,Tx) < ¢(px) for allx € Cand p €

F(T). Note that every identity mapping is a relatively nonexpansive mapping.

Lemma 4.1. [21] Let E be a strictly convex and smooth Banach space, let C be a
closed convex subset of E, and let 7: C — C be a relatively nonexpansive mapping.
Then, F(T) is a closed and convex subset of C.

The following property is motivated by the property (Qg) in [22].
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Definition 4.1. Let E be a Banach space. Then, we say that E satisfies condition (Q)
if for each w, 3, 2, zo € E and t € [0,1],

llx—zll <lly—zlli=12=|lx— (tz1 + (1 = 22| < [ly — (121 + (1 = 1)22)]].

Remark 4.1. If H is a Hilbert space, then H satisfies condition (Q).

Theorem 4.1. Let E be a uniformly convex and uniformly smooth Banach space with
condition (Q), and let C be a nonempty closed convex subset of E, and let T}, T, : C
— C be two nonexpansive mappings, and let S: C — C be a relatively nonexpansive
mapping. Let {a,}, {b,.}, {c,}, and {d,} be sequences in (0,1) with and a,, + b, + ¢, = 1.
Suppose that Q := F(S) N F(T1) N F(T,) #@. Define a sequence {x,} by

xo € C chosen arbitrary and Cy = Dy = C,
Vn = AnXp—1 + bnTIYn + CnToyn,

Zn = ]_l(dn]yn + (1 - dn)]S}/n)/
Cr={zeCy1: ¢(Z1zn) =< ¢(Z, }/n)},

Dy ={z € Dy_1: llyn — 2|l < llxn—1 —zll},
Xn = Ilc,nD,x, -

Assume that lim inf,_,., b,, > 0, lim inf,_,. ¢, > 0, and lim inf,_,.. d,,(I - d,)) > 0.

Then, lim,, ,.. x,, = lim, ., y, = lim,_,.., z, = [Iax.

Proof. Following the same argument as in Lemma 3.1, we know that {y,} is well-
defined.

Clearly, Cy and D, are nonempty closed convex subsets of C, and C, is a closed sub-
set of C for every n € N. Since ¢(z, z,) < ¢(z, y,) is equivalent to

2(z, Jyn — Jzu) < llynll* = llzall?,

it is easy to see that C, is a convex set for each n € N. Besides, by condition (Q), it
is easy to see that D,, is a nonempty closed convex subset of C.

Next, we want to show that Q € C,, n D, for each n € N U {0}. Clearly, Q € C,.
Suppose that Q € C,,.;. Let w e Q. Then, w € F(S) and

P (w, zn) = d(w, T (duJyn + (1 — dn)ISyn))
< dnp(w,yn) + (1 — dn)d(w, Syn)
< dpp(w, yn) + (1 = dn)p(w, yn) = ¢(w, yn).

So, Q € C,,. By induction, Q € C,, for each n e N U {0}.
Clearly, Q € Dy. Suppose that Q € D, ;. Let w e Q. Then, w e F(T;) n F(T5) and

llyn — wll < apllxn—1 — wl| + bul|T1yn — wl| + cul|Toyn — wl|

< anllxp—1 — wl| + bullyn — wl| + cullyn — wll.

This implies that ||y, - w|| < ||%,.1 - w|| and w € D,,. By induction, Q € D, for each
ne N U{0}. So, Q € C,n D, for each n e N U {0}.
Since x, = Ilc,nD,x,>

¢ (%n %0) < ¢(w, X0) — ¢(w, xn) < b(w, x0)

for each w € Q. Therefore, {p(x,, x0)} is a bounded sequence. Furthermore, {x,} is a
bounded sequence.

Page 11 of 20
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By Lemma 2.5, x, = Ilc,nDp,x,, and xns1 = Ic,,,nD,., X0,
& (Xne1, %) = @ (Xns1, Ic,np,%0) < @ (Xns1,X0) — @ (%0, X0).

Hence, ¢@(x,, x0) < @(%,.1, %0), lim,, . @(x,,, x0) exists, and lim,, .. @(x,,,1, x,,) = 0. By

Lemma 2.4, lim,, ,., ||%,.1 - %,4|| = 0. Since x,, € D,, we know that ||y, -x,|| < ||%,.1-
x,|| and lim,,_,.. ||%,-y,|| = 0. Furthermore, lim,,_,.. ¢ (x,, y,,) = 0. Since x,, € C,, it is
easy to see that lim,_,.. ¢(x,, z,) = 0. Hence, lim,,_,.. ||x, -z,|| = 0.

Take any w € Q and let w be fixed. Let r: = 2sup{||x,||, ||%.- w||, ||¥ul]> ||yn-w]|: 1
€ N}. By Lemma 2.1, there exists a strictly increasing, continuous, and convex function
g [0, 2r] = [0, o) such that g(0) = 0 and

llyn — w]|*
< anl|xn—1 — w||2 + bl Ty — w||2 + Cnl| T2y — w”2 — anbng(l1%n—1 — T1yall)

< anl|xXn—1 — wl|* + ballyn — wll* + callyn — wl1> — anbug(l1Xn—1 — T1ynll).
This implies that
bng(“xnfl - Tl)’n“) < ||xn71 - Yn“(”xnfl - w“ + ||YT1 - w”)

So, lim,, .. b, g(||%,-1 - T1ya||) = 0. By (ii), lim, s ||%,.1 - T1yu|| = 0. Furthermore,
lim,, e ||¥ - T1yn|| = O. Similarly, lim,, .. ||y, - T2y.|| = 0.

By Lemma 2.2, there exists a strictly increasing, continuous, and convex function g*
[0, 2r] — [0, o) such that g’(0) = 0 and

¢(w/zn) =< dn¢(wr yn) + (1 - dn)¢(wr Syn) - dn(l - dn)g’(“])/n _]SYn”)
< o(w, yn) — dn(1 — dn)g/(I1Jyn — ISynll).

Hence,

dn(1 — dp)g/(Iyn — JSyull)
< ¢(w, yn) — d(w, zn)
= (Ilwl> + lynll> = 2 (w, Jyn)) — (1wl + |zal1> = 2 (w, Jzn))
= lyall® = lzul|* + 2 (w, Jzn — Jyn)
= [lyn = zall(11yall + l1znl1) + 21[w]] - [[Jzn — Jynll.

By Remark 2.1, lim,, ,.. d,(1 - d,,)g(||/y,. - JSy.||) = 0. By assumptions and the proper-
ties of g, lim,,_,.. ||/y,, - JSy.|| = 0. Furthermore, lim,, .. ||y, - Sy.|| = 0.

Since {y,} is a bounded sequence, there exists a subsequence {y,,} of {y,,} and x € C
such that y,, — x. By Lemma 2.6, x € F(T1) N F(T,). Besides, since § is a relatively
nonexpansive mapping, x 13‘(8) =F(S). So, x e Q.

Finally, we want to show that y,, — Ilqoxo. Let ¢ = [lgxo. Then, g€ Q € C, n D, for

each 7 € N. So,

@ (%xn, X0) = yeg%rbn¢(y, x0) < ¢(q, xo0).

On the other hand, from weakly lower semicontinuity of the norm and lim,, ... ||,,-

94| = 0, we have
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¢ (%, x0) = IXI|* — 2 (%, Jxo) + |Ix0l|?
< Lim inf(|lyn, 1> — 2 ;. Jx0) + 1x0] ")
= liggioglf(||xnk||2 — 2(Xnk,]3€0> + [1x0l[%)
< ligglfqb(xnk,xo)

< limsup ¢ (xn,. x0) < (4, x0).

n—oo

Since q=Tlgxo,x=¢q. Hence, limu_oc¢(xn, %0)=¢(X,%0). So, we have
limy,, ooll%n, || = [IX]|. Using the Kadec-Klee property of E, we obtain that
limy,—, con, = g = Maxo.

Furthermore, for each weakly convergence subsequence {xy,} of {x,}, we know that
limy,00Xn,, = q = Iloy1 by following the same argument as the above conclusion.
Therefore,

lim x, = lim y, = lim z, = TIgxo.
n—oo n—oo n—oo

Hence, the proof is completed.

Remark 4.2. Since nonspreading mappings with fixed points in a strictly convex
Banach space with a uniformly Gateaux differentiable norm are relatively nonex-pan-
sive mappings [[23], Theorem 3.3], we know that the conclusion of Theorem 4.1 is still
true if S is replaced by a nonspreading mapping.

Next, we give an easy example for Theorem 4.1.

Example 4.1. Let E = R, C: = [0,3], Thx = Tox = x, and let S: C — C be the as in [1]:

_Joifx+#3,
Sx'_{lifx=3.

1 1
For each n, let a, = b, = ¢, = 3 and d, = . Let xy = 1. Hence, we have

(@) y,, = x,,.1 for each n e N;

(b) z, = ;yn for each ne N;

+ Zn
(© Coi={e € Cor: o=zl < =yl =0[0, " T *"];
(d) D, :=1{z€ Dyy:|z-yul < |z -%,1]} = [0,3];
1 1 1 3
(e) x, = 2()’71 +Zn) = 2 <xn—1 + 2xn—1> = 4xn—1»

3 n
By (e) and xo = 1, we know that x, = (4) for each n € N U {0}, lim,,_,.. x, = 0,

and 0 is a common fixed point of S, T3, and T5.

The following results are special cases of Theorem 4.1.

Corollary 4.1. Let E be a uniformly convex and uniformly smooth Banach space with
condition (Q), and let C be a nonempty closed convex subset of E, and let T}, T, : C
— C be two nonexpansive mappings. Let {a,}, {0}, {c,} be sequences in (0,1) with and
a, + b, + ¢, = 1. Suppose that @ := F(T;) N F(T,) # @. Define a sequence {x,} by

Page 13 of 20
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xo € C chosen arbitrary and Dy = C,

Yn = AnXp—1 + bnTl)’n + T2y,
Dy={zeDy_: 1Yn — z|| < [lxn-1 —z||},
Xy = Ip,xo.

Assume that lim inf, ,.. b, > 0, lim inf, ,.. ¢, > 0. Then, lim,_,.. x,, = lim, ., ¥, =
[Toxo,

Corollary 4.2. Let E be a uniformly convex and uniformly smooth Banach space, and
let C be a nonempty closed convex subset of E, and let S: C — C be a relatively nonex-
pansive mapping. Let {d,} be a sequence in (0,1). Suppose that F(S) #0. Define a

sequence {x,} by

xo € C chosen arbitrary and Cy = C,
Zn = ]_l(dn]xnfl + (1 - dn)]sxnfl):
Ci={z€Cy1:9(z2) < d(z x4-1)},
xn = g, Xo.

Assume that lim inf,_,.. d,(1 - d,,) > 0. Then, lim,,_,.. x,, = lim,,_,.. z,, = IIpXo.
Remark 4.3. Corollary 4.2 is a generalization of Theorem 4.1 in [24]. But, it is a spe-
cial case of Theorem 3.1 in [25].

5 Strong convergence theorems (ll)
In this section, we need the following important lemmas.

Lemma 5.1. [26] Let E be a reflexive Banach space and f: E — R U {+e} be a convex
and lower semicontinuous function. Let C be a nonempty bounded and closed convex
subset of E. Then, the function f attains its minimum on C. That is, there exists x* €
C such that flx*) < fix) for all x € C.

Lemma 5.2. In a Banach space E, there holds the inequality

llx+yl1> < lIxl* +2(y.j(x+y)), xy€E

where j(x+y) € J(x+y).

Lemma 5.3. [27] Let C be a nonempty closed convex subset of a Banach space E
with a uniformly Gateaux differentiable norm. Let {x,} be a bounded sequence of E
and let y,, be a Banach limit and z € C. Then,

ponlbn = 2117 = min gl = 1117 & punly = 2J (0 = 2)) < 0 forall y € C.

Lemma 5.4. [28] Let o be a real number and (xo, x1,...) € €2 such that Un %, < o for
all Banach p,,. If lim sup, e (%41 - %,,) < 0, then lim sup,, ;.. x,, < .

Lemma 5.5. [29] Assume that {a,},n is a sequence of nonnegative real numbers
such that a,,; < (1 - y,)a,, + 0,, n € N, where {y,,} € (0,1) and J,, is a sequence in R

. JUR én oo .
such that (i) Y n2; va = 00; (ii) limsup,_, o i <0 or anl [8n] < 0o. Then, lim,,_,.,

a, = 0.

Theorem 5.1. Let E be a uniformly convex and uniformly smooth Banach space with
Opial’s condition, C be a nonempty closed convex subset of E, and let 77, T, : C > C
be two nonexpansive mappings, and let S: C — C be a mapping with condition (C).
Let {a,}, {b,.}, and {c,;} be sequences in (a, b) for some 0 <a, b < 1 with a,, + b,, + ¢, =
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1. Let {d,} be a sequence in [0,1]. Suppose that Q := F(S) N F(T;) N F(T,) ##. Define

a sequence {x,} by

xo € C chosen arbitrary,
Yn = anXp—1 + bnTl)’n + CnT2)’n/
Xy = dnxo + (1 — dy)Syn.

Assume that:

|dn+1 - dn' _

n

[e ]
(i) lim dy =0, ) dy =00, and lim 0;
n=1

n—oo n—oo

(i) im (@ns1 —an) = lim (bps1 — bp) = lim (cpe1 —cn) =0,
n—oo n—oo n—oo

Then, limy,_ ooXp = limy—o0yn = X for some x € Q .

Proof. Following the same argument as in Lemma 3.1, we know that {y,} is well-
defined. Take any w € Q: = F(S) n F(T1) n F(T5,) and let w be fixed. Then, for each n
e N, we have

lyn - w|
< ay IXp—1 — wll + by | Tryn — w| + cu | Toyn — w|

< ay [|xp—1 — wl + (bn + cn) ||Yn - w” .

This implies that ||y, - w|| < ||x,.1 - w|| for each n € N. Next, we have

[1xn — wl]
=< dnllxo — wl| + (1 = dy)||Syn — wl|
< dnllxo — wl| + (1 — dn)llyn — wl|

< dnllxo — w|| + (1 — dp)llxn—1 — wl|

= max{|[xo — wll, [lx1 — wl[}.

Then, {x,} is a bounded sequence. Furthermore, {y,}, {Sy.}, {T1y.}, {T2y,} are
bounded sequences. Define M as

M = sup{|xall, [Yall, I T1yall, W T2ynll, SYall, %0 — wil, [lyn — wl| : n € N}.
Besides, we know that
lim sup ||x,;, — w]|

n—oo

< limsup(dy|lxo — w|| + (1 — du)llyn — wl|)

n—o0

< limsupd,||xo — w|| + limsup ||y, — w||
n—oo n—-oo

< limsup |[xp—1 — w|].
n<—oo

This implies that

lim sup ||x, — w|| = limsup ||y, — w||.
n—o0o n—oo
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By Lemma 2.1, there exists a strictly increasing, continuous, and convex function g:
[0, 2M] — R such that

2
[lyn — wl|

2 2 2
anl|xXn—1 — wl* + bul|Tryn — wl|* + cullToyn — wII° — anbpllxn—1 — T1yn

IA

2
I

2 2 2 2
< anllxp—1 — ||~ + ballyn — wl* + cullyn — wII* — anbnllxn—1 — T1yull”.

Then,
2
[lyn — wll
< _ 2 -T 2
< yn —wl|* + allxn—1 1Vnll
2 2
< llyn = wll” + bullxu—1 — Tryall
2
< lxp—1 —wl|".

This implies that

lim [[x,—1 — Thynll = 0.
n—00

Similar, we have

lim ||xp—1 — Toyall = 0.

n—oo

By (i),

nlg};lo”xn — Synll = nli_glodnﬂxo —Synll =0

and
(%41 — Xnll
= ||dn+1x0 + (1 - dn+1)SYn+1 — dnxo — (1 - dn)syn”
< ldns1xo + (1 = dns1)Syne1 — dnxo — (1 — dn)Syns1 |
+ ||dnx0 + (1 - dn)s)/nﬂ - dnxO - (1 - dn)Synll
< dner = dnl - 110l + |dne1 — dnl - 11Synerll + (1 — dn) - I1Syne1 — Syall

< Idn+1 _dnl lxoll + |dn+1 _dn| . ”S)’n+1|| + (1 _dn) % — dn+lx0 — Xn +dnx0||
=< 2M - |dn+1 _dn| + (1 _dn) : (||xn+l _xn|| + Idn+l _dnl : ||x0||)

So,

3M- |dn+1 - dnl
dn ’

[1Xne1 — x| <

By (i),

lim [1%ne1 — Xull = 0.
n—o0

Furthermore,

lim [|Syne1 — Syall = 0.
n—oo
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Next, we have

Y1 — yall

= [[(ane1Xn + bpe1 Tryner + Cne1 ToYne1) — (@n Xn—1 + by T1 yn + cnTayu)ll

< (@ns1%n + b1 Tryner + Cne1 TaYne1) — (@n%n + by Tryner + cuToyna)ll
+[[(@nxn + bnT1yne1 + cnToyni1) — (an Xn—1 + b T1 yu + cnTayn) ||

< laner — anl - 1%l + 1bnsr = bul - I T1Yna |l + [ene1 — Cal - [ T2Yne)|]
+an|1xn — Xn—1[] + bnlIT1yne1r — T yall + cullT2ynir — Toynll

<M (lani1 — anl + [bp1 — bl + [cnir — cnl)

+dp||xy — xp_1|] + bn||Yn+1 = Vull + cullyner — vall-
This implies that

M- (lan+l — an| + |bps1 — byl + lCpe1 — Cn|)

yne1 —ull < + Xy — X1l

an
So,

Jim {lyne = yall = 0.
Besides,

lim yn — xp—1ll = lim ||bn(T1)’n - xnfl) + Cn(TZYn - xnfl)” =0
n—00 n—00

and
lim |y, — Synll = im [|yn — T1ynll = lim |y, — Toyall = 0.
n—00 n—oo n—-oo

Let ¢: C — R be defined by ¢(u): = u,,||x, - u|| for each u € C. Clearly, ¢ is convex
and continuous. Taking p € Q and defining a subset D of C by

Di={xeC:l|lx—p||l <1},

where r: = max{||xo - p||, ||x1 - p||}- Then, D is a nonempty closed bounded convex
subset of C and {x,} S D. By Lemma 5.1,

Cmin :={z€D: go(z) = I;’élDH(/J()/)} 7 0.

Obviously, Cy,, is a bounded closed convex subset. Following the property of Banach

limit g, for all z € C,y;,, we have

9(S2) = finllxn — Szl|?
< tn(|1%n = yull + llyn — Szll)?
< pn([1%n = Yull + 311yn = Spall + llyn — 2I1)?
= pnllyn — 2lI?
< wn(llyn = %all + l1xn — zI])?

2
< fnllxn — 2[|7.

Then, Sz € Cyyj,. By Theorem 4 in [1], there exists X € Cp;, such that Sx = x. By
Lemma 5.3,
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Unly —%,J(x, —x)) <Oforally e C.

Take any y € C and let y be fixed. Since lim, ,.. ||%,,1 - %,|| = 0, then it follows
from the norm-weak* uniformly continuity of the duality mapping J that

Jim ((y = %, J(xne1 — %)) = (y = % J(xn — X)) = 0.

By Lemma 5.4,
lim (y —x,J(x, — X)) <O0forall y e C.

n—oo
By Lemma 5.2,

|l — X[
= [|dn(x0 — X) + (1 — dn)(Syn — 55)”2
< (1 = dn)?|ISyn — XII* + 2dn{xo — %, J (%, — X))
< (1= dy)?{lyn — XII* + 2dn (x0 — X, J (%, — X))
< (1= d)llxn—1 — %[> + 2dn (x0 — %, J (x5 — X)).

By Lemma 5.5, limy_ %, — X|| = 0. Furthermore, since 77 and 7, are nonexpan-
sive mappings, we know that x is also a fixed point of T} and T5,. Therefore, the proof
is completed.

The following is a special case of Theorem 5.1 when 77 and T, are identity
mappings.

Theorem 5.2. Let E be a uniformly convex and uniformly smooth Banach space with
Opial’s condition, C be a nonempty closed convex subset of E, and let S: C — C be a
mapping with condition (C). Let {d,} be a sequence in (0,1). Suppose that F(S) #0.

Define a sequence {x,} by

xp € C chosen arbitrary,
Xp = dnxo + (1 — dy)Sxp—1,n € N.

|dn+1 - dn| _

d, 0.. Then,

Assume that lim,cdn=0,Y o) dy =00, and lim,_
lim,_, 00Xy = limy o0y = X for some X € F(S).

6 Application

Let E be a reflexive, strictly convex, and smooth Banach space and let A € E x E* be a
set-valued mapping with range R(A): = {x* € E* x* € Ax} and domain
D(A) = {x € E: Ax #0}. Then, the mapping A is said to be monotone if (x -yx* - y*) >
0 whenever (x, x*), (y, y*) € A. It is also said to be maximal monotone if A is mono-
tone and there is no monotone operator from E into E* whose graph properly contains
the graph of A. It is known that if A € E x E* is maximal monotone, then A0 is
closed and convex.

Lemma 6.1. [30] Let E be a reflexive, strictly convex, and smooth Banach space and
let A € E x E* be a monotone operator. Then, A is maximal monotone if and only if R
(J + rA) = E¥for all r > 0.

By Lemma 6.1, for every r > 0 and x € E, there exists a unique x, € D(A) such that
Jx € Jx, + rAx,. Hence, define a single valued mapping /, : E — D(A) by Jx = x,, that
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is, J, = (J + rA)™ J and such J, is called the relative resolvent of A. We know that A™0
= F(J,) for all r > 0 [8].

Lemma 6.2. [21] Let E be a uniformly convex and uniformly smooth Banach space
and let A € E x E* be a maximal monotone operator. Let J, be the relative resolvent of
A, where r > 0. If A™'° is nonempty, then J, is a relatively nonexpansive mapping on E.

By Theorem 4.1 and Lemma 6.2, it is easy to get the following result.

Theorem 6.1. Let £ be a uniformly convex and uniformly smooth Banach space with
property (Q), and let C be a nonempty closed convex subset of E, and let 77, T, : C —>
C be two nonexpansive mappings, and let A & E x E* be a maximal monotone opera-
tor. Let {a,}, {b,}, {c,}, and {d,,} be sequences in (0,1) with and a,, + b,, + ¢,, = 1. Sup-
pose that Q := A='0 N F(T;) N F(T,) #0. Define a sequence {x,} by

xo € C chosen arbitrary and Cy = Dy = C,
Vn = AnXp—1 + bnTl}’n + CnToyn,

Zp = ]71(dn]}’n + (1 - dn)]]r}’n)r
Ch={z€Cy_1:0(z,.2,) <z, )}

Dy ={z € Dp—1 : llyn — 2l < llxn—1 —2ll},
Xy = ¢,np,Xo.

Assume that lim inf,_,., b, > 0, lim inf,_,., ¢, > 0, and lim inf,_,.. d,,(1 - d,,) > 0.

Then, lim,,_,.. x, = lim,,_,.. y, = lim,,_,.. z, = [Ioxo.
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