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Abstract

Motivated by classical Banach contraction principle, Nadler investigated set-valued
contractions with respect to Hausdorff distances h in complete metric spaces, Covitz
and Nadler (Jr.) investigated set-valued maps which are uniformly locally contractive
or contractive with respect to generalized Hausdorff distances H in complete
generalized metric spaces and Suzuki investigated set-valued maps which are
contractive with respect to distances Q, in complete metric spaces with z-distances
p. Here, we provide more general results which, in particular, include the mentioned
ones above. The concepts of generalized uniform spaces, generalized
pseudodistances in these spaces and new distances induced by these generalized
pseudodistances are introduced and a new type of sequential completeness which
extended the usual sequential completeness is defined. Also, the new two kinds of
set-valued dynamic systems which are uniformly locally contractive or contractive
with respect to these new distances are studied and conditions guaranteeing the
convergence of dynamic processes and the existence of fixed points of these
uniformly locally contractive or contractive set-valued dynamic systems are
established. In addition, the concept of the generalized locally convex space as a
special case of the generalized uniform space is introduced. Examples illustrating
ideas, methods, definitions, and results are constructed, and fundamental differences
between our results and the well-known ones are given. The results are new in
generalized uniform spaces, uniform spaces, generalized locally convex and locally
convex spaces and they are new even in generalized metric spaces and in metric
spaces.
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Introduction

Let 2% denotes the family of all nonempty subsets of a space X. Recall that a set-valued
dynamic system is defined as a pair (X, T), where X is a certain space and T is a set-
valued map 7: X — 2% in particular, a set-valued dynamic system includes the usual
dynamic system where 7 is a single-valued map.
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Let (X, T) be a set-valued dynamic system. By Fix(T) and End(T) we denote the sets
of all fixed points and endpoints (or stationary points) of T, respectively i.e., Fix(T) =
fwe X:we Tw)} and End(T) = {we X:{w} =T (w)}

A dynamic process or a trajectory starting at w° € X or a motion of the system (X, T)
at w° is a sequence (w” : m € {0} U N) defined by w” € T(w™") for m e N (see,
[1,2]).

If (X, T) is a dynamic system and w’ € X then, by O (X, T, w®), we denote the set of
all dynamic processes of the system (X, T) starting at w°.

A beautiful Banach’s contraction principle [3] has inspired a large body of work over
the last 50 years and there are several ways in which one might hope to improve this
principle.

Theorem 1 [3]Let (X, d) be a complete metric space. Let T : X — X be a single-
valued map satisfying the condition

Jief01)Vayex{d(T(x), T(y)) < rd(x,y)}. (1)

Then: (i) T has a unique fixed point w in X, i.e. Fix(T) = {w}; and (ii) the sequence {T
I converges to w for each u € X.

Let (X, d) be a metric space and let CB(X) denote the class of all nonempty closed
and bounded subsets of X. If & : CB(X) x CB(X) — [0, «) represents a Hausdorff
metric induced by d, it has the form

h(A, B) = max{supd(a, B), supd(b, A)}, A, B € CB(X),
acA beB

where d(x, C) = infc - d(x, ¢), x € X, Ce CB(X).

A natural question to ask is whether the single-valued dynamic system in this princi-
ple can be replaced by the set-valued dynamic system. One of the first results in this
direction was established in [4].

Theorem 2 [[4], Th. 5] Let (X, d) be a complete metric space. Assume that the set-
valued dynamic system (X, T) satisfying T : X — CB(X) is (h, A)-contractive, i.e.,

er[oll)Vx,yeX{h(T(x), T(y)) < kd(x, }/)} (2)

Then T has a fixed point w in X, i.e. w e T(w).

There are other important ways of extending the Banach theorem. In particular,
many interesting theorems in this setting, proposed by Covitz and Nadler, Jr. [[5], The-
orem 1], concern the set-valued dynamic systems in generalized metric spaces.

The concepts of generalized metric spaces and the canonical decompositions of these
spaces appeared first in Luxemburg [6] and Jung [7]. Recall that a generalized metric
space is a pair (X, d) where X is a nonempty set and d : X> — [0, o] satisfies: (a) V.,
yex {d(x, ) = 0 iff x = ) (b) Vaoye x {d(x, 9) = Ay, )5 (0) Vaoyoe x {dlx, 2) < +o0 A d(y,
Z) < +oo] = [d(x, y) < + o Ad(x, y) < d(x, z) + d(z, y)]}. Some characterizations of
these spaces were presented by Jung [7] who proved the essential theorems about
decomposition of a generalized metric spaces and discovered the way to obtain gener-

alized (complete) metric spaces. Let {(Xﬂ,dﬂ) 1B e B}, B -index set, be a family of
disjoint metric spaces. If X = Uﬁeg Xp and, for any x, y € X,
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d(x,y) = dg(x,y)ifx,yeXs, BB
4 +00 ifxEXﬂl’yEXﬂzlelr,Bzelg,ﬂl74[32

then (X, d) is a generalized metric space. Moreover, if for each B € B, (X3, dp) is
complete then (X, d) is a generalized complete metric space. Also, in generalized
metric spaces (X, d) he introduced the following equivalence relation on X:

x~ yiffd(x,y) < +00,x,y € X.

Therefore, X is decomposed uniquely into (disjoint) equivalence classes {Xﬁ 1B e B},
which is called a canonical decomposition. We may read these results as follows.

Theorem 3 [7]Let (X, d) be a generalized metric space, let X = Uﬁeg Xg be the cano-
nical decomposition and let ¥Vgep {d,g = dlx,xx;, } Then: (1) For each B € B, (Xp, dp) is a
metric space; (1I) For any B1, B2 € B, with By = Bo, d(x, y) = +o for any x € Xg, and
Y € Xpyy and (III) (X, d) is a generalized complete metric space iff, for each B € B, (Xg,
dp) is a complete metric space.

Before presenting the results of Covitz and Nadler, Jr. [5] we recall some notations.

Definition 1 Let (X, d) be a generalized metric space.

(a) We say that a nonempty subset Y of X is closed in X if Y = CI(Y) where CI(Y), the clo-
sure of Yin X, denote the set of all x € X for which there exists a sequence (x,,: m € N)
in Y which is d-convergent to x.

(b) The class of all nonempty closed subsets of X is denoted by C(X), ie. C(X) = {Y:
Ye 2XAY = Cl(Y)).

(c) A generalized Hausdorff distance H : C(X) x C(X) — [0, ] induced by 4 is
defined by: for each A, B e C(X),

infle > 0: A C N(e,B) AB C N(¢,A)} if is finite

H(A, B) = { +00 otherwise

where, for each E€ C(X) and ¢ > 0, N(¢, E) = {x € X: 3. {d(x, e) <&}}.

Theorem 4 [[5], Theorem 1] Let (X, d) be a generalized complete metric space and
let w°’ € X. Assume that a set-valued dynamic system (X, T) satisfying T : X — C(X) is
(H, &, A)-uniformly locally contractive, i.e.

E*se(O,oo]Elke[o,l)\v,x,yex{d(x/ )’) <é&= H(T(x), T(Y)) = Ad(x, )’)}

Then the following alternative holds: either

(A) Ywmmeioumeox u0) Ymen {d (W™, w™") > &} or

(B) Jwmme(ojuneox,T,uw0) Jwex {w € Fix(T) A limy, oo™ = w}.

It is not hard to see that each (H, A)-contractive set-valued dynamic system defined
below is, for each ¢ € (0, + =), (H, & A)-uniformly locally contractive.

Theorem 5 [[5], Corollary 1] Let (X, d) be a generalized complete metric space and
let w° € X. Assume that the set-valued dynamic system (X, T) satisfying T : X — C(X)
is (H, A)-contractive, i.e.,

Frejo1) Yayex{H(T(x), T(y)) < Ad(x,y)} whenever d(x,y) < oc. 3)

Then the following alternative holds: either

(A) Y wm:me{0}uN)eO (X, T,w0) YmeN {d (wm_ll wm) = OO}; or

Page 3 of 39



Wiodarczyk and Plebaniak Fixed Point Theory and Applications 2012, 2012:104 Page 4 of 39
http://www fixedpointtheoryandapplications.com/content/2012/1/104

(B) Fawmme(o)umeox,1.u0) Iwex {w € Fix(T) Alimy,_ oow™ = w}.

The following follows from Theorem 5 and generalize Nadler’s Theorem 2.

Theorem 6 [[5], Corollary 3] Let (X, d) be a complete metric space and let w° € X.
Assume that a set-valued dynamic system (X, T) satisfying T : X — C(X) is (h, 1)-con-
tractive, i.e.

Ficlo,1)Yayexth(T(x), T(y)) < Ad(x,y)}. (4)

Then Iam:me(ojuneox,1.u0) Iwex {w € Fix(T) A limy_ cow™ = w}.

Recall that the investigations of fixed points of maps in complete generalized metric
spaces appeared for the first time in Diaz and Margolis [8] and Margolis [9].

Another natural problem is to extend the Nadler’s [[4], Th. 5] theorem to set-valued
dynamic systems which are contractive with respect to more general distances. In com-
plete metric spaces, this line of research was pioneered by Suzuki [10], who developed
many crucial technical tools.

Definition 2 [11] Let (X, d) be a metric space. A map p : X x X — [0, o) is called a
t-distance on X if there exists a map 17 : X x [0, e) — [0, e) and the following condi-
tions hold: (S1) V.y.oc x {p(x, 2) < px, 3) + P, 2} (S2) Vae x Veson(x, 0) = 0 A 1, 1)
> ¢t} and 7 is concave and continuous in its second variable; (S3) lim,,_,.. x,, = x and
lim,, . SUP,,=, N(2y p(2, %)) = 0 imply that V. x {p(w, x) < lim inf, ... p(w, x,)};
(S4) lim,, .. SUp,=, PXs V) = 0 and lim,, ., N(x,, £,) = 0 imply that lim,, ,.. Ny, £,)
= 0; and (S5) lim, .. N(z,, p(z, %,)) = 0 and lim,,_,.. N(z,, p(z,, ¥,)) = 0 imply that
lim,, ., d(x,, y,) = 0.

Theorem 7 [[10], Theorem 3.7] Let (X, d) be a complete metric space and let p be a
t-distance on X. Let a set-valued dynamic system (X, T) satisfying T : X — C(X) be (Q,,
A)-contractive, ie.

EI)»e[O,l)Vx,yeX{QD(T(x)l T()/)) = }"p(x' )/)} (5)

where Q,(A, B) = sUpuc 4 infyc g pla, b). Then there exists w € X such that w e T(w)
and p(w, w) = 0.

Remark 1 Let us observe that this beautiful Suzuki’s theorem include Covitz-
Nadler’s Theorem 6. Indeed, first we see that each metric d is z-distance (cf. [11]) and
next we see that each (4, A)-contractive set-valued dynamic system (X, T) satisfying T :
X — C(X) is (Qg A)-contractive; in fact, Q; < h on C(X) (cf. [12]). Moreover, there
exist (Qg A)-contractive set valued dynamic systems (X, 7T) satisfying 7 : X — C(X)
which are not (4, A)-contractive.

It is worth noticing that a number of authors introduce the new various concepts of
set-valued contractions of Nadler type in complete metric spaces, study the problem
concerning the existence of fixed points for such contractions and obtain the various
generalizations of Nadler’s result which are different from the mentioned above; see, e.
g., Takahashi [13], Jachymski [[14], Theorem 5], Feng and Liu [12], Zhong et al. [15],
Mizoguchi and Takahashi [16], Eldred et al. [17], Suzuki [18], Kaneko [19], Reich
[20,21], Quantina and Kamran [22], Suzuki and Takahashi [23], Al-Homidan et al.
[24], Latif and Al-Mezel [25], Frigon [26], Klim and Wardowski [27], Ciri¢ [28] and
Pathak and Shahzad [29].
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The above are some of the reasons why in nonlinear analysis the study of uniformly
locally contractive and contractive set-valued dynamic systems play a particularly
important part in the fixed point theory and its applications.

Let us notice that in the proofs of the results of [3-29], among other things, the fol-
lowing assumptions and observations are essential: (O1) The completeness of metric
and generalized metric spaces is necessary; (02) In Theorems 1, 2 and 4-7, the maps T
(X, d) > (X, d), T: (X,d) > (CBX), h), T: (X, d) > (C(X), H) and T : (X, p) —> (C
(X), Qp) are investigated and the conditions (1)-(5) imply that these maps between
spaces (X, d), (X, p), (CB(X), h), (C(X), H) and (C(X), Q,), respectively, are continuous;
(O3) By Theorems 1, 2 and 4-7, for each w € Fix(T) the following equalities d(w, w) =
0, i(T(w), T(w)) = 0, H(T(w), T(w)) = 0, Q,(T(w), T(w)) = 0 and p(w, w) = 0 hold,
respectively; (04) The distances h, H, and Q, are defined only on the spaces CB(X) or
C(X), respectively.

Also, let us observe that in [30-36] we studied some families of generalized pseudo-
distances in uniform spaces and generalized quasipseudodistances in quasigauge spaces
which generalize: metrics, distances of Tataru [37], w-distances of Kada et al. [38], -
distances of Suzuki [11] and z-functions of Lin and Du [39] in metric spaces and dis-
tances of Valyi [40] in uniform spaces.

Motivated by the comments and observations stated above our main interest of this
article is the following:

Question 1 Are there spaces X, new distances on X which are more general than d,
h, H, p and Q,, and set-valued dynamic systems (X, T) which are uniformly locally
contractive or contractive with respect to new distances, such that the analogous asser-
tions as in Theorems 1, 2 and 4-7 hold but, unfortunately: (M1) Spaces X (metric, gen-
eralized metric and more general) are not necessarily complete; (M2) If new distances
we replaced by d, h, H, p or Q, then maps T are not necessarily continuous in the sense
defined by inequalities (1)-(5), respectively; (M3) For T, w € Fix(T) and for new dis-
tances the properties in (03) do not necessarily hold in such generality; (M4) The new
distances are defined on 2%, and thus not only on CB(X) or C(X) as in (O4)?

Our purpose in this article is to answer our question in the affirmative and providing
the illustrating examples. More precisely, inspired by ideas of Diaz and Margolis [8],
Margolis [9], Luxemburg [6], Jung [7], Nadler [[4], Th. 5], Covitz and Nadler [5] and
Suzuki [10] and the above comments and observations, the concepts of the families
D= {da X x X — [0,00], a € .A} (A-index set) of generalized pseudometrics on a
nonempty set X and the generalized uniform spaces (X, D) are introduced, the classes
Lx,p) of £-families of generalized pseudodistances in (X, D) are defined and, in (X,
D), a new type of £-sequentially completeness with respect to £-families (which extend
the usual sequentially completeness in uniform and locally convex spaces and comple-
teness in metric and generalized metric spaces) are studied (see the following section).
Moreover, some partial quasiordered space KA is defined (see Section “Partial quasior-

dered space gA“) and, using KA, Hﬁ)—distances on 2% (i € {1, 2}) with respect to

L-families are introduced (see Section “Hﬁ)—distances on 2%, ie {1,2)"). Also, we intro-

duce the definitions of (Hé), T, A) -uniformly locally contractive and (Hﬁ), A)—con—

tractive set-valued dynamic systems (X, T) (i € {1, 2}) satisfying T : X — 2% (see
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Section “(Hﬁ.), T, A)—uniformly locally contractive and (Hé), A)—contractive set-valued

dynamic systems (X, 7), i € {1, 2}”) and, for w® e X, we establish the conditions guar-
anteeing the convergence of dynamic processes O (X, T, w®) and the existence of fixed
points for such contractions and, additionally, a special case when T : X — C(X) and
L =D is studied (see Sections 6-8). Also the concept of the generalized locally convex
space as a special case of the generalized uniform space is introduced (see Section
“Generalized locally convex spaces (X, P)“). By generality of spaces and £-families, our
results, in particular, include and essentially generalize Theorems 1, 2 and 4-7. The
examples illustrating ideas, methods and results are constructed and comparisons of
our results with the results of Nadler [[4], Th. 5], Covitz and Nadler [5] and Suzuki
[10] are given (see Sections 10-13). Finally, a natural question is formulated (see Sec-
tion “Concluding remarks”). The results are new in generalized uniform spaces, uni-
form spaces, generalized locally convex and locally convex spaces and are new even in

generalized metric spaces and in metric spaces.

Generalized uniform spaces (X, D) and the class L(x,p) of £-families of
generalized pseudodistances on (X, D)

The following terminologies will be much used.
Definition 3 Let X be a nonempty set. (a) The family

D={dy:XxX—[0,00],a € A}, A - index set,

is said to be a D-family of generalized pseudometrics on X (D-family on X, for short)
if the following three conditions hold:

(D1) YaeAVrex {da(x, x) = 0}

(D2) YaeAYsyex {du(%,y) = do(y,x)}; and

(D3)If « € A and x, y, z € X and if d,(x, z) and d,(y, z) are finite, then d,(x, y) is
finite and dy(x, y) < dy(x, 2) + du(z, ¥).

(b) If D is D-family, then the pair (X, D) is called a generalized uniform space.

(c) Let (X, D) be a generalized uniform space. A D-family D is said to be separating
if

(D4) Vayex {x #7 = Faea {0 < da(x, 1) }} -

(d) If a D-family D is separating, then the pair (X, D) is called a Hausdorff general-
ized uniform space.

(e) Let (X, D) be a generalized uniform space and let (x,, : m € N) be a
sequence in X. We say that (x,, : m € N) is D-Cauchy sequence in X if
Vaed {limy_ ooSUp,,. do (tn, xm) = 0}. We say that (x,, : m € N) is D -convergent in X
if there is an x € X such that V,cq {limm_,ooda(xm,x) = O} (Ve {limmeooxm = x},
for short).

(f) If every D-Cauchy sequence in X is D-convergent sequence in X, then a pair (X,
D) is called a D-sequentially complete generalized uniform space.

Definition 4 Let X be a nonempty set. The family

Q={qy: X xX— [0,00],@ € A}, A - index set,

is said to be a Q -family of generalized quasi pseudometrics on X (Q -family on X,
for short) if the following two conditions hold:
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(Q1) VYgeaVxex {qa (x, x) = 0} ;

(92) If o € Aand %, y, z € X and if g4(x, z) and g,(z, y) are finite, then g, (x, y) is
finite and g, (%, ¥) < qu(%; 2) + qu(z ¥).

Definition 5 Let (X, D) be a generalized uniform space.

(a) The family

L={Ly:XxX—[0,00],¢ € A}, A - index set,

is said to be a £-family of generalized pseudodistances on X (L-family on X, for
short) if the following two conditions hold:

(L1) If ¢ € Aand %, y, z€ X and if L,(x, z) and L,(z, y) are finite, then L,(x, y) is
finite and Ly(x, ¥) < Ly(x, 2) + Lo(z, ¥); and

(L£2) For any sequences (x,, : m € N) and (y,, : m € N) in X such that

Vacal im sup L (xn, %n) = 0} (6)
and
Vaeal im Ly (%m, ym) = O}, ?)

the following holds

VaeA{"%LH‘OIO deo (xmr Ym) = 0}. (8)

(b) Let Lx,p) be a class defined as follows

Lx,p) = {£: Lis £ - family on X}.

Remark 2 Let (X, D) be a generalized uniform space. (i) Lxp) #9 since
D e Lxp). (ii) Lx,p) # {D}; see Sections 10-13.

Definition 6 Let (X, D) be a generalized uniform space, let £ € Lx,p) and let (x,, :
m € N) be a sequence in X.

(a) We say that (x,, : m € N) is f-Cauchy in X if
Voea {limy—oo8Up,,. Lo (Xn, Xp) = 0}.

(b) We say that (x,, : m € N) is L£-convergent in X if there exists x € X such that
Vaea {limy— oo Lo (xm, x) = 0}.

(c) We say that (X, D) is L£-sequentially complete if each £-Cauchy sequence in X is
L-convergent in X.

In the following remark, we list some basic properties of £-families.

Remark 3 Let (X, D) be a generalized uniform space and let £ € Lx,p). (i) If
VoeaVrex {La(x,x) = 0}, then £ is a Q -family on X; examples of £ € Lx,p) which
are not Q -families on X are given in Section “Examples of the decompositions of the
generalized uniform spaces”. (ii) There exist £-sequentially complete spaces which are
not D-sequentially complete; see Example 15. (iii) If (x,, : m € N) in X is £-convergent
in X, then its limit point is not necessary unique; see Example 1.

Example 1 Let (R, |-|) be a metric space. Define the family of
£={L:RXR—> [0,00]} to be

Page 7 of 39
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Oifx <y

L(x,y) = { 1ifx >y x,y€R.

It is obvious that £ is £-family on R and the sequence (1/m : m € N) is £-conver-
gent to each point w € (0, +).

One can prove the following proposition:

Proposition 1 Let (X, D) be a Hausdorff generalized uniform space and let
L e L, p).

(M) Ifx =y, % ye X then Jpea {La(x,¥) > OV Ly(y,x) > 0}.

(IT) If (X, D) is L-sequentially complete and if (x,, : m € N) is £-Cauchy sequence in
X, then (x,, : m € N) is D-convergent in X.

Proof. (I)) Assume that there are x = y, x, y € X, such that
A {La(x, y) =Lo(y,x) = O}. Then, Yqen {La(x, x) = O}, since, by using (£1), it fol-
lows that Vyeq {La(x, x) < Ly(x,y) + Lo (y, x) = 0}. Defining the sequences (x,, : m €
N) and (y,, : m € N) in X by x,, = x and y,, = y for m € N, and observing that
\ {La(x,y) =Ly(y, x) — Lo (x, x) = O}, this implies that (6) and (7) for these
sequences hold. Then, by (£2), (8) holds, so it is Vgea {da(x, y) = O}. On the other
hand, D is separating, so, since x = y, it is Jyea {da(x, 7) 740}. This leads to a
contradiction.

(IT) Since Vgea {limy_, o8Up,,- ,La(¥n, Xm) = 0}, by Definition 6(c), this proves the
existence of x € X such that V,cq {limm_)ooLa (2, x) = O}. We can apply (£2) to
sequences (x,, : m € N) and (y,, = «/ : m € N) and then we find that
Vel {limmﬁooda (Xms Ym) = limyns code (Xm, x) = O}. The uniqueness of the point of x

follows from the fact that D is separating. O

Partial quasiordered space g4
Proposition 2 Let KA be a set of elements © = (ng : a € A) defined by the formula

KA={®=(y:a € A): Vacalng € [—00,0]}}, A - index set,
and let Yo_g,, ac AyekAVacA {[@]a = nu}, The relation <SgA on KA defined by
V(~)=(r]a,:oze.,4),§2=(m‘,(:oze.A)eKv“{®$Kv“Q & Voealne =[Ol < [Q]o = wa}}

is a partial quasiordered on KA and the pair (KA, <KA) is a partial quasiordered
space.

Proof. For all @ € KA the condition ®<x4® holds. For all ®, Q, T € K4, the con-
ditions OxgaQ and Q=xxaY imply O<yaY. For all ®, Q € KA, the conditions
O<ka and Q=xg4® imply ® = Q. O

Notation. The following notation is fixed throughout the article:

Qo= =0:acA);

Os00 = (Mg = +00:a € A);

K& ={0 e K" Op=xa® A O<5a0,00);

0,+00

K:—Aoo ={®@=(y:aecA)e KA Vaenlne € (0, +00)}}-

Page 8 of 39
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In the sequel, if ®, Q € KA, then ©<gaQ will stand for O<gaQ and O = Q.

Definition 7 Let §A be a nonempty subset of KA. We say that
Iga = INF(S*4) € KA is a infimum of $A if the following two conditions hold:

(I1) Yoesa{lsa<xa®}

(12) Yaexa{{lsa<xaQ} = Joesa{O=<xa).

Example 2 Let A = {1,2,3} and let K* = {© = (11,72, 13) : Vaea{nla € [—00, o0]}}. If
S{t ={(3,5,7),(4,1,8)} then S{‘ c K4 and I[N]F(S{‘) does not exist since (3, 5, 7) and
(4, 1, 8) are not comparable. If 854 ={(3,5,7),(4,6,8)} then Sf‘ c KA and
INF(S5') = (3,5, 7).

Hf-distances on 2%, il {1, 2}
Definition 8 Let (X, D) be a Hausdorff generalized uniform space and let £ € Lx,p).

(a) For Ce 2¥and © = (i, : @ € A) € K2, let us denote

+oc’

Ur(0,C) ={u e X: JecVacalle(u, c) < nal}. ©)
(b) For A, B e 2% let us denote:

HE)(A,B) = {© € KA, :AC UL(©,B)}, (10)

H()(A/B) ={© € K7y, : A C U(©,B) AB C Ug(O,A)). (11)

(c) Let i € {1, 2}. The map H(l) 2X x 2X 5 kA

0,400 Of the form

if INF(H; (A, B)) exists and
INFCHE(AB)) y,_ ([INF(HE (4, B)] < +00)

H{G) (4. B) = if INF(H; (A, B)) does not exist or *
O,00 1f]INIF(7—[ )(A, B)) exists and
e []INIE‘(’H(I)(A B))], = +00}

A, Be 2% is called a Hﬁ) -distance on 2~ generated by [ (Hé) -distance on 2%, for
short).
Remark 4 For each A, B e 2% Hf,(A B)<kaHp) (4, B).

(H(z)’ T, A)—uniformly locally contractive and (Hé), A)-contractive set-valued
dynamic systems (X, 7, i L {1, 2}
Definition 9 Let (X, D) be a Hausdorff generalized uniform space, let £ € L(x,p) and
let i e {1,2}.

(a) Let Hé) be a Hﬁ)-distance on 2% and let 1= (¢q ;o € A) e K and
A = (Ay i € A) € K* be such that Voeafeq € (0,00) ALy €[0,1)}. We say that a

set-valued dynamic system (X, T), T: X — 2%, is (H(l), T, A) -uniformly locally contrac-

tive on X if

Ve aVsyex(La(6, ) < €0 = [HE(T@), T(r)]a < AaLa(x 7). (12)
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(b) Let Hé) be a Hé)—distance on 2% and let A = (he 1 € A) € KA be such that
Voeaf{ra €]0,1)}. We say that a set-valued dynamic system (X, 7), T: X — 2% s
(Hé), A) - contractive on X if

VaeaVayex {[HG (T(x), T() e < rala(x 7)) (13)

Remark 5 Let (X, D) be a Hausdorff generalized uniform space, let £ € L(x,p) and
let  T=(ep:acAd)ek?® and A=(h,:aecA)eKk? be such that
Voea{ea € (0,00) ALy € [0, 1)}

AIXT), T: X > 2% is (Hé), T, A)-uniformly locally contractive on X then it is
(Hﬁ), Y, A)-uniformly locally contractive on X.

) If (X, T), T: X - 2% is (H(Ez), A)-contractive on X then it is (Hﬁ), A)-contractive
on X.

(iii) Let ie {1, 2. If (X, T), T : X »> 2%, is (Hé,A)—contractive on X then it is

(Hé‘f), T, A)—uniformly locally contractive on X.

Statement of results
Definition 10 Let (X, D) be a Hausdorff generalized uniform space and let x € X/We say
that a set-valued dynamic system (X, T), T : X — 2%, is closed at x if whenever (x,,, : m €
N) is a sequence D-converging to x in X and (y,, : m € N) is a sequence D-converging to
yin X such that y,, € T(x,,) forall me N, then y e T(x).

The main existence and convergence result of this article we can now state as
follows.

Theorem 8 Assume that (X, D) is a Hausdorff generalized uniform space, £ € Lix,p)
and one of the following properties holds:

(P1) (X, D) is L-sequentially complete; or

(P2) (X, D) is D-sequentially complete.

Let i e {1, 2}, let H(% 22X x2X K{f}wc be a Hé) ~distance on 2~ and assume that a
set-valued dynamic system (X, T), T : X — 2%, has the property

(C) Yuwoex ¥ (wn:me(o)uN)eo(x,T,w0) Ywex {lim,,_.. w” = w = T is closed at w}.

(I If  Y=(eq:acA)eKA and A=(ry:acA)eK*  satisfy

Voea{ea € (0,00) Ady €[0,1)} and (X, T) is (Hﬁ), T, A) -uniformly locally contractive
on X then, for each w° € X, the following alternative holds: either

(A1) ¥(ymme(oyun)cox,1u) Ymen Jupea Loy (W1, w™) > &4, 0F
(A2) Jwmme(oyuN)eo 1w Iwex {w e Fix(T) A lim,, o w" =w A (W" : me {0} UN)

is L£-Cauchy}.

(ID) IfA=(g:aeA)e KA satisfies Vyealra € [0,1)} and (X, T) is (Hﬁ), A)—con—
tractive on X then, for each w° € X, the following alternative holds: either

(B1) Y(imme(0jun)co(x,1,u0) YmenagediLa, (W™, w™) = 0o} ; or

(B2) wmmeiojuN)eo X, T,u0)Iwex {w € Fix(T) A lim,, ,o. w" =w A (W" : me {0} UN)
is £-Cauchy}.

Definition 11 Let (X, D) be a Hausdorff generalized uniform space.
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(a) We say that a nonempty subset Y of X is closed in X if Y = CI(Y) where CI(Y), the
closure of Y in X, denotes the set of all x € X for which there exists a sequence (x,, :
m € N) in Y which is D-convergent to x.

(b) The class of all nonempty closed subsets of X is denoted by C(X), ie. C(X) = {Y:
Ye 2XAY = Ci(Y)).

Theorem 8 has the following corresponding when £ = D and when T : X — C(X).

Theorem 9 Let (X, D) be a Hausdorff D-sequentially complete generalized uniform
space, let i € {1, 2} and assume that H(Di) :C(X) x C(X) — K()‘}mc
C(X).

(I If  Y=(eq:acA)ecKkA and A=(hg:aeAd)eK? satisfy
Voeal{es € (0,00) ALy € [0, 1)} and if a set-valued dynamic system (X, T) satisfying T
X - CX)is (H(If), Y, A) -uniformly locally contractive on X then, for each w° € X, the

isa H(Di)—dismnce on

following alternative holds: either

(F1) ¥ (ymmeiojun)cox,1,u00) YmeNTage Al Loy (W™, W™) > &4, ); 0F

(F2) Fwrmeloyum)eox ru)Iwex{w € Fix(T) A lim w™ = w},

(ID If A=y :axeA) e KA satisfies Yyea{ry € [0,1)} and a set-valued dynamic
system (X, T) satisfying T : X — C(X) is (H(ll?), A)-contractive on X then, for each w° e
X, the following alternative holds: either

(G1) ¥(wmme(oyun)co X, 1.u0) Ymen Jugea{da, (W1, w™) = 00} ; or

(G2) Fwrmetopumeox Tu) Juexfw € Fix(T) A lim w™ = w),

Proof of Theorem 8
(I) Let i € {1, 2}. The proof is divided into three steps.
Step 1. Assume that w° € X and suppose that the assertion (A1) does not hold; that
is,
El(v’":me{O}UN)E(’)(X,T,vo=w")Elrngel\l\vlate./tl{ch (Vm071/ Vmo) < &q}. (14)

Then there exists (w™ : m € {0} UN) € O(X, T, w®) which is £-Cauchy sequence on X;
that is,

Vaeal lim sup Ly (w", w™) = 0}. (15)
Indeed, since (14) holds, thus, by (12), we get

Voe Al[HG (T@™ ™), TW")]a < aLa (™7, 0™) < hotal. (16)
It follows from (16) and Definition 8(c), that there exists ]INIE‘(H(L,E)(T(U’”O_l), T(¥"™)))

and
Vae {[INF(HY (T 1), T("™))) o < hata). (17)

From  this, denoting  Q={\yeq:axc Al e KA we deduce that
HNF(’H(% (T(™ 1), T(W™)))<g2 Q. Consequently, by (I2), there exists

® € HG(TW™ ™), T(W™)) (18)
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such that ®=<g.aQ which implies
Voedl[®lo < [R]a = Aata} and O # Q. (19)

If i = 1, then we note that, by (18), (9), and (10), T(v™ 1) C U, (®, T(v™)). Clearly,
v™ ¢ T(v™~1). Thus, v™ € Ug(®, T(¥™)) and the conclusion

HummleT(vmo)VaeA{LQ(vm",u'"“”) < [Ola <Aool

follows directly from (9), (10), (18), and (19).
If i = 2, then we also note that, by (18), (9) and (11), T(v™~1) C U.(®, T(v™)) and
T(v™) c Ug(©, T(v™1)). Clearly, v e T(v"0~1). Thus, v™ € Ug(®, T(v™)) and the

conclusion
EIu’”U*lET(V"‘O)CUE(®,T(u"‘0*1))\‘7lou£,4’Hw(Umolumoﬂ) < [®]0l < Ag€al

follows directly from (9), (11), (18), and (19).
This proves

urortermo) Yae AlLa (V" u™) < Agea). (20)
Since, by (20), Vyea{Lo(V™, u™*!) < &4}, it follows, using (12) and (20), that

Vae Al [HG (T@™), T ))]a < AaLo (v, u"™*") < (he)’ea).
That is,

Vae AUINF(H G (T(0™), T@"™*")))]e < (Aa)’ea). (21)
Denoting A = {(Ay)%eq : @ € A} € K, we see that condition (21) implies

HN]F(’H(% (T(W™), T(u™*')))<xaA. Hence, by (I2), there exists

I € HG(T(W™), T(u"™*")) (22)
such that I[T<g.a A. This means

Vacallll]a < [Ale = (ha)’eq} and TT # A, (23)

Let i = 1. Clearly, by (9), (10), and (22), T(v™) C U(I1, T(u™*!)). Moreover, by
(20), u™Mo*l e T(v™). Therefore u™*! e U, (T1, T(u™*')). This, by (9), (10) and (21)-
(23), implies

Hum0+ZET(um0+l)VaeA{La(um0+l, um0+2) < [H]Ot < ()\.a)zga}.

Let i = 2. Clearly, by (9)-(11) and (22), T(¥™) C U(I1, T(uw™*!)) and
T(u™*) ¢ U (11, (V™)) Moreover, u™o+l e T(v™). Therefore
u™+*l e Uy (I, T(u™+*1)). This, by (9)-(11) and (21)-(23), implies

Elu"‘ﬁ*zeT(u"‘O”)CUl;(l'I,T(i/’”O))VOtE.A{LOt (Mm0+1, um°+2) < [H]a < ()\.Q)ZSQ}.
That is,

Jumo2er(umot)Vaea{Le (W™, ™) < (he)*eq). (24)
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By (24), we have Vg 4{Ly(u™*!, u™*?) < g,} and, using (12) and (24), we get
Vae allHS (TW"*), TW"™*2))]y < Ao (0™, 4"%2) < (1) s,

This means
Vae al[INF(HE (T("), T ) ]a < (ha)’eu).

By induction, a similar argument as in the proofs of (17)-(25) shows that

1
J(wron:ne(0)uN)eO X, Tumo=v0) Yae A Vneoyun{u™ ™ € T(u™ ™ )A
/\La(umoml umo+n+1) < ()\a)mlga/\

/\[H,(L;)(T(ummn)lT(Umo+n+1))]a < AaLa(umo+n, um0+n+1)}’

(25)

(26)

It is clear that (26) implies that (w™:m € {0}UN)e O(X,T,w’) where
Vinem W™ = 1"}, w™ = 4™ = v™ and Vpsm {w™ = u™}). Additionally, this sequence (W™

:me {0} nN) is a £-Cauchy sequence on X, i.e., (15) holds.

Step 2. Assume that the condition (C) and the property (P1) hold. If w° € X and the

assertion (A1) does not hold, then (A2) holds.

By Step 1, Definition 8(c) and (P1) (note that then (X, D) is £-sequentially complete),

we have that there exists w € X satisfying

Vaeal lim Lo (w™, w) = 0}.

27)

Applying (15), (27), and (£2) (where (x,,, = w"” : m e N) and (y,, = w: m € N)), we

find that

Voea{ lim d,(w™, w) = 0}.

(28)

Clearly, since (X, D) is Hausdorff, condition (28) implies that such a point w is

unique.

We observe that w € Fix(T). Indeed, we have that a dynamic process (w” : m € {0}
U N) satisfies (28). Hence, by (C), T is closed at w and, since V,,,cn{w” € TwW™ ™M), we

get w e T(w). This proves that the assertion (A2) holds.
This yields the result when (C) and (P1) hold.

Step 3. Assume that the condition (C) and the property (P2) hold. If w° € X and the

assertion (A1) does not hold, then (A2) holds.

If (A1) does not hold, then, by Step 1, there exists a sequence (w” : m € {0} n N)
which satisfies (w™ : m € {0} UN) € O(X, T, w®) and, additionally, this sequence is a

L-Cauchy sequence on X, i.e.
Vaea{ lim sup Ly (w", w™) = 0}.
We prove that (w™ : m € {0} UN) is a D-Cauchy sequence on X, i.e. that
Ve A Ve =0 mgmng (c,6)eNVs 1N, s=1=mo (o (W', ') < e}.
Indeed, by (29), we claim that

V(XEAVS>OHH1:nl(a,S)ENV‘ﬂ>‘ﬂ1 {SUP(La(wn: wm) tm > 1’1} < 5}-

(29)

(30)
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Hence, in particular,

Ve AVe03n, =, (@e)eN Vi, Vgen{Lo (w", W) < €} (31)
Let now ry, jo € N, ry >jo, be arbitrary and fixed. If we define

" = wo*™ and 2™ = WM for m € N, (32)
then (31) implies that

Voeal im Ly (w", (") = lim Lo (w",2") = 0}. (33)
Therefore, by (29), (33), and (£2), we get

Voeal im do (™, ") = lim_d, (w",2") = 0}. (34)
From (32)-(34), we then claim that

Ve AVes0TIny=n, (a,6)eNVimsn, {do (W™, w™) < £/2} (35)
and

VaeAVe=0Tnmms (we)eN Vinsny (do (W, W) < /2. (36)

Let now «g € A and ¢y > 0 be arbitrary and fixed, let ny = max{ny(0y, &), n3(o, €o)}
+ 1 and let s, [ € N be arbitrary and fixed such that s >/ >ny. Then s = ry + ng and [ =
jo + no for some 1y, jo € N such that ry >jy and, using (35) and (36), we get

dozo (ws, wl) _ dozo (w'f(]-f-?lg, wjo+ng) < d% (wngr wrg+no) + dozo (wn(], wjg+no)

< 80/2 + 8()/2 = £0.
Hence, we conclude that
vaeAve>03n0=n0(a,s)eNV5,leN, s>I>ng {da (wsl wl) < e}

The proof of (30) is complete.

Now we see that there exists a unique w € X such that lim,,_,.. w” = w. Indeed,
since (X, D) is a Hausdorff D-sequentially complete generalized uniform space and the
sequence (w™ : m € {0} UN) is a D-Cauchy sequence on X, thus there exists a unique
w e X such that lim,, .. w” = w.

Moreover, we observe that w € Fix(T). Indeed, we have that a dynamic process (w” :
m € {0} U N) satisfies lim,,, ,.. w” = w. Hence, by (C), T is closed at w and, since V,,.
Ww”" e T(w"?)}, we get w e T(w). We proved that the assertion (A2) holds.

This yields the result when (C) and (P2) hold.

The proof of (I) is complete.

(II) Let i € {1, 2}. Let w° € X, let the condition (C) holds and suppose that the asser-
tion (B1) does not hold, i.e. suppose that

Ei(u"‘:me{O}UN)e(’)(X,T,zz":wU)Elmoel\lvoze.A{Lo:(Vmo_ll V™) < oo}.

This implies that there exists the family Y = (g, :a € A) € K* such that

Voealea € (0,00)} and Vye a{Ly (V™ , ™) < &4 < o0}. Consequently,

EI(v’":me{O}UN)eO(X/T/vozwo)ElmgeNVozeA{Loz (Umo_lz Umo) < €a}.
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Clearly, (X, 7) is (Hé),T,A)—uniformly locally contractive on X since (X, T) is

(Hé), A)—contractive on X. From the above and by similar argumentations as in Steps

1-3 of the proof of Theorem 8(I) we conclude that all assumptions of Theorem 8(I)

hold and the assertion (A1) of Theorem 8(I) does not hold. Consequently, using Theo-

rem 8(I), we get that the assertion (A2) of Theorem 8(I) holds in the case when the

property either (P1) or (P2) holds. Hence, the assertion (B2) of Theorem 8(II) holds.
The proof of Theorem 8 is complete. O

Proof of Theorem 9
(I) Let i e {1, 2). Let w’ e X be arbitrary and fixed and suppose that the assertion (F1)
does not hold. That is

3 me(0)uN) O (X, T,0=u0) Imo eNVae A {de (VP 71, 0™) < 4. (37)

But then, using analogous considerations as in the Step 1 of the proof of Theorem 8
(I), we obtain that

A(umomne 0JUN)eO(X, T,umo -vm0) Yae A Vneoyunit™ ™1 € T(u™*)A
da (umo+n’ umo+n+1) < ()\a)n+1£a/\ (38)
a[H(Di) (T(um0+n)/ T(um0+n+1 ))] S A’ada (um0+n, um0+n+1 )}

Consequently, the sequence (w” : m e {0} U N) such that
Vinem, (W™ = 1"}, w™ = u™ = 1™ and Vysm {w™ = u™} is a dynamic process of T start-

ing at w° and, additionally, this sequence is a D-Cauchy sequence on X, i.e.

Vaeaf lim sup d, (w", w™) = 0}. (39)

m>n

It is clear that (39) implies
VQEA{n%LH‘c}o da (wml wm+1) = 0} (40)

and, since (X, D) is a Hausdorff D-sequentially complete generalized uniform space,
there exists a unique w € X such that

vaeA{r&i_I)Igo dy (w", w) = 0}. (41)

If, for each ¢ € A, x € X and B < CI(X), we denote

dy(x, B) = inf{dy (x,y) : y € B} (42)
and

Wa (%) = do(x, T(x)), (43)
then (42) and (40) implies

Voeal im o, (w") = lim do (W™, T(w™"))

. 1 (a4)
< lim d,(w", w™") = 0}.
m—0o0
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Let m € N, m >my, and ¢ € A be arbitrary and fixed and let

[®]o = ¢o = [HE(TW"), Tw)) o, ® € K3

0,400’

here m, is defined by (37). Then, by (9)-(11) and definition of H(D,-) (T(w™), T(w)), we

get that VveT(w"’)ElcleT(w){da (v,¢c1) < ¢o} and Voer(w)Je,eT(wm) {dy (v, c2) < @a}. Hence, in
particular, if v e T(w™) is arbitrary and fixed, then

de(v, T(w)) = infldy (v, 2) : z € T(w)} < du(v,¢1) < Pa.
This implies

sup du (v, T(w)) < ¢ = a[HE (T(w"), T(w))] (45)

veT(w™)
Now, by (D1), (remember that £ = D), for each u € T(w) and v e T(w™), we have
do(w, u) < dg(w, w™) + do(W", v) + dy (v, u).

Hence, by (42) and (D1), for each v e T(w™), it follows

o (10, T()) = 00 (W) < da (10, 0") + do (W, V) + du (v, T(w)).
Further, by (38), (43), (44), and (11), we get

do(w, T(w)) = wo(w) < dy(w, w™) + 1}eiTr(ltfm){dot W™, v) +dy (v, T(w))}

<dy(w,w™)+ inf dy(w™ v)+ sup dy(v. T(w))

veT(w™) veT(w™)
< dy(w, w™) + wu (Ww") + [H(Di) (T(w™), T(w))]a
< dy(w, w™) + wg (W") + Aody (W", w).
Hence, by (41) and (44), Veea{wo (w) = dy(w, T(w)) = 0}. However, this property of
w, ie.
de(w, T(w)) = inf{d, (w,y) : y € T(w)} = 0,
and fact that T(w) is closed, gives w € T(w). This and (41) yield that (F2) holds.

(II) Let i € {1, 2}. Let w® € X and suppose that the assertion (G1) does not hold, i.e.
suppose that

H(Umimé{O}UN)EO(X,T,UO=WO)HWIQENVQG.A{dat(Um0711 Vmo) < 00}

This implies that there exists the family Y = (g, :0a € A) € K* such that

Voealea € (0,00)} and Ve {de (V™ !, ™) < &, < 00} Consequently,
3mme(0)uN)eO (X, T,0=w0) Imgen Vae A {da (V™ 1, V™) < g4},

Clearly, (X, T) is (H%I?),T,A)— uniformly locally contractive on X since (X, T) is

H(Di)—contractive on X. Using now similar argumentation as in the proof of Theorem 8

(II), we obtain that (G2) holds.
The proof of Theorem 9 is complete. O
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Generalized locally convex spaces (X, P)
We want to show an immediate consequence of the Section “Generalized uniform
spaces (X, D) and the class L(x,p) of £-families of generalized pseu-dodistances on
X, D).

Definition 12 Let X be a vector space over R.

(i) The family

P ={py : X — [0, +c0], @ € A}

is said to be a P -family of generalized seminorms on X (P-family, for short) if the
following three conditions hold:

(P1) YacaVxex {0 = pa(x) ANx=0= Po:(x) = 0};

(P2) YaecaVierYxex {pa(rx) = [A| po(x)}; and

(P3) If ¢ € A and x, y € X and if p,(x) and p,(y) are finite, then p,(x + y) is finite
and pol® + 9) < pol®) + paly).

(ii) If P is P-family, then the pair (X, P) is called a generalized locally convex space.

(iii) A P-family P is said to be separating if

(P4) Vxex {x #0 = Jyen {0 < Pu (x)}}

(iv) If a P-family P is separating, then the pair (X, P) is called a Hausdorff general-
ized locally convex space.

Remark 6 It is clear that each generalized locally convex space is an generalized uni-
form space. Indeed, if X is a vector space over R and (X, P) is a generalized locally
convex space, then D = {da X x X — [0, +00], € A} where dy(x,y) = polx - ), ()
€ X x X, a € A is D-family and (X, D) is a generalized uniform space.

Examples of the decompositions of the generalized uniform spaces

Example 3 For eachne N, let Z, = [2n - 2, 2n - 1] and let q,, : Z,, x Z,, = [0, +o0)
where g,(x,y) = |x - y| for x,y € Z,. Let Z=|J;2, Z, and define g : Z x Z — [0, +o0]
by the formula

Gn(x,y)ifx,yeZy,neN

+00 ifxeZ,,yeZyn#m nmeN’ (46)

qa(x,y) = {

Then (Z, q) is a complete generalized metric space.

Example 4 Let Y = RY = R x R x ... be a non-normable real Hausdorff and sequen-
tially complete locally convex space with the family C = {c,, n € N} of calibrations c,,n
e N, defined as follows:

cn(x) = ’[x]n} = |xn|, x = (x1,%2,%3,...) €Y, neN.

For each s € N, let P, = [2s - 2, 25 - 1]V be a Hausdorff sequentially complete uni-
form space with uniformity defined by the saturated family {p;, : n € N} of pseudo-
metrics p;, : Ps x Py — [0, +°), n € N, defined as follows:

psn(Xy) =cn(x—y), X,y P, neN.
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Let P = | J2) Ps and define p,:P x P — [0, +°], n € N, as follows

psn(X,y) if X,y € D
Pa(xY) =1, ifxe P, yeP;, ,xyePneN (47)
s1 #52,51,52 €N

Then (P, {p,:P x P — [0, +], n € N}) is a Hausdorff {p,:P x P— [0, +0], n € N}-
sequentially complete generalized uniform space.

Examples of elements of the class Lxp)
In this section we describe some elements of the class L(x,p).

Example 5 Let (X, D) be a Hausdorff generalized uniform space where
, A-index set, is a D-family. Let the set E € X, containing at least two different points,
be arbitrary and fixed and, for each ¢ € A4, let L, : X x X — [0, +o] be defined by the
formula:

de(x,y) IfEN{x,y} = {x, 9}

La(xy) = {+oo ifEN{x,y} # {x,v} %y €X. (48)

We show that the family £ = {L, : « € A} is £-family on (X, D).

First, we observe that the condition (£1) holds. Indeed, let « € A and &, y, z€ X be
arbitrary and fixed and such that L (x, z) < +e0 and L,(z, y) < + . By (48), this implies
that: x, y, z € E; dy(x, 2) = Lo(x, 2) < +o0; and dy(z, ) = Ly(z,y) < +eo. Then, by (D3),
we get that dy(x,y) < +o0 and dq(x, y) < dy(x,2) + d,(2,y). Consequently, since x,y,z € E,
this mean that L,(x,y) = d,(x,y) < +e and L,(x,y) < L,(x,z) + L,(z,y). Therefore, the
condition (£1) holds.

To prove that (£2) holds, we assume that the sequences (x,, : m € N) and (y,, : m €
N) in X satisfy (6) and (7). Then, in particular, (7) is of the form

vaeAV0<sa<+ooE|m0=mo(ea,a)eNvmzm0 {Ly (xmr Ym) < &q}.
By definition of £, this implies that

vae.AV0<sa<+ooE|m0=m0(sa,a)eNvmzm0{E O A%, Ym} = {Xms Y}
Ady (Xm, Ym) < €q < +00}.

Therefore, we obtain that
Voze.ﬂ‘lvo«‘s‘¥ <+003m0=m0(£a,a)eNvam0 {do (xm/ Ym) < &g}

This means that the sequences (x,, : m € N) and (y,, : m € N) satisfy (8). Hence we
conclude that the condition £2 is satisfied.

Example 6 Let (X, D) be a generalized metric space where
D={d:X xX — [0,+00]} is a D-family. Let the set E € X, containing at least two
different points, be arbitrary and fixed and let L : X x X — [0, +e<] be defined by the
formula (see (48)):

d(x,y) it EN{x,y} = {x, y}

L(x'y)={+oo fEN{x ) £ ey TV EX (49)

By Example 5, the family £ = {L} is £-family on X.
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Example 7 Let (X, D) be a Hausdorff generalized uniform space where
, A-index set, is a D-family. Let the sets E and F satisfying E € F € X be arbitrary and
fixed and such that E contains at least two different points and F contains at least
three different points. Let 0 <a, <by <cy < +°, @ € A, and let, for each ¢ € A, Ly, :
X x X — [0, +o] be defined by the formula:
do(x,y) +aq if {x,y} NE = {x,y}
do(x,y) ifxe EAy e F\E
Ly(x,y) = { da(x,y) +co ifxe F\EAY € E X,y €X. (50)
dy(x,y) + by if {x, y} N F\E = {x, y}
+00 if {x,y}NF #{x,y}

We show that the family £ = {L, : « € A} is £-family on X.

First, we observe that the condition (£1 holds. Indeed, let « € A and %, y, z€ X
satisfying Ly(x, z) < + oo and Ly(z, y) < + o= be arbitrary and fixed. Clearly, by definition
of L,, this implies that x, y, z € F. We consider the following cases:

Case 1. If Ly(x, y) = do(x, ¥) + by, then by (50) we conclude that, {x, y} N F\E = {x,
y}. Now, if z € E, then Ly(x, z) = do(x, 2) + cu5 Lo(z, ¥) = do(z, ¥); and consequently,
since by, <cy, by (D3), we get

Loy(x,y) = da(x,y) + by < dy(x,2) + o +da(zY)
= Ly(x,2) + Ly(x, 7).

If ze F\E, then Ly(x, z) = do(x, 2) + bos Loz, ¥) = do(z, ¥) + by; and consequently,
by (D3), we get
Lo(x,y) = da(x,y) + by < dy(x,2) + by +da(z,y) + by
= Ly(x,2) + Ly (x, 7).

Case 2. If Ly(x, y) = do(x, ¥) + co, then by (50) we conclude that, x € F\ EAy € E.
Now, if z € E then Ly(x, z) = dy(x, 2) + cos Loz, ¥) = do(z, y) + @y and consequently,
by (D3), we get

Ly(x,y) = du(x,y) + Co < do(x,2) +Co +dy(z, ) + ag
= Ly(x,2) + Ly(2, ).

If ze F\E, then Ly(x, 2) = dy(x, 2) + by Lo(z, ¥) = do(z, ¥) + ¢os and consequently,
by (D3), we get

Lo(x,y) = do(x,y) + Co < dg(x,2) + by +da(2,Y) + Ca
=Ly (x,2) + Ly (2, ).

Case 3. If Ly(x, ¥) = dy(x, y), then by (50) we conclude that, x € EAy € F\E. Now, if
z € Ethen Ly(x, 2) = do(x, 2) + ay; Lo(z, ¥) = do(z, ¥); and consequently, by (D3), we
get

Ly(x,y) = du(x,y) < dy(x,2) + ay +du(2,7)
=Ly(x,2) + Ly (2, 7).

If z e F\E, then Ly(x, z) = do(x, 2); Lo(z, ¥) = du(z, y) + by and consequently, by
(D3), we get

Page 19 of 39



Wiodarczyk and Plebaniak Fixed Point Theory and Applications 2012, 2012:104
http://www.fixedpointtheoryandapplications.com/content/2012/1/104

Lo(x,y) = da(x,y) < do(x,2) +dy(z,y) + by
= Ly(x,2) + Ly (2, y).

Case 4. If Ly(x, y) = dg(x, y) + ag, then by (50) we conclude that, x € EAy € E. Now,
if ze E then Ly(x, z) = do(x, 2) + ay; Lo(z, y) = do(z, ¥) + ag and consequently, by
(D3), we get

Ly(x,y) = du(x,y) + aq < dy(x,2) + ag +dy (2, ) + A
=Ly(x,2) + Ly (2, 7).

If ze P\E, then Ly(x, z) = dy(x, 2); Lo(z, ¥) = do(z, y) + cos and consequently, since
Ay <Cq by (D3), we get

Ly(x,y) = du(x,y) + aq < do(x,2) +de(2,7) + Ca
= Ly(x,2) + Ly(2, ).

Consequently, the condition £1 holds.
To prove that £2 holds, we assume that the sequences (x,, : m € N) and (y,, : m €
N) in X satisfy (6) and (7). Then, in particular, (7) is of the form

VO(EAV0<8‘, <day Hm():mo(smot)ENvamo {Lg (xmr Ym) < &g}
By definition of £, this implies that

voze.AV0<£0, <day E]m0=m0(£0,,oz)eNvmzmo {xm € EA Ym € F\E
Ao (X, Ym) < €a < dg}-

As a consequence of this, we get

vaeAvO<sa <dy 3m0=m0(es,,t,oz)el\lvmzmo {da (-xm/ Ym)
= Lo (%m, Ym) < €q}-

This means that the sequences (x,, : m € N) and (y,, : m € N) satisty (8). Therefore,
the property (£2 holds.

It is worth noticing that, there exists x, y € X such that, for each o € A, Ly(x, y) =
L, (y, x) does not hold. Indeed, if x € E and y € F\ E, then

VaEA{da (xr }/) =Ly (xr }/) 7£ Ly (yr x) = da (YI x) + Ca}<

Example 8 Let X, D be a generalized metric space where D = {d X xX— [0, +oo]}
is a D-family. Let the sets E and F satifying E € F € X be arbitrary and fixed and such
that E contains at least two different points and F contains at least three different
points. Let L : X x X — [0, +e] be defined by the formula:

da(x'y) +1 lf{x:)’} NE= {xry}
de(x,y) ifxeEAyeF\E
L(x,y) =14 da(x,y)+4ifxe F\EAY € E X,y €X. (51)
do(x,7) + 3 if {x,7) N F\E = {x,y)
+00 if {x,y} NF # {x,y}

By Example 7, the family £ = {L} is £-family on X.

Example 9 Let (X, D) be a Hausdorff generalized uniform space where
, A-index set, is a D-family. Let the sets E and F satisfying E € F € X be arbitrary and
fixed and such that E contains at least two different points and F contains at least
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three different points. Let 0 <b, <c, < +, o € A, and let, for each ¢ € 4, Ly : X x
X — [0, +o0] be defined by the formula:

if {x,y}NE={xy}

d (%, y)
orxe EAnyeF\E
Ly(x,y) = { dy(x,y) +¢co ifxe F\EAy € E Xy €X. (52)
do(x,y) + by if {x, ¥y} N F\E = {x, y}
+00 if {x,y} NF # {x,y}

We show that the family £ = {L, : @ € A} is £-family on X.

First, we observe that the condition (£1 holds. Indeed, let « € A and x, y, z€ X
satisfying Ly(x, z2) < +o0 and Ly(z, ) < +oo be arbitrary and fixed. Clearly, by definition
of L,, this implies that x, y, z € F. We consider the following cases:

Case 1. If L,(x, y) = dy(x, y) + by, then by (52) we conclude that, {x, y} N F\E = {x,
y}. Now, if z € E, then

Lo(x,2) = do(x, 2) + Co; La (2, ) = du(2,7);
and consequently, since b, <c,, by (D3), we get

Loy(x,y) = da(x,y) + by < dy(x,2) + Co +da(zY)
=Ly (x,2) + Ly(2, ).

If ze F\ E, then
Lo(x,2) = dy(x,2) + by; Ly(2,y) = de(2,y) + by;
and consequently, by (D3), we get

Loy(x,y) = da(x,y) + by < dy(x,2) + by +da(z,y) + by
= Ly(x,2) + Ly (2, y).

Case 2. If L,(x, y) = do(x, ) + co, then by (52) we conclude that, x € F\EAy € E.
Now, if z € E then

Ly (%, 2) = dg(x,2) + cai Ly (2, y) = do(2,y);
and consequently, by (D3), we get

Ly(x,y) =da(x,y) + o <dy(x,2) + ¢y +du(z,y)
= Ly(x,2) + Ly (2, ).

If ze F\ E, then
Lo(x,2) = do(x,2) + be; Lo (2, ) = da(2, ) + Ca;
and consequently, by (D3), we get

Lo(%,y) = do(x,y) + Co < dy(x,2) + by +dy(2,Y) + Ca
= Ly(x,2) + Ly (2, ).

Case 3. If L,(x, y) = dy(x, ), then by (52) we conclude that, x€ EAye Eorxe E
Ay e F\E. First, assume that x € EAy € E. Now, if z € E then

Ly(x,2) = do (%, 2); Lo (2,7) = du(z,y);
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and consequently, by (D3), we get

Lo(x,y) = do (%, y) < du(x,2) + da(z,y)
= Ly(x,2) + Ly (2, ).

If ze F\E, then
Ly(x,2) = dg(x,2); Lo (2,y) = do (2, ¥) + Cas
and consequently, by (D3), we get

Ly(x,y) = du(x,y) <dy(x,2) +dy(z,y) +cq
= Ly(x,2) + Lo(2, ).

Next, we assume that x € EAye F\E. Now, if ze E then Ly (x, z) = dy(x, 2); Lo(z, y) =
dy(z, ¥); and consequently, by (D3), we get

Lo(x,y) = do(x,y) < do(x,2) + du (2, )
= Ly(x,2) + Lo (2, ).

If ze F\E, then
Ly(x,2) = dg(x,2); Lo(2,y) = do (2, ) + by
and consequently, by (D3), we get

Lo(x,y) = do(x,y) < dy(x,2) +dy(z,y) + by
= Ly(x,2) + Lo (2, ).

Consequently, the condition (£1 holds.
To prove that (£2 holds, we assume that the sequences (x,,: m € N) and (y,,: me N)
in X satisty (6) and (7). Then, in particular, (7) is of the form

Vae.AV0<s,1<a,y Elmo:mo(su,a)eNvmzmo{Lnt (xmr }’m) < ‘906}'
By definition of £, this implies that

vozeAvO<sa <dg E]mo:mo(ez(,,oz)eNvmzmo{[(xm €EA Vm € F\E)
V (Xm, Ym € E)] A do(Xm, Ym) < € < dg}-

As a consequence of this, we get

vaeAV0<£a <day 3m0=m0(£a,a)€Nvmzmg {da (xm/ }’m)
= Lo (Xm, Ym) < €q}-

This means that the sequences (x,, : m € N) and (y,, : m € N) satisfy (8). Therefore,
the property (£2 holds.

It is worth noticing that, there exists x, y € X such that, for each o € A, Ly(x, y) =
Ly (y, x) does not hold. Indeed, if x € E and y € F\ E, then

Voealda(x,y) = La(x,y) # La(y, ) = da(y, x) + ca}.

Example 10 Let (X, D) be a generalized metric space where
D= {d : X x X — [0, +00]} is a D-family. Let the sets E and F satisfying E €F € X be
arbitrary and fixed, and such that E contains at least two different points and F con-
tains at least three different points. Let L : X x X — [0, +o] be defined by the formula:
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if {x,y} NE = {x,y}

d(x,y)
orxe EAyeF\E
L(x,y) = {d(xy)+4ifxe FEAyeE ,xyeX (53)
d(x,y) + 3 if {x,y} N F\E = {x,y}
+00 if {x,y}NF # {x,y}

By Example 9, the family £ = {L} is £-family on X.

Examples which illustrate our theorems

The following example illustrates the Theorem 8(I) in the case when (X, D) is
D-sequentially complete and (X, 7) is (H(EZ), 1/2, 1/7)-uniformly locally contractive on
X where £ # D and £ € Lx,p).

Example 11 Let P and {p,, : P x P — [0,4+c0], n € N} be as in Example 4. Let X = P n
[0,9]N and let D={d, :ne N}, d,: X x X - [0, +], n € N, where, for each n e N,
we define dn = Puljo,op. Then (X, D) is a Hausdorff D-sequentially complete generalized
uniform space. This gives that the property (P2) of Theorem 8 holds.

The elements of RN we denote by x = (x1,%xy,...). In particular, the element (x,x,...) €
R we denote by x.

Let F={1,7} c X and let a set-valued dynamic system (X, T) be given by the for-

mula
(54)

Let E = {0,1,2} U [4,5]" U {6, 8} and let £ be a family of the maps given by the for-

mula:

dn(x,y) if{x, y} NE = {x,y}

Ly(x,y) = { voo iffxy) NE # (% y) xyeXneN (55)

By Example 4, the family £ = {L,} is £-family on X.
Now, we show that, for ¢ =1/2 and A = 1/7, (X, T) is (H(Lz),& A)-uniformly locally

contractive on X, i.e. that
VaenVyex{(Ln(x y) < 1/2) = [HG)(T(X), T(¥)|n < (1/7)La(x,y)}, (56)
where

if Iexists and V,en{[I],, < +o0}

I
Hé) (T(X)r T(Y)) = { ®+oo otherwise (57)

I = INF(HE,(T(x), T(y))),

HE(T(x), T(y)) = (© € KL%, < T(x) C U£(®, T(y))
AT(y) C U (®, T(X))),

(58)

Ur(®,T(y) ={ueX: E|zeT(y)VmsN{Ln(ur z) < nal}h,

59
UL(0, T(x)) = {u € X : DyergqVaer Ln(w 2) < ma}). (59)

Indeed, let x, y € X be arbitrary and fixed. Since, by (55), this family £ is symmetric
on X, we may consider only the following four cases:
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Case 1. Let x € F and let y e X\F.
If x = 1, then, since 1 e E, by (55), for each n € N, we have

_[du(Ly)ifyeE
Ln(xy) = {+oo ify €E.

By (47), from this, for each n € N, we get

din(1,0)=c,(1-0)=]1-0|=1ifyeEandy=0
Ly(x,y) = { +o00 ifyeEandy #0 .
+00 ifyeE

If x = 7, then, since 7 ¢ E, by (55), we obtain that V,cn{L,(X,y) = Ly(7,y) = +o0} for
each y e X \ F. Consequently, for each n € N, x € Fand y € X\F, inequality L,(x, y)
< 1/2 in (56) does not hold and this case we do not have to consider this case.

Case 2. Let x, y € F be such that x =y or x =y = 7. Then, by definition of F, x = 7
ory=7. But, 7 ¢ E, therefore, by (55), we get V,,c n{L,(X,y) = +oo}. Therefore, by (56),
this case we can also be omitted.

Case 3. Let x, y € F be such that x =y = 1. Then, since 1 ¢ E, by (55) and (47), we
get

Vnen{Lu(x,y) = dn(if i) = 0} (60)

and, consequently, for each n € N, the inequality L,(x, y) < 1/2 holds. In virtue
ofthis, we show that the inequalities VneN{[Hé)(T(X), T(y))]n < (1/7)La(x,y)} in (56)
hold. With this aim, we see that:
(3:) By (54), we have T(x) = T(y) = T(1) = {4,5) C E;
(3i) Next, if © = (n, : n € N) € K\, then, by (3,),
Ue (0, T(x))
= {u € X : Fperx)-1(y) Vuen{Ln(W, z) < nn}}
= {u € X : 3,03 5 Vnen{Lln(u, z) < nnl}
= {u € X (Ynen{Ln(w, 4) < 7} V Vaeri{La(u, 5) < ma}}};

(341) Now, by (3i), (3ii), (58), and (59), we get

HD (1), T(y))
={® e Kt 1 T(x) C Us(®, T(y)) A T(y) C Ur(©, T(x))}
={®@ K :{4,5) C Ur(O, {4,5)}) A{4,5) C U (O, {4 5))}
=K :[4eU,(©{45)A5eUr(O {45)])
={® € Kig : [Vnen{Ln(4,4) = 0 < ) V ¥pen{La(4,5) < na}]
A [Vnen{Ln(5,4) < ma} V Vaern{La(5,5) = 0 < na]};

(3i) Therefore, by (3;), we have INF(H(5(T(x), T(y))) = Oo;
(3,) The consequence of (57) and (3;,) is

HGy (T(x), T(y)) = INF(H) (T(x), T(y))) = 0.
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Hence, by (60), we conclude that
Vaerd [HE,) (T(X), T(9)) ] = 0 = (1/7)La(x, 1)}

holds.
Case 4. Let x, y ¢ F. Then we see that:
(4;) By (54), we have T(x) = T(y) = {1,2} C E;
(44) Next, if © = (1, : n € N) € KIY,, then
UL (0, T(x)) = {u € X : per)=1(y) Ynen{Ln(w, 2) < 1,}}
={ueX: EIze{i,j}vneN{Ln(u' z) < natt}
= (U e X : Vaen{Ln(u, 1) < 0} V Vaen{Ln(u, 2) < na}};
(44;1) Now, by (4;) and (4;,), we get

Hiy(T(x), T(y))
={®@ e K :T(x) Cc Us(©,T(y)) AT(y) C Us(©, T(x))}
=(®eK (1,2} cUL(®{1,2}) A{1,2) C U(O,(1,2})}
(@K [1eUs(®{1,2))A2eUr(O,{1,2)]}
={0 € KL, : [Vaen{La(1, 1) = 0 < 1} V Voen{La(1,2) < ]
A [Vnen{Ln(2, 1) < a} V Vaen{La(2,2) = 0 < na}};

(43y) Therefore, by (44;), HNF(H(EQ)(T(X)r T(y))) = O
(4y) According to (57) and (4;,), we have

HG)(T(), T(y)) = INF(H5) (T(x). (1)) = ©o-
Consequently, by (60),

Ve [HE) (T(x), T(9) ] = 0 < (1/7)La(x,¥)).

We proved that (X, T) is (H(EZ), 1/2,1/7)-uniformly locally contractive on X. We see

also that (C) holds.

Finally, we see that V¥,,-3{TI"|(X) c {1,2}}. Hence, for each w° € X, there exists a

dynamic process (w” : m € {0} U N) such that: (i) V=3 {w™ = 2} (ii) limpy_ eow™ = 2;

and (iii) 2 e Fix(T).

The following example illustrates the Theorem 8(I) in the case when (X, D) is
L-sequentially complete for some £ € Lx,p), £ # D, but not D-sequentially complete

and (X, 7) is (Hé), 1/2,1/7)-uniformly locally contractive on X.

Example 12 Let X and {p,, : P x P — [0, +«], n € N} be as in Example 4. Let
X=(PnN[0,9]Y)\{3,8} and let D ={d), : k € N}, di : X x X = [0,], k € N, where, for
each k € N, we define di = Pk|[0,9]N. Then (X, D) is a Hausdorff generalized uniform

space.

We observe that (X, D) is not a D-sequentially complete space. Indeed, we consider

the sequence (%, : m IS N) defined as

Xp=8+1/m=(8+1/m8+1/m,...), meN, me N. Of course, the sequence (x,, :

m € N) is D-Cauchy sequence on X. Indeed, we have V,,cn {xm e 89N c P5} which

implies that
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VneNYim,neN {dy (xmr xn)
= Pre(Xm, Xn) = 5k (Xm, Xn)
= C(Xm — Xn) = ‘[xm - xn]k‘
=|[(8+1/m,8+1/m,...)— (8+1/n,8+1/n,...)]]
=[((8 +1/m)— (8+1/n), (8 +1/m)— (8+1/n),..)]
= |1/m — 1/n|}.

Consequently,

Vien{ lim sup di(xm, x,) = lim sup |1/m — 1/n| = 0}.
n—oo m>n n—oo m>n

However, there does not exist x € X such that lim,,_,.. x,, = x. Therefore, X is not
D-sequentially complete.
Let E={0,1,2} U[4,5]N U {6} and let L = {Lk ‘X xX— [0,+00],k e N} be a family

of the maps given by the formula:

_Ja(xy) ifix, y} NE = {x,y}
Lk(X'Y)_{+oo if{x,y}ﬂE#{x,y}'x’yex'keN’
By (47), this gives
dsp(x,y) iflx, y} NENPs = {x,y},s e N
ifxe ENP;,,ye ENP,,
Le(x,y) = § +00 , (61)
and sy #55,51,50 €N
+00 if{ x,y} NE #{x,y}

where N = {0,1, 2, 3,4, 5}, x,ye Xand ke N.

By Example 4, the familly £ = {L;, : k € N} is £-family on X.

We show that X is £-sequentially complete space. Indeed, let (x,, : m € N) be arbi-
trary and fixed £-Cauchy sequence in X, i.e.

Vien{ lim sup Ly (xn, xn) = 0}.
n—oo m>n

This implies that

VieNYe=03ng (ke) Vinsn>no 1Lk (Xn, Xm) < €}. (62)
Hence, in particular, we conclude that

YieeNTno (1) Ym>n>no (L (Xn, Xm) < 1}. (63)
Now, (63) and (61) gives that

Ve Tno (i) Fso N Vono iy 1m € E N Py ).

Of course, since (x,, : m € N) is arbitrary nad fixed, then there exists a unique sy €
N for all k e N. Now, putting [y = mingc n{7(k)} we obtain that

Vmslo im € EN Py, ). (64)
The property (61) and (64) gives that
E|loeNVkeNvm>n>lo {Lk(xn/ xm) = dk(xnr xm) = psn,k(xn/ xm) < 1} (65)

Using (65), (64) and definition of E, we may consider only the following two cases:
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Case 1. If VY, {xy = 0} Or Vygy (X = 1} OF Vyog {2 = 2} OF Vo ot = 6}, then in
each of these situations the sequence, as a constant sequence, is, by (61), £-convergent

to 0, 1,2, 6, respectively.
Case 2. If V-1, {xm €[4, 5]N =P; }, then

vkeNvm>n>lo {Lk(xn/ xm) =P3k (xn/ xm)},
so by (65) and (62), we obtain
VkeNV£>0Elnl=max{n0(k,s),lo}vm>n>n1 {pS,k(xn/ xm) = Lk(xn/ xm) < e}

This gives that (x,, : m € N) is a D-Cauchy sequence in X, so also the sequence
(¥n = Xip+(n—1) : 1 € N) is a D-Cauchy sequence in [4,5]". Since [4,5]" is a D-complete
uniform space, so there exists x € X such that

Vien lim Ly(xp, x) = lim p3p(xm, x) = 0},
m—o0 m—o0

ie (x,,: me N)is £-convergent. In consequence, X is £-sequentially complete gen-
eralized uniform space.
Now, let F = {1,7} ¢ X and let (X, T) be given by the formula

1,2} ifx € X\F
- {2z,

By the same reasoning as in Example 11, we obtain that, for ¢ =1/2 and
A=1/7,(X,T)is (H(Ez), &, 1)-uniformly locally contractive on X, for each w® € X there
exists a dynamic process (W” : m € {0} U N) such that lim,,_, .cw™ = 2 and 2 € Fix(T).

Now, in Example 13, for given (X, D) and (X, 7), we study the assertions of Theorem
8(I) with respect to changing of the family of £ and of the point W’ e X.

Example 13 Let (X, D) be a complete metric space where X = [0,1] and let
D={d},d: X xX— [0,00),d(x,y) = |[x—y|,xy € X, d:X x X—> [0,%0), d(x, ) = |x-y|,
x, y € X. Let a dynamic system (X, T) be given by the formula:

[7/8,1] ifx € [0,1/4)
T(x) = { [3/4,7/8] ifxe[1/4,1/2) . (66)
(/2 + 12} if x € [1/2, 1]

Question 2 For these (X, D) and (X, T) and for ¢ = 1/2 and A = 1/2, what are the
assertions of our theorems with respect to changing of the family L and of the point w°
e X?

Answer 1 We show that there exists L-family on X such that: (a) (X,T) is not
(H(Lz), 1/2,1/2)-uniformly locally contractive on X; and (b) (X, T) is (Hﬁ), 1/2,1/2)-uni-
formly locally contractive on X and for each w° € X the assertion (A1) holds.

(a) Let E = (1/2,1) and F = (1/2,1] € X (we see that EC F <€ X)and let L : X x X —
[0,+c0] be defined by (51). It follows from Example 8 that the family £ = {L} is £-family
on X.

We see that (X, T) is not (Hé), 1/2,1/2)-uniformly locally contractive on X. Other-
wise, Viyex{(L(x,y) < 1/2) = Hé)(T(x), T(y)) < (1/2)L(x,y)}, where

Page 27 of 39



Wiodarczyk and Plebaniak Fixed Point Theory and Applications 2012, 2012:104
http://www.fixedpointtheoryandapplications.com/content/2012/1/104

I ifIis finite

HG) (T(x), T(¥)) = { +00 otherwise

I = INF(H ) (T(x), T(¥))),
Hy(T(x), T(y)) = {n > 0: T(x) C Ur(n, T(y)) AT(y) C Uz(n, T(x))}
Urg(n, T(y)) = {u € X : Feer{l(u, 2) < n}},
UL(U,T(.X')) ={lueX: EIzeT(x){L(ul Z) < n}}.
We note, by (51), (66) and definitions of E and F, that the condition
L(x,y) <1/2
implies, in particular,
x€(1/2,1),y=1,T(x) = {x/2 +1/2}, T(y) = {1},
L(x,y) = d(x,y)

and, for n > 0, then the following hold

Ue(n, T(y)) ={ueX:L(u 1) <n},
Ur(n, T(x)) ={ueX:L(ux/2+1/2) <n}.
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(67)

(68)

(69)

(70)

Indeed, if x, y € X satisfying (67) are arbitrary and fixed, then from (51) we conclude
that (67) holds only if x € E and y € F\ E. Hence, we get that x € (1/2,1), y = 1 and
d(x,y) < 1/2, which, by (66), gives (68). Of course, by (51), the equality (69) holds.

Now, if 1 > 0, then, by (68),

U.C(’]/ T(Y)) ={ueX: ElzeT(y):{l}{L(u' Z) < '7}}
={ueX:L(u 1) <n}

and

Ur(n, T(x)) = {u € X : Feer)=(x2+1/2) {L(1, 2) < n}}
={ueX:L(ux/2+1/2) <n).

Thus, (70) holds.
Now, by (67)-(70), we see that

M) (T(x), T(»))
={n>0:T(x) CUc(nT(y) AT(y) C Uc(n T(x))}
={n>0:[x/2+1/2€Uc(nAD] A1 € Us(n {x/2+1/2})]}
={n>0:L(x/2+1/2,1)=d(x/2+1/2,1) < n AL(1,x/2 + 1/2)
=d(x/2+1/2,1)+4 < n}
={n>0:1/2—-x/2<nA9/2—x/2 <n}
={n>0:9/2—-x/2 <n};

that is, for x € (1/2,1) and y = 1, we have Vye’Hé)(T(x),T(y)){9/2 —x/2 <y}

Therefore,
HE, (T(x), T(y)) = infHE, (T(x), T())
=9/2 —x/2=(1/2)(9 —x) > (1/2)d(x, 1)
= (1/2)L(x, 1) = (1/2)L(x,y).
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Consequently, we proved that (X, T) is not (H(ﬁz), 1/2,1/2)-uniformly locally contrac-
tive on X.

This gives that the assumptions of Theorem 8(I) for i = 2 and for £ defined by (51)
where X = [0,1], E = (1/2,1) and F = (1/2,1] does not hold.

(b) However, by (67)-(70), we get

H) (), T()) = {n > 0: T(x) € U (n. T())}
={n>0:{x/2+1/2} C Uc(n {1})}
={n>0:{x/2+1/2} € Uc(n, {1})}
={n>0:L(x/2+1/2,1) =d(x/2+1/2,1) < n}
={n>0:1/2—-x/2 <n};

that is, for x € (1/2,1) and y = 1, we have VyeH[El)(T(x),T(y)){l/z —x/2 < y}. Therefore,

HGy (T(x), T(¢)) = inf 7 (T(x), T(y))

= (1/2)(1 =x) = (1/2)d(x, 1)
= (1/2)L(x, 1) = (1/2)L(x,y).

Consequently, we proved that (X, 7T) is (Hﬁ), 1/2,1/2)-uniformly locally contractive
on X.

This gives that the assumptions of Theorem 8(I) for i = 1 and for £ defined by (51)
where X = [0,1], E = (1/2, 1) and F = (1/2, 1] hold.

Now, we see that, for each w° € X, the assertion (A1) holds. Indeed, we have:

Case 1. Let w° € [0,1/4). Then, for each dynamic process (w” : m € {0}u N) of (X,
T) starting at w°, by (66), we have: (i) if w' = 1, then V,,.n{w” € E} and, by (51), L(w’,
w!) = +e0 > 1/2 and

Vs 1 {L™ ™, w™) = d(w™ ', w™) + 1 > 1/2);
or (i) if w' = 1, then V,,cn{w” = 1 € F\E} and, by (51), L(°, w') = +eo > 1/2 and
Vs {L(w™ ™, w™) = d(w™ ™, w™) + 3 > 1/2}.

Consequently, for each w® e [0,1/4), each a dynamic process (w” : m € {0} U N) of
(X, T) starting at w° satisfies V,,c n{L(W™ ', W) > 1/2}, i.e. for each w° € [0,1/4), the
assertion (A1) holds.

Case 2. Let w® € [1/4,1). Then, for each dynamic process (w” : m e {0} U N) of (X,
T) starting at w?, by (66), we have that V,,.n{w” € E} and, by (51),

+00 > 1/2 ifw® € [1/4,1/2)

L(w®,w') = {d(wo, wh)+1>1/2ifw’ € [1/2,1)

and
Vo2 (L™, w™) = d(w™ !, w™) + 1 > 1/2}.

Consequently, for each w® e [1/4,1), each a dynamic process (w” : m € {0} U N) of
(X,T) starting at w° satisfies V,,.c h{L(W"', w”) > 1/2}, i.e. for each w® e [1/4,1), the
assertion (A1) holds.

Case 3. Let w° = 1. Then, for a dynamic process (w” : m € {0} U N) of (X, T) start-
ing at w°, by (66), we have that V,,. n{w” = 1 € F\E} and, by (51),
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Vmen{L(w™ ™, w™) = dw™ ', w™) + 3 > 1/2).

Consequently, if w® = 1, a dynamic process (w” : m e {0} U N) of (X, T) starting at
w? satisfies Vo n( LWL, w™) > 1/2}, ie. for w° = 1, the assertion (A1) holds.

Remark 7 Let us observe that, for each w° € X, there exists a dynamic process (W™ :
m e {0} U N) starting at w° such that lim,,,_,.. w” = 1, lim,,_,.. Lw", 1) = lim,,,_,.. d
(w", 1) = 0 and 1 € Fix(T). However, assertion (A2) does not hold since from Cases
1-3 it follows that, for each w° € X, each dynamic process (w” : m € {0} U N) starting
at w° is not £-Cauchy.

Answer 2 We show that there exists [ -family on X such that (X, T) is

(Hé), 1/2,1/2)-uniformly locally contractive on X and, for each w° € X, the assertion

(A2) holds.
Let E=[1/2,1] € X and let L : X x X — [0, +o°] be defined by the formula:

d(x,y) if{x, y} N E = {x,y}

L(xy) = {m iffx, Y} NE # {x,p} .

It follows, from Example 6, that the family £ = {L} is £-family on X.
We see that (X, T) is (H(EZ), 1/2,1/2)-uniformly locally contractive on X, i.e.

Veyex(L(x ) < 1/2 = HE (T(), T() < (1/2)L(x, ),

where

I ifIis finite

L _
H(1’-)(T(x)’ ) = { +00 otherwise ’

I = INF(H ) (T(x), T(¥))),
Hy(T(x), T(y)) = fn > 0: T(x) C Ur(n, T(y)) AT(y) C Uz (n, T(x))}
Ure(n, T(y)) = {u € X : Feerp){L(w, 2) < n}}, Uc(n, T(x))
={u e X: Jeerw (L z) < n}}.
Indeed, first, we see that, by (66) and (71),
L(x,y) < 1/2 (72)
implies

Xy € [1/2,1], T(x) = {x/2+ 1/2}, T(y) = {y/2 + 1/2}, (73)

L(x,y) = d(x,y) (74)
and, for n > 0,

Ue(n, T(y)) ={ue X:L(uy/2+1/2) <n},

(75)
Ur(n, T(x))={ueX:L(ux/2+1/2) <n}.

Indeed, if x, y € X satistying (72) are arbitrary and fixed, then from (71) we conclude
that (72) holds only if x, y € E. Hence, we get that x, y € [1/2,1] and d(x, y) < 1/2,
which, by (66), gives (73). Of course, by (49), (74) holds. Now, if 17 > 0, then, by (73),
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Ur(n, T(y)) = {u € X : eer=gy2ey2{L(1, 2) < n}}
={ueX:L(uy/2+1/2) <n}

and

Ur(n, T(x)) = {u € X : Teer@)=r2+1/2{L(1, 2) < n}}
={ueX:L(ux/2+1/2) <n}.

Thus, (75) holds.
Now, by (72)-(75), we see that

Hioy(T(x), T(y))
={n>0:T(x) cUc(nT) AT(y) CUc(n T(x))}
={n>0:{x/2+1/2} CUc(n{y/2+1/2}) A{y/2+1/2} C Ur(n, {x/2 + 1/2})}
={n>0:[x/2+1/2eUc(n{y/2+1/2)]Aly/2+1/2 € Ur(n, {x/2 +1/2})]}
={n>0:L(x/2+1/2,y/2+1/2) =d(x/2 + 1/2,y/2 + 1/2)
=(1/2) |x—y| < n AL(y/2+1/2,x/2 + 1/2)

=d(x/2+1/2,y/2+1/2) = | Dlx—vy|/2 <nk

that is, for x, y € [1/2,1], we have V},eH(Z)(T(x) T4)) | Y| /2 < y}. Therefore,

Hy (T(x), T(4)) = inf 73 (T(x), T(y))
=[x —yl/2 =[x —y|/2= (1/2)d(xy) = (1/2)L(x,y).

Consequently, we proved that (X, 7) is (H(z), 1/2,1/2)-uniformly locally contractive
on X.

This gives that the assumptions of Theorem 8(I) for £ defined by (71) and for i = 2
hold.

We see that, for each w° € X, the assertion (A2) holds. Indeed, we have that: 1 € Fix
(T); for each w® € X and for each dynamic processes (w” : m € {0} U N) of (X,T) start-
ing at w®, by (66), we have that V>, {w™ € E}, so lim,,_,.. L(W", 1) = lim,,,_,.. d(w", 1)
= 0 and lim,,_,.. sup,,., L(w",w”) = lim,_,.. sup,,-, d(w”, w”) = 0. Therefore, the
sequence (W” : m e {0} U N) is £-Cauchy.

Remark 8 We see that L(1,1) = H(z)(T(l), T(1)) = 0. Indeed, by (71), L(1,1) = d(1,1)
=0 and

HG) (T(1), T(1)) = H, (1, 1) = infHG, ({1}, {1})
=inf(n > 0: {1} C Ug(n, (1})}
=inf{n > 0:L(1,1)=0<n}=0

Answer 3 We show that there exists L-family on X such that: (i) (X, T) is
(H(l), 1/2,1/2)-uniformly locally contractive on X; (ii) There exists w € X such that
End(T) = {w}; (iii) For each w° € X\End(T) the assertion (A2) holds; and (iv) For w° =
w the assertion (A1) holds (since L(w, w) = 3 where L = {L}).

Define E = (1/2,1) and F = (1/2,1] € X (we see that E € F € X) and let L:X x X—[0, +]
be defined by (53). It follows from Example 10 that the family £ = {L} is £-family on X.

First, we show that (X,7T) is not (Hé), 1/2,1/2)-uniformly locally contractive on X.

Otherwise,
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VeyexiL(xy) < 1/2 = HE)(T(x), T(y)) < (1/2)L(xy)},
where

I ifIis finite

L _
iy (T(), T()) = { +o0o otherwise '

I= HNF(H(%)(T(X)/ T(y))).

Hé)(T(x), T(y)) ={n>0:T(x) CUc(n T(y)) AT(y) C Us(n T(x))},
Ur(n, T(y)) = {u € X : FeeriLl(u, 2) < n}},

Ur(n, T(x)) = {u € X Teerw){L(w,2) < n}}.

Let us notice that, by (53) and (66),

L(x,y) < 1/2 (76)
implies

x€(1/2,1),y=1,T(x) = {x/2 +1/2}, T(y) = {1}, (77)

L(x,y) =d(x,y) (78)
and, for n > 0,

Uc(n, T(y)) ={ueX:L(ul)<n}

(79)
Ur(n, T(x)) ={u e X:L(ux/2+1/2) < n}.

Indeed, if x, y € X satistying (76) are arbitrary and fixed, then from (53) we conclude
that (76) holds only in two following cases: (i) (x, y) € E x (F\E) or (ii) (x,y) € E x E.

Now we see that, in particular, if x € E and y € F\ E, then we get that x € (1/2,1), y
=1 and d(x, y) < 1/2, which, by (66), gives (77). Of course, by (53), (78) holds. Now, if
n > 0, then, by (77),

Us(n, T(y)) = {u € X : Feergy-(y{L(u, 2) < n}}
={ueX:L(u 1) <n}

and

Uc(n, T(x)) = { € X : Feer(o-y2+1/2{L(w, 2) < n}}
={ueX:L(ux/2+1/2) <n}.

Thus, (79) holds. Further, by (76)-(79), we see that

HE(T(), T(1))

={n>0:T(x) cUc(n T()) AT(y) C Uc(n, T(x))}

= (0> 0: (x/2+1/2) C Uz(n, (1)) A (1) C Uz(n, {x/2 + 1/2})}
={n>0:[x/2+1/2eUs(n{1N]A[1 e Uc(n {x/2+1/2})]}
={n>0:L(x/2+1/2,1)=d(x/2 +1/2,1) < n AL(1,x/2 +1/2)
=d(x/2+1/2,1)+4 < n}
={n>0:1/2—-x/2<nA9/2—-x/2<n}={n>0:9/2—x/2 <n};

that is, for x € (1/2,1) and y = 1, we have ¥y ens (r(x),m(){(1/2) lx—y[ < vl
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Therefore,

HG) (T(x), T(y)) = inf H(y (T(x), T(¥)) = 9/2 = x/2
= (1/2)(9 — x) > (1/2)d(x, 1)
= (1/2)L(x, 1) = (1/2)L(x,y).

Consequently, we proved that (X,T) is not (H(z), 1/2,1/2)-uniformly locally contrac-
tive on X. This gives that the assumptions of Theorem 8(I) for such £ and for i = 2 do
not hold.

Next, to prove that (X, T) is

Veyex{(L(xy) < 1/2) = H(z)(T(x), T(y)) < (1/2)L(x, y)}-uniformly locally contractive
on X, we assume that %, y € X satisfying (76) are arbitrary and fixed. Then, by (53), we
conclude that (76) holds only in the following two cases:

Case 1. Let x € E and let y € F\E. By (76)-(79), we get

HEy(T(), T()) = {n > 0: T(x) C Uz(n, T(y)))
={n>0:{x/2+1/2} C Uc(n {1})}
={n>0:x/2+1/2 € Us(n {1})}
={n>0:L(x/2+1/2,1) =d(x/2+1/2,1) < n}
={n=>0:1/2 -x/2 < n});

that is, for x € (1/2,1) and y = 1, we have Yyens (r(x),10){1/2 = %/2 < v},

Therefore,

HGy (T(x), T()) = inf 1) (T(x), T(y)) = (1/2)(1 — x)
= (1/2)d(x, 1) = (1/2)L(x, 1) = (1/2)L(x,y).

Case 2. Let x, y € E. By (66), T(x) = {x/2 + 1/2}, T(y) = {y/2 + 1/2}, and, conse-
quently, we get

M) (T(x), T(7))
= (0> 0:T(x) C Us(n, T())
(1> 0 {x/2+1/2} C U (n, y/2 +1/2}))
={n>0:x/2+1/2 € Us(n {y/2+1/2})}
={n>0:L(x/2+1/2,y/2+1/2) =d(x/2 + 1/2,y/2 + 1/2) < n}
={n>0:(1/2)[x—y| <n}k

that is, for x, y € (1/2,1), we have VyEH(l)(T(x),T(y)){(l/z) |x - Y| < y}. Therefore,

HGy (T(x), T()) = inf 1) (T(x), T(y))
= (1/2) [x —y[ = (1/2)d(x.y) = (1/2)L(x, ).

From Cases 1 and 2 it follows that (X, T) is

Viyex{(L(x,y) < 1/2) = H(Z)(T(x), T(y)) < (1/2)L(x, y)}-uniformly locally contractive
on X.

It is clear that the assumptions of Theorem 8(I) for such £ and for i = 1 hold.

Now we prove that if w° € [0,1), then the assertion (A2) holds and if w° = 1 then the
assertion (A1) holds. Indeed, we have the following three cases:
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Case 1. Let w° € [0,1/4). Then, by (66), there exists a dynamic process (W : m € {0}
U N) of (X, T) starting at w° of the form: w' = 1 and Vpen{w™ € [1/2, 1) = E}. Then, by
(53), LW°, w') = +o0 and V,p=) {L ("', w") =d(w" ", w")}. Consequently, a dynamic
process (W” : m e {0} UN) is £-Cauchy on X, lim,,_,.. w” = 1 and 1 € Fix(7), i.e. for
each w° € [0,1/4), the assertion (A2) holds.

Case 2. Let w° € [1/4,1). Then, for each a dynamic process (w” : m e {0} U N) of (X,
T) starting at w°, by (66), we have that V,,.n{w” € E} and, by (53),

+00 ifw® e [1/4,1/2]

L(w’,w') = {d(wo,wl) if w® € [1/2,1]

and Vy>2 {L (wmfl, wm) =d (wmfl, wm)}. Consequently, for each w® e [1/4,1), each a
dynamic process (w” : m e {0}U N) of (X, T) starting at w® is L-Cauchy on X, lim,,
e W" =1and 1 € Fix(T), ie., for each w° € [1/4,1), the assertion (A2) holds.

Case 3. Let w° = 1. Then, for a dynamic process (w” : m € {0} U N) of (X, T) start-
ing at w°, by (66), we have that V,,c n{w” = 1 € F\E} and, by (53), ¥,.c nL(W" !, W) =
dw™, w") + 3 > 1/2}. Consequently, if w° = 1, a dynamic process (w” : m € {0} U N)
of (X, T) starting at w° satisfies V,,c y{L(W" ", w™) > 1/2}, i.e. for w° = 1, the assertion
(A1) holds.

Finally, we see that, for each w® e X, there exists a dynamic process (W" : m e {0} U
N) such that lim,,,_,.. w" = 1, lim,,,_,.. LW, 1) = lim,,,_y.. dW™", 1) = 0 and 1 € Fix(T).

Remark 9 Let us point out that L(1,1) = Hﬁ)(T(l),T(l)) =3 > 1/2. Indeed, by
(53), L(1,1) =d(1, 1) + 3 = 3 and

HE)(T(1), T(1))
= infH{) ((1),{1)) = inf(n > 0 (1} C U (n, {1}))
=inf{n > 0:L(1,1) <n}=inf{n > 0:d(1,1) +3 < n} = 3.

Examples and comparisons of our results with Banach’s, Nadler’s, Covitz-
Nadler's and Suzuki’s results

It is worth noticing that our results in metric spaces and in generalized metric spaces
include Banach’s [3], Nadler’s [[4], Th. 5], Covitz-Nadler’s [[5], Theorem 1] and Suzu-
ki’s [[10], Theorem 3.7] results.

Clearly, it is not otherwise. More precisely: (a) In Example 14 we construct D-com-
plete generalized metric space (X, D), a £-family on X satisfying £ # D and a set-
valued dynamic system (X, T) which is (Hé), 1/2,1/7)-uniformly locally contractive on
X and next we show that the assertion (A2) holds; (b) In Example 15 we show that, for
each e € (0, =), L € [0, 1) and i € {1, 2}, the set-valued dynamic system (X, T) defined
in Example 14 is not (Hﬁ), &, A)-uniformly locally contractive on X and thus we cannot
use Theorems 1, 2 and 4-7; (c) In Example 16 we construct a complete metric space
(X,D),L={L:X xX — [0, +o0]} which is L-family on X and
Vyex{(L(xy) < 1/2) = ]H[(Lz)(T(x), T(y)) < (1/2)L(x, y)}-uniformly locally contractive
set-valued dynamic system (X, T) such that, for each w° € X, the assertion (A2) holds
and, additionally, L(w, w) > 0 for w € Fix(T) which gives that our theorems are differ-
ent from Theorem 7.
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Example 14 Let Z and g be as in Example 3. Let X = Z n [0,9] and let D = {d} where
d = q|(09)- Then (X, D) is a D-complete generalized metric space. Let F = {1, 7} and let
(X, T) be given by the formula

C[{1,2)ifx e X\F
T(x) = {{4,5} ifxeF '

we see that T: X — C(X). Let E = {0, 1, 2} U [4,5] U {6, 8} and let L be of the form

| d(xy) iffx,y) NE = {x,y}
L(x,y) = [+oo iflx, )y NE # {x,y}
By Example 6, the family £ = {L} is £-family on X. By the similar reasoning as in
Example 11, we show that (X, 7) is (Hé)r 1/2,1/7)-uniformly locally contractive on X.

We see that for each w° € X there exists a dynamic process (w” : m € {0} U N) such
that lim,,,_,.. w” = 2 and 2 € Fix(T).

Remark 10 We notice that L(2,2) = Hé)(T(Z)r T(2)) =0.

Example 15 Let X, D = {d} and T be such as in Example 14. We show that, for any &
€ (0,=),Ae [0,1) and i e {1, 2}, T is not (H(Dl-), &, M)-uniformly locally contractive on
X.

Otherwise, there exist ¢y € (0, =), Ao € [0, 1) and i € {1, 2} such that

Viyex{{d(x,y) < o} = {HR(T(x), T(¥)) < rod(x, ¥)}}. (80)

We consider the following three cases:
Case 1. If ¢y = 1, then, in particular, for xo = 1 and yo = 1/2, since xq, o € [0,1], by
formula (46), we get

d(xo,y0) =d(1,1/2) = q1(1,1/2) = [1 — 1/2| = 1/2 < &,.
However, T(xo) = {4, 5}, T(y0) = {1, 2}, and, by (46),

d(5,1) =4d(1,5) =q(1,5) = +oo,

d(1,4) =d(4,1) = +o0,

d(2,5)=4d(5,2) =d(2,4) =d(4,2) = +c0.
Hence

inf{n > 0:[d(1,5) <nVvd(1,4) <n]Ald(2,5) <nVvd(2,4) <n]

Ald(4,1) <npvd(4,2) <n]A[d(5 1) <nvd(52) <nl]} =+oo.

Consequently,

HE (T(x0), T(y0)) = HR (T(1), T(1/2)) = +00
and (80) gives

HE (T(x0), T(y0)) = +00 < 2o(1/2) = 4o |1 — 1/2

= *oq1(1,1/2) = Aod(xo, yo).

This leads to a contradiction.
Case 2. If g5 € (1, =), then by a similar reasoning as in Case 1 we prove that (80)
does not hold.
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Case 3. If ¢y € (0, 1), then, in particular, for xy = 1 and y, = ((1 - &)/2), we obtain
that xo, ¥ € [0,1] and by a similar reasoning as in Case 1 we prove that (80) does not
hold.

Example 16 Let X = [0,1] and D = {d} where d : X x X — [0, =) is defined by the
formula d(x, y) = |« - y|, x, y € X. Then (X, D) is a complete metric space. Let E = [1/
2, 1) and F = [1/2, 1] € X (we see that EC F € X) and let L : X x X — [0, +] be
defined by (53). It follows from Example 10 that the family £ = {L} is £-family on X.
Let (X, T) be given by the formula:
[7/8,1] ifxe][0,1/4)
[3/4,7/8] ifxe[1/4,1/2)

TEY =Y (24 1/2} if x e [1/2,1) (81)
{(1/2),1} ifx=1
First, we show that (X, T) is

Viyex{(L(x,y) < 1/2) = Hé)(T(x), T(y)) < (1/2)L(x, y)}-uniformly locally contractive
on X. Assume that x, y € X satisfying L(x, y) < 1/2 are arbitrary and fixed. Then from
(53) we conclude that L(x, y) < 1/2 implies (x, y) € E x (F\ E) or (¢, y) € E x E. Con-
sequently, the following two cases hold:

Case 1. Let x € E and y € F\E. Then, by (81) we get: T(x) = {x/2+1/2};

T()
— (1/2, 15 HE (T(), T()) = (1 > 0= T(x) € Uz (n, T()))
={n>0:{x/2+1/2} CUs(n {1/2,1})}
={n>0:x/2+1/2€U,(n {1/2,1})}
={n>0:L(x/2+1/2,1/2) =d(x/2+1/2,1/2) < nV L(x/2 +1/2,1)
=d(x/2+1/2,1)<n}={n>0:x2<nVv1/2—-x/2 <n}
that is, for x € [1/2, 1) and y = 1, we have 1/2 - x/2 < 1/4 < x/2 and
Vaers, (e 1o)11/2 = %/2 < 1), Therefore,

HGy (T(x), T()) = inf 1) (T(x), T(y)) = (1/2)(1 ~ x)
= (1/2)d(x, 1) = (1/2)L(x, 1) = (1/2)L(x,y).

Case 2. Let x, y € E. Then, by (81), T(x) = {x/2 + 1/2}, T(y) = {¥/2 + 1/2} and, conse-
quently, we get

HE(T(x), T(y))
={n>0:T(x) C Us(n T(y))}
={n>0:{x/2+1/2} CUc(n {y/2+1/2})}
={n>0:x/2+1/2 € Uc(n {y/2+1/2})}
={n>0:L(x/2+1/2,y/2+1/2)
=d(x/2+1/2,y/2+1/2) <n}={n>0:(1/2) |x—y| <n};

that is, for x, y € (1/2, 1), we have vy]e’Hﬁ](T(x),T(y)){(l/z) |x - Y’ < n}. Therefore,

HGy (T(x), T(¢)) = inf 1) (T(x), T(y))
= (1/2) [x —y[ = (1/2)d(x.y) = (1/2)L(x, ).
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Consequently, we proved that (X, T) is Yeyex{(L(xy) < 1/2) = HG,(T(x), T()) < (1/2)L(x,7)}
-uniformly locally contractive on X. We also see that all assumptions of Theorem 8(I) for
this £ and for i = 1 hold.

Now, we show that, for each w° € X, the assertion (A2) holds. Indeed, we have the
following three cases:

Case 1. Let w° € [0, 1/4). Then, there exists a dynamic process (w” : m e {0} UN)
of (X, T) starting at w° of the form: w' = 1, and V,,,c n{w” € [1/2, 1) = E}. Then, by
(53), LW°, w') = +o0 and Vo {L(W™ Y, w™) = d(w™ ", w™)}. Consequently, a dynamic
process (Ww” : m e {0} UN) is £-Cauchy on X, lim,, ,.. w” =1 and 1 € Fix(T), i.e. for
each w° e [0, 1/4), the assertion (A2) holds.

Case 2. Let w° € [1/4, 1). Then, for each a dynamic process (w” : m € {0} U N) of
(X, T) starting at w®, by (81), we have that V. n{w” € E} and, by (53),

+00 ifw® e [1/4,1/2)

L(w® w') = {d(WO,wl) ifw’ e [1/2,1)

and V,,..o{L(w"", w™) = d(w"!, w™)}. Consequently, for each w® € [1/4, 1), each a
dynamic process (w" : m € {0} U N) of (X, T) starting at w? is L-Cauchy on X,
lim,, ,.. w" = 1 and 1 € Fix(T), i.e. for each w° € [1/4, 1), the assertion (A2) holds.

Case 3. Let w° = 1. Then, there exists a dynamic process (w” : m € {0} U N) of (X, T)
starting at w°, of the form: w° = 1, w' = 1/2, ¥,,,.,{w” € E}, and, by (53), L(w°, w') = d
(W, wh+4 and V..o {L(w™ ", w") = d(w"", w")}. Consequently, this dynamic process
(W™ :me {0} UN) is £-Cauchy on X, lim,, .. w” = 1 and 1 € Fix(T), i.e. for w° = 1, the
assertion (A2) holds.

Remark 11 One can also notice that L(1, 1) = 3 > 0 and H(ﬁl)(T(l),T(l)) =1/2>0.

Indeed, we have L(1, 1) = d(1, 1) + 3 = 3 and

HE(T(1), (1))
= infH{,((1/2,1},{1/2,1})
=inf{n > 0:{1/2,1/2} C Ug(n, {1/2,1})}
=inf{n > 0:L(1/2,1/2) <nVvL(1/2,1) <nVL(1,1/2) <nVLI(1,1)<n}
=inf{n > 0:4d(1/2,1/2) < nvd(1/2,1) <nvd(1,1/2) +4 <nVvd(1,1)+3 < n}
=inf{ln >0:1/2<nVv1/2+4<npv3<n}=1/2

Concluding remarks
The Caristi [41] and Ekeland [42] results can be read, respectively, as follows.

Theorem 10 [41]Let (X, d) be a complete metric space. Let T : X — X be a single-
valued map. Let ¢ : X —> (-o0, +o0] be a map which is proper lower semicontinuous and
bounded from below; we say that a map ¢ : X — (-oo, +eo] is proper if its effective
domain, dom(¢) = {x : ¢(x) < +oo}, is nonempty. Assume V. x{d(x, T(x)) < p(x) - (T(x))}.
Then T has a fixed point w in X, i.e. w = T(w).

Theorem 11 [42]Let (X, d) be a complete metric space. Let ¢ : X — (-o0, +oo] be a
proper lower semicontinuous and bounded from below. Then, for every ¢ > 0 and for
every xo € dom(p), there exists w € X such that: (i) ¢p(w)+ed(xo, w) < ¢(xg); and (ii)
Ve o (W) <o(x) +ed(x, w)k.

The Banach [3], Nadler [[4], Th. 5], Caristi [41], and Ekeland [42] results have exten-
sive applications in many fields of mathematics and applied mathematics, they have
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been extended in many different directions and a number of authors have found their
simpler proofs. Caristi’s and Nadler’s results yield Banach’s result and Caristi’s and
Ekeland’s results are equivalent. Jachymski [[14], Theorem 5], using a similar idea as in
Takahashi [13], proved that Caristi’s result yields Nadler’s result.

Regarding this, we raise a question:

Question 3 Is it possible to find some analogons of Caristi’s and Ekeland’s theorems
in generalized uniform spaces (or in generalized locally convex spaces or in generalized
metric spaces) with generalized pseudodistances, and without lower semicontinuity
assumptions as in [30]?

It is also natural to ask the following question:

Question 4 What additional assumptions in Theorems 8 and 9 (and thus also in
Theorems 2 and 4-7) guarantee the uniqueness of fixed points?
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