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Abstract
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1 Introduction and preliminaries
Throughout this paper, we always assume that H is a real Hilbert space with an inner
product (-,-) and a norm || - ||. Let C be a nonempty, closed, and convex subset of H.
Let S: C — C be a nonlinear mapping. F(S) stands for the fixed point set of S; that is,
F(S):={xeC:x=Tx}.

Recall that S is said to be nonexpansive ift

[Sx—Syll < llx=yll, Vx,yeC.
If C is a bounded, closed, and convex subset of H, then F(S) is not empty, closed, and
convex; see [1].

Let A : C — H be a mapping. Recall that A is said to be inverse-strongly monotone ift
there exists a constant « > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

For such a case, A is also said to be a-inverse-strongly monotone.

A is said to be monotone ift
(Ax—Ay,x—y) >0, Vx,yeC.
Recall that the classical variational inequality is to find an x € C such that

(Ax,y—x) >0, VyeC. (1.1)
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In this paper, we use VI(C, A) to denote the solution set of (1.1). It is known that x € C is a
solution of (1.1) if and only if x is a fixed point of the mapping Proj-(I — rA), where r > 0 is
a constant, I stands for the identity mapping, and Proj. stands for the metric projection
from H onto C. If A is a-inverse-strongly monotone and r € (0,2«], then the mapping
Proj-(I — rA) is nonexpansive; see [2] for more details. It follows that VI(C,A) is closed
and convex.

Monotone variational inequality theory has emerged as a fascinating branch of math-
ematical and engineering sciences with a wide range of applications in industry, finance,
economics, ecology, social, regional, pure, and applied sciences. In recent years, much at-
tention has been given to developing efficient numerical methods for treating solution
problems of monotone variational inequality. The gradient-projection method is a pow-
erful tool for solving constrained convex optimization problems and has extensively been
studied; see [3—5] and the references therein. It has recently been applied to solving split
feasibility problems which find applications in image reconstructions and the intensity
modulated radiation theory; see [6—9] and the references therein. However, the gradient-
projection method requires the operator to be strongly monotone and Lipschitz con-
tinuous. These strong conditions rule out many applications. Extra gradient-projection
method which was first introduce by Korpelevich [10] in the finite dimensional Euclidean
space has been studied recently for relaxing the strong monotonicity of operators; see [11-
13] and the references therein.

Recall that a set-valued mapping M : H = H is said to be monotone iff, for all x,y € H,
f € Mx and g € My imply (x —y,f — g) > 0. A monotone mapping M : H = H is maximal
iff the graph Graph(AM) of R is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal if and only if, for any (x,f) €
HxH, (x-yf-g)>0,forall (y,g) € Graph(M) implies f € Rx.

For a maximal monotone operator M on H and r > 0, we may define the single-valued
resolvent J,. : H — D(M), where D(M) denotes the domain of M. It is known that J, is
firmly nonexpansive, and M~1(0) = F(J,), where F(J,) := {x € D(M) : x = J,x} and M~}(0) :
{xe H:0 € Mx]}.

Recently, variational inequalities, fixed point problems, and zero point problems have
been investigated by many authors based on iterative methods; see, for example, [14-32]
and the references therein. In this paper, zero point problems of the sum of a maximal
monotone operator and an inverse-strongly monotone mapping, solution problems of a
monotone variational inequality, and fixed point problems of a nonexpansive mapping are
investigated. A hybrid iterative algorithm is considered for analyzing the convergence of
iterative sequences. Strong convergence theorems are established in the framework of real
Hilbert spaces without any compact assumptions.

In order to prove our main results, we also need the following definitions and lemmas.

Lemma 1.1 Let C be a nonempty, closed, and convex subset of H. Then the following in-
equality holds:

llx — Projc x[|* + [ly - Projc. |I* < lx - yI>, VxeH,yeC.
Lemma 1.2 [1] Let C be a nonempty, closed, and convex subset of H. Let S: C — C be a

nonexpansive mapping. Then the mapping I — S is demiclosed at zero, that is, if {x,} is a
sequence in C such that x,, — x and x,, — Sx,, — 0, then x € F(S).
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Lemmal.3 Let C be a nonempty, closed, and convex subset of H, B : C — H be a mapping,
and M : H = H be a maximal monotone operator. Then F(J,(I — sB)) = (B + M)7}(0).

Proof Notice that

peF(,(UI-sB) <<= p=J(I-sBp < p-sBpep+sMp
— 0eB+MH0) < peB+M)0).

This completes the proof. d

Lemma 1.4 [33] Let C be a nonempty, closed, and convex subset of H, A : C — H be a
Lipschitz monotone mapping, and Ncx be the normal cone to C at x € C; that is, Ncx =
{ye H:{(x—u,y),Yu € C}. Define

Ax+Ncx, xeC,
@, x ¢ C.

X =

Then W is maximal monotone and 0 € Wx if and only if x € VI(C, A).

2 Main results
Now, we are in a position to give our main results.

Theorem 2.1 Let C be a nonempty, closed, and convex subset of H. Let S: C — C be a
nonexpansive mapping with a nonempty fixed point set, A : C — H be an a-Lipschitz con-
tinuous and monotone mapping, and B : C — H be a S-inverse-strongly monotone map-
ping. Let M : H = H be a maximal monotone operator such that D(M) C C. Assume that
F :=F(S)N (B + M)™1(0) N VI(C, A) is not empty. Let {x,} be a sequence generated by the
following iterative process:

x€C,

C =C,

2y = ProjcUs, (% — $,Bxn) = 1A, (X — $4B%xn)), (2.1)
Yn = 0y + (1 — ) SProj (s, (%, — $,Bx,) — 1,AZy),

Cn+l = {V € Cn : ||yn - V” = ”xn - V”}:

Xp+l = PrOjC,H_l x, n=0,

where J;, = (I + s,M)7%, {r,,} is a sequence in (0, é), {s,} is a sequence in (0,28), and {a,} is
a sequence in (0,1). Assume that the following restrictions are satisfied:

(a) 0<a§rn§b<$;

(b) O<c<s,<d<2B;

(¢ 0<a,<ex<l,
where a, b, ¢, d, and e are real constants. Then the sequence {x,} converges strongly to
Proj - x1.

Proof First, we show that C,, is closed and convex for each # > 1. From the assumption,
we see that C; = C is closed and convex. Suppose that C,, is closed and convex for some
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m > 1. We show that C,,,; is closed and convex for the same m. Let v;,vy € C,,,,1 and
v=tv; + (1 - t)vo, where t € (0,1). Notice that

lym = vIl < % = VIl
is equivalent to

"ymH2 - ”xm”2 - 2<V7ym _xm> = 0.

It is clear that v € C,,,;1. This shows that C,, is closed and convex for each n > 1.

Next, we show that 7 C C, for each n > 1. Put u,, = Proj (v, — r,Az,), where v, = J;, (x, —
syBx,). From the assumption, we see that 7 C C = C;. Suppose that F C C,, for some
m > 1. For any p € F C C,,, we see from Lemma 1.1 that

et = PI* < Vi = 'z = I* = Vin = TnAZin — thm|1*
= Vi = PI* = 1Vin = thn|1* + 27 (A2, p = thy)
= 1V = PI* = 1Vin = thn|1* + 27 (A2 = AP, = Z) + (AP, D — Zm)
+ (AZs 2w — U))
<V =PI = 1V = 2 + 2 — U ||* + 270 (AZ s Zops — thyr)
= 1vin = PI* = Vi = 21> = | 2m — |

+ 2V — Zim — "'iAZyy Uy — Zi ) (2.2)
Notice that A is Lipschitz continuous. In view of z,, = Proj(v;y — ,Avs), we find that

(Vin = Zm = 'mAZs U — Zm)
= (Vi — Zi — 'mAVisy Uy — Zin) + (TAViy — Vi AZyyy Uy — Ziy)

< 1 ||[Vi = Zi |1t = Za |- (2.3)
Substituting (2.3) into (2.2), we obtain that

2 2 2 2
2t — I < Vi = PI° = 1Vin = Zmll” = 2 — U |” + 27| |[Vi = Zi 1|88 — 23

< v =pI* = (L= 77,0°) 1V = 21> (2.4)
This in turn implies from restriction (a) that

17m = PI* < @mll®m = pII* + (1 = ) St — pII?
< &% =PI + A = ) ltbn — pI?
< allxm = pII* + A = ) (Vi = pI* = (1= 1202 ) Vi — 2 1?)
< [lom = pII* = (1= o) (L= 720 ) Vi — 2l

< [1%m — plI*. (2.5)
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This shows that p € Cy,1. This proves that 7 C C, for each n > 1. Note x,, = Proj, x;. For
each p € F C C,, we have ||x; — x,|| < [l#1 — p||. Since B is inverse-strongly monotone, we
see from Lemma 1.3 that (B + M)~(0) is closed and convex. Since A is Lipschitz continu-
ous, we find that VI(C, A) is close and convex. This proves that F is closed and convex. It
follows that

ey =%l < ll%1 — Proj z x| (2.6)

This implies that {x,} is bounded. Since x,, = Proan x1 and x4 = Projcm x1 € Cu1 CCy

we have

0 S <x1 — X Xn _xVHI)
= (X1 — Xy Xy — X1 + X1 — K1)

< —llxr = xull® + %1 = 2l 1261 — X |-
It follows that
%0 = %11l < ll%p1 — 21l
This proves that lim,,_, o, ||x,, — %1 exists. Notice that

2
[l — % |l
2 2
= [[xn — &1 17 + 2{x0 — X1, %1 — Xpp1) + |1 — Xy |
2 2 2
= ”xn - xl” - 2||xn —.?C1|| + 2<xn —X1,%n _er—l) + ”xl - xn+1||

< ll1 = %I = oy = 2|1

It follows that

lim oy, =%l = 0. (2.7)
In view of x,,,1 = Projc}Hl x1 € Cy41, we see that

17n = Znsrll < 1% = X1l
This implies that

19n = %l < 1yn = Xnarll + 1% = X | < 201% = X [l
From (2.7), we find that

lim [}, - y,] = 0. (2.8)
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Since B is B-inverse-strongly monotone, we see from restriction (b) that

| = 5uB)x = (I = 5,B)y|* = llx = yII* - 2, (x — y, Bx — By) + 57| Bx — By?
<|lx=ylI* = s,(2B — s,) | Bx — By||*

<lx-yl*>, VxyeC.
This implies from (2.5) that

[ —P||2 < ayllxn —P||2 + (1= an)|va —P||2
2
= oty ||%n —P||2 +(1- O‘n)”]sn (n = $uBxy) = Js, (p — San)”

<% —P||2 — (1= a)s,(28 — s4) | By —BP||2-
It follows that

(1 - @)su(2B = $,) B2y = BplI* < % = plI* = Iy, - pII?

< 1% = yull (6w = Il + 1y = pII).-
In view of restrictions (b) and (c), we find from (2.8) that
lim |[Bx, — Bpl| = 0. (2.9)
Since J;, is firmly nonexpansive, we find that

Vi _19”2 = ‘]sn (0 = 8uBxy) = Js, (p — San)Hz

=< <Vn -b (xn - Sann) - (10 - San))

1
= E(an —19||2 + || (%1 = $,Bxy) — (p — suBp) ”2

- ”(Vn —19) - ((xn - Sann) - (10 - San)) ”2)

< S (W =PI + 1= 1P = vy + 5B, ~ Bp))
) %(nvn =pI” + 10 = pII* = Vi = 21* = 531 Bt — Bp|?
28,V — %, Bxty — Bp))
< %(an =PI + 1060 = p1I* = Vs = 5ll? + 28l1 Vi = %1 B ~ Bp|).

This in turn implies that
Ve =PI < 1% =PI = 1V = % l* + 28|V = %ull | Bx = Bp. (2.10)

Combining (2.5) with (2.10), we arrive at

Iy = pI? < el = plI* + (L= @) v = pII®

< l%n = pI* = (L = ) Vi — % lI* + 28,1,y — % || B, — Bpl|.
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It follows that

(1= @) lva = xull® < 1%, = pII* = 170 = pII* + 25,1V — 24| Bxs - Bpl|

< 1w = yull (1% = 21l + 1y = PIl) + 2841V = %411 B, — Bp|.

In view of (2.8) and (2.9), we see from restriction (c) that

lim ||v, —x,| =0. (2.11)

n—0oQ
On the other hand, we find from (2.5) that

(1 =) (L= r7®) Ve = 2ull> < s = pII* = Il = I

= “xn _yn”(”xn —19” + “yn —19||)~

In view of restrictions (a) and (c), we obtain from (2.8) that

lim ||v,, —z,|| = 0. (2.12)
Notice that

ll22, _Zn||2 = ”PC(Vn - ryAz,) — Pc(vy _rnAVn)”Z

f || (Vn - rnAZn) - (Vn - rnAVn)HZ

=< Viaznzn - Vn”Z'
Thanks to (2.12), we arrive at
lim ||, — 2u|| = 0. (2.13)
n—00

Notice that

o = Sxll < ey — St |l + 1| Stey, — Sk |

”xn_yn”
= + ||ty — %l
1-o,
”xn_ynH
= + = zall + 120 = Vall + Vi = %l
1-a,

In view of (2.8), (2.11), (2.12), and (2.13), we find from restriction (c) that
lim ||x, — Sx,| = 0.
n—00

Since {x,} is bounded, we find that there exists a subsequence {x,,} of {x,} such that x,, —
q € C. From Lemma 1.2, we easily conclude that g € F(S).
Now, we are in a position to show that x € VI(C, A). Define

Ax+Ncx, xeC,
Wx =

@, xé¢C.
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For any given (x,y) € G(W), we have y— Ax € N¢«. Since u,, € C, we see from the definition
of NC

(x—uy,y—Ax) > 0. (2.14)
In view of u,, = Pc(v,, — r,Az,), we obtain that
(x —uy,u, + 1Az, —vy,) >0

and hence

<x — Uy, tn = Vn +Az,,> > 0. (2.15)

n

In view of (2.14) and (2.15), we find that

(X =y y) = (% — ty;, Ax)

Ui Vi | pg >
ni

Tu;

> (X — Uy, Ax) — <x — Uy,

= (X —uy, Ax — Auy,,) + (X — Uy, Ay, — Azy,)

Up; — Vi,
—\xX- uni,
Ty,

> (X — U, Athy; — Azy;) — <x — Up;,

: > (2.16)
Notice that
e = sl < N1 = Viall + 1via = Zull + |21 =t
It follows from (2.11), (2.12), and (2.13) that
lim ||x, —u,|| =0.
n—0Q
Since A is Lipschitz continuous, we find from (2.16) that
(x -9 )’) = 0.
Since W is maximal monotone, we conclude that g € W1(0). This proves that q €
VI(C,A).
Finally, we prove that g € (B + M)~1(0). Notice that
Xy — S,Bx, € v, + 8,Mv,;

that is,

Xn = Vn

— Bx,, € Mv,,. (2.17)
Sn

Page 8 of 15
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Let u € Mv. Since M is monotone, we find from (2.17)

Xy —V
< “ "—Bx,,—u,vn—v>20.
Sn

In view of the restriction (b), we see that
(-Bq—p,q—v) = 0.

This implies that —Bgq € Mg, that is, g € (B + M)™1(0). This completes g € F. Assume that
there exists another subsequence {%;} of {x,,} which converges weakly to ¢’ € F. We can
easily conclude from Opial’s condition that g = ¢'.

Finally, we show that g = Proj rx; and {x,} converges strongly to q. This completes the
proof of Theorem 2.1. In view of the weak lower semicontinuity of the norm, we obtain
from (2.6) that

1 —Projzx1|| < [lx1 — gl < liminf [|x, —x, ||
n—00

< limsup [lx; — x| < |loer — Proj z 211,

n—oo
which yields that lim,,_, o |#1 — %, || = [[%1 — Proj zx:1 || = |l#1 — gl|. It follows that {x,} con-
verges strongly to Proj » x;. This completes the proof. O

If B =0, then Theorem 2.1 is reduced to the following.

Corollary 2.2 Let C be a nonempty, closed, and convex subset of H. Let S: C — C be a
nonexpansive mapping with a nonempty fixed point set and A : C — H be an «-Lipschitz
continuous and monotone mapping. Let M : H = H be a maximal monotone operator such
that D(M) C C. Assume that F := F(S) N M™(0) N VI(C,A) is not empty. Let {x,} be a
sequence generated by the following iterative process:

x€C,

G =C,

zy = Proj (s, % — rnAJs, %u),

Yn = Xy + (1 — ) SProj (s, %, — rnAzy),

Crn={veCu:llyn—vIl < llxu —vI},

Xus1 = Proj, %1, n=0,

where J;, = (I + s,M)™%, {r,} is a sequence in (0, é), {s.} is a sequence in (0, +00), and {a,}
is a sequence in (0,1). Assume that the following restrictions are satisfied:

(a) 0<a§r,,§b<é;

(b) 0<c<s,<o0;

(0 0<a,<d<],

where a, b, ¢, and d are real constants. Then the sequence {x,,} converges strongly to Proj r x;.

If M =0, then J, = I. Corollary 2.2 is reduced to the following.
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Corollary 2.3 Let C be a nonempty, closed, and convex subset of H. Let S: C — C be a
nomnexpansive mapping with a nonempty fixed point set and A : C — H be an a-Lipschitz
continuous and monotone mapping. Assume that F := F(S) N VI(C,A) is not empty. Let
{x,,} be a sequence generated by the following iterative process:

x € C,

G =C,

z, = Proj (%, — r,Axy),

Yu = Oy + (1 — ) SProj(x, — r,Az,),

Con={veCu:llyn—vIl < llxu —vI},

*ni1 = Proje, %1, n=0,

where {r,} is a sequence in (0, é), and {a,} is a sequence in (0,1). Assume that the following
restrictions are satisfied:

(a) 0<oz§r,,§b<$;

(b) 0<a,<c<],

where a, b, and c are real constants. Then the sequence {x,} converges strongly to Proj r x;.
If A =0, then Theorem 2.1 is reduced to the following.

Corollary 2.4 Let C be a nonempty, closed, and convex subset of H. Let S : C — C be a non-
expansive mapping with a nonempty fixed point set and B : C — H be a B-inverse-strongly
monotone mapping. Let M : H = H be a maximal monotone operator such that D(M) C C.
Assume that F := F(S) N (B + M)™1(0) is not empty. Let {x,,} be a sequence generated by the
following iterative process:

X1 € C,
Cl = C,
Yn = 0pXy + (1 - an)S]s,, (xn _Sann);

Cn+l = {V € Cn : ||yn - V” = ”xn - V”}:

Xp+l = PrOjC,H_l x, n=0,

where J;, = (I +s,M)™, {s,} is a sequence in (0,28), and {,} is a sequence in (0,1). Assume
that the following restrictions are satisfied:

(a) O<a<s,<b<2B;

(b) 0<a,<c«<l,
where a, b, and c are real constants. Then the sequence {x,} converges strongly to Proj r x;.

Let f : H — (—00,+00] be a proper convex lower semicontinuous function. Then the
subdifferential 9f of f is defined as follows:

af (x) = {yeH:f(z) > f(x) + (z—x,y},zeH}, Vx € H.

From Rockafellar [34], we know that df is maximal monotone. It is not hard to verify that
0 € 9f (x) if and only if f(x) = min,ey f ().

Page 10 of 15
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Let I¢ be the indicator function of C, i.e.,

0, x€C,

+00, x¢C.

Since I¢ is a proper lower semicontinuous convex function on H, we see that the subdiffer-
ential dl¢ of I¢ is a maximal monotone operator. It is clear that Jx = Pcx, Vx € H. Notice
that (B + 391¢)~1(0) = VI(C, B). Indeed,

xe(B+3lc)'(0) < 0eBx+dlcx
< -Bxedlcx
— (Bx,y—-x)=>0

< «xeVI(C,B). (2.18)

In the light of the above, the following is not hard to derive from Corollary 2.4.

Corollary 2.5 Let C be a nonempty, closed, and convex subset of H. Let S: C — C be a
nomnexpansive mapping with a nonempty fixed point set and B : C — H be a B-inverse-
strongly monotone mapping. Assume that F := F(S) N VI(C, B) is not empty. Let {x,} be a

sequence generated by the following iterative process:

X1 € C,
Cl = C)
Y = iy + (1 — ) SPc(x, — 5,Bx,),

Cii={veCy: lyn —vII < ll%n — viih

X1 =Proje  x, n=0,

where {s,} is a sequence in (0,28), and {a,} is a sequence in (0,1). Assume that the following
restrictions are satisfied:

(@) O<a<s,<b<2B;

(b) 0<a,<c<l,

where a, b, and c are real constants. Then the sequence {x,} converges strongly to Proj r x;.

3 Applications
First, we consider the problem of finding a minimizer of a proper convex lower semicon-

tinuous function.

Theorem 3.1 Let f : H — (—00,+00] be a proper convex lower semicontinuous function

such that (3f)71(0) is not empty. Let {x,} be a sequence generated by the following iterative
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process:.

X1 eH,
Cl :Hr

. _ 2
Yn = arg mlnsEH{f(Z) + %}:

Con={veCu:llyn—vIl < llxu —VvI},

Xus1 = Projc, %1, n=0,

where {s,} is a positive sequence such that 0 < a < s,,, where a is a real constant. Then the

sequence {x,} converges strongly to Proj 1) *1.

Proof Putting A =B =0, S =1, and o, = 0, we can immediately draw the desired conclu-

sion from Theorem 2.1. O

Second, we consider the problem of approximating a common fixed point of a pair of

nonexpansive mappings.

Theorem 3.2 Let C be a nonempty, closed, and convex subset of H. Let S : C — C and
T : C — C be a pair of nonexpansive mappings with a nonempty common fixed point set.

Let {x,} be a sequence generated by the following iterative process:

x€C,
G =¢C,
Zy = (1= 8,)%, + 8, TX,,
In = onn + (1 — ) Sz,

Crnn={veCu:llyn—vIl < llxn —vI},

Xpi1 = Proje, %1, n=0,

where {s,}, and {«,} are sequences in (0,1). Assume that the following restrictions are sat-
isfied:

(@) O0<a<s,<b<l;

(b) 0<a,<c<],
where a, b, and c are real constants. Then the sequence {x,} converges strongly to

Proj()nr(r) %1-

Proof PuttingA =0, M = dlc,and B =1-T, we see that Bis 1 -inverse-strongly monotone.
We also have F(T)=VI(C, B) and Pc(x,, — s,Bx,) = (1 — s,,)x, + 8, Tx,,. In view of (2.18), we

can immediately obtain the desired result. d

Let F be a bifunction of C x C into R, where R denotes the set of real numbers. Recall
the following equilibrium problem in the terminology of Blum and Oettli [35] (see also
Fan [36]):

Find x € C such that F(x,y) >0, VyeC. (3.1)
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To study the equilibrium problem (3.1), we may assume that F satisfies the following
conditions:

(Al) F(x,x)=0forallx € C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forall x,y € C;

(A3) foreachx,y,z€C,

limsup F(¢z + (1 - t)x,y) < F(x,9);
£40

(A4) foreachx € C, y— F(x,y) is convex and lower semi-continuous.

Putting F(x,y) = (Ax,y — x) for every x,y € C, we see that the equilibrium problem (3.3)
is reduced to the variational inequality (1.1).

The following lemma can be found in [35] and [37].

Lemma 3.3 Let C be a nonempty, closed, and convex subset of H and F : C x C — R be a
bifunction satisfying (Al)-(A4). Then, for any s > 0 and x € H, there exists z € C such that

1
F(z,y)+ -(y-22z-x) >0, VyeC.
S

Further, define
1
Tsxz{zeC:F(z,y)+;(y—z,z—x)zO,VyeC} (3.2)

foralls>0 and x € H. Then, the following hold.:
(a) Ty is single-valued,;
(b) Ty is firmly nonexpansive; that is,

ITsx - Tiyll> < (Tex = Ty, x —9),  Va,y € H;

(c) F(Ty) = EP(F);
(d) EP(F) is closed and convex.

Lemma 3.4 [30] Let C be a nonempty, closed, and convex subset of H, F be a bifunction
from C x C to R which satisfies (A1)-(A4), and Ar be a multivalued mapping of H into

itself defined by
zeH:Flx,y)>{y-x,2),VyeC}, xe€C,
Ao = { (x9) > (y ),Vy € C} (3.3)
@) xéC.

Then A is a maximal monotone operator with the domain D(Ar) C C, EP(F) = A7(0),
where FP(F) stands for the solution set of (3.1), and

Tox=(I+sAp)'x, VxeH,r>0,
where Ty is defined as in (3.3).

Finally, we consider finding a solution of the equilibrium problem.
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Theorem 3.5 Let C be a nonempty, closed, and convex subset of H. Let F : C x C — R be
a bifunction satisfying (A1)-(A4) such that EP(F) # (). Let {x,} be a sequence generated by
the following iterative process:

X1 € C,
Cl = C’
Yn = (1 + SnAF)ilxm

Con={veCu:llyn—vIl < llxs = vI},

Xni1 =Proje, %1, n=0,

where Ar is defined as (3.3), and {s,} is a positive sequence such that 0 < a < s, < 0o, where
a is a real constant Then the sequence {x,} converges strongly to Projpp) x1.

Proof Putting A =B =0, S =1 and o, =0, we immediately reach the desired conclusion
from Lemma 3.4. O
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