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1 Introduction

The existence and uniqueness of fixed and common fixed point theorems of operators has
been a subject of great interest since Banach [1] proved the Banach contraction principle in
1922. Many authors generalized the Banach contraction principle in various spaces such
as quasi-metric spaces, generalized metric spaces, cone metric spaces and fuzzy metric
spaces. Matthews [2] introduced the notion of partial metric spaces in such a way that
each object does not necessarily have to have a zero distance from itself and proved a
modified version of the Banach contraction principle. Afterwards, many authors proved
many existing fixed point theorems in partial metric spaces (see [3-21] for examples).

We recall below the definition of partial metric space and some of its properties.

Definition 1 [2] A partial metric on a nonempty set X is a function p: X x X — R* such
that for all x,y,z € X:

(p1) x=y <= px,x)=pxy) =p©,y),
(p2) px,x) <p(x,y),

(p3) plx,y) =pO,x),

(ps) p(xy) < p(x,2) + plz,y) - p(z,2).

A partial metric space is a pair (X,p) such that X is a nonempty set and p is a partial
metric on X. It is clear that, if p(x,y) = 0, then from (p;) and (p;), x = y. Butif x = y, p(x,y)
may not be 0. The function p(x,y) = max{x,y} for all x,y € R* defines a partial metric
on R*.
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Each partial metric p on X generates a Ty topology 7, on X which has as a base the
family of open p-balls {B,(x,¢) : x € X, & > 0}, where B, (x, &) = {y € X : p(x,y) < p(x,%) + £}
forallx € X and € > 0.

If p is a partial metric on X, then the function d, : X x X — R* given by

dp(x,y) = 2p(x,y) = p(%, %) = p(%,)
is a metric on X.

Definition 2 Let (X, p) be a partial metric space. Then

(1) A sequence {x,} in a partial metric space (X, p) converges to a point x € X if and
only if p(x, x) = lim,,_, o p(x, x,).

(2) A sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence iff
limy, 11— 00 P(%0, %1,) exists (and is finite).

(3) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in
X converges, with respect to 7,, to a point ¥ € X such that
P, x) = 1imy, s 00 P(Xn, %)

(4) A subset A of a partial metric space (X, p) is closed if whenever {x,,} is a sequence in

A such that {x,} converges to some x € X, then x € A.
Remark 1 The limit in a partial metric space is not unique.
Lemma 1 ([2,17]) Let (X, p) be a partial metric space.
(@) {x4} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric
space (X, d,).

(b) A partial metric space (X, p) is complete if and only if the metric space (X, d,,) is
complete. Furthermore, lim,,_, o d, (%, %) = 0 if and only if

plx,x) = lim p(x,,x) = lim p(x,,x,).
n—0o0 n,m—> 00

Now, we define the cyclic map.

Definition 3 Let A and B be nonempty subsets of a metric space (X,d) and T:AUB —
AUB. Then T is called a cyclic map if T(A) € Band T(B) C A.

In 2003, Kirk et al. [22] gave the following fixed point theorem for a cyclic map.

Theorem 1 [22] Let A and B be nonempty closed subsets of a complete metric space (X, d).
Suppose that T : AUB — AU B is a cyclic map such that

d(Tx, Ty) < kd(x,y) VxeA,VyeB.

Ifk € [0,1), then T has a unique fixed point in A N B.

Karapinar and Erhan [23] introduced the following types of cyclic contractions:
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Definition 4 [23] Let A and B be nonempty closed subsets of a metric space (X,d).
A cyclicmap T: AUB — AU B is said to be a Kannan type cyclic contraction if there
exists k € (0, %) such that

d(Tx, Ty) < k(d(Tx,x) + d(Ty,y)) Vx € A,Vy€eB.

Definition 5 [23] Let A and B be nonempty closed subsets of a metric space (X,d).
A cyclicmap T:AUB — AU B is said to be a Reich type cyclic contraction if there exists
k € (0, %) such that

d(Tx, Ty) < k(d(x,y) +d(Tx,x) + d(Ty,y)) Vx € A,Vy € B.

Definition 6 [23] Let A and B be nonempty closed subsets of a metric space (X,d).
A cyclicmap T:AUB — AU B is said to be a Ciri¢ type cyclic contraction if there exists
ke (0, %) such that

d(Tx, Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y)} Vx € A,Vy € B.
Moreover, Karapinar and Erhan [23] obtained the following results:

Theorem 2 [23] Let A and B be nonempty closed subsets of a complete metric space (X, d),
andlet T : AUB — AU B be a Kannan type cyclic contraction. Then T has a unique fixed
pointin ANB.

Theorem 3 [23] Let A and B be nonempty closed subsets of a complete metric space (X, d),
and let T : AU B — AU B be a Reich type cyclic contraction. Then T has a unique fixed
pointin ANB.

Theorem 4 [23] Let A and B be nonempty closed subsets of a complete metric space (X, d),
and let T : AUB — A U B be a Ciri¢ type cyclic contraction. Then T has a unique fixed
pointin ANB.

For more results on cyclic contraction mappings, see [24, 25].
Very recently, Agarwal et al. [26] initiated the study of fixed point theorems for mappings
satisfying cyclical generalized contractive conditions in complete partial metric spaces.

Khan et al. [27] introduced the notion of altering distance function as follows.

Definition 7 (Altering distance function [27]) The function ¢ : [0, +00) — [0, +00) is
called an altering distance function if the following properties are satisfied:

(1) ¢ is continuous and nondecreasing.

(2) ¢(t)=0ifand onlyif£=0.

For some work on altering distance function, we refer the reader to [28—33].
The purpose of this paper is to study some fixed point theorems for a mapping satisfying
a cyclical generalized contractive condition based on a pair of altering distance functions

in partial metric spaces.
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2 Main result
We start with the following definition.

Definition 8 Let (X, p) be a partial metric space and A, B be nonempty closed subsets
of X. A mapping T : X — X is called a cyclic (¥, ¢, A, B)-contraction if

(1) ¢ and ¢ are altering distance functions;

(2) AU B has a cyclic representation w.r.t. T; that is, T(A) € B and T(B) C A; and

(3)

¢(I7(Tx» Ty)) <y <maX{P(x,y),P(xr Tx), p(y, Ty), % (P(x, Iy) +P(Tx»)’)) })

- ¢(max{p(x,y),p(y, TV)}) (2.1)

forallx € A and y € B.

From now on, by ¥ and ¢ we mean altering distance functions unless otherwise stated.
In the rest of this paper, N stands for the set of nonnegative integer numbers.

Theorem 5 Let A and B be nonempty closed subsets of a complete partial metric space
Xop). If T : X — X is a cyclic (Y, $,A, B)-contraction, then T has a unique fixed point
ueANB.

Proof Let xy € A. Since TA C B, we choose x; € B such that Tx = x;. Also, since TB C A,
we choose x; € A such that Tx; = x,. Continuing this process, we can construct sequences
{#,} in X such that x5, € A, X2,11 € B, %2511 = T2y, and Xoy40 = Txoyen. If X041 = %2942 foOr
some 7 € N, then w11 = TX2y541. Thus, %241 is a fixed point of T in A N B. Thus, we may
assume that xy,,1 # x2,,,7 for all m € N.

Given n € N. If n is even, then # = 2t for some ¢ € N. By (2.1), we have

w(p(xnﬂr xn+2))
= w(P(x2t+17x2t+2))

=Y (p(Txos, Tx241))

<y (max {p(xzc, %2£41)s T2z, %24 ), (T4 11, X2141),

% (Pt Toee1) + (T2, X2141)) })

— ¢ (max{p(xas, 2¢41) P(T2101, %2141) })
=y (max {p(thrx2t+1):p(x2t+2;x2t+1)»

1

) (P(xzt»xzmz) + p(xars1, xzm)) })

-¢ (max {p(thr %at41), P(X2e42, xzm)})-
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By (p4), we have

lﬁ(P(xnm xn+2))
= 1/’(19(962”1,?62”2))

1
<v (max {p(th %2141), P(X2642, X2¢41),5 5 (D (26 %2041) + P(211, Xor42)) })

— ¢ (max{p(ras, x2041), PF2212, %2041 })
=< ’#(maX{P(xzt,x2¢+1);P(x2t+2,x2t+1)}) - ¢(maX{P(x2t,x2¢+1);P(x2t+2,x2t+1)})

< o (max{p(xas, X21:1), P(Xar42, %2141) })

If
max {p(th:x2t+1)rp(x2t+2vx2t+l)} = p(X2+2,%2011)5
then

¥ (p(X2141,%2642)) < U (D(Xat42,%2141)) — B (P (K242, %2141)).

Therefore, ¢(p(x2141,%2:4+2)) = 0, and hence p(x241,%2:42) = 0. By (p1) and (p2), we have
Xos41 = X2r42, Which is a contradiction. Therefore,

max {p(thxx2t+1)’p(x2t+21x2t+l)} = p(Xat, X241)-

Hence,

P15 %n42) = p(X2242, %2041) < P21, X2e401) = P(Xs K1) (2.2)
and

Y (p(tnats %ni2)) < U (DEns %m1)) — D (D Xm11)). (2.3)

If n is odd, then n = 2¢ + 1 for some ¢ € N. By (2.1), we have

U (p(ne1, Xnr2))
= ¥ (p(x2e42, ¥2143))
= ¥ (p(x2e43, ¥2042))
= (p(Txoes2, Thors1))

<y (max {p(x2t+21x2t+1)1P(Tx2t+2)x2t+2))p(Tx2t+1,x2t+1);

1
3 (P42, Tr2141) + P(Txt42, X2141)) })

— ¢ (max{p(xa12, %2641), P(TH2141, %2041) })
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1
=y (max {p(xZHS;x2t+2),p(x2t+2:x2t+1)r ) (P(x2:+2»x2:+2) +p(xars3, x2z+1)) })
— ¢ (max{p(rars2, X2e41), P(&2042, ¥2041) })-

By (p4), we have

14 (p(xn+1’ xn+2))

=y (p(x2t+3yx2t+2))
1
<y (max {P(x2:+3,x2:+2),p(x2:+2,xzm), 3 (p(x2t+3’x2t+2) + P(xznz,xzm)) })

— ¢ (max{p(ars2, %2001, P(T2041,%2041) })
< ¥ (max{p(ar.s, %2e42), P(Xor42, %2141) }) — P (max{p(eorsz, ¥2r41), P(Tori1, %2141) })

<y (max {p(szB, %242), P(X2r42, x2t+1)})~

If

max {p(x2t+3rx2t+2)¢ p(x2t+2rx2t+l)} = p(®ar43,%2¢42),

then

D (P(X2t13,%2142)) < V¥ (P43, %2642)) — D (P (X242, %2041)).-

Therefore, ¢p(p(x2s42,%2:41)) = 0, and hence p(xa43,%2:42) = 0. By (p1) and (py), we have

X2s+2 = X241, which is a contradiction. Therefore,

max {p(x2t+3;x2t+2):p(x2t+2;x2t+l)} = p(X2r42,%2011)-

Hence,
p(xn+27 xn+1) :p(x2t+31 x2t+2) Sp(x2t+2;x2t+l) :p(xn+1; xn)’ (24)
1p(p(x;'1+2rxn+1)) = 1//(p(xrnxrﬁl)) - ¢(p(xnrxn+l))- (25)

From (2.2) and (2.4), we have {p(x,41,%,) : n € N} is a nonincreasing sequence and hence

there exists r > 0 such that

lim p(x,,%x,41) = 1.
n—+0Q

Also, from (2.3) and (2.5), we have

W(P(xmz,xm)) =< w(p(xmxnﬂ)) - ¢(p(xnrxn+l)) VneN. (2.6)

Letting n — +00 in (2.6) and using the fact that ¢ and ¢ are continuous, we get that

Y(r) =¥ (r) - o).

Page 6 of 13
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Therefore, ¢(r) = 0 and hence r = 0. Thus

lim p(x,,%,41) = 0. (2.7)
By (p2), we get that
lim p(x,,x,) = 0. (2.8)
n—+00

Since d,(x,y) < 2p(x,y) for all x,y € X, we get that

lim d,(x,,%4.1) = 0. (2.9)

n—+00

Next, we show that {x,} is a Cauchy sequence in the metric space (A U B,d,,). It is suf-
ficient to show that {xy,} is a Cauchy sequence in (A U B,d,). Suppose the contrary; that
is, {%2,} is not a Cauchy sequence in (A U B, d,). Then there exists € > 0 for which we can
find two subsequences {x3,,,()} and {x2(;)} of {x2,} such that (i) is the smallest index for
which

n(i) >m(@i) > i,  dp(Xom), Xon) = €. (2.10)
This means that
Ap(Xami)» Xon(i)-2) < €. (2.11)
From (2.10), (2.11) and the triangular inequality, we get that
€ < dp(x2m(i):x2n(i))
< dp(Xom(i)s X2n()-2) + Ap(X2n(i)-2> X2n(i)-1)

+ dp(%20()-1 X2n())

<€+ dp(x2n(i)—2rx2n(i)—l) + dp(xzn(i)-hxzn(i))~
On letting i — +00 in the above inequalities and using (2.9), we have

lim dp(me(i),xg,,(i)) = €. (212)

i—+00

Again, from (2.10) and the triangular inequality, we get that

€ < dp(%2m(i)s X2n(i))
< dp(Xon(i)s X2n()-1) + ApKan(i)-1, X2m()
= dp(x2n(i):x2n(i)—l) + dp(x2n(i)—lrx2m(i)+l) + dp(x2m(i)+l:x2m(i))
=< dp(xzn(i)»xzn(i)-l) + dp(xZn(i)—l:me(i)) + de(me(i)H:me(i))

< 2dp(%2n()s X2n(i)-1) + ApKon(iy Xam@)) + 28p (Xom()s1, X2m())-

Page 7 of 13
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Letting i — +00 in the above inequalities and using (2.9) and (2.12), we get that

I—+00

M dy (o, X2n) = M dp (K21, X2n(-1)
= lim dp(®om@)+1 ¥2n0))

i—+00

= lim dp(%om@), X2n()-1)
I—>+00

= €.
Since

dp(%,9) = 2p(x,y) = p(%, %) = p(3,y)
for all x,y € X, then

dim p(xom@y, Xon) = UM pXam(iy1, X2n()-1)
1—+00 1— +00

lim  p(x2m()+15 X2n())

i—+00

im p(xam(s), X2n()-1)
i—+00

€

5
By (2.1), we have
U (PXamy 1, %2n()) = W (P(T2m(iy To2n(i-1))

<y (max {p(me(i)’xZn(i)l)’ PX2m(ys Tx2m(i))s PK2n(-15 Thon(i)-1)

1
3 (p(x2m(i): Txon(i)-1) + P&2n(i)-1, To2m(s))) })
— ¢ (max{p(x2mi, Xan(i-1)» PFan(i-1 Toan(-1)})

=Y (max {P(me(i),xzn(i)—l),P(me(i)»xzm(i)u),]ﬂ(xzn(i)—bxzn(i)),

1
2 (P2m(i) %20(i) + PE2n(i)-1 K2m(i)+1)) })
— ¢ (max{px2miy, Xan(i)-1)> PXan(iy-1 %an(i) })-

Letting i — +oo and using the continuity of ¢ and v, we get that

W(3)=(2)+(5)

Therefore, we get that ¢(5) = 0. Hence, € = 0 is a contradiction. Thus {x,} is a Cauchy
sequence in (A U B,d,). Since (X, p) is complete and A U B is a closed subspace of (X, p),
then we have (A U B, p) is complete. From Lemma 1, the sequence {x,} converges in the
metric space (A U B, d,,), say lim,_, o d,(x,,, ) = 0. Again from Lemma 1, we have

pu,u) = lim p(x,,u) = lim p(x,,x,). (2.13)
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Moreover, since {x,} is a Cauchy sequence in the metric space (A U B, d,), we have

lim dy,(x,,%,) =0. (2.14)

n,m—> 00

From the definition of d, we have

dp(xn:xm) = zp(xmxm) _p(xn:xn) _p(xm’xm)~
Letting n, m — +00 in the above equality and using (2.8) and (2.14), we get

lim p(x,,x,,)=0.
#1,mM—> 00

Thus by (2.13), we have

lim p(x,, u) = p(u,u) = 0. (2.15)

n—+00

Since p(x2,, u) — 0 = p(u, u), {x2,} is a sequence in A, and A is closed in (X, p), we have
u € A. Similarly, we have u € B, that is u € A N B. Again, from the definition of p, we have

pu, Tu) < p(xn, u) + p(u, Tu) — p(u, u)
< pu, 1) + p(tt, %) + P, Tut) = p(x, %) — p(us, 11).
Letting n — +00 in the above inequalities and using (2.9) and (2.15), we get that
lim p(x,, Tu) = p(u, Tu).
n—+00

Now, we claim that Tu = u.
Since %y, € A and u € B, by (2.1) we have

w(p(xbul, Tu)) = w(P(szm Tu))

< 1/f (max {P(me M);I”(Tme xZn):p(Tur M),

%(P(?Qm Tu) + p(u, Txay)) })
— ¢ (max{p(xy, 1), p(Tit, ) })

=y (max {p(me 1), p(Xons Xone1), P(Tu, 1),

(Pl T) + plt 20.1) })
~ g (max{plran ), pu, T)}).
Letting n — +00, we get that
¥ (p(u, Tw)) < ¥ (p(u, Tw) - ¢ (p(u, Tw)).

Therefore, ¢(p(u, Tu)) = 0. Since ¢ is an altering distance function, p(u, Tu) = 0, that is,
u = Tu.
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Therefore, u is a fixed point of 7. To prove the uniqueness of the fixed point, we let v be

any other fixed point of T'in A N B. It is an easy matter to prove that p(v,v) = 0. Now, we
prove that # =v. Sinceu e ANBC A and ve ANBC B, we have

¥ (pw,v)) = ¥ (p(Tu, Tv))

= 1# (maX{P(% V):P(M’ M)’P(V’ V)}) - ¢(maX{P(ur V)’P(V: V)})
=y (P(u; V)) - ¢(P(M, V))

Thus ¢(p(u, v)) = 0 and hence p(u, v) = 0. Therefore, u = v. O

Taking ¥ = Ij,+cc) (the identity function) in Theorem 5, we have the following result.

Corollary 1 Let A and B be nonempty closed subsets of a complete partial metric space

(X,p). Let T : X — X be a mapping such that AU B has a cyclic representation w.r.t. T.
Suppose there exists an altering distance function ¢ such that

p(Tx, Ty) < max [p(x,y),p(x, Tx),p(y, Ty)s %(p(x, Ty) + p(Tx,)) }

~ p(max {p(x,9), p(y, T7)})

forallx € Aandy e B. Then T has a unique fixed point u € AN B.

Corollary 2 Let A and B be nonempty closed subsets of a complete partial metric space

(X,p). Let T : X — X be a mapping such that AU B has a cyclic representation w.r.t. T.
Suppose there exists an altering distance function ¢ such that

p(Tx, Ty) < max{p(x,y), p(x, Tx), p(y, Ty)} — ¢ (max{p(x,y), p(x, Tx), p(y, Ty)})

forallx € Aandy e B. Then T has a unique fixed point u € AN B.
Now, we introduce an example to support the usability of our results.
Example 1 Let X = [0,1]. Define the partial metric p on X by

0, ifx=y;
plx,y) =
max{x,y}, ifx+y.

Also, define the mapping 7 : X — X by T(x) = % and the functions ¥, ¢ : [0, +00) —
[0, +00) by ¥ (¢) = 2t and ¢(t) = ﬁ Take A = [0, %] and B = [0,1]. Then
(1) (X,p) is a complete partial metric space.

(2) AU B has a cyclic representation w.r.t. T
(3) Forallx € A and y € B, we have

¥ (p(Tx, Ty)) < v <max {P(x,y),p(x, 2),p0, Ty), % (0l )+ (T5.) }>
- ¢(max{p(x,7), p(y, T)}).
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Proof Note that TA = [0, é] CBand TB = [0, %] C A. Thus A U B has a cyclic representa-
tion of T. To prove (3), given x € A and y € B, without loss of generality, we may assume
that x < y. So,

v (maX{p(x,y),p(x, Ix), p(y, T), %(P(x, T) + p(Tx,y)) })
el o)l ) o)
L+x 1+y/)'2 1+y l+x
=y =2

and

2
¢ (max{p(x,y), p(y, T9)}) :¢(maX{y,p<y, 1yTy) }) =p(y) = 1+yzy'

Since

2 Y

1+y — y_1+2y'

we have

¥ (p(Tx, Ty) < ¥ (max{l’(x,y),p(x, ,p0, ), % (Pl )+ () })
- ¢(max{p(x,y), p(y, TV)})- :

Note that Example 1 satisfies all the hypotheses of Theorem 5.

3 Application
Denote by A the set of functions u : [0, +00) — [0, +00) satisfying the following hypothe-
ses:

(h1) w is a Lebesgue-integrable mapping on each compact of [0, +00).

(h2) For every € > 0, we have

/G,u(t)dt>0.
0

Theorem 6 Let A and B be nonempty closed subsets of a complete partial metric space
(X,p). Let T : X — X be a mapping such that AU B has a cyclic representation w.r.t. T.
Suppose that for x € A and y € B, we have

p(Tx,Ty) max{p(x,9),p(@,T6),p(y, ), 5 (p(x,Ty)+p(Tz,))}
[ mas | ua(6) de

max{p(x,y),p(y,Ty)}
/ na(t)dt,

0

where 1, o € A. Then T has a unique fixed point u € AN B.
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Proof Follows from Theorem 5 by defining ¥/, ¢ : [0, +00) — [0, +00) via ¥ (t) = fot ui(s)ds
and ¢(t) = fot W2 (s) ds and noting that v, ¢ are altering distance functions. a

Remark 2 Theorem 2.1 of [23] is a special case of Corollary 2.
Remark 3 Theorem 2.3 of [23] is a special case of Corollary 2.
Remark 4 Theorem 2.4 of [23] is a special case of Corollary 2.

Remark 5 Theorem 1.1 of [22] is a special case of Corollary 2.
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