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1 Introduction

The split feasibility problem (SFP) in finite-dimensional Hilbert spaces was first intro-
duced by Censor and Elfving [1] for modeling inverse problems which arise from phase
retrievals and in medical image reconstruction [2]. In this paper we work in the frame-
work of infinite-dimensional Hilbert spaces. In this setting, the split feasibility (SFP) is
formulated as finding a point x* with the property

x eC and Ax €Q, (1.1)

where C and D are the nonempty closed convex subsets of the infinite-dimensional real
Hilbert spaces H; and H,,and A : H; — H, isabounded linear operator. For related works,
please refer to [2-8].

Let H be areal Hilbert space whose inner product and norm are denoted by (-, -) and || - ||,
respectively. Let C be a nonempty closed convex subset of H, and let F be a bifunction of
C x Cinto R which is the set of real numbers. The equilibrium problem for F: C x C — R
is to find x € C such that

F(x,y) >0, VyeC. (1.2)

The set of solutions of (1.1) is denoted by EP(F). Equilibrium problems theory has emerged
as an interesting and fascinating branch of applicable mathematics. The mixed equilib-
rium problem is as follows:

Findx € C: Fi(x,y) + Fo(x,y) + (Ax,x—y) >0, VyeC. (1.3)
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In the sequel, we indicate by MEP(F}, F,, A) the set of solutions of our mixed equilibrium
problem. If A = 0, we denote MEP(Fy, F5, 0) by MEP(F}, F3). The mixed equilibrium prob-
lem (1.3) has become a rich source of inspiration and motivation for the study of a large
number of problems arising in economics, optimization problems, variational inequali-
ties, minimax problem, Nash equilibrium problem in noncooperative games and others
(e.g, [9-14]).

It is our purpose in this paper to consider and analyze two viscosity iteration algorithms
(one implicit and one explicit) for finding a common element of a solution set I" of the split
feasibility problem (1.1) and a set MEP(F;, F,) of the mixed equilibrium problem (1.3) in a
real Hilbert space. Furthermore, we prove that the proposed viscosity iteration methods
converge strongly to a particular solution of the mixed equilibrium problem (1.3) and the

split feasibility problem (1.1).
2 Preliminaries
Assume H is a Hilbert space and C is a nonempty closed convex subset of H. The projec-

tion, denoted by Pc, from H onto C assigns for each x € H the unique point Pcx € C so
that

[ — Pex|| = inf{ lx=yll:ye C}.
Proposition 2.1 (Basic properties of projections [15])
(i) (x—Pcx,y—Pcx) <0 forallx e H and y € C;
(ii) {x—y,Pcx—Pcy) > ||Pcx — Pcx||? for all x,y € H;
(iii) |l — Pcx||? < |lx = y||2 = |ly — Pcxl||® forallx € H and y € C.

We also consider some nonlinear operators which are introduced in the following.

Definition 2.2 Let A: C — H be a nonlinear mapping. A is said to be

(i) Monotone if
(Ax—Ay,x—y)>0, Vx,yeC.

(ii) Strongly monotone if there exists a constant « > 0 such that
(Ax — Ay, x —y) > al|x —y||2, Vx,y € C.

For such a case, A is said to be «-strongly-monotone.

(ili) Inverse-strongly monotone (ism) if there exists a constant « > 0 such that
(Ax — Ay, x —y) > a||Ax — Ay||*>, Vx,y€C.

For such a case, A is said to be «-inverse-strongly-monotone («-ism).
(iv) k-Lipschitz continuous if there exists a constant k > 0 such that
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Remark 2.3 Let F =1 — yf, where f is a L-Lipschitz mapping on H with the coefficient
L>0,y= %
over H, i.e.,

It is a simple matter to see that the operator F is (1 — y L)-strongly monotone

(Fx—Fy,x-y) = (1-yL)llx-y|*>, V(x,y) € H x H.

Definition 2.4 A mapping T : H — H is said to be
(a) nonexpansive if || Tx — Ty|| < |lx - y||, Vx,y € H;
(b) firmly nonexpansive if 27 — I is nonexpansive. T = (I + S)/2, where S: H — H is

nonexpansive, Alternatively, T is firmly nonexpansive if and only if
| Tx - Ty|* < (Tx - Ty,x —y), x,y€H;

(c) averageif T =(1—¢€)l + €S, where € € (0,1) and S: H — H is nonexpansive. In this
case, we also claimed that T is e-averaged. A firmly nonexpansive mapping is

1
3-averaged.

Proposition 2.5 ([3]) Let T : H — H be a given mapping.
(i) T is nonexpansive if and only if the complement I — T is %—ism.
(i) If T isv-ism, then fory >0, yT is %—ism.
(iii) T is averaged if and only if the complement I — T is v-ism for v > 1/2. Indeed, for
a €(0,1), T is a-averaged if and only if - T is %-ism.

Proposition 2.6 ([3]) Given operators S, T,V :H — H.
(i) IfT=Q0-a)S+aV forsome a € (0,1) and if S is averaged and V is nonexpansive,

then S is averaged.

(i) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(iii) f T=Q-a)S+aV forsomea €(0,1), S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the
mappings {T;}Y, is averaged, then so is the composite Ty, ..., Tn. In particular, if Ty
is ay-averaged and T, is ay-averaged, where oy, a3 € (0,1), then the composite T1 T,
is a-averaged, where o = o1 + 0ty — 010t.

(v) If the mappings {T:}Y, are averaged and have a common fixed point, then
N
[\ FixlT) = Fiu( Ty - Ty).
i=1

(Here the notation F;(T) denotes the set of fixed points of the mapping T, that is,
F.(T)={xe H:Tx =x}.)

Definition 2.7 A bifunction g: C x C — R is monotone if g(x,y) + g(y,x) <0, Vx,y € C.

A function G : C — R is upper hemicontinuous if

lim sup G(tx +(1- t)y) <G®).

t—00
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For solving the mixed equilibrium problem for a bifunction F : C x C — R, let us assume
that F satisfies the following conditions:

(A1) F(x,x)=0forallx e C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0 forallx,y € C;

(A3) for eachx,y,z€ C,

. B - )
}1_r>1(1)F(tz+ 1 t)x,y) < F(x,y);
(A4) for eachx € C, y— F(x,y) is convex and lower semicontinuous.

Lemma 2.8 ([16]) Let C be a convex closed subset of a Hilbert space H. Let F; : C x C — R
be a bifunction such that

(fl) Fi(x,x)=0,Vx€C;

(f2) Fi(x,-) is monotone and supper hemicontinuous;

(f3) Fi(-,x) is lower semicontinuous and convex.

Let F, : C x C — R be a bifunction such that

(hl) F(x,x)=0,Vxe C;

(h2) Fy(x,-) is monotone and upper semicontinuous;

(h3) Fy(-,%) is convex.

Moreover, let us suppose that
(H) for fixed r > 0 and x € C, there exists a bounded set k C C and a € K such that for

allze C\ K, -F|(a,2) + Fy(z,a) + %(u—z,z—x) <0,forr>0andxe H. Let
T,:H — C be a mapping defined by

1
Tx= {ze C:F(z,y) + F(z,y) + ;(y—z,z—x) >0,Vye C}, (2.1)

called a resolvent of Fy and F,.
Then
(i) Tox+#9;
(i) T, is a single value;
(iti) T, is firmly nonexpansive;
(iv) MEP(Fy, F;) = Fix(T,) and it is closed and convex.

Definition 2.9 Let H be a real Hilbert space and f : H — H be a function.

(i) Minimization problem:
. 1 2
minf(x) = —[|Ax — PoAx||”.
xeC 2
(ii) Tikhonov’s regularization problem:
inf (x) = = | Ax - Podx® + o]
Igélélfax = 5 IlAx = PoAx|” + Serflxll”,

where « > 0 is the regularization parameter.

Proposition 2.10 ([17]) Ifthe SEP is consistent, then the strong lim,_, o x, exists and is the

minimum-norm solution of the SFP.
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Proposition 2.11 ([17]) A necessary and sufficient condition for x, to converge in norm as
o — 0 is that the minimization

lim dist(x, Q) = min |lu — Poul| (2.3)
ueA(C) ueA(C)

is attained at a point in the set A(C).

Remark 2.12 ([17]) Assume that the SFP is consistent, and let x,;, be its minimum-norm
solution, namely ¥, € I" has the property

[[%min|l = min{ " | : " € T'}.
From (2.2), observing that the gradient
V(%) = VF(x) + al = A"(I - Po)A + ol

is an (a + ||A||?)-Lipschitzian and «-strongly monotone mapping, the mapping Pc(I —
AVf,) is a contraction with the coefficient

\/1 —2(2a - A(JAI2 +@)?) <1- %ak,
where

0<A - (2.4)
A — . .
(AN? + @)?
Remark 2.13 The mapping T = Pc(I — A Vf,) is nonexpansive.
In fact, we have seen that Vf = A"(I — Pg)A is W
AVf =A(I-Pg)A is ﬁ-inverse strongly monotone, by Proposition 2.5(iii) the com-

-inverse strongly monotone and

plement I — AVf is %—averaged. Therefore, noting that P¢ is %—averaged and applying
Proposition 2.6(iv), we know that for each A € (0, ﬁ), T = Pc(I — AVfy) is a-averaged,
with

L AAIP  1AJAI® 2+ A)A°
_+ _—— =

€ (0,1).
2 2 2 2 4

Hence, it is clear that T is nonexpansive.

Lemma 2.14 ([17]) Assume that the SFP (1.1) is consistent. Define a sequence {x,} by the
iterative algorithm

%ns1 = Pl = Yu Vi Jn = Po((1 = Yuttn)n — yuA (I — Po)Axy), (2.5)

where {a,} and {y,} satisfy the following conditions:
(i) 0<yy < —4— foralln;

A1 +a
(ii) limy,_ o o = 0 and lim,_, o v, = 0;
(ii)) Y oo nyn = 00;
H 3 [Yni1=Yul=Ynloni1—0tn| -
(IV) llmn*)oo (an+1Vn+1)2 0.
Then {x,} converges in norm to the minimum-norm solution of the SFP (1.1).
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Lemma 2.15 ([18]) Let {x,} and {z,} be bounded sequences in a Banach space X and let
{B.} be a sequence in [0,1] 0 < liminf,_, » B, <limsup,_, ., B, < 1. Suppose that x,.; = (1 -
Bn)zn+ Buxnforalln > 0 and limsup,,_, o (12ue1 = 20|l = %01 =% |]) < 0. Then, limy,_, ||z, —

x| = 0.

Lemma 2.16 ([19]) Let K be a nonempty closed convex subset of a real Hilbert space H and
T : K — K be a nonexpansive mapping with F;,(T) # 0. If {x,,} is a sequence in K weakly
converging to x and if {(I — T)x,} converges strongly to y, then (I — T)x = y; in particular, if
y=0, then x € F;,(T).

Lemma 2.17 ([20, 21]) Assume {o,} is a sequence of nonnegative real numbers such that
Oyl < (1 - Gn)an + Snan

where {0,} is a sequence in (0,1) and {5, } is a sequence such that
(1) Y2 0u =00,
(2) limsup,_, 8, <0 or Y o2 8,04 < o0.

Then lim,,_, oo o, = 0.

3 Main results
In this section, we introduce two algorithms for solving the mixed equilibrium prob-
lem (1.3). Namely, we want to find a solution x™ of the mixed equilibrium problem (1.3)

and x~ also solves the following variational inequality:
x €T, (()/g— uB)x*,x—x*> <0, «xeT, (3.1)

where B is a k-Lipschitz and n-strongly monotone operator on H with k > 0, n > 0 and
0 < u <2n/k?,andg: C — H is a B-contraction mapping, 8 € (0,1). Let F|,F,: Cx C — R
be two bifunctions. In order to find a particular solution of the variational inequality (3.1),

we construct the following implicit algorithm.

Algorithm 3.1 For an arbitrary initial point xo, we define a sequence {x,},>¢ iteratively
x%p = —tuB)T,Pc(I — A, Vfy,)x0, VYt e (0,1), (3.2)

for all n > 0, where {«,} is a real sequence in [0,1], T, is defined by Lemma 2.8 and Vf,,

is introduced in Remark 2.12.

We show that the sequence x,, defined by (3.2) converges to a particular solution of the
variational inequality (3.1). As a matter of fact, in this paper, we study a general algorithm
for solving the variational inequality (3.1).

Letg: C — H be a B-contraction mapping. For each ¢ € (0,1), we consider the following
mapping S; given by:

Swx = [tyg + U - tuB)T,Pc(I - A, Vfy,) %, x€C. (3.3)
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Lemma 3.2 S; is a contraction. Indeed,
[Sex = Seyll <[1-(x —yB)t]Ilx—yll, Vx,y€H,

where t € (0, ﬁ), and the sequence of {a,} and {y,} satisfy the conditions (i)-(iv) in

Lemma 2.14.

Proof ltis clear that S; is a self-mapping. Observe that

[T % &
= 1= 312 = 20V () = Y, 01, =) + 22| Vfer @) = Ve, 0]
< (1= 20 + 22 e + IAI2)°) I = 1
= (1= 2n(2et = h) (@ + IIA1%) ) e = 2

5 (I_A-nan)”x_yllz' (34)

Let u(n - “Tkz) =t and ¢ € (0,1), we obtain

k2
|7 - tuB)x - (I - tuB)y| < [1 - m(n - %)] (Rl
= [1-telllx -yl

Note that Pc and 7, are nonexpansive, I — A, Vf,,, is a contraction mapping with the coef-
ficient 1 — A, and ||I — ¢uB|| <1 - tr. Hence, Vx,y € C, we obtain

1= Syl = |[tvg + (U = tuB)T,Pcll =2 Vfa,) ]
~[tyg + U~ tuB)T, Pl = 2,V ]y
< = uBI (L = V)5 — (L = V)|
+ty|glx) - g0
< A= t0) (A= M)l = yI? + tyBlla -y

<(1-(-yBr)llx -yl

Therefore, S; is a contraction mapping when ¢ € (0, T_ly 3 ). d

From Lemma 3.2 and using the Banach contraction principle, there exists a unique fixed

point x; of S; in C, i.e., we obtain the following algorithm.
Algorithm 3.3 For an arbitrary initial point xy, we define a sequence {x,},>0 iteratively
% = [enyg + U = £auB)T,Pc( = Ay Vfy,) |50, x€C, (3.5)

for all » > 0, where {&,} and {g,} are two real sequences in [0,1], T}, is defined by
Lemma 2.8 and Vf,, is introduced in Remark 2.12.

At this point, we would like to point out that Algorithm 3.3 includes Algorithm 3.1 as a
special case due to the fact that the contraction g is a possible nonself-mapping.
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Theorem 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let B be
a k-Lipschitz and n-strongly monotone operator on H with k >0, >0 and 0 < u < 2n/k?,
and the sequence of {a,} and {y,} satisfy the conditions (i)-(iv) in Lemma 2.14. Let Fy, F, :
C x C — R be two bifunctions which satisfy the conditions (f1)-(f4), (h1)-(h3) and (H) in
Lemma 2.8. Let g : C — H be a B-contraction. Assume Q2 := I' N MEP(F, F,) # (. Then
the sequence {x,} generated by implicit Algorithm 3.3 converges in norm, as ¢, — 0, to the
unique solution x* of the variational inequality (3.1). In particular, if we take g = 0, then the
sequence {x,} defined by Algorithm 3.1 converges in norm, as €, — 0, to the unique solution

X" of the following variational inequality:
(qu*,x —x*> >0, VxeQ.

Proof Next, we divide the remainder of the proof into several steps.

Step 1. We prove that the sequence {x,} is bounded.

Set u, = Pc(I — A, Vfy,)x, for all n > 0. Take g € Q. It is clear that g = Pc(I — A, Vfy,)q.
From Remark 2.13, we know that Pc(I — A, Vf,,) is nonexpansive, then we have

4w — gl = | Pc = 2u Vo, )%n = P = 1 Vi) | < lxn —qll. (3.6)

From (3.5), (3.6) and the fact that 7, is nonexpansive, it follows that

%, = qll = |[enyg(en) + (I - £41B) Tyt ] - Peq||
= |leny (gn) — g(@)) + U — uttB)(T 0 — ) + £4(vg(q) — 1Bq) |
< enyBlan—qll + A = e, Tttn — qll + £ | 1Bg — vg(q) ||

< (1-eu(r = yB)) % — qll + &x | uBg - v2(@)|.

It follows by induction that

%, — gll < max{llx, — gl | nBq - vg(q)|/(x — vB)}

< max{|lxo — ql, | uBq - vg(@)| /(z - vB)}

This indicates that {x,} is bounded. It is easy to deduce that {g(x,)} and {u,} are also
bounded.

Now, we can choose a constant M > 0 such that

2
)

sup{[|x, — ey, | yg(xn) — uBq || Tyt — gl + || yg(xn) — nBgq

2
|| Vg(xn) - I'LBTrun “ } = M.
Step 2. We prove that lim,,_, ||, — 4]l = 0.

From (3.5), (3.6) and the fact that 7, is nonexpansive, we have

1%, — qlI? = | = £a1tB)(Tyt, = @) + £(y (&) — uBq) |

< (- x| Tyttn — q11* + 41 — £,7)((v€(%n) — nBq), Trtt - q)
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+ 6] yg(en) — nBq|’
< (A=, Trttn — qll* + & yg(6n) — uBq|| | 11 - qll
+ &y g@,) - uBg|’

< (1 -&,7)llttn — qlI* + £, M. 3.7)

Note that Vf,, (x) is an (« + [|A||?)-Lipschitzian and «-strongly monotone mapping. From
Lemma 2.8, (3.5) and (3.6), we have

ltn = ql1? = | P = 2 Vfoo)tn = Pl = 3n Vo )al|)
=< <(1_ )\nvfan)xn -(I- )anfotn)qr Uy — q)
1
- E(||(1_xnvjs,,n)xn_(1_,\MVfW)q||2

et = gl = |20 = 40 = 2on (Vo %) = Voo @) )

IA

1
5((1 — ) 1% — gl + llu — ql1?

[} = 1t = 2 (Vo () = Voo @) )
< %(nxn P+ it =l = 11— 1]
- 20 = oy Vo () = Vo (@) = 22| Vo ) = Vo (@) |

which implies that

lltn = qI* < N2 = q11* = 10 — 18 |®
2
+ 2)‘-n(xn — Uy, Vf(‘xn (xn) - Vfgxn (q)) - )\3, || Vfgxn (xn) - vf;tn (61) ||

< 1w = g1 = 11960 = w0 1? + 2000l =l | Vo, (6) = Vo, (@) (3.8)

By (3.7) and (3.8), we obtain

240 = q11* < (1= £t =G> + EnM = 16 = 01> + 220120 = 11| | Vo, (6) = Vfer, (@)
It follows that

6 = 4| < €M + 200120 = | Vo, () = Vo (@) -
This together with lim,_, » €, = 0 and lim,,_, o, A, = 0 implies that

lim ||x, — u,|| = 0. (3.9)

n>00
Setting y, = T,u,, we have

16 = yull = ||£nyg(xn) + (I = €auB)Yy = Yu “

= ||5nyg(xn) - 8nMBTrun H


http://www.fixedpointtheoryandapplications.com/content/2012/1/226

Deng et al. Fixed Point Theory and Applications 2012, 2012:226
http://www.fixedpointtheoryandapplications.com/content/2012/1/226

< enllygn) — vgws)| + &) vg(n) — uBT u||

< enyBllxn — unll + & ”Vg(un) - uBT,u, ”

From lim,,_, o &, = 0, {u,} is bounded and (3.9), we obtain
lim ||x, —y,|l = 0. (3.10)

By (3.9) and (3.10), we also have
lim lu, -yl = lim (||Mn =%l = ll%n —ynll) =0. (3.11)
n— o0 n— 00

Step 3. We prove u, — x € Q:=I' " MEP(F,, F,).
By (3.4) and (3.5), we deduce
6w =" = [[envglen) + U ~ £aptB)y,] - 2°|°
< |y =& + eayg@) - £aitBy|”
= | Ty = ||* + 26,7 (g(), 30 — &) — 26n{ 1By yu - )
+&2]yg(en) - By
= Jtw = |* + 26u{ygn) — vg (%), 3 — ) + 2eulyg (x') — uBx', 3, — ')
— 2e,(UBT ity — B,y — &) + €2 |y 6n) — 1By |
< i I+ enB 1~ |t 5|+ 26 als') - B 30 )
— 26,7 |- | + €2 ye(,) - 1By
< (1= 26,7)(1 = Aatn) 0 =& |* + 28,7 B0 = Apty) | — 2|
+26,(yg(x’) — uBx',yu —x") + €2|| yglt) — By
< (1=26,(t = yB)) A = M) |, —&'||* + 28u{vg(x") — uBx, 3, — &)
+ &2 vgan) - uBya|*
< (1-2e4(t —vB) |aw = |* + 264{yg(x) - B,y &)

+ 2| yg,) - uBy,|’.

It follows that

En
T—-yB ’ 2(r —yB)

1 . By . En
ey ) B ) e

w2
Jn =" =

(yg(x") — uBx',y, —x) |y (@) — uBy, ”2

<

M. (3.12)

Since {x,} is bounded, without loss of generality, we may assume that {x,} converges
weakly to a point x” € C. Hence, u,, — x” and y,, — x".

Step 4. We show ™ € w,,(x,,) C Q:= ' " MEP(Fy, F,).

Since y,, = T,u,, for any y € C, we obtain

1
Fl(yn _y) +F2(yn —J’) + ;(y_ymyn —uy,) > 0.

Page 10 of 21
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From the monotonicity of F; and F,, we get

1
;(y_ynryn_un)ZFl(y_yn)+F2(y_yn); VyGC
Hence,

Yn;

— xni
@—%w—7—»25@—%ﬁ+50<mx VyeC. (3.13)

i —%n;

Since 2% — 0 and y, — &, from (A4), it follows Fi(y —x') + Fy(y—x") < 0 forall y € H.

7

Put z; = ty + (1 — t)x” for all £ € (0,1] and y € H, then we have Fy(z; —x') + Fy(z: —x') <0,
So, from (Al) and (A4), we have

0= Fl(ytryt) + F2()/nj/t)
< tFi(yuy) + A= OF (y6x ) + tFa(y,) + (1= )F> (y, %)
=< Fl(ytry) + Fz()’n)’)
and hence 0 < Fi(ys, y) + F2(3:,%). From (A3), we have 0 < Fi(x',y) + F5(x",y) for all y € H.
Therefore, x° € MEP(Fy, F>).

Next, we prove x € .

From Remark 2.13, we know that T = Pc(I — A, Vf) is nonexpansive, then we have

1en = Txpll < N — s || + ll2ts — T ||
= ll2tn =l + | P = % Vfeo, ) = Pl = 3n V)20 |
= loen —unll + ” (I = 2u Ve )%n = (L = 1,V )y “

= 1% = tenll + An@nl|%n |-

So, from lim,_, » ||%, — 4| = 0, lim,,_, 5 &, = 0, lim,,_, oo A,, = O, ZZ’;I i, = oo and the

bounded sequence of {x,} it follows that
lim ||x, — Tx,| = 0. (3.14)

Thus, taking into account x,,, — x" and Up; —> %', and from Lemma 2.16, we get x” € T'.
Therefore, we have x* € Q := I' " MEP(F,, F;). This shows that it holds that

ww(%,) C Q:= T "MEP(E,, F).

Step 5. lim,,_, oo X, = X .
We substitute x” for z in (3.12) to get

M
2t -yB)

=1 = ——lygle) ~ B 3, )

T-yp

Hence, the weak convergence of y, — x~ implies that x, — x~ strongly.
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Now, we return to (3.12) and take the limit as 7 — oo to obtain

¥ o <

. —lyﬂ (uBz - yg(z),z—x), zeQ. (3.15)

In particular, x™ solves the following variational inequality:
z€Q, (uBz-yg(e),z-x)>0, x €,

or the equivalent dual variational inequality
z€Q, <,qu* - yg(x*),z —x) >0, x Q.

Therefore, x” = (Pgg)x". That is, x” is the unique fixed point in  of the contraction Pqg.
O

Remark 3.5 If we take g = 0, then (3.15) is reduced to
(E% —z||2 <(uBz,z-x"), zeQ.
Equivalently,
=2 #
l«|" <(zx), zeq.
This clearly implies that
o2
=" < lzl, ze<.
Therefore, x™ is a particular solution of the variational inequality (3.1).

Next, we introduce an explicit algorithm for finding a solution of the variational inequal-
ity (3.1). This scheme is obtained by discretizing the implicit scheme (3.3). We show the

strong convergence of this algorithm.

Theorem 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Let B be
a k-Lipschitz and n-strongly monotone operator on H with k > 0,1 >0 and 0 < ju < 2n/k?,
and the sequence of {«,} and {y,} satisfy the conditions (i)-(iv) in Lemma 2.14. Let Fy, F,
C x C — R be two bifunctions which satisfy the conditions (f1)-(f4), (h1)-(h3) and (H) in
Lemma 2.8. Let g : C — H be a -contraction. Assume Q2 := ' " MEP(Fy, F,) # ). For given
Vxo € C, let the sequence {x,} generated by

%ns1 = Optn + (1= 0,)[envg + U — £auB) TP = Ay Vfy,) 80, n>0, (3.16)

where {&,} and {0,,} are two sequences in [0,1], satisfy the following conditions:
(i) limy—oo&y=0andy ) &, =00;
(i) 0<liminf,_, o 6, <limsup,_, . 0x <1;
(i) 1imy,_ o0 Ay = O.
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Then the sequence {x,} converges strongly to x* which is the unique solution of the varia-
tional inequality (3.1). In particular, if g = 0, then the sequence {x,} generated by

Xn+l = enxn + (1 - Qn)[(l - SMMB)TrPC(I - )‘-nvfan)]xm n>0,
converges strongly to a solution of the following variational inequality:
(qu*,x —x*> >0, VxeQ.

Proof First, we prove that the sequence {x,} is bounded. Indeed, pick z € Q.
Letz=Pc(I — 1, Vfy,)z. Set u, = Pc(I — A, Vfy, )%, for all n > 0. From (3.16), we have

lwn -zl = ||PC(1_)‘anan)xn _PC((I_Anv.ﬁxn))z|| <llxn 2|,
and
%41 — 2| = ||9nxn +(1- gn)[gnyg(xn) + (- gn/'LB)Trun] - Z”
< Oull%n — 2l + (1= 6,) | (I — £4uB)(Trus — 2) + £ (v (%) — nB2) |
< Opllxn -z + (1~ 971)[(1 —enT) |ty — 2| + enyBllxn — 2|l
+éen|| vg(e) — Bz ]
< Opllxn — 2z + (1~ 9,,)[(1 —enT) s = zll + £xy Bllxn — 2|
+en||vg(e) - nBz|]
= [1- (- yB)A = 0)en]llxn —2ll + £4(1 - 0,) | y2(2) - uBz||

z) — uBz
smax{nx,,—zn, lvg(z) — nBz| }
-vP
By induction, we have, Vn > 0,
lyg(z) — uBz||
I = 21 smax{nxo—zn,gi :
-vB

Hence, {x,} is bounded. Consequently, we deduce that {u,}, {g(x,)} and {Vf(x,)} are all
bounded. Let M > 0 be a constant such that

uBT u, — yg(x,) ||2} <M.

’

sup{ [l — t ||, | LBT || + || v g (6,)
n

Next, we show lim,,_, o0 ||, — ]| = 0.
Define %,,,1 = 6,%, + (1 — 6,)v,, for all n > 0. It follows from (3.16) that
Vi1 = il
= | [ennyg@m) + I — natB) Tythyir | — [€ny g () + (I — €41 B) Trty ]|
< lNotwer =l + &1 (| 0BT it | + ||y xin)||) + £ (| BTt + || v () )
< [P = 2V o Y1 = Pl = 2V fo, ou | + ME i + €4)

= ||xn+1 _xn” + M(8n+l + 8n)~

Page 13 of 21
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This together with (i) implies that

Hmsup([[Ver = vall = %401 = %,ll) < 0.

n—0oQ0

Hence, by Lemma 2.15, we get lim,,_, » ||V, — x| = 0. Consequently,
lim [|o,1 — %, [ = lim (1 = 6,)[|[v, — x|l = 0.
n—00 n—0oo

By the convexity of the norm || - ||, we obtain

s = 212 = [|Bu + (L= B)v — 2|
< Oullxy —2)1* + A= 0,) v — 2]
< Oz — 21 + (1= 0,) | Ty — 2 — e (uBT 1, — y () |
= Oullxn — 201> + (1= 6,)[ e — 21|
- 28,,<,uBT,un —ygx,), Tru, — z) + 83 || uBT u, — yg(x,) ||2]
< Oulln — 2lI* + (1= 0,) 1 — 2II> + £, M. (3.17)

Let y, = Tyu,, and by u,, = Pc(I — A, Vfy, )%, we obtain

lyn = zlI* = I Tyt — Trzl|*
< llun -zl
= | Pl = 2nVifoo )% = Pcl = 2,V )2
< (T = 2 Voo )8w = I = 7y Vfer, )2, thy — 2)
- %(”(I_knvfan)xn - (I_knvfan)‘z”z + ”un _2”2
@ = 2) = 2V @) = Ve, @) = 1 = D))

(1% — 212 + N1ty = 2117 = || 6 = 1) = 2o (Vo @) = Vo @)])

32| Vo (%) = Vo (D)%) (3.18)
Thus, we deduce

2t — 2II* < 11265 — 2II* = 1% — > + 220126 = th ||| Vo () = Vo 2|

< 1% = 2lI% = 1% = tn|* + 1M ||V for, () = Vo, (2) |- (3.19)
By (3.17) and (3.19), we obtain

2 2 2
%01 = 2117 < Onllxn — 201" + (1 = ) st — 2II” + £aM

< Oullotn — 21> + (1= 0,) [ 160 — 2II* = 1% — 14|

Page 14 of 21
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M Vo)~ Vo )] ]+ 0

= [l — 2l1* = (L= 0,) 1% — unll® + (A | Vo () = Vfarn (2)]| + £4) M.
It follows that
(1= 010 = tnll®* < a1 = %]l + (A || Vo () = Vo (2) | + £0) M.

Since liminf,_, o (1 — 6,) > 0, lim,—, 0 &, = 0, lim,,_, 0 [|%4+1 — %, || = 0, {Vf(x,)} is bounded
and lim,,_, o, A, = 0, we derive that

lim ||x, — u,|| = 0. (3.20)
n— 00
Setting y, = Tyu,, from (3.16), we have

196 = yull < %6ne1 — %l + (%201 = Yl
< 1191 = % ll + |00 + (= 6) [0y () + (I = £442B)Y ) = 3|
< %1 = %ull + Oulln = yull + A = 04)|| €17 &%) — €t BT 114,
< %1 = %l + Oullxn = yull + A = 6,) (4 Bll%n — 1

+&n “ yg(un) — uBT,u, H)

Thus,

1
% = yull < W %41 = Xull + €0V Bllxn — tnll + &1 ”yg(un) - uBT,uy ”
~Yn

From lim,,_, », &, = 0 and {u,} is bounded, we obtain
lim [}, — y,]l = 0. (3.21)
n— o0
By (3.20) and (3.21), we also have
lim |y, —u,| = lim (”yn =%l + 1%, — un”) =0.
n—00 n— 00
Next, we prove

lim sup((yg — uB)x,y, —x) <0, x € PQg(x*).

n—0o0

Indeed, we can choose a subsequence {u,,} of {,} such that

lim sup((yg — uB)x',y, —x) <lim sup((yg — UB)X , Y, —x) <0.

n—00 n—00

Without loss of generality, we may further assume that y,, — . By the same argument as
that of Step 4 from Theorem 3.4, we can deduce that x € Q2. Therefore,

lim sup((yg — uB)x',y, —x) < ((Vg ;) x) <0.

n—0o0
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From (3.16), we have

P

<O n =" + A= 0,) |y — & + £272(@2) — 1By, ||

= Ol =2 + A= 0 (lyn = ||” + 2807 {gen) yn — )
— 26,(1uBynyn — ) + €2 | yg(xa) — uBya )

=050 =" + Q= 0)(| Tt = ||* + 267 {gn) — g (x), 70 = )
— 28, (1B, — BX ,yy =& ) + 26,(yg(x) — uBx, 3, — %)
+ 62| yg,) - uBy,|)

< Ouln =P+ 0= 00) (= |+ 26 | 8C0n) — (&) | | Tyt =
— 2, | By — uBx ||| Ty — x| + 26u(yg(x’) — uBx', 3, — %)
+ 2|y g(n) - BT, ")

< Ouln =P+ 0= 00) ([l =" + 2 B0 = |t = |
~ 26,700 = |* + 2enlyg(x') — B,y — ) + £2 | v @) — BT 00 |”)

< O =[P4 (L= 8 ([0 = [P + 260y B 10— 5| = 260 |10 — 5[
+26,(yg(x’) = uBx ,yu — &) + €2 M)

= (1-2e4(yB = D) | =" + 200 - )enlyg(x') — uBx 0 — ')
+eX(1-6,)M

=(1-0p)|xn—x H2 + 840,

where 0, = 2¢,(y8 — 7) and §,, = %(yg(x*) —UBx Y, — %) + %M. It is clear that
> o2 0n =00 and sup,_, . 8, < 0. Hence, all the conditions of Lemma 2.17 are satisfied.

Therefore, we immediately deduce that lim,,—, oo %, = % .

Remark 3.7 If we take g = 0, by the similar argument as that in Theorem 3.6, we deduce
immediately that x* is a particular solution of the variational inequality (3.1). This com-
pletes the proof. d

4 Application in the multiple-set split feasibility problem
Recall that the multiple-set split feasibility problem (MSSFP) [4] is to find a point x™ such
that

N M
xeC=()C and Ax' €Q=[)Q; (4.1)

i=1 j=1

where N, M > 1 are integers, C; and Q; are closed convex subsets of Hilbert spaces H; and
H,,and A : H| — H, isabounded linear operator. The special case where N = M =1, called
the split feasibility problem (1.1), was introduced by Censor and Elfving [4] for modeling
phase retrieval and other image restoration problems.
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Let I' be the solution set of SFP, and let > 0. Assume that x” € I'. Thus, Ax" € Q; which
implies the equation (I - Pg,)Ax" = 0 which in turn implies the equation y A" (I — Pg,)Ax” =
0, and hence the fixed point equation (I — YA (I - Pg,)A)x" = x". Requiring that x” € C;, we

consider the fixed point equation
Pe(I-yA(I-Pg)A)x =x. (4.2)

It is claimed that the solutions of the fixed point equation (4.2) are exactly the solution

of the SFP. According the Byrne [2] and Xu [17], we obtain the following proposition.
Proposition 4.1 Givenx € Hy,x solves the SEP ifand only ifx” solves the fixed point (4.2).

From this proposition, we can easily obtain that MSSFP (4.1) is equivalent to a common
fixed point problem of finitely many nonexpansive mappings, as we show in the following.
Decompose MSSFP into N subproblems (1 <i < N):

M
x€C, AxeQ=()Q.
j=1
Next, we define a mapping 7; as follows:
M
Tix = Pc,(I - yiVg)x = P, (1 —viy BAU- PQ/)A>9C,
j=1
where the proximity function g is defined by
A
gl) = 2 D BjllAx — PoAxlP?,
j=1

where {8 };‘fl are such that g; > 0. Consider the minimization of g over C:

M
1
i = min — J|lAx — Po Ax||?.
glelgg(x) Iggzz;ﬁjll x — P Ax|
i

Observe that the gradient Vg is

M

Vg(x) =Y BA (I - Pg)Ax, (4.3)

j-1

which is L-Lipschitz continuous with the constant L = Z}Afl ;‘5,»||A||2 and thus Vg(x) is
%—ism. It is claimed that if 0 < y; < 2/L, T; is nonexpansive. Therefore, fixed point algo-
rithms for nonexpansive mappings can be applied to MSSFP (4.1).

From Algorithm 3.1, Algorithm 3.3 and Proposition 4.1, we consider our results on the

optimization method for solving MSSFP (4.1), and obtain the following two algorithms.
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Algorithm 4.2 For an arbitrary initial point x,, we define a sequence {x,},>¢ iteratively
Xy = (1 - t/'LB)Tr[PCN(I - VVg)] e [PC1 (1 - yvg)]xm Vi e (0!1); (4'4)
for all » > 0, T, is defined by Lemma 2.8 and Vg is introduced in (4.3).

Algorithm 4.3 For an arbitrary initial point x,, we define a sequence {x,},>¢ iteratively

Xp = {Enyf + (I_ En/fLB)Tr[PCN(I_ )’Vg)] e [PC1 (1_ va)] }xn: (45)

for all n > 0, where {¢,} are two real sequences in [0,1], T} is defined by Lemma 2.8 and
Vg is introduced in (4.3).

In addition, we would like to point out that Algorithm 4.3 includes Algorithm 4.2 as a
special case due to the fact that the contraction f is a possible nonself-mapping. According
to Theorem 3.4, we obtain the following theorem.

Theorem 4.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let B be
a k-Lipschitz and n-strongly monotone operator on H with k >0, 1 >0 and 0 < u < 2n/k?,
and the sequence of {a,,} and {y,} satisfy the conditions (i)-(iv) in Lemma 2.14. Let Fy, F, :
C x C — R be two bifunctions which satisfy the conditions (f1)-(f4), (h1)-(h3) and (H) in
Lemma 2.8. Let f : C — H be a -contraction. Assume Q := T N MEP(F, F,) # 0, T is the
solution set of MSSFP (4.1). Then the sequence {x,} generated by implicit Algorithm 4.3
converges in norm, as €, — 0, to the unique solution x* of the variational inequality (3.1).
In particular, if we take g = 0, then the sequence {x,} defined by Algorithm 4.3 converges in
norm, as &, — 0, to the unique solution x* of the variational inequality (3.1).

Proof Let
U=Ty- Ty =[Py -yVg)]-- [P, -yVg)]. (4.6)

Then, as the composition of finitely many nonexpansive mappings, U is nonexpansive.
Also Algorithm 4.3 can be written as

X, = [8y,yg +( - sy,,uB)T,LI]xV,, xe€C. (4.7)

Since T, and U are nonexpansive, and following the proof of Theorem 3.4, we obtain the
sequence {x,} converges strongly to a fixed point of & which is also a common fixed point
of T1,..., Ty or a solution of MSSFP (4.1). O

From Theorem 3.6, we introduce an explicit algorithm for finding a common fixed point
and for solving the variational inequality (3.1) and multiple set feasibility problem (4.1).
This scheme is obtained by discretizing the implicit scheme (4.8).

Theorem 4.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let B be
a k-Lipschitz and n-strongly monotone operator on H with k >0, 1 >0 and 0 < u < 2n/k?,
and the sequence of {a,,} and {y,} satisfy the conditions (i)-(iv) in Lemma 2.14. Let Fy, F, :
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C x C — R be two bifunctions which satisfy the conditions (f1)-(f4), (h1)-(h3) and (H) in
Lemma 2.8. Let f : C — H be a -contraction. Assume Q := T "N MEP(F, F,) # 0, T is the
solution set of MSSFP (4.1). For given Vx, € C, let the sequence {x,} generated by

Kns1 = Opn + (L - Qn){gnyf + (I - &,uB)

x To[Pcy (I -y V)] [Pe,I -y VQ]}xs n=0, (4-8)

where {&,} and {6,} are two sequences in [0,1], satisfy the following conditions:
(i) limyoo&y=0andy ) &, =00;
(i) 0<liminf,, 6, <limsup,_, 0, <1;
(i) Timy,_ o0 Ay = O.
Then the sequence {x,} converges strongly to x which is the unique solution of the varia-
tional inequality (3.1). In particular, if f = 0, then the sequence {x,} generated by

%ni1 = Ot + (1= 0,){(I ~ 4 B)T, [Py (I =y V)] -+ [P, [ = y VO }xw, 120,
converges strongly to a solution of the following variational inequality:
(uBx',x—x)>0, Vxel.
Proof Following the assumption of (4.6), (4.8) can be written as
Xna1 = Opn + 1= 0) ey f + U - euuB) T, U}xy, n>0.

Since T, and U are nonexpansive, following the proof of Theorem 3.6, we can easily claim
that the sequence {x,} converges strongly to the common fixed point of T, which solves
the mixed equilibrium problem (MEP(F}, F5)), and U is a solution of MSSFP (4.1). O

According to [22], we can obtain the following proposition.
Proposition 4.6 x™ is a solution of MSSFP (4.1) if and only if f(x") = 0.

Observe that if MSSFP(4.1) is consistent, then any solution x is a minimizer of f with
minimum value zero. Note that a proximity functionf is as follows:

N M
1 1
fe) =3 > aillx - Pex|)* + 5 > BillAx - P Ax?,
i=1 j=1

where o; > 0 forall 0 <i <N and §; > 0 for all 0 < i < M. Then the gradient of f is

N M
V@)=Y aill-Pc)x+ Y  BA (I - Pg)Ax. (4.9)
i=1 j=1

It is claimed that the gradient Vf is Lipschitz with the constant

N M
L'=)ai+Y BlAI%
i=1 j=1
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To see this, we notice that projections and their complements are nonexpansive. Thus,
both I — Pc;, and I — Pq; are nonexpansive for each i and ;. In addition, we can easily ob-
tain that %Vf is a nonexpansive mapping. Therefore, we can use the gradient projection
method to solve the minimization problem:

minf(x),
where Q is a closed convex subset of H;, whose intersection with the solution set of MSSFP
is nonempty, and obtain a solution of the so-called constrained multiple set feasibility
problem (CMSSFP):

x€Q such that x” solves (4.1).

From Proposition 4.6 and Algorithm 3.3, we obtain the corresponding algorithm and
the convergence theorems for MSSFP (4.1).

Algorithm 4.7 For an arbitrary initial point x, we define a sequence {x,},>¢ iteratively

1
K1 = Opy + (1 - 9n){8n7/g + 17(1 - SnﬂB)Ter}xn (4.10)

forall n > 0, where {¢,,} and {6, } are two real sequencesin [0, 1], T} is defined by Lemma 2.8
and Vf is introduced in (4.9).

Theorem 4.8 Let C be a nonempty closed convex subset of a real Hilbert space H. Let B be
a k-Lipschitz and n-strongly monotone operator on H with k >0, 1 >0 and 0 < u < 2n/k?,
and the sequence of {a,} and {y,} satisfy the conditions (i)-(iv) in Lemma 2.14. Let Fy, F,
C x C — R be two bifunctions which satisfy the conditions (f1)-(f4), (h1)-(h3) and (H) in
Lemma 2.8. Let g : C — H be a -contraction. Assume Q2 := T "N MEP(F, F,) # 0, I is the
solution set of MSSFP (4.1). For given Vxo € C, let the sequence {x,} generated by Algo-
rithm 4.7, where {¢,} and {0,} are two sequences in [0,1], satisfy the following conditions:
(i) limyoo &y =0andy oo &, = 00;

(i) 0<liminf, 6, <limsup,_, 0, <1;

(i) 1imy,_ o Ay = O.
Then the sequence {x,} converges strongly to x* which is the unique solution of the varia-
tional inequality (3.1). In particular, if g = 0, then the sequence {x,} generated by

1
Kpa1l = Oy + (1= 9,,){ E(l — &,uB) T,Vf}x,,, n>0,

converges strongly to a solution of the following variational inequality:

(;LBx*,x —x*> >0, Vxel.
Proof From Proposition 4.6, we know that %Vf is a nonexpansive mapping. Thus, using
the proof of Theorem 3.4, we obtain that the sequence {x,} converges strongly to a fixed

point of %Vf or a solution of MSSFP (4.1), and this fixed point is a solution of the set
MEP(Fj, F,) of mixed equilibrium problem (1.3). O
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