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Abstract
In this paper, we prove the existence of common fixed points for a generalized
asymptotically nonexpansive semigroup {Ts : s ∈ S} in CAT(0) spaces, when S is a left
reversible semitopological semigroup. We also prove �- and strong convergence of
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improve and extend the corresponding results existing in the literature.
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1 Introduction
Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topology
such that for each s ∈ S, the mappings s �→ ts and s �→ st from S to S are continuous,
and let BC(S) be the Banach space of all bounded continuous real-valued functions with
supremum norm. For f ∈ BC(S) and c ∈ R, we write f (s) → c as s → ∞R if for each ε > ,
there exists w ∈ S such that |f (tw) – c| < ε for all t ∈ S; see [].
A semitopological semigroup S is said to be left (resp. right) reversible if any two closed

right (resp. left) ideals of S have nonvoid intersection. If S is left reversible, (S,�) is
a directed system when the binary relation ‘�’ on S is defined by t � s if and only if
{t} ∪ tS ⊆ {s} ∪ sS, for t, s ∈ S. Similarly, we can define the binary relation ‘�’ on a right re-
versible semitopological semigroup S. Left reversible semitopological semigroups include
all commutative semigroups and all semitopological semigroups which are left amenable
as discrete semigroups; see []. S is called reversible if it is both left and right reversible.
In , Takahashi [] proved the first fixed point theorem for a noncommutative semi-

group of nonexpansive mappings which generalizes De Marr’s fixed point theorem [].
He proved that any discrete left amenable semigroup has a common fixed point. In ,
Mitchell [] generalized Takahashi’s result by showing that any discrete left reversible
semigroup has a common fixed point. In , Takahashi [] proved a nonlinear ergodic
theorem for an amenable semigroup of nonexpansive mappings in a Hilbert space. In
, Lau and Takahashi [] considered the problem of weak convergence of a nonex-
pansive semigroup of a right reversible semitopological semigroup in a uniformly convex
Banach space with Fréchet differentiable norm. After that Lau [–] proved the existence
of common fixed points for nonexpansive maps related to reversibility or amenability of a
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semigroup. Takahashi and Zhang [, ] established the weak convergence of an almost-
orbit of Lipschitzian semigroups of a noncommutative semitopological semigroup. Kim
and Kim [] proved weak convergence for semigroups of asymptotically nonexpansive
type of a right reversible semitopological semigroup and strong convergence for a com-
mutative case. In [], Kakavandi and Amini proved a nonlinear ergodic theorem for a
nonexpansive semigroup in CAT() spaces as well as a strong convergence theorem for a
commutative semitopological semigroup. In , Anakkanmatee and Dhompongsa []
extended Rodé’s theorem [] on common fixed points of semigroups of nonexpansive
mappings in Hilbert spaces to the CAT() space setting. For works related to semigroups
of nonexpansive, asymptotically nonexpansive, and asymptotically nonexpansive type re-
lated to reversibility of a semigroup, we refer the reader to [–].
In this paper, we introduce a new semigroup for a left (or right) reversible semitopolog-

ical semigroup on metric spaces, called a generalized asymptotically nonexpansive semi-
group, and prove the existence and convergence theorems for this semigroup in CAT()
spaces.

2 Preliminaries
Let S be a semitopological semigroup andC be a nonempty closed subset of ametric space
(X,d). A family T = {Ts : s ∈ S} of mappings of C into itself is said to be a semigroup if it
satisfies the following:
(S) Tstx = TsTtx for all s, t ∈ S and x ∈ C;
(S) for every x ∈ C, the mapping s �→ Tsx from S into C is continuous.
We denote by F(T) the set of common fixed points of T, i.e.,

F(T) =
⋂
s∈S

F(Ts) =
⋂
s∈S

{x ∈ C : Tsx = x}.

Remark . If T = {Ts : s ∈ S} is a semigroup of continuous mappings of C into itself and
d(Tsx, y) →  as s→ ∞R for x, y ∈ C, then y ∈ F(T).

Proof Let ε >  be given. Fix t ∈ S. By the continuity of Tt at y, there exists δ >  such that
d(x, y) < δ implies d(Ttx,Tty) < ε

 for x ∈ C. Since d(Tsx, y) →  as s → ∞R, there exists
w ∈ S such that d(Tawx, y) <min{ ε

 , δ} for each a ∈ S. Then d(TtTawx,Tty) < ε
 . Therefore,

we have

d(Tty, y) ≤ d(Tty,Ttawx) + d(Ttawx, y)

<
ε


+

ε


= ε.

Since ε is arbitrary, we get Tty = y for each t ∈ S, so y ∈ F(T). �

Let S be a left (or right) reversible semitopological semigroup. A semigroup T = {Ts : s ∈
S} of mappings of C into itself is said to be

(i) nonexpansive if d(Tsx,Tsy) ≤ d(x, y) for all x, y ∈ C and s ∈ S;
(ii) asymptotically nonexpansive if there exists a nonnegative real number ks ≥  with

lims ks =  such that d(Tsx,Tsy) ≤ ( + ks)d(x, y) for each x, y ∈ C and s ∈ S.

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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(iii) generalized asymptotically nonexpansive if each Ts is continuous and there exist
nonnegative real numbers ks,μs ≥  with lims ks =  and lims μs =  such that

d(Tsx,Tsy) ≤ ( + ks)d(x, y) +μs for each x, y ∈ C and s ∈ S.

Remark . If μs =  for all s ∈ S, a generalized asymptotically nonexpansive semigroup
reduces to an asymptotically nonexpansive semigroup. If ks =  and μs =  for all s ∈ S,
a generalized asymptotically nonexpansive semigroup reduces to a nonexpansive semi-
group.

We recall a CAT() space; seemore details in []. Let (X,d) be ametric space. A geodesic
path joining x ∈ X to y ∈ X (or, more briefly, a geodesic from x to y) is a map c from a
closed interval [, l] ⊂ R to X such that c() = x, c(l) = y and d(c(t), c(t)) = |t – t| for
all t, t ∈ [, l]. In particular, c is an isometry and d(x, y) = l. The image α of c is called a
geodesic (ormetric) segment joining x and y. When unique, this geodesic is denoted [x, y].
The space (X,d) is said to be a geodesic metric space if every two points of X are joined by
a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic joining x
and y for each x, y ∈ X. A subset C of X is said to be convex if C includes every geodesic
segment joining any two of its points.
A geodesic triangle �(x,x,x) in a geodesic metric space (X,d) consists of three points

x, x, x in X (the vertices of �) and a geodesic segment between each pair of vertices
(the edges of �). A comparison triangle for the geodesic triangle �(x,x,x) in (X,d) is a
triangle�(x,x,x) := �(x̄, x̄, x̄) in the Euclidean planeE such that dE (x̄i, x̄j) = d(xi,xj)
for i, j ∈ {, , }.
A geodesic metric space is said to be a CAT() space if all geodesic triangles satisfy the

following comparison axiom: Let � be a geodesic triangle in X and let � be a comparison
triangle for �. Then � is said to satisfy the CAT() inequality if for all x, y ∈ � and all
comparison points x̄, ȳ ∈ �, d(x, y)≤ dE (x̄, ȳ).
If z, x, y are points in a CAT() space and ifm is the midpoint of the segment [x, y], then

the CAT() inequality implies

d(z,m) ≤ 

d(z,x) +



d(z, y) –



d(x, y). (CN)

This is the (CN) inequality of Bruhat and Tits []. By using the (CN) inequality, it is easy
to see the CAT() spaces are uniformly convex. In fact [], a geodesic metric space is a
CAT() space if and only if it satisfies the (CN) inequality. Moreover, for each x, y ∈ X and
λ ∈ [, ], there exists a unique point λx ⊕ ( – λ)y ∈ [x, y] such that d(x,λx ⊕ ( – λ)y) =
( – λ)d(x, y), d(y,λx⊕ ( – λ)y) = λd(x, y) and the following inequality holds:

d
(
z,λx⊕ ( – λ)y

) ≤ λd(z,x) + ( – λ)d(z, y) for each z ∈ X.

For any nonempty subset C of a CAT() space X, let π := πD be the nearest point projec-
tion mapping from C to a subset D of C. In [], it is known that ifD is closed and convex,
the mapping π is well defined, nonexpansive, and the following inequality holds:

d(x, y) ≥ d(x,πx) + d(πx, y) for all x ∈ C and y ∈D.

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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Let {xα} be a bounded net in a nonempty closed convex subset C of a CAT() space X.
For x ∈ X, we set

r
(
x, {xα}) = lim sup

α

d(x,xα).

The asymptotic radius of {xα} on C is given by

r
(
C, {xα}) = inf

x∈C r
(
x, {xα}),

and the asymptotic center of {xα} on C is given by

A
(
C, {xα}) = {

x ∈ C : r
(
x, {xα}) = r

(
C, {xα})}.

It is known that a CAT() space X, A(C, {xα}) consists of exactly one point; see [].
In , Lim [] introduced the concept of �-convergence in a general metric space.

Later, Kirk and Panyanak [] extended the concept of Lim to a CAT() space.

Definition . ([]) A net {xα} in a CAT() space X is said to �-converge to x ∈ X if x is
the unique asymptotic center of {uα} for every subnet {uα} of {xα}. In this case, we write
�- limα xα = x and call x the �-limit of {xα}.

Lemma . ([]) Every bounded net in a complete CAT() space X has a �-convergent
subnet.

3 Existence theorems
In this section, we study the existence theorems for a generalized asymptotically nonex-
pansive semigroup in a complete CAT() space.

Theorem . Let S be a left reversible semitopological semigroup, C be a nonempty closed
convex subset of a complete CAT() space X, and T = {Ts : s ∈ S} be a generalized asymp-
totically nonexpansive semigroup of C into itself. If {Tsx : s ∈ S} is bounded for some x ∈ C
and z ∈ A(C, {Tsx}), then z ∈ F(T).

Proof Let {Tsx : s ∈ S} be a bounded net and let z ∈ A(C, {Tsx}). Then

R := r
(
z, {Tsx}

)
= r

(
C, {Tsx}

)
= inf

y∈C r
(
y, {Tsx}

)
.

If R = , then lim sups d(z,Tsx) = . This implies Tsx → z. It is obvious by Remark .
that z ∈ F(T). Next, we assume R > . Suppose that z /∈ F(T). By Remark ., {Tsz} does
not converge to z. Then there exists ε >  and a subnet {sα} in S such that

sα � α and d(z,Tsαz) > ε for each α ∈ S. (.)

We choose a positive number η such that

(R + η) –
ε


< (R – η).

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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Since T is a generalized asymptotically nonexpansive semigroup, there exists s ∈ S such
that

d(Tsz,Tsy) ≤ lim sup
a

d(Taz,Tay) +
η



≤ lim sup
a

(
( + ka)d(z, y) +μa

)
+

η



= d(z, y) +
η


(.)

for each s ∈ S with s � s, and y ∈ C.
It is known by [] that inft sups d(z,Ttsx) = lim supu d(z,Tux). Then inft sups d(z,Ttsx) = R.

So, there exists t ∈ S such that for all t ∈ S with t � t,

d(z,Ttsx) < R +
η


for each s ∈ S. (.)

Since S is left reversible, there exists γ ∈ S with γ � s and γ � t. Then, by (.), sγ � γ

and

d(z,Tsγ z) > ε. (.)

Let t � sγ γ . Since S is left reversible, we have t ∈ {sγ γ } ∪ sγ γ S. Then we may assume
t ∈ sγ γ S. So, there exists {tβ} in S such that sγ γ tβ → t. It follows by (.) and (.) that

d(Tsγ z,Tsγ Tγ tβx) ≤ d(z,Tγ tβx) +
η


≤ R + η for each β .

By (.) and sγ γ tβ → t, we have

d(Tsγ z,Ttx) ≤ R +
η


for all t � sγ γ . (.)

It follows by (.) that

d(z,Tsγ Tγ tβx) < R +
η


for each β .

By sγ γ tβ → t, we have

d(z,Ttx)≤ R +
η


< R + η for all t � sγ γ . (.)

So, by the (CN) inequality, (.), (.), and (.), we have

d
(z⊕ Tsγ z


,Ttx

)
≤ 


d(z,Ttx) +



d(Tsγ z,Ttx) –



d(z,Tsγ z)

< (R + η) –



ε

< (R – η).

Thus, d( z⊕Tsγ z
 ,Ttx) < R – η. This implies that

r
(z⊕ Tsγ z


, {Ttx}

)
< r

(
C, {Ttx}

)
,

which is a contradiction. Hence, z ∈ F(T). �

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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Theorem . Let S be a left reversible semitopological semigroup, C be a nonempty closed
convex subset of a complete CAT() space X, and T = {Ts : s ∈ S} be a generalized asymp-
totically nonexpansive semigroup of C into itself. Then F(T) �= ∅ if and only if {Tsx : s ∈ S}
is bounded for some x ∈ C.

Proof Necessity is obvious. Conversely, assume that x ∈ C such that {Tsx : s ∈ S} is
bounded. Then there exists a unique element z ∈ C such that z ∈ A(C, {Tsx}). It follows
by Theorem . that F(T) �= ∅. �

Theorem. Let S be a left or right reversible semitopological semigroup,C be a nonempty
closed convex subset of a complete CAT() space X, and T = {Ts : s ∈ S} be a generalized
asymptotically nonexpansive semigroup of C into itself with F(T) �= ∅.Then F(T) is a closed
convex subset of C.

Proof First, we show that F(T) is closed. Let {xt} be a net in F(T) such that xt → x. By the
definition of Tt , we have

d(Ttx,x) ≤ d(Ttx,xt) + d(x,xt)

≤ ( + kt)d(x,xt) +μt → .

Thus, Ttx→ x. This implies x ∈ F(T), and so F(T) is closed.
Next, we show F(T) is convex. Let x, y ∈ F(T) and z = x⊕y

 . For t ∈ S, we have

d(Ttz,x) ≤ ( + kt)d(z,x) +μt =
 + kt


d(x, y) +μt

and

d(Ttz, y) ≤ ( + kt)d(z, y) +μt =
 + kt


d(x, y) +μt .

Thus, by the (CN) inequality, we have

d(Ttz, z) ≤ 

d(Ttz,x) +



d(Ttz, y) –



d(x, y)

≤
(
 + kt


d(x, y) +μt

)

–


d(x, y)→ .

Therefore, Ttz → z. This implies z ∈ F(T). Hence, F(T) is convex. �

Taking S = N in Theorems . and ., we obtain the following existence theorem of a
generalized asymptotically nonexpansive mapping in CAT() spaces.

Theorem . Let C be a nonempty closed convex subset of a complete CAT() space X
and T : C → C be a continuous generalized asymptotically nonexpansive mapping. Then
F(T) �= ∅ if and only if {Tnx : n ∈ N} is bounded for some x ∈ C. Moreover, F(T) is closed
and convex.

http://www.fixedpointtheoryandapplications.com/content/2012/1/230


Phuengrattana and Suantai Fixed Point Theory and Applications 2012, 2012:230 Page 7 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/230

4 �- and strong convergence theorems
In this section, we study the �-convergence and strong convergence theorems for a gen-
eralized asymptotically nonexpansive semigroup in a CAT() space.

Lemma . Let S be a right reversible semitopological semigroup, C be a nonempty closed
convex subset of a complete CAT() space X, and T = {Ts : s ∈ S} be a generalized asymp-
totically nonexpansive semigroup of C into itself with F(T) �= ∅. Then lims d(Tsx, z) exists
for each z ∈ F(T).

Proof Let z ∈ F(T) and R = infs d(Tsx, z). For ε > , there is s ∈ S such that

d(Tsx, z) < R +
ε


.

Since T is a generalized asymptotically nonexpansive semigroup, there exists t ∈ S such
that

d(TtTsx, z) ≤ lim sup
u

d(TuTsx, z) +
ε



≤ d(Tsx, z) +
ε



for each t � t. Let b � ts. Since S is right reversible, we have b ∈ {ts} ∪ Sts. Then we
may assume b ∈ Sts. So, there exists {sα} in S such that sαts → b. Therefore,

d(Tsα tsx, z) ≤ d(Tsx, z) +
ε


for each α.

Hence, d(Tbx, z) ≤ d(Tsx, z) +
ε
 . This implies that

R ≤ inf
s
sup
t�s

d(Ttx, z) ≤ sup
b�ts

d(Tbx, z) ≤ d(Tsx, z) +
ε


< R + ε.

Since ε is arbitrary, we get

inf
s
sup
t�s

d(Ttx, z) = R = inf
s
d(Tsx, z).

Thus, lims d(Tsx, z) exists. �

Theorem . Let S be a right reversible semitopological semigroup, C be a nonempty
closed convex subset of a complete CAT() space X, and x ∈ C. Assume that T = {Ts : s ∈ S}
is a generalized asymptotically nonexpansive semigroup of C into itself with F(T) �= ∅. If
lims d(Tsx,Ttsx) =  for all t ∈ S, then {Tsx : s ∈ S} �-converges to a common fixed point of
the semigroup T.

Proof By Lemma ., we have lims d(Tsx, z) exists for each z ∈ F(T), and so {Tsx : s ∈ S} is
bounded.We now let ω�(Tsx) :=

⋃
A(C, {Tsαx}), where the union is taken over all subnets

{Tsαx} of {Tsx}.We claim thatω�(Tsx)⊂ F(T). Let u ∈ ω�(Tsx). Then there exists a subnet
{Tsαx} of {Tsx} such that A(C, {Tsαx}) = {u}. By Lemma ., there exists a subnet {Tsαβ

x}

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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of {Tsαx} such that �- limβ Tsαβ
x = y ∈ C. We will show that y ∈ F(T). Let ε > . Since T is

a generalized asymptotically nonexpansive semigroup, there exists t ∈ S such that

d(TtTsαβ
x,Tty) ≤ lim sup

a
d(TaTsαβ

x,Tay) + ε

≤ d(Tsαβ
x, y) + ε,

for each t � t and each β . It follows that

d(Tsαβ
x,Tty) ≤ d(Tsαβ

x,Ttsαβ
x) + d(Ttsαβ

x,Tty)

≤ d(Tsαβ
x,Ttsαβ

x) + d(Tsαβ
x, y) + ε

for each t � t and each β . By lims d(Tsx,Ttsx) =  for all t ∈ S, we have

lim sup
β

d(Tsαβ
x,Tty) ≤ lim sup

β

d(Tsαβ
x, y) + ε

for all t � t. Since ε is arbitrary, we get

lim sup
β

d(Tsαβ
x,Tty) ≤ lim sup

β

d(Tsαβ
x, y)

for all t � t. Since {Tsαβ
x} �-converges to y, it follows by the uniqueness of asymptotic

centers that Tty = y for all t � t. So, d(Tty, y) → . This implies y ∈ F(T). By Lemma .,
lims d(Tsx, y) exists. Suppose that u �= y. By the uniqueness of asymptotic centers,

lim sup
β

d(Tsαβ
x, y) < lim sup

β

d(Tsαβ
x,u)

≤ lim sup
α

d(Tsαx,u)

< lim sup
α

d(Tsαx, y)

= lim sup
s

d(Tsx, y)

= lim sup
β

d(Tsαβ
x, y).

This is a contradiction, hence u = y ∈ F(T). This shows that ω�(Tsx)⊂ F(T).
Next, we show that ω�(Tsx) consists of exactly one point. Let {Tsαx} be a subnet of {Tsx}

with A(C, {Tsαx}) = {u} and let A(C, {Ts}) = {z}. Since u ∈ ω�(Tsx) ⊂ F(T), it follows by
Lemma . that lims d(Tsx,u) exists. We can complete the proof by showing that z = u. To
show this, suppose not. By the uniqueness of asymptotic centers,

lim sup
α

d(Tsαx,u) < lim sup
α

d(Tsαx, z)

≤ lim sup
s

d(Tsx, z)

< lim sup
s

d(Tsx,u)

= lim sup
s

d(Tsx, y)

= lim sup
α

d(Tsαx,u),

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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which is a contradiction, and so z = u. Hence, {Tsx} �-converges to a common fixed point
of the semigroup T. �

The following result is a strong convergence theorem for a right reversible semitopolog-
ical semigroup.

Theorem . Let S be a right reversible semitopological semigroup, C be a nonempty
closed convex subset of a complete CAT() space X, and x ∈ C. Assume that T = {Ts : s ∈ S}
is a generalized asymptotically nonexpansive semigroup of C into itself with F(T) �= ∅.Then
{πTsx} converges strongly to a point of F(T), where π : C → F(T) is the nearest point pro-
jection.
Moreover, if S is reversible, then Px := lims πTsx is the unique asymptotic center of the net

{Tsx : s ∈ S}.

Proof By Lemma ., F(T) is closed and convex. So, the mapping π is well defined. Put
R = infs d(Tsx,πTsx). As in the proof of Lemma ., we have

R = inf
s
d(Tsx,πTsx) = lim sup

s
d(Tsx,πTsx).

We will show that {πTsx} is a Cauchy net. To show this, we divide into two cases.
Case : R = . For ε > , there exists s ∈ S such that

d(Tsx,πTsx) <
ε


for each s � s.

Since T is a generalized asymptotically nonexpansive semigroup, there exists t ∈ S such
that

d(Ttsx,πTsx) ≤ lim sup
u

d(TuTsx,TuπTsx) +
ε



≤ d(Tsx,πTsx) +
ε



for each t � t. Let a,b� ts. Since S is right reversible, a,b ∈ {ts}∪Sts. Then wemay
assume a,b ∈ Sts. So, there exist {tα} and {sβ} in S such that tαts → a and sβ ts → b.
Therefore, we have

d(Ttα tsx,Tsβ tsx) ≤ d(Ttα tsx,πTsx) + d(Tsβ tsx,πTsx)

≤ d(Tsx,πTsx) +
ε


.

This implies

d(πTax,πTbx) ≤ d(Tsx,πTsx) +
ε



< 
(

ε



)
+

ε


= ε.

Hence, {πTsx} is a Cauchy net.

http://www.fixedpointtheoryandapplications.com/content/2012/1/230
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Case : R > . Suppose that {πTsx} is not a Cauchy net. Then, there exists ε >  such
that for any s ∈ S, there are as,bs ∈ S with as,bs � s and d(πTasx,πTbsx)≥ ε.
We choose a positive number η such that

(R + η) –
ε


< R.

So, there exists u ∈ S such that

d(Ttx,πTtx) ≤ R +
η


for each t � u. (.)

Then d(πTau x,πTbu x) ≥ ε. Since T is a generalized asymptotically nonexpansive semi-
group, there exists v ∈ S such that

d(TtTsx,πTsx) ≤ lim sup
u

d(TuTsx,πTsx) +
η



≤ d(Tsx,πTsx) +
η


(.)

for each t � v and each s ∈ S.
Since S is right reversible, there exists c ∈ S such that c � vau and c � vbu . Then,

there exist {tα} and {sβ} in S such that tαvau → c and sβvbu → c. So, by (.) and (.),
we have

d(Ttαvau x,πTau x)≤ d(Tau x,πTau x) +
η


≤ R + η

and

d(Tsβvbu x,πTbu x)≤ d(Tbu x,πTbu x) +
η


≤ R + η.

This implies

d(Tcx,πTau x)≤ R + η and d(Tcx,πTbu x)≤ R + η.

By the (CN) inequality, we get

d
(
Tcx,

πTau x⊕ πTbu x


)

≤ 

d(Tcx,πTau x) +



d(Tcx,πTbu x) –



d(πTau x,πTbu x)

≤ (R + η) –
ε


< R,

and so d(Tcx,
πTau x⊕πTbu x

 ) < R. Since π is the nearest point projection of C onto F(T),
we have

d(Tcx,πTcx)≤ d
(
Tcx,

πTau x⊕ πTbu x


)
< R.

This contradicts with R = infs d(Tsx,πTsx).
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So, {πTsx} is Cauchy in a closed subset F(T) of a complete CAT() space X, hence it
converges to some point in F(T), say Px.
Finally, by Lemma ., we have {Tsx : s ∈ S} is bounded. So, let z ∈ A(C, {Tsx}). Since S is

reversible, it implies by Theorem . that z ∈ F(T). Thus, by the property of π , we obtain

lim sup
s

d(Tsx,Px) ≤ lim sup
s

(
d(Tsx,πTsx) + d(πTsx,Px)

)

= lim sup
s

d(Tsx,πTsx)

≤ lim sup
s

d(Tsx, z).

This implies, by the uniqueness of asymptotic centers, that Px = z. �

Taking S =N in Theorem ., we obtain the following�-convergence theorem of a gen-
eralized asymptotically nonexpansive mapping in CAT() spaces.

Theorem. Let C be a nonempty closed convex subset of a complete CAT() space X and
x ∈ C. Assume that T : C → C is a continuous generalized asymptotically nonexpansive
mapping with F(T) �= ∅. If limn→∞ d(Tnx,Tn+x) = , then {Tnx : n ∈ N} �-converges to a
fixed point of T .

Taking S =N in Theorem ., we obtain the following strong convergence theorem of a
generalized asymptotically nonexpansive mapping in CAT() spaces.

Theorem. Let C be a nonempty closed convex subset of a complete CAT() space X and
x ∈ C. Assume that T : C → C is a continuous generalized asymptotically nonexpansive
mapping with F(T) �= ∅. Then {πTnx} converges strongly to a point of F(T), where π : C →
F(T) is the nearest point projection.Moreover, Px := limn→∞ πTnx is the unique asymptotic
center of the sequence {Tnx : n ∈N}.

Remark .
(i) It is well known that every commutative semigroup is both left and right reversible

and every discrete amenable semigroup is reversible. Then Theorems ., ., .,
., and . are also obtained for a class of commutative and discrete amenable
semigroups.

(ii) Theorem . extends and generalizes the results of [, ] to generalized
asymptotically nonexpansive semigroups and to CAT() spaces.

(iii) Theorem . extends and generalizes the results of [] from amenable semigroups
to right reversible semigroups and from nonexpansive semigroups to generalized
asymptotically nonexpansive semigroups.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contribute equally and significantly in this research work. All authors read and approved the final manuscript.

http://www.fixedpointtheoryandapplications.com/content/2012/1/230


Phuengrattana and Suantai Fixed Point Theory and Applications 2012, 2012:230 Page 12 of 12
http://www.fixedpointtheoryandapplications.com/content/2012/1/230

Acknowledgements
The first author is supported by the Office of the Higher Education Commission and the Graduate School of Chiang Mai
University, Thailand. The second author would like to thank the Centre of Excellence in Mathematics, the Commission on
Higher Education, Thailand for financial support.

Received: 25 May 2012 Accepted: 7 November 2012 Published: 27 December 2012

References
1. Takahashi, W: Nonlinear Functional Analysis: Fixed Point Theory and Its Applications. Yokohama Publishers,

Yokohama (2000)
2. Holmes, RD, Lau, AT: Nonexpansive actions of topological semigroups and fixed points. J. Lond. Math. Soc. 5, 330-336

(1972)
3. Takahashi, W: Fixed point theorem for amenable semigroups of non-expansive mappings. Kodai Math. Semin. Rep.

21, 383-386 (1969)
4. De Marr, R: Common fixed points for commuting contraction mappings. Pac. J. Math. 13, 1139-1141 (1963)
5. Mitchell, T: Fixed points of reversible semigroups of nonexpansive mappings. Kodai Math. Semin. Rep. 22, 322-323

(1970)
6. Takahashi, W: A nonlinear ergodic theorem for an amenable semigroup of nonexpansive mappings in a Hilbert

space. Proc. Am. Math. Soc. 81, 253-256 (1981)
7. Lau, AT, Takahashi, W: Weak convergence and nonlinear ergodic theorems for reversible semigroups of nonexpansive

mappings. Pac. J. Math. 126, 177-194 (1987)
8. Lau, AT, Takahashi, W: Invariant means and semigroups of nonexpansive mappings on uniformly convex Banach

spaces. J. Math. Anal. Appl. 153, 497-505 (1990)
9. Lau, AT, Takahashi, W: Invariant submeans and semigroups of nonexpansive mappings on Banach spaces with

normal structure. J. Funct. Anal. 142, 79-88 (1996)
10. Lau, AT, Takahashi, W: Nonlinear submeans on semigroups. Topol. Methods Nonlinear Anal. 22, 345-353 (2003)
11. Lau, AT, Miyake, H, Takahashi, W: Approximation of fixed points for amenable semigroups of nonexpansive mappings

in Banach spaces. Nonlinear Anal. 67, 1211-1225 (2007)
12. Lau, AT, Zhang, Y: Fixed point properties of semigroups of non-expansive mappings. J. Funct. Anal. 254, 2534-2554

(2008)
13. Takahashi, W, Zhang, PJ: Asymptotic behavior of almost-orbits of semigroups of Lipschitzian mappings in Banach

spaces. Kodai Math. J. 11, 129-140 (1988)
14. Takahashi, W, Zhang, PJ: Asymptotic behavior of almost-orbits of semigroups of Lipschitzian mappings. J. Math. Anal.

Appl. 142, 242-249 (1989)
15. Kim, HS, Kim, TH: Asymptotic behavior of semigroups of asymptotically nonexpansive type on Banach spaces.

J. Korean Math. Soc. 24, 169-178 (1987)
16. Kakavandi, BA, Amini, M: Non-linear ergodic theorem in complete non-positive curvature metric spaces. Bull. Iran.

Math. Soc. (in press)
17. Anakkanmatee, W, Dhompongsa, S: Rodé’s theorem on common fixed points of semigroup of nonexpansive

mappings in CAT(0) spaces. Fixed Point Theory Appl. 2011, 34 (2011)
18. Rodé, G: An ergodic theorem for semigroups of nonexpansive mappings in a Hilbert space. J. Math. Anal. Appl. 85,

172-178 (1982)
19. Ishihara, H, Takahashi, W: A nonlinear ergodic theorem for a reversible semigroup of Lipschitzian mappings in a

Hilbert space. Proc. Am. Math. Soc. 104, 431-436 (1988)
20. Kim, HS, Kim, TH: Weak convergence of semigroups of asymptotically nonexpansive type on a Banach space.

Commun. Korean Math. Soc. 2, 63-69 (1987)
21. Lim, TC: Characterization of normal structure. Proc. Am. Math. Soc. 43, 313-319 (1974)
22. Lau, AT: Semigroup of nonexpansive mappings on a Hilbert space. J. Math. Anal. Appl. 105, 514-522 (1985)
23. Lau, AT, Shioji, N, Takahashi, W: Existence of nonexpansive retractions for amenable semigroups of nonexpansive

mappings and nonlinear ergodic theorems in Banach spaces. J. Funct. Anal. 191, 62-75 (1999)
24. Lau, AT: Invariant means and fixed point properties of semigroup of nonexpansive mappings. Taiwan. J. Math. 12,

1525-1542 (2008)
25. Lau, AT, Takahashi, W: Fixed point properties for semigroup of nonexpansive mappings on Fréchet spaces. Nonlinear

Anal. 70, 3837-3841 (2009)
26. Takahashi, W: A nonlinear ergodic theorem for a reversible semigroup of nonexpansive mappings in a Hilbert space.

Proc. Am. Math. Soc. 97, 55-58 (1986)
27. Bridson, M, Haefliger, A: Metric Spaces of Non-positive Curvature. Springer, Berlin (1999)
28. Bruhat, F, Tits, J: Groupes réductifs sur un corps local. Publ. Math. Inst. Hautes Études Sci. 41, 5-251 (1972)
29. Dhompongsa, S, Kirk, WA, Sims, B: Fixed points of uniformly Lipschitzian mappings. Nonlinear Anal. 65, 762-772

(2006)
30. Lim, TC: Remark on some fixed point theorems. Proc. Am. Math. Soc. 60, 179-182 (1976)
31. Kirk, WA, Panyanak, B: A concept of convergence in geodesic spaces. Nonlinear Anal. 68, 3689-3696 (2008)

doi:10.1186/1687-1812-2012-230
Cite this article as: Phuengrattana and Suantai: Fixed point theorems for a semigroup of generalized asymptotically
nonexpansive mappings in CAT(0) spaces. Fixed Point Theory and Applications 2012 2012:230.

http://www.fixedpointtheoryandapplications.com/content/2012/1/230

	Fixed point theorems for a semigroup of generalized asymptotically nonexpansive mappings in CAT(0) spaces
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Existence theorems
	Delta- and strong convergence theorems
	Competing interests
	Authors' contributions
	Acknowledgements
	References


