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Abstract

In this article, we introduce the concept of nonself uniformly quasi-Lipschitzian
mapping and consider a new iterative scheme with errors to converge to a common
fixed point for a finite family of nonself uniformly quasi-Lipschitzian mappings in
Banach spaces. The results of this article improve and extend many known results.
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1 Introduction and preliminaries

Throughout the article, we assume that X is a real Banach space, C is a nonempty subset

of X, and Fix(7) is the set of fixed points of mapping 7, i.e., Fix(T) = {x e C: Tx = x}.
Definition 1.1. Let T : C — C be a mapping.

(1) T is said to be asymptotically nonexpansive if there exists a sequence {k,} € [1, o)
with nlg{}o kn =1 such that

IT"x =TIl < knllx =yl

forallx, ye Candn > 1.
(2) T is said to be uniformly Lipschitzian if there exists a constant L > 0 such that
[IT"x — T"yl| < Lllx —yl|

forallx, ye Candn > 1.

(3) T is called asymptotically quasi-nonexpansive if there exists a sequence {k,} €

[1, o) with nhjgo kn = Lsych that
[IT"x — pll < knllx — pl|

forallx e C, pe Fix(T) and n = 1.

Remark 1.1. (i) The concept of asymptotically nonexpansive mapping was initially
introduced by Geobel and Kirk [1]. Meanwhile, they proved that if C is a nonempty
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closed, convex, and bounded subset of a uniformly convex Banach space, then every

asymptotically nonexpansive mapping has a fixed point.

(ii) It is easy to see that if T is an asymptotically nonexpansive mapping, then 7 is a
uniformly Lipschitzian mapping (taking L = sup,, - 1 k,,), and if Fix(T) = @, then
every asymptotically nonexpansive mapping 7 is an asymptotically quasi-nonexpan-

sive mapping.
Definition 1.2. Let X be a real Banach space and C be a nonempty subset of X.

(1) A mapping P : X — C is said to be retraction if P> = P.

(2) If there exists a nonexpansive retraction P : X — C such that Px = x for all x €
C, then the set C is said to be nonexpansive retract of X.

Next, we introduce some concepts for nonself mappings.

Definition 1.3. Let X be a real Banach space, C be a nonempty subset of X, and P :
X — C the nonexpansive retraction of X onto C. Let T : C — X be a nonself mapping.

(1) T is said to be nonself asymptotically nonexpansive if there exists a sequence {k,}

C [1, ) with nlgglo kn = 1sych that
[IT(PT)" 'x — T(PT)"'yI| < knllx —yl|

forallx, ye Candn > 1.
(2) T is said to be nonself uniformly Lipschitzian if there exists a constant L > 0

such that

IT(PT)" 'x — T(PT)""'yl| < Lllx—yl|

forallx, ye Candn > 1.
(3) T is said to be nonself asymptotically quasi-nonexpansive if there exists a

sequence {k,} € [1, o) with nlggo kn = 1sych that
IT(PT)" " x = pl| < kallx = pl|

forallxe C pe Fix(T) and n > 1.
(4) T is said to be nonself uniformly quasi-Lipschitzian if there exists a constant L >

0 such that

IT(PT)"'x —pll < Lllx—pl|
forall x e C, pe Fix(T) and n = 1.

Remark 1.2. (i) The concept of nonself asymptotically nonexpansive mapping was
introduced by Chidume et al. [2] which is a generalization of asymptotically nonexpan-

sive self-mapping.
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(i) If T is a nonself asymptotically nonexpansive mapping, then it must be nonself
uni-formly Lipschitzian, but the converse does not hold [3].

(iii) If T is a nonself uniformly Lipschitzian mapping or a nonself asymptotically
quasi-nonexpansive mapping, then it must be a nonself uniformly quasi-Lipschit-
zian mapping.

Fixed points iterative technique for (self or nonself) asymptotically nonexpansive
mappings in Banach spaces, including Mann type iteration, Ishikawa type iteration, and
three-step type iteration, have been studied by many authors (see, e.g., [2-8]). Recently,
Khan et al. [9] introduced an iterative scheme (which generalizes Mann iteration, Ishi-
kawa iteration, and three-step iteration) for a finite family of asymptotically quasi-non-
expansive self-mappings {7;: i€ I}: C — C, where I = {1, 2, . . ., k} and C be a convex
set. For any initial point x; € C:

Xne1 = (1 — o )xn + aknT;?Y(k—l)n/
Yie-1)n = (1 = a(e—1)n)Xn + €(e—1)n T(j,_ 1)V (k—2)ns
Yie-2)n = (1 = @(e—2)n)Xn + Q(e—2)n T(j,_)V(k—3)n, 1.1)

Yin = (1 - aln)xn + alnT?YOn/

where y,, = x,, and {o,,} are real sequences in [0, 1] for all n > 1. They proved the
convergence to a common fixed point for a finite family of asymptotically quasi-nonex-
pansive self-mappings in Banach spaces by using the iterative (1.1).

Inspired and motivated by the above research, we introduce a new iterative process
as follows:

Let C be a nonempty convex subset of a real Banach space X and P : X — C the
nonexpansive retraction of X onto C. Assume T;: C — X, i € I be a finite family of
nonself uniformly quasi-Lipschitzian mappings. For any x; € C, the sequence {x,} is
defined by

Xn+l = Vin = P(Olknxn + ,BknTle(PTle)n71Y(lefl)n + )/knukn)r
Vie—1yn = P(ee—1yn%n + Be—1ynToe—1) (PTe=1))""  Vie—2)n + Y(e—1)nti(e—1)n),
Vie—2yn = P(@Ge—2)n%n + Be—2)nTh—2) (PT(e=2))" ™ V(=3 + Vik—2pnlie—2n):  (1.2)

Yin = P(einXn + BinT1 (PT1)" ™ You + Vintiin),

where y,, = x, for all n > 1, {;,}, {Bi}, i} are real sequences in [0, 1] with ¢, +
Bin + Vi = 1 and {u;,,} is a bounded sequence in C, for i € I.

Remark 1.3. The iterative sequence (1.2) is a natural generalization of the well-
known iteration:

(i) If {T; : i € I} is asymptotically quasi-nonexpansive self-mappings and ¥;, = 0 for
ie Iand n > 1, then the iterative sequence (1.2) reduces to (1.1).

(ii) If k = 2 and T4, T, are nonself asymptotically nonexpansive mappings, y1,, = Yan
= 0, then the iterative sequence (1.2) reduces to the Ishikawa type iteration in
Wang [8].

(iii) If k = 1 and 77 is a nonself asymptotically nonexpansive mapping, y1,, = 0, then
the iterative sequence (1.2) reduce to the Mann type iteration in Chidume et al. [2].
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In this article, we are concerned with the convergence to a common fixed point for a
finite family of nonself uniformly quasi-Lipschitzian mappings in Banach spaces by
using the iterative sequence (1.2). As one will see, our results extend and generalize
the corresponding results in [2-10] as follows: (i) the condition Y oo (kin — 1) < 00 is
dropped; (ii) the condition Y o2, y¥in < 00,1 €I is replaced with Y 72, (Bin + Vin) < 00;
(iii) a more general mapping is considered.

We need the following lemma for proving our main results.

Lemma 1.1. ([5]) Let {a,}, {b,}, and {c,} be sequences of nonnegative real numbers
satisfying the following conditions:

ans1 < (1 +bp)an +cp, Yn > 1.
o0 o0 1. ,
where E b, < oo and E Cp < 00, then 1M dn exists.
n=1 n=1 n— o0

2 Main results
In this section, we shall prove the strong convergence of the iteration sequence (1.2) to
a common fixed point for a finite family of nonself uniformly quasi-Lipschitzian map-
pings T; (i € I) in real Banach spaces. We first prove the following lemma.

Lemma 2.1. Let C be a nonempty convex subset of a real normed linear space X. Let
{T,:ie I;: C > X be a finite family of nonself uniformly quasi-Lipschitzian mappings
with L; >0, ie.,

I Ti(PT)" "% —pi | < Li |l x—pi |

for all x € C and p; € Fix(T;), i € I Define the sequence {x,} as in (1.2) with
Yonet (Ben+vin) < 00. If F = ﬂle Fix(T;) # ¢, then

(i) there exist two constants My, M, > 0 such that

[1%ns1 =PIl < [1 +6aMo]llxn — pll + 6,M1 (2.1)

where 6,, = B, + Yin for alln > 1, p € F.
(ii) there exists a constant M, >0, such that

n+m—1

Xnam =PIl < Malxn — pll + MiMy 32 6 (22)
j=n

forallm, m=>1,pe F.

Proof. (i)We take p € F. Since {u,,} is a bounded sequence in C for all i € I, there
exists M > 0 such that

M = max{||ui — pll}.
1<i<k

Page 4 of 9
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Let L = max; < ; < ({L;} >0. Using (1.2), we have

[y1n = PlI = IP(21n%n + B1aT1(PT1)" "oty + Yintirn) — plI
< llatinxn + BinT1(PT1)" ' + yintitn — (1 + Buin + vin)P|
< e — Pl + B1alITL (PT1)" ™ %0 — plI + Yiullu1n — pl|
< ayullxn — Il + BraLllxn — plI + y1nM
< (1+L)[Jxq — pl| + M.

Assume that

i—1

(1+L)lxy —pll + Y _LIUM

j=0

IA

I[Yin = plI

holds for some 1 <i < k- 1. Then

[1Vir1yn = Pl = IP(tisynXn + BiirynTiir1) (PT(is1))™ "Yin + Viir1ynti(is1yn) — Pl
< iyl ln = P+ Blir )yl I Tty (PT(i1))" ™ Yin — Pl + Viis 1yl [ugis1yn — P
< a(is)nlXn — Pl + BirnyaLllyin — Pl + Ve nynllUr1yn — PII
i1
< o(is1)nllXn — Pl + Bis1)nl |:(1 +L)'||lxn —pll + ZLij| + Yis)nl U@y — Pl
j=0
. i71 .
< [Ot(m)n + Bis1ynL(1 + L)'] [1Xn — pIl + B(is1)nL ZUM + Y(is1)nM
j=0

i
<[1+L(1+L)llxn —pll + Y UM+ M
j=1

i
< (VL) —pll+ Y M

j=0

Therefore, by induction, we get for all i € I

lyin = pll = (1+ L) |lxa —pll + 3 M.
j=0

Now, from (1.2), it implies that

[1Xne1 — Il = [|P(tnXn + ,BknTk(PTk)nily(k—l)n + Vinlin) — Pl
< el Xn — Pl + BrnLl[Y(k—1)n — PI| + Vien![then — P

k—2
< il 0 = Pl + Bl | (1+ L) Iy = pll + D UM | + 1M
j=0
k—2
< [ctin + Bial (1 1) | bt = plI + Bral D LM + M
j=0
k—2
<[1+60,(1+L)"]llxy = pll + 6, | LY M+ M
j=0

=< [1+6:Mo]llxn — pll + OaM;,

where 0,, = B, +Yi» and My = (1 + L)X, and M, = Z];:)l M.
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(i) It is well known that 1 + x < €* for all x > 0. Estimate (2.1) yields

Xnem — Pl < (1 + 9n+m—1MO)||xn+m—1 — Pl + Opem—1 M1
< &t MO[(1 4 G2 )Mol 1nem—2 = Pl + Onem—a M| + Bpem—1 M)

< el 1 Oren 2 )Moy — pl| + € MMy (Onam—1 + Onem-2)

n+m—1
oo x 0.
< M5y —pl| + 0T My Y G
j=n

n+m—1

< Mallx, —pll + MiM;y ) 6,

j=n

where pf, = MoTH0.

o

Theorem 2.1. Let C be a nonempty closed convex subset of a real Banach space X.
Let {T; : i € I}: C — X be a finite family of nonself uniformly quasi-Lipschitzian map-
pings with L; >0, i.e.,

ITi(PT:)" x = pill < Lillx — pill,
for all x € C and p; € F (T;), i € I Define the sequence {x,} as in (1.2) with
Y21 (Bin + vim) < 00. Suppose that F = ﬂle Fix(T;) # @and closed. Then {x,} con-
verges to a common fixed point of {T; : i € I} if and only if lig(i)gfd(xn,F) =0, where d
(5 B) = infl||x - pll: p < B,

Proof. The necessity is obvious. Next, we will prove the sufficiency. It follows from

Lemma 2.1 that {x,} is bounded. From Lemma 2.1 (i), we have

y1n — Pl < a1nllxn — pIl + BraLllxy — Pl + yinlltir, — plI
< amllxn — pll + BinLllxn — plI + vinlllurn — xull + 1%z — pll]
< (1 +L)||x, —pll + M,

where

M’ = max{||uin — xu}.

1<i<k
The same to the proof of Lemma 2.1, we get that

|lxne1 = pll < [1+6:Mo]llxn — plI + 6aM7,

where 0, = Bi, + Yiw and My = (1 +L)*, and M), = Z]-;Ol L'M’'. Taking infimum over

all p in F, we obtain
d(xns1, F) < (1 +60,Mo)d(xn, F) + 0,M].
Note that M/ does not depend on p.

Since Y 52160 = poq(Ben + ¥in) < 00 and Lemma 1.1, we get that lim,, , .d(x,, F)

exists. Furthermore, from ligglfd(xn,F) =0, we obtain that lim,_, d(x,, F) = 0.
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We claim that {x,} is a Cauchy sequence. Indeed, for any ¢ > 0, there exists a con-
stant N such that for all n > N, we have

o0
) &
d(x,, F) < and 6; < .
(i )—41\42 21_4[\/11[\/12
l=N0
In particular, there exists a p; € F and a constant N; > N, such that

P
XN, — < .
llen, —pall = M,

It follows from (2.2) that when n > N, we have

||xn+m _xn” = ||xn+m —P1|| + ||xn —P1||

n+m—1 n—1
< Malln, —prll+MiMa [ D 6436
j:Nl j:Nl

& & &
< 2M2 +M1M2 + =&
4M2 4M1M2 4M1M2

Hence, {x,} is a Cauchy sequence in closed convex subset of real Banach spaces.
Clearly, {x,} converges to a point of C.

Suppose that nlLTQO Xn =p € C, We notice that
ld(p, F) — d(xn, F)I < llxa — pll,

for all n > 1. Since nlgglo Xn =P and lim,_, ood (x4, F) = 0, we conclude that d(p, F) = 0.
Therefore, p e F. O

Corollary 2.1. Let C be a nonempty closed convex subset of a real Banach space X.
Let {T; : i € I}: C > X be a finite family of nonself uniformly Lipschitzian mappings
with L; >0. Define the sequence {x,} as in (1.2) with Y ;o1 (Bkn + Yin) < 00. Suppose
that F = ﬂﬁl Fix(T;) # @ and closed. Then {x,} converges to a common fixed point of
{T;:ie I} if and only iflirfgiogfd(xml:) =0, where d(x, F) = inf{||x - p||: p € F}.

Corollary 2.2. Let C be a nonempty closed convex subset of a real Banach space X. Let
{T;:ie I}: C > X be a finite family of nonself asymptotically nonexpansive mappings (or
nonself asymptotically quasi-nonexpansive mappings) with {k;,}. Define the sequence {x,}
as in (1.2) with Zzil (Bin + Yin) < 00. Suppose that F = ﬂ?:l Fix(T;) # @and closed.
Then {x,} converges to a common fixed point of {T; : i € I} if and only if
liminfd(xy, F) = 0, where d(x, F) = inf{||x - p|| : p € F}.

Proof. Since for all i € I, {k;,} < [1, ) and nlggo kin = 1, there exists L; >0 such that

Li= ilill){ki”} < O©_ Consequently, {T; : i € I} is a finite family of nonself uniformly

quasi-Lipschitzian mappings with L; >0. From Theorem 2.1, we get the desired result.
o
Remark 2.1. (i) When {T; : i € [} is a finite family of asymptotically nonexpansive

self-mappings or asymptotically quasi-nonexpansive self-mappings with {k;,}, Corollary
2.2 also holds.

Page 7 of 9
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(ii) In Corollary 2.2, we remove the condition: “Y 2, (kin — 1) < 00, which is
required in many other article (see, e.g., [2,4-9]).
(iii) When considering iterative schemes with errors, many authors need the condi-

tions: “Y oo, ¥in < 00,1 € I“, see for example [4-6]. But in Corollary 2.2, we only

need the condition: “Y_ 2, 6, < 00*, where 6, = B, + Vi

Theorem 2.2. Let C be a nonempty closed convex subset of a real Banach space X.
Let {T;: i e I}: C —> X be a finite family of nonself uniformly quasi-Lipschitzian map-
pings with L; >0. Define the sequence {x,} as in (1.2) with Y o1 (Bin + Yin) < 00. Sup-

pose that F = ﬂ?’:l Fix(T;) # @, and closed. If for any given 1 < | < k,

(i) nlggo [1Xn=Tixn|| =0,

\Y2

(ii) there exists a constant o > O such that || x,, - Ty, || = ad(x,, F) for all n > 1.

Then {x,} converges to a common fixed point of {T;: i € I}.
Proof. From the conditions (i) and (ii), it implies that lim,_, od(xs, F) = 0. Therefore,

from the proof of Theorem 2.1, {x,} converges to a common fixed point of {T;: i € I}.
O

Remark 2.2. A mapping 7 : C — X is said to be semi-compact, if for any sequence

{x,} € C such that nlgglo [l2n — Txnll =0, there exists a subsequence {xy} of {x,} such

that {xn} converges strongly to x*e C.

Theorem 2.3. Let C be a nonempty closed convex subset of a real Banach space X.
Let {T; : i € I}: C > X be a finite family of nonself uniformly quasi-Lipschitzian map-
pings with L; >0. Define the sequence {x,} as in (1.2) with Y o1 (Bin + Yin) < 00. Sup-

pose that F = mk . F(T;) # @and closed. If
i=

(i) Jim [l = Toall = Oforall 1< i < k

(ii) for some 1 < [ <k Ty is semi-compact.

Then {x,} converges to a common fixed point of {T;: i€ I}.
Proof. Since T, is semi-compact and 1im [[x,=Tixs|| =0, there exist a subsequence
n—oo

{xn;} C {xa} such that x,, — x* € C. Consequently, we have
[l = Tix*|l = 1im [l — T || = lim_Jlx, — i || = 0.
j—> i —>
This implies that x* € F. From Theorem 2.1, it follows that
(%1 — 2% < [1 +60,Mo]llx, — x*|| +9nM/1-

Since Zflil 0, < 00, it implies from Lemma 1.1 that there exist a constant b > 0

such that

lim ||x, — x*|| =b.
n—oo
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From Xp = X*, we know that b = 0, i.e., x,—> x* Thus, {x,} converge to a common
fixed point of {7} : i e I}.
0
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