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Abstract

In this article, we introduce a new iterative algorithm by the shrinking projection
method for finding a common element of the set of solutions of generalized mixed
equilibrium problems, the set of common solutions of general system of finite
variational inequalities, the set of solutions of fixed points for nonexpansive
semigroups and the set of common fixed points for an infinite family of strictly
pseudo-contractive mappings in a real Hilbert space. We prove that the sequence
converges strongly to a common element of the above four sets under some mind
conditions. Our results improve and extend the corresponding recent results in
literature work.

1 Introduction
Throughout this article, we assume that C is a closed convex subset of a real Hilbert

space H with inner product and norm are denoted by 〈.,.〉 and ∥.∥, respectively.
Let A, B: C ® H be two mappings. We consider the following problem of finding

(x*, y*) Î C × C such that{ 〈
λAy∗ + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ C,〈
μBx∗ + y∗ − x∗, x − y∗

〉 ≥ 0, ∀x ∈ C,
(1)

which is called a general system of variational inequalities, where l ≥ 0 and μ ≥ 0 are

two constants. The set of solution of (1) is denoted by SVI(C, A, B). In particular, if A

= B, then problem (1) reduces to finding (x*, y*) Î C × C such that{ 〈
λAy∗ + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ C,〈
μAx∗ + y∗ − x∗, x − y∗

〉 ≥ 0, ∀x ∈ C,
(2)

which is defined by Verma [1] (see also Verma [2]), and is called the new general sys-

tem of variational inequalities. Further, if we set B = 0, then problem (1) reduces to

the classical variational inequality VI(C, A) which was originally introduced and studied

by Stampacchia [3] in 1964.
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By the system of variational inequality problems above, we extend into the general

system of finite variational inequalities is to find (x∗
1, x

∗
2, . . . , x

∗
M) ∈ C × C × · · · × C

and is defined by⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

〈
λMAMx∗

M + x∗
1 − x∗

M, x − x∗
1

〉 ≥ 0, ∀x ∈ C,〈
λM−1AM−1x∗

M−1 + x∗
M − x∗

M−1, x − x∗
M

〉 ≥ 0, ∀x ∈ C,
...〈
λ2A2x∗

2 + x∗
3 − x∗

2, x − x∗
3

〉 ≥ 0, ∀x ∈ C,〈
λ1A1x∗

1 + x∗
2 − x∗

1, x − x∗
2

〉 ≥ 0, ∀x ∈ C,

(3)

where {Al}Ml=1 : C → H is a family of mappings, ll ≥ 0, l Î {1,2, ..., M}. The set of

solution of (3) is denoted by GSVI(C, Al). In particular, if

M = 2,A1 = B,A2 = A,λ1 = μ,λ2 = λ, x∗
1 = x∗ , and x∗

2 = y∗ , then the problem (3) is

reduced to the problem (1).

Recall that a mapping T : C ® C is said to be a k-strict pseudo-contraction (see also

[4]) if there exists 0 ≤ k < 1 such that∥∥Tx − Ty
∥∥2 ≤ ∥∥x − y

∥∥2 + k
∥∥(I − T)x − (I − T)y

∥∥2,∀x, y ∈ C,

where I denotes the identity operator on C (see also [5]). If k = 0, a mapping T : C

® C is said to be nonexpansive [6], that is,∥∥Tx − Ty
∥∥ ≤ ∥∥x − y

∥∥ , ∀x, y ∈ C.

If k = 1, a mapping T : C ® C is said to be pseudo-contraction, that is,∥∥Tx − Ty
∥∥2 ≤ ∥∥x − y

∥∥2 +
∥∥(I − T)x − (I − T)y

∥∥2,∀x, y ∈ C.

Clearly, the class of k-strict pseudo-contraction falls into the one between classes of

nonexpansive mappings and pseudo-contraction mappings. We denote the set of fixed

points of T by F(T).

Let ℑ = {Fk}k Î Γ be a countable family of bifunctions from C × C to ℝ, where ℝ is

the set of real numbers and Γ is an arbitrary index set. Let � : C ® ℝ ∪ {+∞} be a

proper extended real-valued function. The system of mixed equilibrium problems is to

find x Î C such that

Fk(x, y) + ϕ(y) ≥ ϕ(x), ∀k ∈ �, ∀k ∈ C. (4)

The set of solutions of (4) is denoted by SMEP(Fk, �), that is

SMEP(Fk,ϕ) = {x ∈ C : Fk(x, y) + ϕ(y) ≥ ϕ(x), ∀k ∈ �,∀y ∈ C}. (5)

If Γ is a singleton, the problem (4) reduces to find the following mixed equilibrium

problem (see also Flores-Bazán [7]). For finding x Î C such that

F(x, y) + ϕ(y) ≥ ϕ(x), ∀y ∈ C. (6)

The set of solutions of (6) is denoted by MEP(F, �). Combettes and Hirstoaga [8]

introduced the following system of equilibrium problems. For finding x Î C such that,

Fk(x, y) ≥ 0,∀k ∈ �,∀y ∈ C. (7)
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The set of solutions of (7) is denoted by SEP(ℑ), that is,

SEP(�) = {x ∈ C : Fk(x, y) ≥ 0, ∀k ∈ �, ∀y ∈ C}. (8)

If Γ is a singleton, the problem (7) becomes the following equilibrium problem. For

finding x Î C such that

F(x, y) ≥ 0, ∀y ∈ C. (9)

The set of solution of (9) is denoted by EP(F). The mixed equilibrium problems

include fixed point problems, variational inequality problems, optimization problems,

Nash equilibrium problems, noncooperative games, economics and the equilibrium

problem as special cases (see [9-19]). In the last two decades, many articles have

appeared in the literature on the existence of solutions of equilibrium problems; see,

for example [13] and references therein. Some solution methods have been proposed

to solve the mixed equilibrium problems; see, for example, (see [11-14,16-24]) and

references therein.

A family S = {S(s) : 0 ≤ s < ∞} of mappings of C into itself is called a nonexpansive

semigroup on C if it satisfies the following conditions:

(i) S(0)x = x for all x Î C;

(ii) S(s + t) = S(s) S(t) for all s, t ≥ 0;

(iii) ∥S(s)x - S(s)y∥ ≤ ∥x - y∥ for all x, y Î C and s ≥ 0;

(iv) for all x Î C, s ↦ S(s)x is continuous.

We denote by F(S) the set of all common fixed points of S = {S(s) : s ≥ 0} , i.e.,
F(S) = ∩s≥0F(S(s)). It is well known that F(S) is closed and convex (see also [25,26]).

In 2011, Shehu [21] introduced a new iterative scheme by hybrid method for finding

a common element of the set of common fixed points of an infinite family of k-strictly

pseudocontractive mappings and the set of common solutions to a system of general-

ized mixed equilibrium problems and the set of solution of variational inequality pro-

blems in Hilbert spaces. Starting with an arbitrary

x0 ∈ C,C1,i = C,C1 = ∩∞
i=1C1,i, x1 = PC1x0 define sequences {xn}, {wn}, {un}, {zn}, and {yn,

i} as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

zn = T(F1,ϕ1)
rn (xn − rnAxn)

yn = T(F2,ϕ2)
λn

(zn − λnBzn)
wn = PC(un − snDun)
yn,i = αn,iwn + (1 − αn,i)Tiwn, n ≥ 1,
Cn+1,i = {z ∈ Cn,i :

∥∥yn,i − z
∥∥ ≤ ‖xn − z‖}, n ≥ 1,

Cn+1 = ∩∞
i=1Cn+1,i,

xn+1 = PCn+1x0, n ≥ 1,

(10)

where Ti be a ki -strictly pseudocontractive mapping and for some 0 ≤ ki < 1, A, B

are a, b-inverse-strongly monotone mappings of C into H, respectively. He proved that

if the sequences {an,i}, {rn}, {sn}, and {ln} of parameters satisfies appropriate conditions,

then {xn} is generated by (10) converges strongly to PΩx0, where PΩ is metric projec-

tion on H in to � := MEP(F1,ϕ1) ∩ MEP(F2,ϕ2) ∩ VI(C,A) ∩ (∩∞
i=1F(Ti)) . For using

the hybrid method, we can see [27-29].

In this article, motivated by the above results, we present a new iterative algorithm

for finding a common element of the set of solutions for a system of mixed
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equilibrium problems, the set of common solutions of general system of finite varia-

tional inequality problems, the set of solutions of fixed points for nonexpansive semi-

group mappings and the set of common fixed points for an infinite family of strictly

pseudo-contractive mappings in a real Hilbert space. Then, we prove strong conver-

gence theorem under some mind conditions. The results presented in this article

extend and improve the results of Shehu [21] and many authors.

2 Preliminaries
Let H be a real Hilbert space with norm ∥ ⋅ ∥ and inner product 〈⋅,⋅〉, respectively.

Let C be a closed convex subset of H. The sequence {xn} is a sequence in H, xn ⇀ x

means {xn} converges weakly to x and xn ® x means {xn} converges strongly to x. In a

real Hilbert space H, we have∥∥x − y
∥∥2 = ‖x‖2 − ∥∥y∥∥2 − 2

〈
x − y, y

〉
(11)

and ∥∥λx + (1 − λ)y
∥∥2 = λ‖x‖2 + (1 − λ)

∥∥y∥∥2 − λ(1 − λ)
∥∥x − y

∥∥2, ∀x, y ∈ H, (12)

and l Î ℝ. For every point x Î H, there exists a unique nearest point in C, denoted

by PC x, such that

‖x − PCx‖ ≤ ∥∥x − y
∥∥ , ∀y ∈ C. (13)

PC is called the metric projection of H onto C. It is well known that PC is a nonex-

pansive mapping of H onto C and satisfies

〈
x − y,PCx − PCy

〉 ≥ ∥∥PCx − PCy
∥∥2, ∀x, y ∈ H. (14)

Moreover, PCx is characterized by the following properties: PCx Î C and〈
x − PCx, y − PCx

〉 ≤ 0, (15)

∥∥x − y
∥∥2 ≥ ‖x − PCx‖2 +

∥∥y − PCx
∥∥2,∀x ∈ H, y ∈ C. (16)

Recall that a mapping A of C into H is called a-inverse-strongly monotone if there

exists a positive real number a such that

〈
Ax − Ay, x − y

〉 ≥ α
∥∥Ax − Ay

∥∥2, ∀x, y ∈ C. (17)

It is obvious that any a-inverse-strongly monotone mappings A is
(
1
α

)
-Lipschitz

monotone and continuous mappings.

In order to prove our main results, we need the following Lemmas.

Lemma 2.1. [30]Let V : C ® H be a k-strict pseudo-contraction, then

(1) the fixed point set F(V) of V is closed convex so that the projection PF(V) is well

defined;

(2) define a mapping T : C ® H by

Tx = tx + (1 − t)Vx, ∀x ∈ C. (18)
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If t Î [k, 1), then T is a nonexpansive mapping such that F(V) = F(T).

A family of mappings {Vi : C → H}∞i=1 is called a family of uniformly k-strict pseudo-

contractions, if there exists a constant k Î [0, 1) such that∥∥Vix − Viy
∥∥2 ≤ ∥∥x − y

∥∥2 + k
∥∥(1 − Vi)x − (I − Vi)y

∥∥2, ∀x, y ∈ C, ∀i ≥ 1.

Let {Vi : C → C}∞i=1 be a countable family of uniformly k-strict pseudo-contractions.

Let {Ti : C → C}∞i=1 be the sequence of nonexpansive mappings defined by (18), i.e.,

Tix = tx + (1 − t)Vix,∀x ∈ C, ∀i ≥ 1, t ∈ [k, 1). (19)

Let {Ti} be a sequence of nonexpansive mappings of C into itself defined by (19) and

let {μi} be a sequence of nonnegative numbers in [0,1]. For each n ≥ 1, define a map-

ping Wn of C into itself as follows:

Un,n+1 = I,

Un,n = μnTnUn,n+1 + (1 − μn)I,

Un,n−1 = μn−1Tn−1Un,n + (1 − μn−1)I,

...

Un,k = μkTkUn,k+1 + (1 − μk)I,

Un,k−1 = μk−1Tk−1Un,k + (1 − μk−1)I,

...

Un,2 = μ2T2Un,3 + (1 − μ2)I,

Wn = Un,1 = μ1T1Un,2 + (1 − μ1)I.

(20)

Such a mapping Wn is nonexpansive from C to C and it is called the W-mapping

generated by T1, T2, ..., Tn and μ1, μ2, ..., μn.

For each n, k Î N, let the mapping Un,k be defined by (20). Then we can have the

following crucial conclusions concerning Wn. You can find them in [31]. Now we only

need the following similar version in Hilbert spaces.

Lemma 2.2. [31]Let C be a nonempty closed convex subset of a real Hilbert space H.

Let T1, T2, ... be nonexpansive mappings of C into itself such that ∩∞
n=1F(Tn) is none-

mpty, let μ1, μ2, ... be real numbers such that 0 ≤ μn ≤ b < 1 for every n ≥ 1. Then,

(1) Wn is nonexpansive and F(Wn) = ∩n
i=1F(Ti),∀n ≥ 1 ;

(2) for every x Î C and k Î N, the limit limn®∞ Un,k x exists;

(3) a mapping W : C ® C defined by

Wx := lim
n→∞Wnx = lim

n→∞Un,1x,∀x ∈ C (21)

is a nonexpansive mapping satisfying F(W) = ∩∞
i=1F(Ti) and it is called the W-map-

ping generated by T1,T2, ... and μ1, μ2, ....

Lemma 2.3. [32]Let C be a nonempty closed convex subset of a Hilbert space H, {Ti :

C ® C} be a countable family of nonexpansive mappings with ∩∞
i=1F(Ti) �= ∅, {μi} be a

real sequence such that 0 <μi ≤ b < 1, ∀i ≥ 1. If D is any bounded subset of C, then

lim
n→∞ sup

x∈D
‖Wx − Wnx‖ = 0.
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Lemma 2.4. [33]Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence

{xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞ ‖xn − x‖ < lim inf

n→∞
∥∥xn − y

∥∥ ,
hold for each y Î H with y ≠ x.

Lemma 2.5. [22]Let C be a nonempty bounded closed convex subset of a Hilbert space

H and let S = {S(s) : 0 ≤ s < ∞} be a nonexpansive semigroup on C, then for any h ≥ 0,

lim
t→∞ sup

x∈C

∥∥∥∥1t
∫ t

0
S(s)xds − S(h)(

1
t

∫ t

0
S(s)xds)

∥∥∥∥ = 0.

Lemma 2.6. [34]Let C be a nonempty bounded closed convex subset of H, {xn} be a

sequence in C and S = {S(s) : 0 ≤ s < ∞} be a nonexpansive semigroup on C. If the

following conditions are satisfied:

(i) xn ⇀ z;

(ii) lim sups®∞ lim supn®∞ ∥S(s)xn - xn∥ = 0, then z ∈ F(S) .

Lemma 2.7. Let C be a nonempty closed convex subset of Hilbert space H, Al : C ®
H be a bl-inverse-strongly monotone and ll Î (0, 2bl) where l Î {1, 2, ..., M}. If

P : C → C is defined by

P(x) = PC(I − λMAM)PC(I − λM−1AM−1) . . . PC(I − λ2A2)PC(I − λ1A1)x,∀x ∈ C,

then P is nonexpansive.

Proof. Taking

P l
C = PC(I − λlAl)PC(I − λl−1Al−1) . . . PC(I − λ2A2)PC(I − λ1A1), l ∈ {1, 2, 3, . . . ,M} and

P0
C = I , where I is the identity mapping on H. Then we have P = PM

C .

For any x, y Î C, we have∥∥P(x) − P(y)
∥∥ =

∥∥PM
C x − PM

C y
∥∥

=
∥∥PC(I − λMAM)PM−1

C x − PC(I − λMAM)PM−1
C y

∥∥
≤ ∥∥(I − λMAM)PM−1

C x − (I − λMAM)PM−1
C y

∥∥
≤ ∥∥PM−1

C x − PM−1
C y

∥∥
...

≤ ∥∥P0
Cx − P0

Cy
∥∥

=
∥∥x − y

∥∥ .
This show that P is nonexpansive on C.

Lemma 2.8. Let C be a nonempty closed and convex subset of a real Hilbert space H,

Al :C ® H be nonlinear mappings, where l Î {1, 2, ..., M}. For x∗
l ∈ C, l ∈ {1, 2, . . . ,M} ,

then (x∗
1, x

∗
2, . . . , x

∗
M) is a solution of problem (3) if and only if⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x∗
1 = PC(I − λMAM)x∗

M
x∗
2 = PC(I − λ1A1)x∗

1
x∗
3 = PC(I − λ2A2)x∗

2
...

x∗
M = PC(I − λM−1AM−1)x∗

M−1,

(22)
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that is

x∗
1 = PC(I − λMAM)PC(I − λM−1AM−1) . . . PC(I − λ2A2)PC(I − λ1A1)x∗

1.

Proof. From the problem (3), we can rewrite as⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

〈
x∗
1 − (x∗

M − λMAMx∗
M), x − x∗

1

〉 ≥ 0,∀x ∈ C,〈
x∗
M − (x∗

M−1 − λM−1AM−1x∗
M−1), x − x∗

M

〉 ≥ 0,∀x ∈ C,
...〈
x∗
3 − (x∗

2 − λ2A2x∗
2), x − x∗

3

〉 ≥ 0,∀x ∈ C,〈
x∗
2 − (x∗

1 − λ1A1x∗
1), x − x∗

2

〉 ≥ 0,∀x ∈ C.

(23)

From (15), we conclude that (23) is equivalent to (22).

Lemma 2.9. (Demi-closedness Principle [6]) Assume that S is a nonexpansive self-

mapping of a nonempty closed convex subset C of a real Hilbert space H. If S has a

fixed point, the I - S is demi-closed: that is, whenever {xn} is a sequence in C converging

weakly to some x Î C (for short, xn ⇀ x), and the sequence {(I - S)xn} converges strongly

to some y (for short, (I - S)xn ® y), it follows that (I - S)x = y. Here I is the identity

operator of H.

For solving the system of mixed equilibrium problems, let us assume that bifunction

Fk : C × C ® ℝ, k = 1,2, ..., N satisfies the following conditions:

(H1) Fk is monotone, i.e., Fk(x, y) + Fk(y, x) ≤ 0, ∀x, y Î C;

(H2) for each fixed y Î C, x ↦ Fk(x,y) is convex and upper semicontinuous;

(H3) for each fixed x Î C, y ↦ Fk(x, y) is convex.

Lemma 2.10. [35]Let C be a nonempty closed convex subset of a real Hilbert space H

and let � be a lower semicontinuous and convex functional from C to ℝ. Let F be a

bifunction from C × C to ℝ satisfying (H1)-(H3). Assume that

(i) h : C × C ® H is k Lipschitz continuous with constant k > 0 such that;

(a) h(x, y) + h(y, x) = 0, ∀x, y Î C,

(b) h(⋅,⋅) is affine in the first variable,

(c) for each fixed x Î C, y ↦ h(x, y) is sequentially continuous from the weak

topology to the weak topology,

(ii) K : C → R is h-strongly convex with constant s > 0 and its derivative K′ is
sequentially continuous from the weak topology to the strong topology;

(iii) for each x Î C, there exist a bounded subset Dx ⊂ C and zx Î C such that for

any y Î C\Dx,

F(y, zx) + ϕ(zx) − ϕ(y) +
1
r

〈K′(y) − K′(x), η(zx, y)
〉
< 0.

For given r > 0, Let KF
r : C → C be the mapping defined by:

KF
r (x) =

{
y ∈ C : F(y, z) + ϕ(z) − ϕ(y) +

1
r

〈K′(y) − K′(x), η(z, y)
〉 ≥ 0,∀z ∈ C

}
(24)

for all x Î C. Then the following hold

(1) KF
r is single-valued;
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(2) KF
r is nonexpansive if K′ is Lipschitz continuous with constant ν > 0 such that

s ≥ kν;

(3) F(KF
r ) = MEP(F,ϕ) ;

(4) MEP(F, �) is closed and convex.

3 Main result
In this section, we prove a strong convergence theorem in a real Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert Space H.

Let {Fk : C × C ® ℝ, k = 1, 2, ..., N} be a finite family of bifunctions satisfying condi-

tions (H1)-(H3). Let Al be bl-inverse-strongly monotone mappings of C into H, where l Î
{1, 2, ..., M}. Let S = {S(s) : 0 ≤ s < ∞} be a nonexpansive semigroup on C and let {tn}

be a positive real divergent sequence. Let {Vi : C → C}∞i=1 be a countable family of uni-

formly k-strict pseudo-contractions, {Ti : C → C}∞i=1 be a countable family of nonexpan-

sive mappings defined by Tix = tx + (1 - t)Vix, ∀x Î C, ∀i ≥ 1, t Î [k, 1). For l Î {1,2,

..., M}, suppose � := F(S) ∩ (∩∞
i=1F(Ti)) ∩ (∩N

k=1SMEP(Fk)) ∩ GSVI(C,Al) �= ∅. Let {xn}
be a sequence generated by x0 ∈ C,C1,i = C,C1 = ∩∞

i=1C1,i, x1 = PC1x0 and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

un = KFN
rN,nK

FN−1
rN−1,n . . .KF2

r2,nK
F1
r1,nxn,

wn = PC(I − λMAM)PC(I − λM−1AM−1) . . . PC(I − λ2A2)PC(I − λ1A1)un,

yn,i = αn,ix0 + (1 − αn,i)
1
tn

∫ tn
0 S(s)Wnwnds,

Cn+1,i = {z ∈ Cn,i :
∥∥yn,i − z

∥∥2 ≤ ‖xn − z‖2 + αn,i(‖x0‖2 + 2 〈xn − x0, z〉)},
Cn+1 = ∩∞

i=1Cn+1,i,
xn+1 = PCn+1x0

(25)

for every n ≥ 0, where KFk
rk : C → C , is the mapping defined by (24), rk > 0, k = 1, 2,

..., N are constants and {αn,i}∞n=1 ⊂ (0, 1) satisfy the following conditions:

(i) hk : C × C ® H is Lk-Lipschitz continuous with constant k = 1,2, ..., N such that

(1) hk(x, y) + hk(y, x) = 0, ∀x, y Î C,

(2) x ↦ hk(x, y) is affine,
(3) for each fixed y Î C, y ↦ hk(x, y) is sequentially continuous from the weak

topology to the weak topology;

(ii) Kk : C → R is hk-strongly convex with constant sk > 0 and its derivative K′
k is

not only sequentially continuous from the weak topology to the strong topology but

also Lipschitz continuous with a Lipschitz constant νk > 0 such that sk >Lkνk;

(iii) For each k Î {1, 2, ..., N} and for all x Î C, there exist a bounded subset Dx ⊂
C and zx Î C such that for any y Î C\Dx,

Fk(y, zx) + ϕ(zx) − ϕ(y) +
1
rk

〈K′(y) − K′(x), η(zx, y)
〉
< 0;

(iv) limn®∞ an,i = 0,∀i ≥ 1;

(v) {ll} ⊂ (0,2bl), ∀l = 1, 2, ..., M;

(vi) lim infn®∞ rk,n > 0, ∀k = 1, 2, 3, ..., N.
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Then, {xn} converges strongly to PΘx0.

Proof. First, we show that I - llAl for all l Î {1, 2, ..., M} is nonexpansive mappings.

Indeed, for all x, y Î C and ll Î (0, 2bl), we observe that

∥∥(I − λ1Al)x − (I − λ1Al)y
∥∥2 =

∥∥x − y − λl(Alx − Aly)
∥∥2

=
∥∥x − y

∥∥2 − 2λl
〈
x − y,Alx − Aly

〉
+ λ2

l

∥∥Alx − Aly
∥∥2

≤ ∥∥x − y
∥∥2 − 2λ1βl

∥∥Alx − Aly
∥∥2 + λ2

l

∥∥Alx − Aly
∥∥2

≤ ∥∥x − y
∥∥2 + λl(λl − 2βl)

∥∥Alx − Aly
∥∥2

≤ ∥∥x − y
∥∥2
,

(26)

which implies that the mapping I - llAl is nonexpansive for all l Î {1, 2, ..., M}.

Let p Î Θ. Taking

�k
n = KFk

rk,nK
Fk−1
rk−1,n

. . . KF2
r2,nK

F1
r1,n , k ∈ {1, 2, 3, . . . ,N},n ∈ N

and

P l
C = PC(I−λlAl)PC(I−λl−1Al−1) . . . PC(I−λ2A2)PC(I−λ1A1) for all l ∈ {1, 2, 3, . . . ,M},

�0
n = P0

C = I , where I is the identity mapping on H. From the definition of KFk
rk,n and

PC are nonexpansive then �k
n, k ∈ {1, 2, 3, . . . ,N} and P l

C, l ∈ {1, 2, 3, . . . ,M} also. We

note that un = �N
n xn and p = �Fk

rk,np , we have

∥∥un − p
∥∥ =

∥∥�N
n xn − �N

n p
∥∥ ≤ ∥∥xn − p

∥∥ . (27)

It follows that

∥∥wn − p
∥∥ =

∥∥∥P l
Cun − P l

Cp
∥∥∥ ≤ ∥∥un − p

∥∥ ≤ ∥∥xn − p
∥∥ ,∀l ∈ {1, 2, 3, . . . ,M}. (28)

Next, we will divide the proof into five steps.

Step 1. We show that {xn} is well defined. Let n = 1, then C1,i = C is closed and con-

vex for each i ≥ 1. Suppose that Cn,i is closed convex for some n > 1. Then, from defi-

nition of Cn+1,i, we know that Cn+1,i is closed convex for the same n ≥ 1. Hence, Cn,i is

closed convex for n ≥ 1 and for each i ≥ 1. This implies that Cn is closed convex for n

≥ 1. Furthermore, we show that Θ ⊂ Cn. For n = 1, Θ ⊂ C = C1,i. For n ≥ 2, let p Î Θ.

Then,

∥∥yn,i − p
∥∥2 =

∥∥∥∥αn,i(x0 − p) + (1 − αn,i)(
1
tn

∫ tn

0
S(s)Wnwnds − p)

∥∥∥∥
2

≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)

∥∥∥∥ 1
tn

∫ tn

0
S(s)Wnwnds − p

∥∥∥∥
2

≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)
∥∥wn − p

∥∥2
=

∥∥wn − p
∥∥2 + αn,i(

∥∥x0 − p
∥∥2 − ∥∥wn − p

∥∥2)
≤ ∥∥xn − p

∥∥2 + αn,i(‖x0‖2 + 2
〈
xn − x0, p

〉
),

(29)

which shows that p Î Cn,i, ∀n ≥ 2, ∀i ≥ 1. Thus, Θ ⊂ Cn,i, ∀n ≥ 1, ∀i ≥ 1. Hence, it

follows that ∅ �= � ⊂ Cn,∀n ≥ 1 . This implies that {xn} is well-defined.
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Step 2. We claim that limn®∞ ∥xn+1 - xn∥ = 0 and limn®∞ ∥yn,i - xn∥ = 0, for i ≥ 1.

Since xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn,∀n ≥ 1, we have

‖xn − x0‖ ≤ ‖xn+1 − x0‖ . (30)

Also, as Θ ⊂ Cn by (13), it follows that

‖xn − x0‖ ≤ ‖z − x0‖ , z ∈ �,∀n ≥ 1. (31)

Form (30) and (31), we have that lim n®∞ ∥xn - x0∥ exists. Hence {xn} is bounded and

so are {yn,i}, ∀i ≥ 1, {wn}, {un}, {Wn wn}, and
{
1
tn

∫ tn
0 S(s)Wnwnds

}
. For m >n ≥ 1, we

have that xm = PCmx0 ∈ Cm ⊂ Cn . By (16), we obtain

‖xm − xn‖2 ≤ ‖xn − x0‖2 − ‖xm − x0‖2. (32)

Letting m, n ® ∞ and taking the limit in (32), we have ∥xm - xn∥ ® 0, which shows

that {xn} is a Cauchy sequence. In particular,

lim
n→∞ ‖xn+1 − xn‖ = 0. (33)

Since, {xn} is a Cauchy sequence, we assume that xn ® z Î C. Since

xn+1 = PCn+1x0 ∈ Cn+1 , then for each i ≥ 1,∥∥yn,i − xn+1
∥∥2 ≤ ‖xn − xn+1‖2 + αn,i(‖x0‖2 + 2 〈xn − x0, xn+1〉) → 0,n → ∞.

It follows that∥∥yn,i − xn
∥∥ ≤ ∥∥yn,i − xn+1

∥∥ + ‖xn+1 − xn‖ .

Therefore

lim
n→∞

∥∥yn,i − xn
∥∥ = 0,∀i ≥ 1. (34)

Step 3. We claim that the following statements hold:

(1) limn→∞
∥∥∥�k

nxn − �k−1
n xn

∥∥∥ = 0,∀k = 1, 2, . . . ,N ;

(2) limn®∞∥un - xn∥ = 0;

(3) limn®∞∥un - wn∥ = 0.

Indeed, for p Î Θ, note that KFk
rk,n , k = 1, 2, . . . ,N is the firmly nonexpansive, so we

have

∥∥∥�k
nxn − �k

np
∥∥∥2 =

∥∥∥KFk
rk,n�k−1

n xn − KFk
rk,np

∥∥∥2
≤

〈
�k
nxn − p,�k−1

n xn − p
〉

=
1
2

{∥∥∥�k
nxn − p

∥∥∥2 + ∥∥∥�k−1
n xn − p

∥∥∥2 −
∥∥∥�k

nxn − �k−1
n xn

∥∥∥2} .

Thus, we get

∥∥∥�k
nxn − �k

np
∥∥∥2 ≤

∥∥∥�k−1
n xn − p

∥∥∥2 −
∥∥∥�k

nxn − �k−1
n xn

∥∥∥2.
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It follows that

∥∥un − p
∥∥2 ≤

∥∥∥�k
nxn − �k

np
∥∥∥2

≤
∥∥∥�k−1

n xn − p
∥∥∥2 −

∥∥∥�k
nxn − �k−1

n xn
∥∥∥2

≤ ∥∥xn − p
∥∥2 −

∥∥∥�k
nxn − �k−1

n xn
∥∥∥2.

(35)

From (29) and (35), we have for i ≥ 1,∥∥yn,i − p
∥∥2 ≤ αn,i

∥∥x0 − p
∥∥2 + (1 − αn,i)

∥∥wn − p
∥∥2

≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)
∥∥un − p

∥∥2
≤ αn,i

∥∥x0 − p
∥∥2 + (1 − αn,i)[

∥∥xn − p
∥∥2 −

∥∥∥�k
nxn − �k−1

n xn
∥∥∥2],

it follows that

(1 − αn,i)
∥∥∥�k

nxn − �k−1
n xn

∥∥∥2 ≤ αn,i
∥∥x0 − p

∥∥2 + ∥∥xn − p
∥∥2 − ∥∥yn,i − p

∥∥2

≤ αn,i
∥∥x0 − p

∥∥2 + ∥∥xn − yn,i
∥∥ (∥∥xn − p

∥∥ +
∥∥yn,i − p

∥∥).
By the condition (iv) and (34), we have

lim
n→∞

∥∥∥�k
nxn − �k−1

n xn
∥∥∥ = 0. (36)

For p Î Θ and again since KFk
rk,n , k = 1, 2, . . . ,N is the firmly nonexpansive, we obtain

∥∥un − p
∥∥2 =

∥∥∥�k
nxn − �k

np
∥∥∥2

≤
〈
�k
nxn − �k

np, xn − p
〉

=
1
2

{∥∥∥�k
nxn − �k

np
∥∥∥2 + ∥∥xn − p

∥∥2 −
∥∥∥�k

nxn − xn
∥∥∥2}

=
1
2

{∥∥un − p
∥∥2 +

∥∥xn − p
∥∥2 − ‖un − xn‖2

}

and hence∥∥un − p
∥∥2 ≤ ∥∥xn − p

∥∥2 − ‖un − xn‖2. (37)

From (29) and (37), for i ≥ 1, we have∥∥yn,i − p
∥∥2 ≤ αn,i

∥∥x0 − p
∥∥2 + (1 − αn,i)

∥∥wn − p
∥∥2

≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)
∥∥un − p

∥∥2
≤ αn,i

∥∥x0 − p
∥∥2 + (1 − αn,i)[

∥∥xn − p
∥∥2 − ‖un − xn‖2],

it follows that

(1 − αn,i)‖un − xn‖2 ≤ αn,i
∥∥x0 − p

∥∥2 + ∥∥xn − p
∥∥2 − ∥∥yn,i − p

∥∥2
≤ αn,i

∥∥x0 − p
∥∥2 + ∥∥xn − yn,i

∥∥ (∥∥xn − p
∥∥ +

∥∥yn,i − p
∥∥).
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By the condition (iv) and (34), we have

lim
n→∞ ‖un − xn‖ = 0. (38)

From (26), we note that

∥∥wn − p
∥∥2 =

∥∥PM
C un − PM

C p
∥∥2

=
∥∥PC(I − λMAM)PM−1

C un − PC(I − λMAM)PM−1
C p

∥∥2
≤ ∥∥(I − λMAM)PM−1

C un − (I − λMAM)PM−1
C p

∥∥2

≤ ∥∥PM−1
C un − PM−1

C p
∥∥2 + λM(λM − 2βM)

∥∥AMPM−1
C un − AMPM−1

C p
∥∥2

...

≤ ∥∥un − p
∥∥2 + M∑

l=1

λl(λl − 2βi)
∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥2

≤ ∥∥xn − p
∥∥2 + M∑

l=1

λl(λl − 2βl)
∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥2.

(39)

It follows that, for i ≥ 1
∥∥yn,i − p

∥∥2 ≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)
∥∥wn − p

∥∥2
= αn,i

∥∥x0 − p
∥∥2 + (1 − αn,i)

[∥∥xn − p
∥∥2 + M∑

l=1

λl(λl − 2βl)
∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥2
]

≤ αn,i
∥∥x0 − p

∥∥2 +
∥∥xn − p

∥∥2 + (1 − αn,i)
M∑
l=1

λl(λl − 2βl)
∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥2,
(40)

which implies that

(1 − αn,i)
∑M

l=1
λl(2βl − λl)

∥∥∥AlP l−1
C un − AlP l−1

C p
∥∥∥2

= αn,i
∥∥x0 − p

∥∥2 + ∥∥xn − p
∥∥2 − ∥∥yn,i − p

∥∥2

≤ αn,i
∥∥x0 − p

∥∥2 + ∥∥xn − yn,i
∥∥ (∥∥xn − p

∥∥ +
∥∥yn,i − p

∥∥).
(41)

By the conditions (iv), (v) and (34), we obtain

lim
n→∞

∥∥∥AlP l−1
C un − AlP l−1

C p
∥∥∥ = 0. (42)

On the other hand, we note that

∥∥PM
C un − PM

C p
∥∥2

=
∥∥PC(I − λMAM)PM−1

C un − PC(I − λMAM)PM−1
C p

∥∥2

≤ 〈(I − λMAM)PM−1
C un − (I − λMAM)PM−1

C p,PM
C un − PM

C p〉
=
1
2

{∥∥(I − λMAM)PM−1
C un − (I − λMAM)PM−1

C p
∥∥2 + ∥∥PM

C un − PM
C p

∥∥2

−∥∥(I − λMAM)PM−1
C un − (I − λMAM)PM−1

C p − (PM
C un − PM

C p)
∥∥2}

≤ 1
2

{∥∥PM−1
C un − PM−1

C p
∥∥2 + ∥∥PM

C un − PM
C p

∥∥2
−∥∥(PM−1

C un − PM−1
C p − PM

C un + PM
C p) − λM(AMPM−1

C un − AMPM−1
C p)

∥∥2}
=
1
2

{∥∥PM−1
C un − PM−1

C p
∥∥2 + ∥∥PM

C un − PM
C p

∥∥2 − ∥∥PM−1
C un − PM−1

C p − PM
C un

+PM
C p

∥∥2 + 2λM〈PM−1
C un − PM−1

C p − PM
C un + PM

C p,AMPM−1
C un − AMPM−1

C p〉
−λ2

M

∥∥AMPM−1
C un − AMPM−1

C p
∥∥2}

≤ 1
2

{∥∥PM−1
C un − PM−1

C p
∥∥2 + ∥∥PM

C un − PM
C p

∥∥2 − ∥∥PM−1
C un − PM−1

C p − PM
C un

+PM
C p

∥∥2 + 2λM
∥∥PM−1

C un − PM−1
C p − PM

C un + PM
C p

∥∥ ∥∥AMPM−1
C un − AMPM−1

C p
∥∥}

,
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which implies that
∥∥PM

C un − PM
C p

∥∥2 ≤ ∥∥PM−1
C un − PM−1

C p
∥∥2 − ∥∥PM−1

C un − PM−1
C p − PM

C un + PM
C p

∥∥2
+ 2λM

∥∥PM−1
C un − PM−1

C p − PM
C un + PM

C p
∥∥ ∥∥AMPM−1

C un − AMPM−1
C p

∥∥
...

≤ ∥∥un − p
∥∥2 −

M∑
l=1

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥2

+
M∑
l=1

2λl

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥ ∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥
≤ ∥∥xn − p

∥∥2 −
M∑
l=1

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥2

+
M∑
l=1

2λl

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥ ∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥ .

(43)

From (29) and (43), for i ≥ 1, we note that
∥∥yn,i − p

∥∥2 ≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)
∥∥wn − p

∥∥2
= αn,i

∥∥x0 − p
∥∥2 + (1 − αn,i)

∥∥PM
C un − PM

C p
∥∥2

≤ αn,i
∥∥x0 − p

∥∥2 + (1 − αn,i)

{∥∥xn − p
∥∥2 −

M∑
l=1

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥2

+
M∑
l=1

2λl

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥
}

≤ αn,i
∥∥x0 − p

∥∥2
+

∥∥xn − p
∥∥2 − (1 − αn,i)

M∑
l=1

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥2

+
M∑
l=1

2λl

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥ .

(44)

This implies that

(1 − αn,i)
∑M

l=1

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥2

≤ αn,i
∥∥x0 − p

∥∥2 + ∥∥xn − p
∥∥2 − ∥∥yn,i − p

∥∥2
+

M∑
l=1

2λl

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥ ∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥
≤ αn,i

∥∥x0 − p
∥∥2 + ∥∥xn − yn,i

∥∥ (∥∥xn − p
∥∥ +

∥∥yn,i − p
∥∥)

+
M∑
l=1

2λl

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥ ∥∥∥AlP l−1

C un − AlP l−1
C p

∥∥∥ .

(45)

Then, by condition (iv), (34) and (42), we obtain that

lim
n→∞

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥ = 0. (46)

Therefore, we have

‖un − wn‖ =
∥∥∥P0

Cun − P l
Cun

∥∥∥ ≤
M∑
l=1

∥∥∥P l−1
C un − P l−1

C p − P l
Cun + P l

Cp
∥∥∥2 → 0 as n → ∞. (47)

On the other hand, by condition (iv) implies that

∥∥∥∥yn,i − 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥
2

= αn,i

∥∥∥∥x0 − 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥ → 0,∀i ≥ 1 (48)
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it follows that∥∥∥∥xn − 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥ ≤ ∥∥xn − yn,i
∥∥ +

∥∥∥∥yn,i + 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥ → 0. (49)

Step 4. We show that

z ∈ � := F(S) ∩ (∩∞
i=1F(Ti)) ∩ (∩N

k=1SMEP(Fk)) ∩ GSVI(C,Al),∀l ∈ {1, 2, . . . ,M} . Since

{wni} is bounded, there exists a subsequence {wnij
} of {wni} which converges weakly

to z Î C. Without loss of generality, we can assume that wni ⇀ z .

(1) First, we prove that z ∈ F(S) . From (38), (47), and (49), we get

lim
n→∞

∥∥∥∥wn − 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥ = 0. (50)

Since {Wn wn} is a bounded and from Lemma 2.5 for any h ≥ 0, we have

lim
n→∞

∥∥∥∥ 1
tn

∫ tn

0
S(s)Wnwnds − S(h)

(
1
tn

∫ tn

0
S(s)Wnwnds

)∥∥∥∥ = 0, (51)

and since

∥∥wn − S(h)wn
∥∥ ≤

∥∥∥∥wn − 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥ +

∥∥∥∥ 1
tn

∫ tn

0
S(s)Wnwnds − S(h)

1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥
+

∥∥∥∥S(h) 1tn
∫ tn

0
S(s)Wnwnds − S(h)wn

∥∥∥∥
≤ 2

∥∥∥∥wn − 1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥ +

∥∥∥∥ 1
tn

∫ tn

0
S(s)Wnwnds − S(h)

1
tn

∫ tn

0
S(s)Wnwnds

∥∥∥∥
for all 0 ≤ s < ∞. It follows from (50) and (51), we get

lim
n→∞

∥∥wn − S(h)wn
∥∥ = 0. (52)

Indeed, from Lemma 2.6 and (52), we get z ∈ F(S) , i.e., z = S(s)z, ∀s ≥ 0.

(2) Next, we show that z ∈ F(W) = ∩∞
n=1F(Wn) = ∩∞

i=1F(Ti) , where

F(Wn) = ∩n
i=1F(Ti),∀n ≥ 1 and F(Wn+1) ⊂ F(Wn). Assume that z ∉ F(W), then

there exists a positive integer m such that z ∉ F(Tm) and so z /∈ ∩m
i=1F(Ti) . Hence

for any n ≥ m, z /∈ ∩n
i=1F(Ti) = F(Wn) , i.e., z ≠ Wnz. This together with z = S(s)z, ∀s

≥ 0 shows z = S(s)z ≠ S(s)Wnz, ∀s ≥ 0, therefore we have

z �= 1
tn

∫ tn
0 S(s)Wnzds,∀n ≥ m . It follows from the Opial’s condition and (50) that

lim inf
i→∞

∥∥wni − z
∥∥ < lim inf

i→∞

∥∥∥∥wni −
1
tni

∫ tni

0
S(s)Wnizds

∥∥∥∥
≤ lim inf

i→∞

(∥∥∥∥wni −
1
tni

∫ tni

0
S(s)Wniwnids

∥∥∥∥
+

∥∥∥∥ 1
tni

∫ tni

0
S(s)Wniwnids − 1

tni

∫ tni

0
S(s)Wnizds

∥∥∥∥
)

≤ lim inf
i→∞

∥∥wni − z
∥∥ ,

Kumam and Katchang Fixed Point Theory and Applications 2012, 2012:84
http://www.fixedpointtheoryandapplications.com/content/2012/1/84

Page 14 of 19



which is a contradiction. Thus, we get z ∈ ∩∞
i=1F(Ti) .

(3) We prove that z ∈ ∩N
k=1SMEP(Fk,ϕ) . Since �k

n = KFk
rk , k = 1, 2, . . . ,N and

ukn = �k
nxn , we have

Fk(�k
nxn, x) + ϕ(x)− ϕ(�k

nxn) +
1
rk

〈
K′(�k

nxn) − K′(�k−1
n xn), η(x,�k

nxn)
〉
≥ 0, ∀x ∈ C.

It follows that

1
rk

〈
K′(�k

ni xni) − K′(�k−1
ni xni), η(x,�k

ni xni)
〉
≥ −Fk(�k

ni xni , x) − ϕ(x) + ϕ(�k
ni xni) (53)

for all x Î C. From (36) and by conditions (i)(3) and (ii), we get

lim
ni→∞

1
rk

〈
K′(�k

ni xni) − K′(�k−1
ni xni), η(x,�k

ni xni)
〉
= 0.

By the assumption and by the condition (H1), we know that the function � and the

mapping x ↦ (-Fk(x, y)) both are convex and lower semicontinuous, hence they are

weakly lower semicontinuous. These together with K′(�k
ni
xni )−K′(�k−1

ni
xni )

rk
→ 0 and

�k
ni xni ⇀ z , we have

0 = lim inf
ni→∞

〈
K′(�k

ni xni) − K′(�k−1
ni xni)

rk
, η(x,�k

ni xni)

〉
≥ lim inf

ni→∞ {−Fk(�k
ni xni , x)−ϕ(x)+ϕ(�k

ni xni)} .

Then, we obtain

Fk(z, x) + ϕ(x) − ϕ(z) ≥ 0, ∀x ∈ C, ∀k =, 1, 2, . . . ,N. (54)

Therefore z ∈ ∩N
k=1SMEP(Fk,ϕ) .

(4) Last, we show that z Î GSVI(C, Al), ∀l Î {1, 2, ..., M}. By the nonexpansivity of

P in Lemma 2.7, we have
∥∥wn − P(wn)

∥∥ =
∥∥PC(I − λMAM)PC(I − λM−1AM−1) . . . PC(I − λ2A2)PC(I − λ1A1)un − P(wn)

∥∥
=

∥∥P(un) − P(wn)
∥∥

≤ ‖un − wn‖ .

We note that

‖xn − wn‖ ≤ ‖xn − un‖ + ‖un − wn‖ .

Therefore, we conclude that limn→∞
∥∥wn − P(wn)

∥∥ = 0 and limn®∞ ║xn - wn║ = 0.

Since P is nonexpansive, we get∥∥xn − P(xn)
∥∥ ≤ ‖xn − wn‖ +

∥∥wn − P(wn)
∥∥ +

∥∥P(wn) − P(xn)
∥∥

≤ 2 ‖xn − wn‖ +
∥∥wn − P(wn)

∥∥ .
According to Lemma 2.9, we obtain that z Î GSVI(C, Al) for all l Î {1, 2, ..., M}.

Hence by (1)-(4), we have z Î Θ.

Step 5. Noting that xn = PCnx0 . By (15), we have

〈x0 − xn, y − xn〉 ≤ 0, ∀y ∈ Cn.
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Since Θ ⊂ Cn and by the continuity of inner product, we obtain from the above

inequality that

〈x0 − z, y − z〉 ≤ 0, ∀y ∈ C.

By (15) again, we conclude that z = PΘx0. This completes the proof.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert Space H.

Let F : C × C ® ℝ be a bifunctions satisfying conditions (H1)-(H3). Let A be a b-
inverse-strongly monotone mappings of C into H. Let S = {S(s) : 0 ≤ s < ∞} be a non-

expansive semigroup on C and let {tn} be a positive real divergent sequence. Suppose

that � := F(S) ∩ MEP(F,ϕ) ∩ VI(C,A) �=� 0 . Let {xn} be a sequence generated by

x0 ∈ C, C1,i = C, C1 = ∩∞
i=1C1,i, x1 = PC1x0 and⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

un = KF
r xn,

wn = PC(I − λA)un,
yn,i = αn,ix0 + (1 − αn,i) 1

tn

∫ tn
0 S(s)wnds,

Cn+1,i = {z ∈ Cn,i :
∥∥yn,i − z

∥∥2 ≤ ‖xn − z‖2 + αn,i(‖x0‖2 + 2〈xn − x0, z〉)},
Cn+1 = ∩∞

i=1Cn+1,i,
xn+1 = PCn+1x0

(55)

for every n ≥ 0, where KF
r : C → C is the mapping defined by (24), r > 0 is a constant

and {αn,i}∞n=1 ⊂ (0, 1) satisfy the conditions (i)-(vi). Then, {xn} converges strongly to PΘx0.

Proof. Putting Wn = I (Identity mapping), M = 1 and N = 1 in Theorem 3.1, we can

conclude the desired conclusion easily. This completes the proof.

4 Deduced theorems
In this section, we deduce Theorem 3.1 to obtain the following four corollaries.

Corollary 4.1. Let C be a nonempty closed convex subset of a real Hilbert Space H.

Let S = {S(s) : 0 ≤ s < ∞} be a nonexpansive semigroup on C and let {tn} be a positive

real divergent sequence. Suppose that F(S) �= ∅ . Let {xn} be a sequence generated by

x0 ∈ C, C1,i = C, C1 = ∩∞
i=1C1,i, x1 = PC1x0 and

⎧⎪⎪⎨
⎪⎪⎩
yn,i = αn,ix0 + (1 − αn,i) 1

tn

∫ tn
0 S(s)xnds,

Cn+1,i = {z ∈ Cn,i :
∥∥yn,i − z

∥∥2 ≤ ‖xn − z‖2 + αn,i(‖x0‖2 + 2〈xn − x0, z〉)},
Cn+1 = ∩∞

i=1Cn+1,i,
xn+1 = PCn+1x0

(56)

for every n ≥ 0, where {αn,i}∞n=1 ⊂ (0, 1) satisfy the condition (iv). Then, {xn} converges

strongly to PF(S)x0 .

Proof. Putting Wn = KFk
rk = I,∀k = 1, 2, . . . ,N (Identity mappings) and Al = 0, ∀l Î {1,

2, ..., M} in Theorem 3.1, we can conclude the desired conclusion easily. This com-

pletes the proof.

Corollary 4.2. Let C be a nonempty closed convex subset of a real Hilbert Space H.

Let {Vi : C → C}∞i=1 be a countable family of uniformly k-strict pseudo-contractions,

{Ti : C → C}∞i=1 be a countable family of nonexpansive mappings defined by Tix = tx

+(1 - t)Vix, ∀x Î C, ∀i ≥ 1, t Î [k, 1). Suppose that � := ∩∞
i=1F(Ti) �= ∅ . Let {xn} be a

sequence generated by x0 ∈ C, C1,i = C, C1 = ∩∞
i=1C1,i, x1 = PC1x0 and
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⎧⎪⎪⎨
⎪⎪⎩
yn,i = αn,ix0 + (1 − αn,i)Wnxn,
Cn+1,i = {z ∈ Cn,i :

∥∥yn,i − z
∥∥2 ≤ ‖xn − z‖2 + αn,i(‖x0‖2 + 2〈xn − x0, z〉)},

Cn+1 = ∩∞
i=1Cn+1,i,

xn+1 = PCn+1x0

(57)

for every n ≥ 0, where {αn,i}∞n=1 ⊂ (0, 1) satisfy the condition (iv). Then, {xn} converges

strongly to PΘx0.

Proof. Taking KFk
rk = I,∀k = 1, 2, . . . ,N (Identity mapping), s = 0 and Al = 0, ∀l Î {1,

2, ..., M} in Theorem 3.1, we can conclude the desired conclusion easily. This com-

pletes the proof.

Corollary 4.3. Let C be a nonempty closed convex subset of a real Hilbert Space H.

Let {Fk : C × C ® ℝ, k = 1, 2, ..., N} be a finite family of bifunctions satisfying condi-

tions (H1)-(H3). Suppose that � := ∩N
k=1SMEP(Fk) �= ∅ . Let {xn} be a sequence generated

by x0 ∈ C, C1,i = C, C1 = ∩∞
i=1C1,i, x1 = PC1x0 and⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

un = KFN
rN,nK

FN−1
rN−1,n . . .KF2

r2,nK
F1
r1,nxn,

yn,i = αn,ix0 + (1 − αn,i)un,
Cn+1,i = {z ∈ Cn,i :

∥∥yn,i − z
∥∥2 ≤ ‖xn − z‖2 + αn,i(‖x0‖2 + 2〈xn − x0, z〉)},

Cn+1 = ∩∞
i=1Cn+1,i,

xn+1 = PCn+1x0

(58)

for every n ≥ 0, where KF
r : C → C is the mapping defined by (24), r > 0 is a constant

and {αn,i}∞n=1 ⊂ (0, 1) satisfy the conditions (i)-(iv) and (vi). Then, {xn} converges

strongly to PΘx0.

Proof. Putting Wn = I (identity mapping), Al = 0, ∀l Î {1, 2, ..., M} and s = 0 in Theo-

rem 3.1, we can conclude the desired conclusion easily. This completes the proof.

Corollary 4.4. Let C be a nonempty closed convex subset of a real Hilbert Space H.

Let Al be bl-inverse-strongly monotone mappings of C into H, where l Î {1,2, ..., M}. For

l Î {1, 2, ..., M}, suppose that � := GSVI(C,Al) �= ∅ . Let {xn} be a sequence generated

by x0 ∈ C, C1,i = C, C1 = ∩∞
i=1C1,i, x1 = PC1x0 and⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wn = PC(I − λMAM)PC(I − λM−1AM−1) . . . PC(I − λ2A2)PC(I − λ1A1)xn,
yn,i = αn,ix0 + (1 − αn,i)wn,
Cn+1,i = {z ∈ Cn,i :

∥∥yn,i − z
∥∥2 ≤ ‖xn − z‖2 + αn,i(‖x0‖2 + 2〈xn − x0, z〉)},

Cn+1 = ∩∞
i=1Cn+1,i,

xn+1 = PCn+1x0

(59)

for every n ≥ 0, where {αn,i}∞n=1 ⊂ (0, 1) satisfy the conditions (iv) and (v). Then, {xn}

converges strongly to PF(S)x0 .

Proof. Taking Wn = KFk
rk = I,∀k = 1, 2, . . . ,N (identity mapping) and s = 0 in Theo-

rem 3.1, we can conclude the desired conclusion easily. This completes the proof.
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