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1 Introduction and preliminaries

Let C be a nonempty closed convex subset of a real Banach space E and let E” be the dual
space of E. Let (-, -) denote the pairing between E and E". The normalized duality mapping
J:E— 2F is defined by

J@) ={f € E : (x.f) = x> = IIf I’}

for all x € E. In the sequel, we use j to denote the single-valued normalized duality map-
ping. Let Ur = {x € E : ||x|| = 1}. E is said to be smooth or is said to have a Gdteaux differ-
entiable norm if the limit

x+ty|| - |[x
lim llx + eyl = llxll
t—0 t

exists for each x,y € Ug. E is said to have a uniformly Gdteaux differentiable norm if for
each y € Ug, the limit is attained uniformly for all x € Uf. E is said to be uniformly smooth
or is said to have a uniformly Fréchet differentiable norm if the limit is attained uniformly
for x,y € Ug. It is known that if the norm of E is uniformly Gateaux differentiable, then
the duality mapping / is single-valued and uniformly norm to weak™ continuous on each
bounded subset of E.

Recall that a closed convex subset C of a Banach space E is said to have a normal structure
if for each bounded closed convex subset K of C which contains at least two points, there

exists an element x of K which is not a diametral point of K, i.e.,

sup{llx—y|| :yeK} <d(K),
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where d(K) is the diameter of K. It is well known that a closed convex subset of a uniformly
convex Banach space has the normal structure and a compact convex subset of a Banach
space has the normal structure; see [1] for more details.

Let T: C — C be a nonlinear mapping. In this paper, we use F(T') to denote the set of
fixed points of T. Recall that T is said to be contractive if there exits a constant @ € (0,1)
such that

ITx -yl <alx-yl, VYxyeC.

For such a case, we also call T an a-contraction. T is said to be a strong contraction if there
exits a constant « € (0,1) and some j(x — y) € J(x — y) such that

(Tx - Ty, jx - y)) <allx—yl*>, VxyeC.

For such a case, we also call T an a-strong pseudocontraction. T is said to be nonexpansive
if

ITx =Tyl < llx = yll, VxyeC.
T is said to be pseudocontractive if there exists some j(x — y) € J(x — y) such that
(e = Ty jlx =) < llx=yI°, ¥xyeC.

For the class of nonexpansive mappings, one classical way to study nonexpansive map-
pings is to use contractions to approximate a nonexpansive mapping [2, 3]. More precisely,
take ¢ € (0,1) and define a contraction T; : C — C by

Tix=tu+(1-1t)Tx, VxeC,

where u € C is a fixed point. Banach’s contraction mapping principle guarantees that 7}
has a unique fixed point x; in C. That is,

x; = tu+ (1 —t)Txy.

In the case that T enjoys a fixed point, Browder [2] proved that if E is a Hilbert space,
then x; converges strongly to a fixed point of T'. Reich [3] extended Browder’s result to the
setting of Banach spaces and proved that if E is a uniformly smooth Banach space, then x;
converges strongly to a fixed point of T'.

Let D be a nonempty subset of C. Let Q: C — D. Q is said to be contraction if Q* = Q;
sunny if for each x € C and t € (0,1), we have Q(¢x + (1 — £)Qx) = Qu; sunny nonexpansive
retraction if Q is sunny, nonexpansive, and contraction. K is said to be a nonexpansive
retract of C if there exists a nonexpansive retraction from C onto D.

The following result, which was established in [4, 5], describes a characterization of
sunny nonexpansive retractions on a smooth Banach space.

Let E be a smooth Banach space and let C be a nonempty subset of E. Let Q: E — C
be a retraction and let j be the normalized duality mapping on E. Then the following are
equivalent:
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(1) Qissunny and nonexpansive;

(2) 1Qx~QylI* = (x~2,j(Qx~ Q)), ¥x,y € E;

(3) (x—Qx,jly—Qx)) <0,Vxe€E,yeC.

Recently, Xu [6] improved Reich’s results by considering the viscosity approximation
method which was first introduced by Moudafi [7]. To be more precise, he studied the
following continuous scheme:

Xt = tf(xt) +(1-1)Tx, X)

where f is an a-contraction and 7 is a nonexpansive mapping. He showed that the se-
quence {x,} converges strongly to a point in F(7') in a uniformly smooth Banach space. If
one defines Q : [1¢c — F(T), where I1¢ denotes the set of «-contractions, by

Q(f) = thm Xt»
then Q(f) solves the following variational inequality:

(T-HQP,i(Q) ~p)) <0, VpeF(T).

The questions that naturally arise in connection with Xu'’s results are as follows.
(1) Can one extend the framework of the space from uniformly smooth Banach spaces
to a more general Banach space?
(2) Can one extend the viscosity approximation method by considering strong
pseudocontractions instead of contractions?
(3) Do Xu’s results still hold for a larger class of nonlinear mappings?
In Section 2, we give an affirmative answer to the above questions.
Let I denote the identity operator on E. An operator A C E x E with domain D(A) = {z €
E: Az # @} and range R(A) = | J{Az : z € D(A)} is said to be accretive if for each x; € D(A)
and y; € Ax;, i = 1,2, there exists j(x; — x3) € J(x; — %) such that

(71 = y2,j(@%1 = x2)) > 0.

An accretive operator A is said to be m-accretive if R(I + rA) = E for all r > 0. In a real
Hilbert space, an operator A is m-accretive if and only if A is maximal monotone. In this
paper, we use A71(0) to denote the set of zeros of A. Interest in accretive operators, which
is an important class of nonlinear operators, stems mainly from their firm connection
with equations of evolution. It is known that many physically significant problems can be
modeled by initial value problems of the form

x'(t) + Ax(t) = 0, x(0) = xo, 1)
where A is an accretive operator in an appropriate Banach space. Typical examples where
such evolution equations occur can be found in the heat, wave or Schrédinger equations.

If x(¢) is dependent on ¢, then (1.1) is reduced to

Au =0, 1.2)
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whose solutions correspond to the equilibrium points of the system (1.1). Consequently,
considerable research efforts have been devoted, especially within the past 40 years or so,
to methods for finding approximate solutions (when they exist) of equation (1.2). An early
fundamental result in the theory of accretive operators, due to Browder [8], states that the
initial value problem (1.1) is solvable if A is locally Lipschitz and accretive on E.

For an accretive operator A, we can define a nonexpansive single-valued mapping J, :
R(I + rA) — D(A) by J, = (I + rA)™! for each r > 0, which is called the resolvent of A.

One of classical methods for studying the problem 0 € Ax, where A C E X E is an accre-
tive operator, is the following:

x0 €E, Xpn :]rnxm Vn=>0,

where /. = (I +r,A)7! and {r,} is a sequence of positive real numbers.

As we know, many well-known problems arising in various branches of science can be
studied by using algorithms which are iterative in their nature. As an example, in computer
tomography with limited data, each piece of information implies the existence of a convex
set in which the required solution lies. The problem of finding a point in the intersection
of the sets is then of crucial interest, and it cannot be usually solved directly. Therefore,
an iterative algorithm must be used to approximate such a point.

Recall that the normal Mann iterative process was introduced by Mann [9] in 1953. The
normal Mann iterative process generates a sequence {x,} in the following manner:

Vxr€C, xp1=0—-a,)x, +a,Tx,, Vn=>1, (M)

where {,} is a sequence in the interval (0,1). If T is a nonexpansive mapping with a fixed
point and the control sequence {«,} is chosen so that ) >, «,(1 — ;) = 00, then the se-
quence {x,} generated in the normal Mann iterative process converges weakly to a fixed
point of T. In an infinite-dimensional Hilbert space, the normal Mann iteration process
has only weak convergence, in general, even for nonexpansive mappings. Therefore, many
authors try to modify the normal Mann iterative process to have strong convergence for
nonexpansive mappings; see, e.g., [10-24] and the references therein.

Recently, Qin and Su [18] studied the problem of modifying the normal Mann iterative
process to have strong convergence for m-accretive operators. To be more precise, they
considered the following iterative process:

X1 € C,
Yn = ,ann + (1 - ﬂn)]rnxnx (QS)

Xnig =au+ (1 —a,)y, VYn>1,

where u is a fixed element in C and J,, = (I + r,A)™. They proved that the sequence {x,}
generated in the above iterative process converges strongly to a zero of A.

In this paper, we study the convergence of paths for continuous pseudocontractions in
a real Banach space by viscosity approximation methods. As applications, we consider
the problem of finding zeros of m-accretive operators based on an iterative process with
errors. Strong convergence theorems of zeros are established in a real Banach space.

In order to prove our main results, we also need the following lemmas.


http://www.fixedpointtheoryandapplications.com/content/2013/1/148

Qin et al. Fixed Point Theory and Applications 2013, 2013:148 Page 5 of 17
http://www.fixedpointtheoryandapplications.com/content/2013/1/148

Lemma 1.1 [25] Let {a,}, {b,}, and {c,} be three nonnegative real sequences satisfying
Ap1 = (1 - tn)an + bn +Cyy Vn = 0,

where {t,} is a sequence in (0,1). Assume that the following conditions are satisfied:
(@) Y oootn =00 and by, = o(t,);
(b) Y07y cn < 00.

Then lim,_, o a,, = 0.

Lemma 1.2 [26] Let C be a nonempty, bounded, closed, and convex subset of a reflexive
Banach space E which also has the normal structure. Let T be a nonexpansive mapping of
C into itself. Then F(T) is nonempty.

Lemma 1.3 [27] Let C be a nonempty, closed, and convex subset of a Banach space E, and
let T : C — C be a continuous and strong pseudocontraction. Then T has a unique fixed
pointin C.

Lemma 1.4 [28] In a Banach space E, there holds the inequality
e+ 1% < 1611 + 2(,j(x + 9)), w9 €E,
where j(x +y) € J(x + y).

Set A = (0,1), let B(A) denote the Banach space of all bounded real-valued functions on
A with a supremum norm and let X be a subspace of B(A).

Lemma 1.5 [1] Let C be a nonempty, closed, and convex subset of a Banach space E. Sup-
pose that the norm of E is uniformly Gateaux differentiable. Let {x,} be a bounded set in
E, and z € C. Let yu; be a mean on X. Then p,||x; — z||* = minyec ||l%; — yll if and only if
ey —z,%:—2) <0 forallye C.

Lemma 1.6 [29] Let E be a Banach space and let A be an m-accretive operator. For ). > 0,
>0, and x € E, we have

Jix :J,L(%x ¥ (1 - %)Ax)

where J, = (I + M) and ], = (I + pA)™.

Lemma 1.7 [30] Let {x,} and {y,} be bounded sequences in a Banach space E, and let {8}
be a sequence in (0,1) with

0 <liminf B, <limsup g, < 1.

n—00

Suppose that x,,1 = (1 — Bn)yu + BuXu, Y1 > 1 and

limsup(llyn+1 _yn” - ”xwrl _xn”) = 0.
n—00

Then lim,_, o ||y, — %4l = 0.
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2 Main results
Now, we are in a position to prove the strong convergence of paths for continuous pseu-
docontractions.

Theorem 2.1 Let E be a real reflexive Banach space with the uniformly Gdteaux differen-
tiable norm and the normal structure, and let C be a nonempty closed convex subset of E.
Let T : C — C be a continuous pseudocontraction with a fixed point, and let f : C — C
be a fixed continuous bounded and strong pseudocontraction with the coefficient o € (0,1).
Let {x;} be a sequence generated by the following:

xp = tf (%) + (1 - £) Ty, (2.1)

where t € (0,1). Then {x;} converges strongly as t — 0 to a fixed point x of T, which is the
unique solution in F(T) to the following variational inequality:

{f(x)=x"j(x —p))=0, VpeF(T).
Proof For t € (0,1), define a mapping T{ :C— Cby
Tx=tf (@) + (1 - T

Then T{ : C — C is a continuous, strong pseudocontraction for each ¢ € (0,1). Indeed, we
have

(Tl =Ty, je=3)) = df @) =fO)jx =) + (L= )T = Ty, = 5)
< terfle = ylI* + (1= B)llx — y)?
= (1-tl-a)llx-yl*>, VxyeC.
In view of Lemma 1.3, we see that T{ has a unique fixed point x; in C for each ¢ € (0,1).

Hence (2.1) is well defined. Next, we show that {x;} is bounded. For any p € F(T) and
t € (0,1), we see that

(% = p,jlxc - p)

tf () — p,j(xe — p)) + (1= )T, — p, j (% — p))

tf () —f (p), jx: = p)) + tf (p) = p,j(x; — p)) + (1 = )T, — p, j (% — p))
< tallx; - pl* + df (p) - p,j(x: = p)) + A = B)llx; - pII®

< (1=t - )l = pI* + f (p) = p.j(x: = p)),

2
llx: - pll

which implies that

[E p||2<—<f<p - p,jx: = p)). (2.2)

It follows that

lloce — p||<—\V(p -p|- (2.3)
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This shows that {x;} is bounded, so is {Tx;}. On the other hand, we see from (2.1) that
Xt — Txt = t(f(xt) - Tx[).
Since f and {x;} are bounded, we obtain that f(x;) is bounded. It follows that

lim 1, = Te]| = 0. (2.4)

Define g(x) = us|lx; — x||2, Vx € C, where 1, is a Banach limit. Then g(x) is continuous,
convex and g(x) — oo as ||x|| — co. We see that g attains its infinimum over C (see, e.g,
[1]). Set

D- [x € C:gx) =yn€1£g(y)}.

Then D is a nonempty bounded closed convex subset of C. Next, we show that there exits
apoint x” € D such that Tx = x’.
Indeed, for any y € C, define a mapping S: C — C by

1 1
Sx=—y+=-1Ix, VxeC.
2 2

It is easy to see that S is a continuous strong pseudocontraction. From Lemma 1.3, we see
that S has a unique fixed point x in C, that is, x = % Y+ %Tx. This implies that

y=2I-T)xe (21 - T)(C).

This shows that C € (2 — T)(C). Define another mapping /: C — C by
hx)=(2I-T)"x, VxeC.

We see that / is a nonexpansive mapping. Indeed, we have

|1(x) = h)| = |@I-T) "% (21 - T)y|
<|(+U-1) k- ([+T-1)7|

<lx-yll, VxyeC.
We also see that F(h) = F(T). Indeed,
x=hx) < 2w-Tx=x <+ x=1Tx
On the other hand, we have

||x —h(x) H = ||hh‘1(x) - h(x) ||
< e -]
= ||(21 - T)(x) —x||

= |lx — Tx||.
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It follows from (2.4) that
}1_1)1(1)”& — h(x;) ” =0.
Fixing x € D, we have

g(h@) = pef|xe — )|
= e hx) - ()|
< el - x)?

= g(x).

This implies that /4(x) € D, that is, (D) C D. Since C is a nonempty closed convex subset
of E which has the normal structure, we see that / has a fixed point. We denote it by x It
follows from F(k) = F(T) that Tx" = x". From Lemma 1.5, we see that

pelp =% ,j(xe—x)) <0, VpeC.
In particular, we have

pelf (%) =", j(xe — 7)) < 0. (2.5)
In view of (2.2), we arrive at

x| <o0.

This implies that there exists a subnet {x, } of {x;} such that x,, — x".
On the other hand, we have

X —flx) = (1~ t)(Txt _f(xt))
For any p € F(T), we see that

(e = f @), j(xe — p))
= (1= )( T = f (®),j(x: — p))
= (1 t)( T, — %0, j(e — p)) + (1 = D), — f(%2), j (e — p))
= (1= DT — po (e - p)) + (L= Op — 20 (3 — p)) + (L= D)ty — £(x2), /(x2 — )

< (L-t){xr —f (x2), (% = ),
which implies that
e = f(e0),j(xe = p) < 0, Vp € F(T). (2.6)
In particular, we have

e, —f(x0,), (%, =) <O, Vp € F(T). 2.7)

Page 8 of 17
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It follows that

" —f(x)j(x —=p)) <0, VpeF(T). (2.8)

If there exits another subnet {x,} of {x;} such that x,, — x” € F(T). From (2.8), we arrive
at

I £ )i —2)) <0 29)

It also follows from (2.6) that

ey —f(xey)oj(3, 7)) < 0. (2.10)

It follows that

a4

b A =) <0, .

Adding up (2.9) and (2.11), we obtain that

(x* —f(x) —x +f(x),](x - x)) <0.

This implies that

2 * wx ()2
<ulx —x .

X —X

Note that & € (0,1). We see that x™ = x”. This shows that {x,} converges strongly to x" €
F(T), which is the unique solution to the variational inequality

((f -Dx',p —x) <0, VpeF().
This completes the proof. O

Remark 2.2 Note that uniformly smooth Banach spaces enjoy the uniformly Gateaux dif-
ferentiable norm and the uniform normal structure. Theorem 2.1, which gives an affirma-
tive answer to the questions presented in Section 1, improves Theorem 4.1 of Xu [6] in the
following aspects:
(1) improves the framework of spaces from uniformly smooth Banach spaces to the
Banach space with the uniformly Gateaux differentiable norm;
(2) improves the mapping f from the class of contractions to the class of strongly
pseudocontractions;
(3) improves the mapping T from the class of nonexpansive mappings to the class of
pseudocontractions.

Remark 2.3 Under the conditions of Theorem 2.1, we can define a mapping Q: I1¢ —

F(T), where I1¢ denotes the set of continuous bounded and strong pseudocontractions,
by

Q(f):=limx,, felc.
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It is not hard to see that Q is a sunny nonexpansive retraction from I1¢ onto F(T).

Remark 2.4 If T is a nonexpansive mapping and f(x) = u, a fixed element for every x € C
in Theorem 2.1, then {x;} defined by

X =tu+ (1 —t)Txs,

where t € (0,1), converges strongly as ¢ — 0 to a fixed point Q(u) of T, where Q is the
sunny nonexpansive retraction from C onto F(T). The point Q(«) is the unique solution
in F(T) to the following variational inequality:

{u—Qw),j(Qu)-p)) =0, VpeF(T).

Next, we prove strong convergence of iterative processes with errors for m-accretive
operators.

Theorem 2.5 Let E be a real reflexive Banach space with the uniformly Gateaux differ-

entiable norm and let A be an m-accretive operator in E. Assume that C := D(A) is convex
and has the normal structure. Let {a,}, {B,}, {vu}, and {8,} be real number sequences in
(0,1). Let Q¢ be a sunny nonexpansive retraction from E onto C and let {x,} be a sequence
generated in the following manner:

X0 € C,
Yn = lgnxn + Vn]rn (xn + en+l) + SnQCfm (A)

Xni1 =t + (1= Oln)ym Vn >0,

where {e,} is a sequence in E, {f,} is a bounded sequence in E, {r,} is a positive real numbers
sequence, u is a fixed element in C and J,, = (I + r,A)™\. Assume that A7 (0) # ¥ and the
above control sequences satisfy the following restrictions:

(@) Bu+ yu+8y=1foreachn=>0;

(b) lim, oo, =0and ) -, a, = 00;

(c) 0<liminf,_, B, <limsup,_, . By <1

(d) D02, llenll < 00 and Y02 8y < 00;

(e) ry>€ foreach n>1andlim,_c |ry — rus1| = 0.
Then the sequence {x,} generated by (A) converges strongly to a zero Q(u) of A, which is the
unique solution to the following variational inequality:

((f -DQw),p- Q) <0, VpecA(0).

Proof First, we prove that {x,} is bounded. Fixing p € A~1(0), we see that

% —pll
= ao(u - p) + A= o) (3o - p)
<agllu-pll + 1 -ao)llyo - pl

= aollu = pll + 1 = o) (|| Bo (o = p) + ¥0 (i, %0 + €1) = p) + 80(Qcfo - p)|)
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< aollu = pll + (L= o) (Bollxo = pIl + vo [Jry (x0 + 1) = p| + 8o llfo — pll)
< aollu—pll + (1 =) (1= 8o)llxo — Il + lleall + Sollfo —p1l)
§I<;

where K = |lu—p|l + [lxo — pll + llex]l + [[fo — pll < co. Put
M, = max{](, sup ||f — Pl ]
n>0
Next, we prove that
n
s —pll <My + > lleill, Vn=1. (212)
i=1
It is easy to see that (2.12) holds for # = 1. We assume that the result holds for some #. It

follows that

%1 = pll
<ayllu—pll + 1 -a)lly. - pll
= aull = pll + A= o) (| BaGn = 2) + Vi sy + €111) = P) + 84(Qcfr = P) )
< ayllu—pll + A =) (Balltn = pll + Vi | I, ®n + €01) = p|| + 8llfss — )
< ayllu—pl + 1= 0n) (L= 8) 1% — pll + llenall + 8ullfe — 1)

n
=< aan + (1 - an) ((1 - Sn) <M1 + Z ”et”> + ||en+l|| + San)

i=1

n+l

=M+ leill.
i=1

This shows that (2.12) holds for all # > 1. If r,,,; > r,,, we see from Lemma 1.6 that

”]rn (xn + en+1) _]Vn+1 (xn+1 + en+2) H

<

T'n 'y
(xn + en+1) + (1 - _)]r,,+1 (xn + en+l) - (xn+1 + en+2)
Tn+l Tn+l

'n Tnel —n

((on + €ns1) = (a1 + €442)) +
T+l n+1

o @ + €111) = (a1 + €442)) H
My
< xn = xpaa ll + llensall + lensall + T(rrwl —7u), (2.13)
where M, is an appropriate constant such that

My > sur;{ [ (o + €131) = (Fni1 + €ns2) | }-
n>

Put g, = % This implies that

Knsl = (1 - ,Bn)gn + ,anrn n>0. (214')

Page 11 of 17
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Now, we compute ||g,+1 — g« ||. Note that

i1t + (1= 001)Yne1 — BrarXns Ut (L= atn)yn — Bun
1-Bua 1-B,
1 (U = Yus1) + Ve Kni1 + €n42) + 8,01 Qcfunt
1-Bun
(U = Yu) + VuJr, X + €141) + 8,Qcfu
1- B
1 (U — Y1) + 8u01(Qcfusr — Ty (i1 + €442))
1-Bun
o (1 = yn) + 82(Qcfu = T, (u + €141))
1- By

+]rn+1 (xn+1 + en+2) _]r,, (xn + en+1)' (215)

gn+1 _gn

It follows that

”gn+1 —&n ”

o, oy,
< = gl + [y —

T 1= ﬂwrl 1- ,Bn
H n+1

+
1- ﬁnﬂ

+ s Gonst + €n42) = T, B + €01) |

(QCfrH—l ]rn+1 (X1 + en+2))

(Q(an ]r,, Xn + en+l)) H

< lamllu uaall + 1 f;n I =l + = ﬁn+ | Qi = Ty Bne1 + €ni2) |
Oy
1 ,B ]rn (xn + en+1)” + ||]Vn+1 (xVH-l + en+2) ]rn (xn + en+1) || (216)

Substituting (2.13) into (2.16), we arrive at

lgns1 — gnll = 1% — X |l
= ﬂ”u = Yns1ll + lyn —ull + lleasill + llens2ll
1- ﬂn+1 1- ﬂn
M,
+ ?|rn+1 Tyl + —— 1 ,B lyn —ull + 1- ﬁn+ HQCﬂH—l ]rn+1(xn+1 +en+2)”
_]rn (xn + en+1)“- (217)

In a similar way, we can obtain (2.17) when r,, > r,,;. From the conditions (b)-(e), we see
that

limsup(llgn+1 =gl = llxu _xn+1||) =0
n—00

It follows from Lemma 1.7 that

lim g, — %, = 0. (2.18)
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In view of (2.14), we have
Xni1 = %n = (1= Bu)(gn — %),

which combines with the condition (c) and (2.18) gives that
nlgglo %21 — x|l = 0.

On the other hand, we see from the algorithm (A) that

“xn _]rn (xn + en+1)”
< %0 = xpaa | + %01 = Yl + Hyn — T (0 + en+1)”

< %0 = Xl + aullee = yull + Bu ”xn — T (0 + en+1)|| +8nlQcfu — xull-

This implies that

(1 - ,Bn)Hxn _]r,,(xn + en+1)|| = ”xn _xn+1” + O{n”M _yrl” + 8n||QCf;l _xn”'

From the conditions (b)-(d) and (2.19), we conclude that
lim ”xn —Jry (% + en+1)” =0.
n—0oQ
Since Y 7, lle, |l < 00, we see that
lim |E _]rnxn” =0.
n— o0

Take a fixed number r such that € > 7 > 0. From Lemma 1.6, we obtain that

r r
”]r,,xn _]rxn” = ]r<_xn + (1 - _>]rnxn) _]rxn
I'n 'y
r
f 1-— Urnxn _xn)
I'n
< Wrxn —xnll.
Note that
”xn _]rxn” = ”xn _]ry,xn +]rnxn _]rxn”

f ”xn _]rnxn” + ”]rnxn _]rxn”

<2|xy _]rnxn”'
From (2.21), we see that

lim ”xn _]rxn” =0.
n—00
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Next, we claim that

lim Sup(“ - Q(u)’](xn - Q(Li))) = 0,

n—00

where
Qu= }1_{% z, uecC
and z; solves the fixed point equation
zi=tu+1-1t)]z, Vte(0,1),
from which it follows that
lze = all = | (L= )0z = 0) + s — ).
For any ¢ € (0,1), we see that

lze = xall> = U= )]zt — % j(2e — %)) + (s — %, (20 — %)
= (L-0)({lrze = Jrn, j (2t — %)) + (Ji6n — %ns j (20 — %1)))
w t{t = 20,21 — %)) + Hze — %y (20 — %)
< (U= (llze = 2ull? + 2 = 2l 12 = 21}

+ t{u — 24, j(ze — %)) + Elze — 2|

2 .
< llze = %ull®> + Wrn — xall 120 = %0l + {1t = 20, j (22 — %))

It follows that

o~ | =

(Zt —u,j(z _xn)> < —rxn = xullllze = xall, V£ €(0,1).

In view of (2.23), we see that

lim sup(zt —u,jz - xn)> =0
n—o0

(2.24)

(2.25)

Since z; — Q(u) as t — 0 and the fact that j is strong to weak™ uniformly continuous on

bounded subsets of E, we see that

(= Q). j(xn — QW))) — (2 — w, j(2: — %))
< |(u - Q) j(xn — Qw))) — (10 — Qus), j(%n — 21))|
+ [{oe = Q) e = 20)) = (22 = izt = )|
< (= Q) j(xn — Q) — j(%n — 22))| + |(zc — Q(ew), (3 — 22))]

< |lu— Q||| (%x — Q) = jxtn — z) || + |2t — Q)| %4 — z:l > O ast— 0.
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Hence, for any € > 0, there exists § > 0 such that Vz € (0, §) the following inequality holds:

(1= Q(w),j(xn — QW))) < (ze — ,j(z: — %)) + €.
This implies that

lim sup(u - Q(u),j(x,, - Q(u))) <lim sup(zt —u,j(z; — x,,)) +€.

n—0oQ n—00

Since € is arbitrary and (2.25), we see that limsup,,_, . (# — Q(),j(x, — Q(x))) < 0. That is,

lim sup(u - Q(u),j(x,,+1 - Q(u))) <0. (2.26)

n—0o0

Finally, we show that x,, — Q(u) as n — oco. Note that

lyn = Q|| = || B + v, (% + €11) + 8,Qcf — Q)|
< Bul|xn = Q)| + |/, (i + €111) — Qat) | + 84| Qcfyr — Q) |
< Bu+ v |0 — Q)| + llewn ll + 8| — Q) |
< |20 = Q)| + 7y

where 1, = ||le,41] +8,M,. From the condition (d), we see that ) - ) 17, < 00. It follows from

Lemma 1.5 that

61 - Q)|
= | = @) (7 — Q) + (1 — Q)
< (1= ) |yn — Q)| + 20t {1t — Q(aa), ] (1 — Qar)))
< (1= ) (|| = Q|| + 1m)* + 20{1t — Q(ua), T (%11 — Qu0)))
= (1= ) ([0 — QUue) |* + 2274 |0 — QUat) | +n2)
+ 20,1 — Qo) J (k11 — Q)))

< (1= ) %0 = Q)| + 1M + 200, (1t = Q(ua), ] (%1 — Q))), (2.27)

I

where M3 is an appropriate constant such that Mz > sup,. o (2%, — Q(x0) || + n,}. Let Ay =
max{{u—Q(u),](x,.1 — Q(u))), 0}. Next, we show that lim,,_, oo A,+1 = 0. Indeed, from (2.26),

for any given € > 0, there exists a positive integer n; such that

(= Q),J (%041 — QW))) <€, VYn=mn.

This implies that 0 < 4,41 < €, Vn > n;. Since € > 0 is arbitrary, we see that lim,,_, o A,41 = 0.
It follows from (2.27) that

||xn+1 - Q(M)HZ = (1 - an)Hxn - Q(u)”2 + nnMS + 20[;1)";1+1~
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Put a, = ||lx, — Q)|? t. = an, by = 20,hyi1 and ¢, = n,M3 for every n > 0. In view of

Lemma 1.1, we can obtain the desired conclusion easily. O
As an application of Theorem 2.5, we have the following results.

Corollary 2.6 Let E be a real reflexive Banach space with the uniformly Gateaux differ-

entiable norm and let A be an m-accretive operator in E. Assume that C := D(A) is convex
and has the normal structure. Let {«,,} and {B,} be real number sequences in (0,1). Let {x,}
be a sequence generated by (QS) , where {r,} is a positive real numbers sequence, u is a fixed
element in C and J,, = (I + r,A)™. Assume that A~1(0) # 0 and the above control sequences
satisfy the following restrictions:

(@) lim, ooy =0andy o) a, = 00;

(b) 0 <liminf,_, o B, <limsup,_, ., B.<1;

(c) ry =€ foreach n>1andlim,_ |1, —ry1] = 0.
Then the sequence {x,} converges strongly to a zero of A.

Remark 2.7 Corollary 2.6 improves Theorem 2.1 of Qin and Su [18]. To be more pre-
cise, we partially relax the restrictions on the parameters and extend the framework of the

space; see [18] for more details.

Remark 2.8 It is of interest to design an explicit iterative process to approximate zeros of
accretive operators by Moudafi’s viscosity approximation method with continuous strong

pseudocontractions.
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