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Abstract

In this paper, we introduce the notion of almost generalized (¥, ¢)s-contractive
mappings and we establish some fixed and common fixed point results for this class
of mappings in ordered complete b-metric spaces. Our results generalize several
well-known comparable results in the literature. Finally, two examples support our
results.
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1 Introduction

A fundamental principle in computer science is iteration. Iterative techniques are used
to find roots of equations and solutions of linear and nonlinear systems of equations and
differential equations. So, the attractiveness of the fixed point iteration is understandable
to a large number of mathematicians.

The Banach contraction principle [1] is a very popular tool for solving problems in non-
linear analysis. Some authors generalized this interesting theorem in different ways (see,
e.g., [2-16]).

Berinde in [17, 18] initiated the concept of almost contractions and obtained many in-
teresting fixed point theorems for a Ciri¢ strong almost contraction.

Now, let us recall the following definition.

Definition 1 [17] A single-valued mapping f : X — X is called a Ciri¢ strong almost con-

traction if there exist a constant & € [0,1) and some L > 0 such that

d(fx,fy) < aM(x,y) + Ld(y,fx)
for all x,y € X, where

d(x, d(y,
M(x,y) = max{d(x,y),d(x,fx),d(y,fy), M }

Babu in [19] introduced the class of mappings which satisfy condition (B).
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Definition 2 [19] Let (X, d) be a metric space. A mapping f : X — X is said to satisfy
condition (B) if there exist a constant § € (0,1) and some L > 0 such that

d(fx,fy) < 8d(x,y) + Lmin{d(x, fx), d(x,fy), d(y, fx) }
forall x,y € X.

Moreover, Babu in [19] proved the existence of a fixed point for such mappings on com-
plete metric spaces.
Ciri¢ et al. in [20] introduced the concept of almost generalized contractive condition

and they proved some existing results.

Definition 3 [20] Let (X, <) be a partially ordered set. Two mappings f,g : X — X are
said to be strictly weakly increasing if fx < gfx and gx < fgx, for all x € X.

Definition 4 [20] Letf and g be two self mappings on a metric space (X, d). Then they are
said to satisfy almost generalized contractive condition, if there exist a constant § € (0,1)
and some L > 0 such that

dfic ) <8 max{d(x, ol f), dy,29) M}

2
+ Lmin{d(x, fx),d(x,gy), d(y, fx)} (1.1)

forallx,y € X.
Ciri¢ et al. in [20] proved the following theorems.

Theorem 1 Let (X, X) be a partially ordered set and suppose that there exists a metric d
on X such that the metric space (X,d) is complete. Let f : X — X be a strictly increasing
continuous mapping with respect to <. Suppose that there exist a constant § € [0,1) and
some L > 0 such that

d(fx,fy) < SM(x,y) + Lmin{d(x,fx),d(x,fy), d(y,fx)}
for all comparable elements x,y € X, where

) )

M(x,y) = max{d(x,y),d(x,fx),d(y,fy), 5

If there exists xo € X such that xo < fxo, then f has a fixed point in X.

Theorem 2 Let (X, <X) be a partially ordered set and suppose that there exists a metric d
on X such that the metric space (X, d) is complete. Let f,g : X — X be two strictly weakly in-
creasing mappings which satisfy (1.1) with respect to <, for all comparable elements x,y € X.

If either f or g is continuous, then [ and g have a common fixed point in X.

Khan et al. [21] introduced the concept of an altering distance function as follows.
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Definition 5 [21] The function ¢ : [0, +00) — [0, +00) is called an altering distance func-
tion, if the following properties hold:

1. ¢ is continuous and non-decreasing.

2. ¢()=0ifand onlyift=0.

So far, many authors have studied fixed point theorems which are based on altering
distance functions (see, e.g., [2, 21-30]).

The concept of a b-metric space was introduced by Czerwik in [31]. After that, several
interesting results about the existence of a fixed point for single-valued and multi-valued
operators in b-metric spaces have been obtained (see [2, 32—42]). Pacurar [40] proved
some results on sequences of almost contractions and fixed points in b-metric spaces. Re-
cently, Hussain and Shah [37] obtained some results on KKM mappings in cone b-metric
spaces.

Consistent with [31] and [42], the following definitions and results will be needed in the
sequel.

Definition 6 [31] Let X be a (nonempty) set and s > 1 be a given real number. A function
d:X x X — R* is a b-metric iff for all x, y, z € X, the following conditions hold:

(by1) dx,y)=0iffx=y,
(b2) d(x,y) = d(y,%),
(bs) d(x,2) <sld(x,y) +d(y,2)].

In this case, the pair (X, d) is called a b-metric space.

It should be noted that, the class of b-metric spaces is effectively larger than the class of
metric spaces, since a b-metric is a metric, when s = 1.

Here, we present an example to show that in general, a b-metric need not necessarily be
a metric (see also [42, p.264]):

Examplel Let (X, d) be ametric space and p(x,y) = (d(x,y))?, where p > 1 isa real number.
We show that p is a b-metric with s = 2771,

Obviously, conditions (b;) and (b;) of Definition 6 are satisfied.

If 1 < p < 00, then the convexity of the function f(x) = #” (x > 0) implies

p
(a+b) §l(ap+bp),
2 2

and hence, (a + b)? < 27~1(a” + b?) holds.
Thus, for each x,y,z € X,

p(x,y) = (dx,)" < (dx,2) +d(z,y)) <27 ((dx2)" + (d(zy))")

=27 (p(x,2) + p(2,9)).
So, condition (b3) of Definition 6 is also satisfied and p is a b-metric.

Definition 7 [35] Let (X,d) be a b-metric space. Then a sequence {x,} in X is called:
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(a) b-convergent if and only if there exists x € X such that d(x,,x) — 0, as n — +00. In
this case, we write lim,,_, o X, = x.

(b) b-Cauchy if and only if d(xy, x,,) — 0 as n,m — +oo.

Proposition 1 (See Remark 2.1 in [35]) In a b-metric space (X,d) the following assertions
hold:

(p1) A b-convergent sequence has a unique limit.
(p2) Each b-convergent sequence is b-Cauchy.
(ps) In general, a b-metric is not continuous.

Definition 8 [35] The b-metric space (X, d) is b-complete if every b-Cauchy sequence in
X b-converges.

It should be noted that, in general a b-metric function d(x, y) for s > 1 is not jointly con-
tinuous in all its variables. The following example is an example of a b-metric which is not

continuous.

Example 2 (see Example 3 in [36]) Let X = NU {oo} andlet D: X x X — R be defined by

0 ifm=n,
|__Z| if m, n are even or mn = oo,
if m and # are odd and m # n,

2 otherwise.
Then it is easy to see that for all m, n, p € X, we have
D(m,p) < 3(D(m,n) + D(n,p)).
Thus, (X, D) is a b-metric space with s = 3. Let x,, = 2u for each n € N. Then
1
D(2n,00)= — — 0, asn— oo,
2n
that is, x,, — 00, but D(x5,,,1) =2 -» D(00,1) as n — 00.
Aghajani et al. [2] proved the following simple lemma about the b-convergent sequences.

Lemma 1 Let (X,d) be a b-metric space with s > 1, and suppose that {x,} and {y,}

b-converge to x, y, respectively. Then, we have

1
—Zd(x,y) <liminfd(x,,y,) <limsupd(x,,y,) < s*d(x,y).
3 n—00

n—00

In particular, if x = y, then, lim,,_, oo d(xy, y,) = 0. Moreover, for each z € X we have

1
-d(x,z) < liminfd(x,,z) < limsupd(x,,z) < sd(x,z).
s n—00

n—0o0
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In this paper, we introduce the notion of an almost generalized (¥, ¢);-contractive map-
ping and we establish some results in complete ordered b-metric spaces, where ¢ and ¢
are altering distance functions. Our results generalize Theorems 1 and 2 and all results in

[28] and several comparable results in the literature.

2 Main results
In this section, we define the notion of almost generalized (¥, ¢);-contractive mapping
and prove our new results. In particular, we generalize Theorems 2.1, 2.2 and 2.3 of Ciri¢
et al. in [20].

Let (X, <,d) be an ordered b-metric space and let f : X — X be a mapping. Set

d(x, d(y,
Mi(x,y) = maX{d(x,y),d(x,fx), dy,fy), W }

and

N(x,y) = min{d(x,fx),d(y,fx)},

Definition 9 Let (X, d) be a b-metric space. We say that a mapping f : X — X is an al-
most generalized (1, ¢)s-contractive mapping if there exist L > 0 and two altering distance

functions ¥ and ¢ such that

¥ (sd(fx.f3)) < ¥ (Ms(x,9)) = ¢ (Ms(x,)) + LY (N, )) 21
forall x,y € X.
Now, let us prove our first result.

Theorem 3 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space. Let f : X — X be a non-decreasing
continuous mapping with respect to <. Suppose that f satisfies condition (2.1), for all com-
parable elements x,y € X. If there exists xo € X such that xy < fxo, then f has a fixed point.

Proof Let xy € X. Then, we define a sequence (x,) in X such that x,,; = fx,, for all n > 0.
Since xy < fxo = x; and f is non-decreasing, we have x; = fxg < x; = fx;. Again, as x; < x

and f is non-decreasing, we have x, = fx; < x3 = fx,. By induction, we have

If x,, = %41, for some n € N, then x, = fx, and hence x, is a fixed point of f. So, we may

assume that x,, # x,,,1, for all # € N. By (2.1), we have

w(d(xmxnﬂ)) =< 1ﬁ(Sd(xrlrxn+1))
= W(Sd(fxn—l»fxn))
< Y (M(@n1,%0)) = @(Mo(@n1,%0)) + LY (N (-1, %)) (2.2)
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where

Ms(xn—lxxn) = max d(xn—lyxn)¢d(xn—l;fxn—l):d(xn;fxn)¢

d(xn—l,xrul)

Page 6 of 23

d(xn—l :fxn) + d(xn:fxn—l)

} ;

|

= max d(x,_1,%,), d(Xy, X411),
2s

d n-rvn d nrn+

< max{ d(x,_1,%,), d, Kpo1), - (-1, %n) + 5 (%0, 1)}
2s

d n—lrn d nr¥n
= max{ d(x,_1,%,), d(X, Xns1), (xp-1,% );r (%, % +1)}
= max{d(xn_l,xn),d(xn,xnﬂ)} 23)

and
N (%1, %) = min{d(x,_1, 1), A, fon1) }

= min{d(xn,bxn),()} =0. (2'4)

From (2.2)-(2.4) and the properties of ¥ and ¢, we get

w(d(xmxnﬂ)) = 1,lf(rnax{d(‘xrl—l)xn); d(xn)x;ﬁl)}) - (p(max{d(xn—l)xn)vd(xnyx;ﬁl)})

< Y (max{d(w1, %), A%, Xn11) })-
If
max{d (1, %), A%, %11) } = A, X11),s
then by (2.5) we have

w(d(xn:xnﬂ)) E w(d(xn’xnﬂ)) - Qo(d(xmxnﬂ))
< 1ﬁ(d(xm»’C;'H-l)):

which gives a contradiction. Thus,
max{d(xn—l; xn): d(xm xn+1)} = d(xn—lx xn)-

Therefore (2.5) becomes

w(d(xmxnﬂ)) = 1ﬁ(d(xn:xn—l)) - (p(d(xn—lxxn)) < w(d(xrnxn—l))'

(2.5)

(2.6)

Since v is a non-decreasing mapping, {d(x,,x,,1) : » € NU {0}} is a non-increasing se-

quence of positive numbers. So, there exists r > 0 such that

lim d(x,,%,.1) = 7.

n—00
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Letting n — o0 in (2.6), we get

Y(r) <Y (r) —o(r) < ¢(r).
Therefore, ¢(r) = 0, and hence r = 0. Thus, we have

lim d(x,,%,41) = 0. (2.7)

n— o0
Next, we show that {x,} is a b-Cauchy sequence in X. Suppose the contrary, that is, {x,} is
not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find two subsequences
{%m;} and {x,,} of {x,} such that #; is the smallest index for which

ni>mp>i, AKX, %,,) > €. (2.8)
This means that

AKXy Xn21) < €. (2.9)

From (2.8), (2.9) and using the triangular inequality, we get

& < d(Xp;> %)
= Sd(xmi:xm,v—l) + Sd(xmi—hxn,')

= Sd(xm,-;xm,'—l) + Szd(xmi—l’xni—l) + Szd(xni—lyxni)~
Using (2.7) and taking the upper limit as i — oo, we get

£ .
) < limsup d (%, -1, %n;-1)-

On the other hand, we have
AXpy—15%m;-1) < SAXm;—15 %) + SA Ky, Xy—1).
Using (2.7), (2.9) and taking the upper limit as i — oo, we get

lim sup d(x,-1, %n,-1) < €.

i—00

So, we have

€
- = lim sup d(%,,_1, %,-1) < €. (2.10)
s

i—00

Again, using the triangular inequality, we have

AXpny-1,%n;) < 5AXm;—15%n,21) + $A(Xp;—1, %)

& < AKXy %n,) < SAXm;s Xmy—1) + SA (K1, %n;)
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and
& < AKXy %n;) < SAWXm;s Xpm1) + 5A (X1, %)

Taking the upper limit as i — oo in the first and second inequalities above, and using (2.7)
and (2.10) we get

&
— <limsup d(Xy,-1,%y,) < es. (2.11)
N i—00

Similarly, taking the upper limit as i — oo in the third inequality above, and using (2.7)
and (2.9), we get

&
— <limsupd(xy,,, %n,1) < €. (2.12)
N i—00

From (2.1), we have

w(Sd(xmi’x”i))
= Y (s (fotm;-1,fXn,-1))
< 1,0 (Ms(xmi—lix”i—l)) — go(Ms(xmi_l; xni—l)) + LW/I (N(xmi—ly xm‘—l))’ (213)

where

M (xmi—l: xni—l) = max { d(xmi—lr xni—l)r d(xmi—l»fxmi—l); d(xn,'—l;fxni—l);

d(xm,'—lrfxni—l) + d(fxmi—lr xni—l) }
2s

= max { d(xmi—b xni—l)’ d(xmi—lr Xm; )7 d(xn,'—lx Xn; )’

d(xmi—lr xni) + d(xm,vxni—l) (2 14)
2s '
and
N @15 %m,-1) = min{d @1, fom;—1)> A1, %ni1) |
= min{d(xmi—lxxmi)7d(xm,-rxni—l)}- (2.15)

Taking the upper limit as i — 0o in (2.14) and (2.15) and using (2.7), (2.10), (2.11) and (2.12),
we get

< lim sup M (%, -1, %n;-1)

i—00

= max { lim sup d(%,-1,%;-1), 0, 0,

i—00

Page 8 of 23
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limsup;_, .o d(Xm,—1,%5,) + limsup,_, . d(Xyp;s %,1) }
2s

es +¢
< max]{ s, = gs.

2s
So, we have
s% < liigpMs(xmi_l,xni_l) <es (2.16)
and
lim sup N (%,,,-1, %,,-1) = 0. (2.17)
i—>o00

Similarly, we can obtain

e
— <lim inf M(%,;-1,%,1) < €. (2.18)
S 1—> 00

Now, taking the upper limit as i — oo in (2.13) and using (2.8), (2.16) and (2.17), we have

Yes) <y <s lim sup d(x,,, xni))

i—00
< v (1im SUp M (5 -1,,-1) ) = Himinf o (Mo G -1,,,1))
i—00 e
< ¥(es) — o (liminf M (1, %,1) ),
11— 00

which further implies that

10 <liminfM5(xmi_1,x,,l._1)) =0,

i—00
so liminf;_, oo My(%,-1,%4,-1) = 0, a contradiction to (2.18). Thus, {X,.1 = fx,} is a b-Cauchy

sequence in X. As X is a b-complete space, there exists # € X such thatx, — u as n — oo,
and

lim x,,1 = lim fx, = u.
n—00 n— 00
Now, suppose that f is continuous. Using the triangular inequality, we get
d(u, fu) < sd(u, fx,) + sd(fx,, fu).
Letting n — o0, we get
d(u,fu) <s lim d(u,fx,) +s lim d(fx,,fu) = 0.
n—0o0 n—0o0
So, we have fu = u. Thus, u is a fixed point of f. O

Note that the continuity of f in Theorem 3 is not necessary and can be dropped.
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Theorem 4 Under the same hypotheses of Theorem 3, without the continuity assumption
of f, assume that whenever {x,} is a non-decreasing sequence in X such that x, — x € X,
%, 2 x, forall n € N, then f has a fixed point in X.

Proof Following similar arguments to those given in Theorem 3, we construct an increas-
ing sequence {x,} in X such that x, — u, for some u € X. Using the assumption on X, we
have x, < u, for all #n € N. Now, we show that fu = u. By (2.1), we have

x[f(sd(xml,fu)) = Y (sd(fxn, f1r))
< ¥ (M@, ) = 9 (M, 1)) + Ly (N e, 1)), (2.19)

where

2s

d(xy, fur) + d(%11, 1)
2s

M (%, 1) = max{d(x"’”)’d(xmfxn),d(u,fu), d(xy, fu) + d(fx,, u) }

(2.20)

= max { A, 1), d(Xn, %p1), d(u, fur),

and

N(x,,u) = min{d(xn,fxn),d(u,fx,,)}
= min{d(xn,x,,+1),d(u,xn+1)}. (2.21)

Letting n — 00 in (2.20) and (2.21) and using Lemma 1, we get

)
252 s 252

d(u,fu) _ min{d(u,fu) d(u,fu)}

< lim sup M(x,,, 1)
n—00

sd(u, fu)
28

< max{d(u,fu), } = d(u,fu) (2.22)

and
N(x,, u) — 0.

Similarly, we can obtain

d(u, fu)
252

< liminf M;(x,, u) < d(u,fu). (2.23)
n— 00

Again, taking the upper limit as # — 00 in (2.19) and using Lemma 1 and (2.22) we get

v (d(w, fu) = Ip(séd(u, fu)) < w(slimsupd(xml, fu))

n—00

<y (lim sup M;(x,,, u)) —lim inf(p(Ms(x,,, u))

n—>00 n—o0

< (dan fu)) - ¢ (Timinf M (5, 1))
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Therefore, p(liminf,_, oo M;(x,, u)) < 0, equivalently, liminf,_, oo M;(x,, ) = 0. Thus, from
(2.23) we get u = fu and hence u is a fixed point of f. O

Corollary 1 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space. Let f : X — X be a non-decreasing
continuous mapping with respect to <. Suppose that there exist k € [0,1) and L > 0 such
that

k e f) 4 dl,
dlfe.fy) < < maX{d(x,y),d(x, £, d0, ), w }

+ % min{d(x,fx):d(%fx)}

for all comparable elements x,y € X. If there exists xy € X such that xy < fxo, then f has a
fixed point.

Proof Follows from Theorem 3 by taking v(¢) = ¢ and ¢(¢) = (1 — k)¢, for all £ € [0, +00).
O

Corollary 2 Under the hypotheses of Corollary 1, without the continuity assumption of f,
for any non-decreasing sequence {x,} in X such that x, — x € X, let us have x, < x for all
n € N. Then, f has a fixed point in X.

Let (X, d) be an ordered b-metric space and let f,g: X — X be two mappings. Set

d(x, dly,
M;(x,) = max{d(x, ), d, ), dy, gy), L) + A0 ) }

28

and

N(x,y) = min{d(x,fx),d(y,fx),d(x,gy)}.
Now, we present the following definition.

Definition 10 Let (X, d) be a partially ordered b-metric space and let ¢ and ¢ be altering
distance functions. We say that a mapping f : X — X is an almost generalized (v, ¢);-

contractive mapping with respect to a mapping g : X — X, if there exists L > 0 such that

v (s*d(fr.gy) < ¥ (Ms(x,9)) — o(M(x,9)) + L (N (x,9)) (2.24)
forall x,y € X.

Definition 11 Let (X, <) be a partially ordered set. Then two mappings f,g: X — X are
said to be weakly increasing if fx < gfx and gx < fgx, for all x € X.

Theorem 5 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space, and let f,g : X — X be two weakly
increasing mappings with respect to <. Suppose that f satisfies 2.24, for all comparable
elements x,y € X. If either f or g is continuous, then f and g have a common fixed point.
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Proof Let us divide the proof into two parts as follows.
First part: We prove that u is a fixed point of f if and only if « is a fixed point of g. Suppose
that u is a fixed point of f; that is, fu = u. As u < u, by (2.24), we have

w(s4d(u,gu)) = w(s4d(fu,gu))
<y (max{d(u,fu), d(u, gu), %S(d(u,gu) + d(u,fu)) })

1
- (max{d(u,fu), d(u, gu), % (d(u,gu) + d(u,fu)) })
+L min{d(u,fu), d(u,gu)}
=y (d(u, gu)) - ¢(d(u,gu))
< ¥ (s*d(u, gu)) - o(d(u,gu)).
Thus, we have ¢(d(u, gu)) = 0. Therefore, d(u,gu) = 0 and hence gu = u. Similarly, we can
show that if « is a fixed point of g, then u is a fixed point of f.
Second part (construction of a sequence by iterative technique):

Let xo € X. We construct a sequence {x,} in X such that x5,,1 = fxo, and x40 = g¥2441,
for all non-negative integers. As f and g are weakly increasing with respect to <, we have:

X1 = fxo < gfxg =% = gx1 < fgwr = X3 < -+ Kope1 =fXon X Zf¥on = Kopeo X oo

If x5, = x9,41, for some n € N, then x5y, = fx,,. Thus x5, is a fixed point of f. By the first
part, we conclude that x,, is also a fixed point of g.

If X3441 = %242, for some n € N, then xy,,,1 = g¥2,41. Thus, x3,41 is a fixed point of g. By
the first part, we conclude that x,,,,; is also a fixed point of f. Therefore, we assume that
%xn 7 %n41, for all m € N. Now, we complete the proof in the following steps.

Step 1: We will prove that

lim d(x,,%,.1) = 0.

n—00

As x5, and xy,,,; are comparable, by (2.24), we have

1/f (d(x2n+lx x2n+2)) = W (S4d(x2n+17 x2n+2))
= ¥ (s*d(foon gxann))

= Iﬁ (Ms(xZn: x2n+l)) - (p(Ms(me x2n+1)) + Llﬂ (N(xZn: x2n+l));

where

Ms(xZn:xZnH) = max{d(xbuxbﬁl): d(xZn;fo;q):d(x2n+lrgx2n+1)¢

d(fx2n;x2n+1) + d(x2mgx2n+l) }
2s

(X X21142)
= max{d(xzn,xzml)»d(x2n+1’x2”+2)’ %

Page 12 of 23
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A(Xons Xona1) + SA (X241, X2n42) }
2s

S
< max {d(xZn’ x2n+1): d(x2n+1: x2n+2),
= max {d (@2, X2ns1), d(Xone1, Xoni2) }

and

N (%20 %2041) = min{d (@2, fX2n), d(2n41,/%20), A (20, §52041) }
= min{d(xz,,, X2141)> A(X2415 X2n41), A (X2, x2n+2)}

=0.
So, we have

1# (d(x2n+lx x2n+2)) = 1/’ (max{d(xan x2n+1); d(x2n+1; x2n+2) })

— ¢ (max{d(%an, X2n11), d(X2n11, %2042) })- (2.25)

If

max{d(mexZ;Hl)»d(x2n+1’x2n+2)} = d(%241, %2n42)
then (2.25) becomes

Y (d2ni1,%2n12)) < ¥ (d@oni1,%2042)) — @ (dX2mi1s X2n42)) < ¥ (d(X2ma1, %2042))5
which gives a contradiction. So,

maX{d(xZer2n+l)rd(x2n+1:x2n+2)} = d (%2, X2n41)
and hence (2.25) becomes

¥ (d(Xam1s Xoni2)) < W (X2 %2001)) — @ (d X2y ¥2n01)) < W (d Xy X2ni1)).- (2.26)
Similarly, we can show that

¥ (d (21, %2n)) < Y (AX20-1,%21)) — @(A@2n-1,%24)) < W (A(20-1,%20)).- (2.27)

By (2.26) and (2.27), we get that {d(x,,, x,.1); n € N} is a non-increasing sequence of positive
numbers. Hence there is r > 0 such that

lim d(x,,%,.1) = 7.
n—00

Letting n — o0 in (2.26), we get
Y(r) < (r)—o(r) <¥(r),
which implies that ¢(r) = 0 and hence r = 0. So, we have

lim d(x,,%,.1) = 0. (2.28)

n—00
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Step 2: We will prove that {x,} is a b-Cauchy sequence. It is sufficient to show that {x,,}
is a b-Cauchy sequence. Suppose the contrary, that is, {x,} is not a b-Cauchy sequence.
Then there exists € > 0, for which we can find two subsequences of positive integers {x, }
and {x,,,} such that #; is the smallest index for which

n;>m;> i, AKX, Xon,) > €. (2.29)
This means that
d(x2mpx2ni—2) <E€E. (2.30)

From (2.29), (2.30) and the triangular inequality, we get

d(x2ni+1’x2mi)
< Sd(Xon;415 %2n;) + SA (X205 X2m;)
< 8Ky 41 Xn;) + 8° Aoy Xomp1) + 8 A(Kon,—1, Xom;)
= Sd(x2n,-+lrx2n,-) + Szd(xZ;fzi’xZni—l) + Ssd(xZni—bem—Z) + SBd(xzn,-fz, xzm,-)

< Sd(x2ni+17x2ni) + Szd(xznf»xznf—l) + Sgd(x2ni—l:x2nf—2) +es°.
Taking the upper limit in the above inequality and using (2.28), we have

: 3
lim sup d(xa; 41, X2m;) < €5°.
i—00

Again, from (2.29) and the triangular inequality, we get
& < d(Xom;r Xon;) < 5AXom Xon1) + SA (X241, %20,)-
Taking the upper limit in the above inequality and using (2.28), we have

<lim sup d(x2n,v+lr x2mi)'

1—> 00

“©v | ™

So, we obtain

“© | ™

< limsup d(x2,41, X2m;) < es®. (2.31)
i—00

Similarly, we can obtain

& .
B < limsupd (%2, Xom,-1) < es,

11— 00

e < limsup d (%o, Xom,) < est, (2.32)
i—00

&
: 4
— < limsupd (2,11, %2m,-1) < €5°.
s i— 00
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Since x,,; and x;,,,_1 are comparable, using (2.24) we have

Y (S4d(x2ni+11x2mi))
=y (s4d(fx2ni7gx2mi—l))
< Y (M2 %2m;-1)) — @ (M (K2 %2m;-1)) + L (N (2, X2m,-1) )

where

Ms (xZni ’ me,-—l) = max{d(qui: x2m,v—1)r d(xZnirfoHi )r d(me,v—ng2mi—l);

d(xZni:ngmi—l) + d(erni—lvfon,-) }
28

= max{d(‘xZni; x2m,'—1)y d(xZVl," x2ni+l): d(‘mei—ll x2mi)y

d(xZn,'»x2m,') + d(x2ni+1;x2m,'—l) }
2s

and

N (%> ®am;—1) = min{d (2, foan,) AE2m;-15 fon,) A2, @oomi-1) }

= min{d(me:xZnﬁl)’d(x2m5—1¢x2ni+1)rd(xZni;xZWli)}~
Taking the upper limit in (2.34) and (2.35) and using (2.28) and (2.32), we get
& & . |le €+ s%
— + — = min{ —,
2s  2s3 s 2s

= lim sup Ms (x2ni ’ x2m,'—1)
i—00

= max { lim sup d (%2, ¥2m,-1), 0, 0,
i—00

limsup;_, o, d(X2u;> Xom,) + limsup,_, oo d(Xapn 41, X2m;-1) }

2s
2 4
£s” + €S
< {883,—} =es°.

2s
So, we have
I3 & . 3
—+-— =<lim sup M(Xop;s Xom;-1) < €S
2s  2s i 00
and

lim sup N (2,1, ¥2m,-1) = 0.
i—00

Similarly, we can obtain

e & .. 3
— + — < liminf M,(%9,,;, X01,-1) < £5°.
2s  2s3 i—00

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)
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Now, taking the upper limit as i — oo in (2.33) and using (2.36), (2.37) and (2.38), we have

w(ss3) = w<s4§> < w(s4 lim supd(xzmﬂ,xzmi))

i—00

< v (tim sup M (o 1)) = liminf (M (e 52, 1))

i—00 1—>00

= (es”) = @ (lim inf My %2, 1)),
=00
which implies that

0] <lim inst(xZni,xsz—l)) =0,

=0

so liminf;_, o M(%y;—1,%4,-1) = 0, a contradiction to (2.38). Hence {x,} is a b-Cauchy se-
quence in X.

Step 3 (Existence of a common fixed point):

As {x,} is a b-Cauchy sequence in X which is a b-complete b-metric space, there exists

u € X such that x,, — u as n — 00, and
lim xy,,1 = lim fxy, = u.
n—0oQ n—0o0

Now, without any loss of generality, we may assume that f is continuous. Using the trian-

gular inequality, we get
d(u, fu) < sd(u, fxo,) + sd(fxo, fu).
Letting n — oo, we get
d(u, fu) < snlirglo d(u, fxo,) + snlirlgo d(fxou, fu) = 0.

So, we have fu = u. Thus, u is a fixed point of f. By the first part, we conclude that u is also

a fixed point of g. O
The continuity of one of the functions f or g in Theorem 5 is not necessary.

Theorem 6 Under the hypotheses of Theorem 5, without the continuity assumption of one
of the functions f or g, for any non-decreasing sequence {x,} in X such that x, — x € X, let

us have x, < x, for all n € N. Then, f and g have a common fixed point in X.

Proof Reviewing the proof of Theorem 5, we construct an increasing sequence {x,} in X
such that x, — u, for some u € X. Using the assumption on X, we have x, < u, for all
n € N. Now, we show that fu = gu = u. By (2.24), we have

¥ (s*d(anr, gu)) = V¥ (s*d(fron, gu))
< Y (M (%2, 1)) — @ (M (02, 1)) + Lt (N (22, 11)), (2.39)
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where

M, G 1) = max{d(xzm 1), d e, fion), ot gu), 28+ Al 1) }

2s
d mnr» d n+1»
= max{d(x2m 1), (Ko, Xous1), AU, g1t), Ceam 810 ; (eanet, ) } (2.40)
S
and
N(x2nr M) = min{d(xZVl!fo}’l)i d(”;fx2n): d(megu)}
= min{d(x2m x2n+1); d(u¢ x2n+1)7 d(x2mgu) } . (24'1)
Letting n — oo in (2.40) and (2.41) and using Lemma 1, we get
d
(n,gu) _ min d(u,gu)’ d(u, gu)
s s 252
d )
< limsup M(xy,,, ) < max{d(u,gu), M } =d(u,gu) (2.42)
n—00 2s
and
N(x9,, u) — 0.
Similarly, we can obtain
d ol . .
(14, g4) < liminf M (x2,,, ) < d(u,gu). (2.43)
n—0oQ

Again, taking the upper limit as # — oo in (2.39) and using Lemma 1 and (2.42), we get

v (sgd(u,gu)) =y <s4 %d(u,gu)) <y (54 lim sup d(x2n+1,gu))

n—00

< (lim sup M, (3, )) — lim inf o (M (32, 0)

n—00

=

(s, gu)) — p (tim inf My (20, )

s S

< (sgd(u,gu)) - (lim inf M(%,, u)).

n—00
Therefore, ¢(liminf,_, o M(x2,, 1)) < 0, equivalently, liminf,_, o M(xy,, ) = 0. Thus,
from (2.43) we get u = gu and hence u is a fixed point of g. On the other hand, similar
to the first part of the proof of Theorem 5, we can show that fu = u. Hence, u is a common
fixed point of f and g. d

Also, we have the following results.

Corollary 3 Let (X, X) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space. Let f,g : X — X be two weakly
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increasing mappings with respect to <. Suppose that there exist k € [0,1) and L > 0 such
that

K dlx, d(f.
d(fx,gy) < S—Zmax{d(x,y), d(x,fx), d(y, gy), W}

+ L min{d(e, ), d(y, ), A 29))
S

for all comparable elements x,y € X. If either f or g is continuous, then f and g have a
common fixed point.

Corollary 4 Under the hypotheses of Corollary 3, without the continuity assumption of
one of the functions f or g, assume that whenever {x,} is a non-decreasing sequence in X
such that x, — x € X, then x,, < x, for all n € N. Then f and g have a common fixed point
inX.

Now, in order to support the usability of our results, we present the following examples.

Example 3 Let X = [0, 00) be equipped with the b-metric d(x,y) = |x — y| for all %, y € X,
where s =221 =2,

Define a relation < on X by x < y iff y < x, the functions f,g: X — X by

x
=In{1l+—
fx n( +11)
gx:ln<1+f>,
7

and the altering distance functions ¥, ¢ : [0, +00) — [0, +00) by ¥(£) = bt and ¢(t) = (b -
1)t, wherel <b < %. Then, we have the following:
(1) (X, =) is a partially ordered set having the b-metric d, where the b-metric space
(X,d) is b-complete.

(2) f and g are weakly increasing mappings with respect to <.

and

(3) f and g are continuous.

(4) f is an almost generalized (y/, ¢);-contractive mapping with respect to g, that is,

v (std(fx,gy) < ¥ (Mi(x,9)) — o(M;(x,9)) + Ly (N (x,))
for all x,y € X with x < y and L > 0, where

d(x, d(y,
M(x,y) = max{d(x,y), d(x,fx),d(y,gy), W }

and

N(x,9) = min{d(x, fx), d(y,fx), d(x,g9)).
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X

Proof The proof of (1) is clear. To prove (2), for each x € X, we know that 1 + 7 < el and
1+2< ev. So, fx =In(1 + §7) <x and gx = In(1 + %) < x. Hence, fgx = In(1 + ‘f—’f) <gx and
gfx=In(1 + f;) < fx, for each x € X. Therefore, f and g are weakly increasing mappings
with respect to <. It is easy to see that f and g are continuous.

To prove (4), let x,y € X with x < y. So, y < x. Thus, we have the following cases.
Case 1: If £ < %, then we have

7 =11’
1+% 1+%
= O<In[—&)<In 7).
1+% 1+2

Now, using the mean value theorem for function In(1 + ¢), for ¢ € [%, Z], we have

1+% 1
5 <
s 1+

+
NI

1<

1+

NI

V¥ (s*d(fx,gy)) = 16bd(fx, gy)
x y 2 1+ lx_l 2
=16b(In(1+—=)-In{1+= =16bH( In
(n1+57) -m(1+3)) =1e0((537))
2 2
516b<ln<1+ )) :16b(1n(1+f)—1n<1+2)>
1 7 7

< 16b<f - 3) <Oy

NIR

+
N NIR

7 7) T 49
E d(xJ/) S M2(x’y) = W(Mz(x:y)) - W(MZ(x’y)):

that is, we have
¥ (s*d(fx, /) < ¥ (M(x,9)) — 0(Ms(x,9)) + LY (N(x,))

for each L > 0.

Case 2: If £ <2 < %, then we have

2 2

y X Yy
= o < —,
(7 11) 49

Using the mean value theorem for function In(1 + ¢), for ¢ € [

0<

=

NI
NI

=y

x Yy
1151, we have

w(s4d(fx, gy)) = 16bd(fx, gy)
2
= 16b<ln<1 + i) —ln(l + Z))
11 7

2
<16b(2-2) <2042 300
77 1) "1 S

_ (g)z < (y—ln(1+ %))2 = d(v,g)

< My(x,y) = ¥ (Ma(x,9)) — (M2 (x,)).

So, we have

¥ (s*d(fx. f) < ¥ (M%) — 0(Mi(x,9)) + Ly (N (x,))
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for each L > 0. Combining Cases 1 and 2 together, we conclude that f is an almost general-
ized (Y, )s-contractive mapping with respect to g. Thus, all the hypotheses of Theorem 5
are satisfied and hence f and g have a common fixed point. Indeed, 0 is the unique com-

mon fixed point of f and g. O

Remark 1 A subset W of a partially ordered set X is said to be well ordered if every two
elements of W are comparable [43]. Note that in Theorems 3 and 4, f has a unique fixed
point provided that the fixed points of f are comparable. Also, in Theorems 5 and 6, the
set of common fixed points of f and g is well ordered if and only if f and g have one and

only one common fixed point.

Example 4 Let X ={0,1,2,3,4} be equipped with the following partial order <:
=:=1{(0,0),(1,1),(1,2),(2,2),(3,1),(3,2),(3,3), (4,1), (4,2), (4, ) }.
Define b-metric d : X x X — R* by

0 ifx=y,
dx,y) =
(x+y)? ifxFy.

It is easy to see that (X, d) is a b-complete b-metric space.
Define the self-maps f and g by

(o1 2 3 4 (o1 2 3 4
f_(o 2 21 2)’ g_<o 2 21 1)'
We see that f and g are weakly increasing mappings with respect to < and f and g are
continuous.
Define ¥, ¢ : [0,00) — [0,00) by ¥(¢) = v/t and ¢(t) = % One can easily check that f is
an almost generalized (¥, ¢)s-contractive mapping with respect to g, with L > %.
Thus, all the conditions of Theorem 5 are satisfied and hence f and g have a common

fixed point. Indeed, 0 and 2 are two common fixed points of f and g. Note that the ordered

set (X, <) is not well ordered.

3 Applications
Let ® denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying the following hy-
potheses:

1. Every ¢ € & is a Lebesgue integrable function on each compact subset of [0, +00).

2. Forany ¢ € ® and any € >0, fos ¢(t)dr > 0.

It is an easy matter to check that the mapping ¥ : [0, +00) — [0, +00) defined by

(o) = /O $(z)dr

is an altering distance function. Therefore, we have the following results.
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Corollary 5 Let (X, <) be a partially ordered set having a b-metric d such that the b-
metric space (X,d) is b-complete. Let f : X — X be a non-decreasing continuous mapping
with respect to <. Suppose that there exist k € [0,1) and L > 0 such that

d(fiey) Kk (maxldGey)diefi)dy), L0,
/ o(r)dr < —/ o(t)dr
0 s Jo

L min{deef).dyfx)
+ =
)

o(r)dr

for all comparable elements x,y € X. If there exists xy € X such that xy < fxo, then f has a
fixed point.

Proof Follows from Theorem 3 by taking ¥ (¢) = fotq)(r)dt and ¢(t) = (1 - k)¢, for all £ €
[0, +00). O

Corollary 6 Let (X, <) be a partially ordered set having a b-metric d such that the b-metric
space (X, d) is b-complete. Let f,g : X — X be two weakly increasing mappings with respect
to <. Suppose that there exist k € [0,1) and L > 0 such that

d(fr,gy) k [maxidee)dnfs)dingy), L0y ARy
/ p(r)dr < - o(r)dr
0 $* Jo
L [ mintd(xfx),d(yfx),d(x.gy)
+ — ¢(r)dr

S40

for all comparable elements x,y € X. If either f or g is continuous, then f and g have a
common fixed point.

Proof Follows from Theorem 5 by taking ¥ (¢) = fot(f)(‘lf)d‘f and ¢(t) = (1 - k)¢, for all ¢ €
[0, +00). O

Finally, let us finish this paper with the following remarks.
Remark 2 Theorem 2.1 of [20] is a special case of Corollary 1.
Remark 3 Theorem 2.2 of [20] is a special case of Corollary 2.

Remark4 Theorem 2.3, Corollary 2.4 and Corollary 2.5 of [20] are special cases of Corol-
lary 3.

Remark 5 Since a b-metric is a metric when s = 1, so our results can be viewed as a gen-
eralization and extension of corresponding results in [28] and several other comparable
results.
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