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Abstract

In this paper, a modified proximal point algorithm for finding common fixed points of
averaged self-mappings in Hilbert spaces is introduced and a strong convergence
theorem associated with it is proved. As a consequence, we apply it to study the split
feasibility problem, the zero point problem of maximal monotone operators, the
minimization problem and the equilibrium problem, and to show that the unique
minimum norm solution can be obtained through our algorithm for each of the
aforementioned problems. Our results generalize and unify many results that occur in
the literature.
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1 Introduction

Throughout this paper, H denotes a real Hilbert space with the inner product (-, -) and the

norm || - ||, I the identity mapping on H, N the set of all natural numbers and R the set of

all real numbers. For a self-mapping 7 on H, F(T) denotes the set of all fixed points of 7.
Let C and Q be nonempty closed convex subsets of two Hilbert spaces H; and H; re-

spectively, and let A : H; — H; be abounded linear mapping. The split feasibility problem

(SEP) is the problem of finding a point with the property:

x*eC and Ax*eQ. 1)

The SFP was first introduced by Censor and Elfving [1] for modeling inverse problems
which arise from phase retrievals and medical image reconstruction. Recently, it has been
found that the SFP can also be used to model the intensity-modulated radiation therapy.
For details, the readers are referred to Xu [2] and the references therein.

Assume that the SEP has a solution. There are many iterative methods designed to ap-
proximate its solutions. The most popular algorithm is the CQ algorithm introduced by
Byrne [3, 4]:
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It starts with any x, € H, and generates a sequence {x,} through the iteration

Xn+l = PC(I - VA*(I - PQ)A)xm (2)

_2
IAI2

Q respectively.

where y € (0, ), A* is the adjoint of A, Pc and P are the metric projections onto C and

The sequence {x,} generated by the CQ algorithm (2) converges weakly to a solution of
SEP (1), c¢f. [2—4]. Under the assumption that SFP (1) has a solution, it is known that a point
x* € H; solves the SFP (1) if and only if x* is a fixed point of the operator

Pc(I-yA*(I - Po)A), 3)
cf. [2], where Xu also proposed the regularized method
%1 = Pe(I = yu(A*(I = PQ)A + aul) )%, )

and proved that the sequence {x,} converges strongly to a minimum norm solution of SFP
(1) provided the parameters {«,,} and {y,,} verify some suitable conditions. This regularized
method was further investigated by Yao, Jiang and Liou [5], and Yao, Liou and Shahzad [6].

Motivated by the above works, it is desirable to devise an algorithm for approximating
a point x* € C so that

Ax*€Q and Bx"eQ, (5)

where A, B are two bounded linear mappings from #; to H,.

On the other hand, it has been an interesting topic of finding zero points of maximal
monotone operators. A set-valued map A : H — 2% with the domain D(A) is called mono-
tone if

x—y,u—-v)>0
for all x,y € D(A) and for any u € A(x), v € A(y), where D(A) is defined to be
DA)={xeH:Ax # 2}.

A is said to be maximal monotone if its graph {(x,u) : x € H,u € A(x)} is not properly
contained in the graph of any other monotone operator. For a positive real number o, we
denote by J4 the resolvent of a monotone operator A, that is, J2(x) = (I + «A)™ (x) for any
x € H. A point v € H is called a zero point of a maximal monotone operator A if 0 € A(v).
In the sequel, we shall denote the set of all zero points of A by A710, which is equal to F(J4)
for any « > 0. A well-known method to solve this problem is the proximal point algorithm
which starts with any initial point x; € H and then generates the sequence {x,} in H by

A
Xn+l :]anxn; neN,

where {«,} is a sequence of positive real numbers. This algorithm was first introduced
by Martinet [7] and then generally studied by Rockafellar [8], who devised the iterative
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sequence {x,} by
Xni1 =S Xn+€n, MEN, (6)

where {e,} is an error sequence in H. Rockafellar showed that the sequence {x,} gen-
erated by (6) converges weakly to an element of A™10 provided that A™0 # @ and
liminf,, o o, > 0. In 1991, Giiler [9] established an example showing that the sequence
{x,} generated by (6) converges weakly but not strongly. Since then, many authors have
conducted research on modifying the sequence in (6) so that the strong convergence is
guaranteed, ¢f. [10-19] and the references therein. Recently, Wang and Cui [16] consid-
ered the following algorithm:

KXpsl = Anlh + byXy + cn];‘nx,, +e,, neN, (7)
where {a,}, {b,}, {c,} are sequences in (0,1) with a,, + b, + ¢, =1 for all # € N, and {e,} is

an error sequence in . They showed that the sequence {x,} generated by (7) converges
strongly to a zero point of A provided the following conditions (i) and (ii) are verified:

o0
(i) lim a, =0, E a, = 00, liminfc, > 0, liminfa, > 0;
n—00 n—00 n—0o0
n=1
= lexl
(ii) either E lexl <oo or lim —= =0.
n—00 a,

n=1

This theorem generalizes and unifies many results that occur in the literature, cf [10-12,
18, 20].

For another maximal monotone operator B, we would like to seek appropriate condi-
tions on the coefficient sequences {a,}, {b,}, {c,} and {d,} so that the sequence {x,} gen-
erated by

B A
X1 = Anth + bpJg X + CuJoy % + dney, nEN, (8)

can converge strongly to a common zero of A and B.

We find that both of problems (5) and (8) can be solved simultaneously in a more general
setting. As a matter of fact, any resolvent is firmly nonexpansive and any firmly nonexpan-
sive mapping is %-averaged, cf. [21], which is a special case of L-averaged mappings (for the
definition of A-averaged mappings, we refer readers to Section 2). Also, as shown in the

proof of Theorem 3.6 of [2], forany y e Rwith 0 < y < W, the operator (3) is %—
averaged. It is quite natural to ask whether the sequence {x,} generated by
Xpe1 = Aulh + by Sy + ¢ Ty + dyey, 9)

can converge strongly to a point of (2, F(S,) N (e, F(T,) provided the coefficient
sequences {a,}, {b,}, {c,} and {d,} are imposed on appropriate conditions, where for
any n € N, each S, is u,-averaged by G,, and each T}, is A,-averaged by K,. We shall
show in Section 3 that the sequence {x,} generated by (9) converges strongly to a point of
Mooy E(Sw) N (ooy E(T,) provided (1,1 F(Sy) (g F(T,) # @ and { iy}, (A} and the co-
efficient sequences {a,}, {b,}, {c.} and {d,} verify the conditions:
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(i) {mn} and {r,} are convergent sequences in (0,1) with limit , A € (0,1) respectively;

(ii) there are two nonnegative real-valued functions k) and ko on N with

1Gmx = x| + |1 Kinx = x| < k1 (m) |G = x| + K2 (m) [| Kk — x|,

Vm e N,Vn > m,Vx € C;

(iii) {an}, {bn}, {cu} and {d,} are sequences in [0,1]) with a,, + b, + ¢, + d,, = 1 and
a, €(0,1),VneN;

(iv) limy,_ 0 @y = lim, o0 Z—Z =0,) 02 a,=00, ) ooy dy < 00;

(v) liminf,_, « b,, > 0, liminf,_, o ¢, > 0.

Based on this main result, we shall deduce many corollaries for averaged mappings in
Section 3. Section 4 is devoted to applications. We apply our results in Section 3 to study
the split feasibility problem, the zero point problem of maximal monotone operators, the
minimization problem and the equilibrium problem, and to show that the unique min-
imum norm solution can be obtained through our algorithm for each of the aforemen-

tioned problems.

2 Preliminaries
In order to facilitate our investigation in Section 3, we recall some basic facts. Let C be a
nonempty closed convex subset of . A mapping T : C — H is said to be

(i) nonexpansive if
”Tx_Ty” = ||x—)’||: Vx;yec;
(i) firmly nonexpansive if

2
I - Tyl> < llx =y - [(I - T)x - (I - T)y

, Vx,yeC;
(ili) A-averaged by K if
T=(1-MI+1K
for some A € (0,1) and some nonexpansive mapping K.
If T: C — C is nonexpansive, then the fixed point set F(T) of T is closed and convex,
cof [21]. If T = (1 — M)I + AK is averaged, then T is nonexpansive with F(T') = F(K).
The metric projection Pc from H onto C is the mapping that assigns each x € H the
unique point Pcx in C with the property
lx = Pex|l = min ||y — x|
yeC
It is known that P¢ is nonexpansive and characterized by the inequality: for any x € H,

(x — Pcx,y — Pcx) <0, VyeC. (10)

For a > 0, the resolvent /4 of maximal monotone operator A on H has the following

properties.

Page 4 of 20
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Lemma 2.1 Let A be a maximal monotone operator on H. Then
() J4 is single-valued and firmly nonexpansive;
(b) DY) = H and FU2) = A™10;
(c) (The resolvent identity) for u, A > 0, the following identity holds:

A A
A, _ 7A A
Jix=J; (;x + (1 - ;)]Mx) Vx e H.
We still need some lemmas that will be quoted in the sequel.
Lemma 2.2 Let x,y,z € H. Then

@ lx+yl* <l + 2% +y);
(b) forany » €R,

[+ (L= 2y = 2l + (@ = WY = 20 = Al = 1%
(c) fora,b,ce[0,1] witha+b+c=1,
llax + by + cz||* = allx||* + bllyl* + cllzl|> - abllx - yI|* - acllx - z||* - belly - zI|*.
Lemma 2.3 (Demiclosedness principle [21]) Let T be a nonexpansive self-mapping on a
nonempty closed convex subset C of H, and suppose that {x,} is a sequence in C such that

{x,} converges weakly to some z € C and lim,_, «, ||x, — Tx,|| = 0. Then Tz = z.

Lemma 2.4 [18] Let {s,} be a sequence of nonnegative real numbers satisfying
Sni1 < (L= p)Su + Cufly + vy MEN,

where {a,}, {it,} and {v,} verify the conditions:
(1) {an} - [0: 1]: ZZZI oy = 00;
(ii) limsup,,_, o tn <0;

(i) {v,} €[0,00) and Y o) v, < 0.

Then lim,_, S, = 0.

Lemma 2.5 [22] Let {s,} be a sequence in R that does not decrease at infinity in the sense

that there exists a subsequence {s,,} such that
Su; <Su+1, Vi€EN,

For any k € N, define my = max{j < k : s5; < sj,1}. Then my — o0 as k — oo and

max (S, , Sk} < Sm+1, Yk e N.

3 Strong convergence theorems
To establish a strong convergence theorem for averaged mappings S, Ty, n € N, on H

associated with algorithm (9), we at first need a lemma.

Page 5 of 20


http://www.fixedpointtheoryandapplications.com/content/2013/1/190

Huang and Hong Fixed Point Theory and Applications 2013,2013:190 Page 6 of 20
http://www.fixedpointtheoryandapplications.com/content/2013/1/190

Lemma 3.1 If T = (1 - A) + LK is a A-averaged self-mapping by K on a nonempty closed
convex subset C of H and p € F(T), then for any x € C, one has

ITx = plI* < llx = plI> = A(1 = W)llx - Kx||>.

Proof Let x be any point in C. Then, using Tp = Kp = p and the nonexpansiveness of K,
we have from Lemma 2.2(b) that

I Tx - pl* = | Tx - Tp|?
= (= 2%+ 2Kx — (1= 2)p + Kp) |
= - W)@ -p) + 1Kz - Kp)|?
= (1= Mllx=pl* + AlKx - Kp||> =11 - 1) |[x —p - (1<x—1<p)||2
< (1=Mlx-pl* + Allx - plI> = A(1 = 1) lx - Kx||*
= [lx = plI> = A1 - 1) [lx — Kx||*, O
Theorem 3.2 For any n € N, suppose that S, = (1 — p)I + ,G, and T, = (1 — A,) +

AnK,, are averaged self-mappings on a nonempty closed convex subset C of H with Q :=
Mooy E(Sy) N2, F(T) # @, satisfying that

(3.1) lim p,=pue(0,1), lim A, =X €(0,1);
n—0o00 n—oo
and there are two nonnegative real-valued functions «, and ky on N with

(2) NGmx =%l + |1 Kinx — x|l < k1(m)[|Gpx — %] + 102 (m) [ Ky — ],

VmeN,Vn>m,Vx e C.

Suppose further that {a,}, {b,}, {c,} and {d,} are sequences in [0,1] witha, + b, +c, +d, =1
and a, € (0,1) for all n € N, and that {e,} and {v,} are two bounded sequences in C. For
an arbitrary norm convergent sequence {u,} in C with limit u, start with an arbitrary x, =
y1 € C and define two sequences {x,} and {y,} by

Xys1 = Atk + b, Syx, + ¢, Tk, + dyey;
Y+l = Ay + bnSnyn +Cy Tnyn +dyVy.

Then both of {x,} and {y,} converge strongly to Pqu provided the following conditions are
satisfied:

d o0 oo
. . . n
(i) Jim a, = lim == =0, ;an—oo, ;dnwo,
(i) liminfb, >0, liminfc, > 0.
n—00 n—00
Moreover, when every S, is the identity mapping I, the result still holds without the condi-

tion liminf,_, o b, > 0.
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Proof Put p = Pqu. Firstly, we show that {x,} converges strongly to p. It comes from the
nonexpansiveness of S, and 7, that

”xn+l —P” = Hﬂn(ld —P) + bn(Snxn —P) + Cn(Tnxn —P) + dn(en —P) H
=anllu—pll + by + cn) %, = pll + dullen - pll,

from which it follows that {x,} is a bounded sequence. Taking into account of Lemma 2.2
and using Lemma 3.1, we get

1%241 —P||2
= || @@t = p) + bu(Sutn = p) + ca(Tutn — p) + dlen - p)||*

S an(snxn —P) + Cn(Tnxn _p) + dn(en —P) H2 + Qﬂn(u _p)xn+1 _p>

2
n

= (1 - ﬂn)z

Cn
Sn — Tty —
l_an(nxn p)+1_an( n¥Xn p)+1_an

(en —P)

+2a,(u—p,Xy1 — p)

Cn

b d
< (1-a)*| ——ISwxn —pI* + I Twxn = pI* + ——llen - plI?
l-a, l-a, l-a,
+ 2“;«1 (u _p:xnﬂ —P)
< bullSuxn = PI* + Call Tukn = pI* + dulles = pII? + 24, (4 = p, %1 = p)
= bn(Hxn —P||2 — (L= ) |10 = ann||2)
+ Cn(”xn —P||2 = A1 =) %y _1<nxn||2) +dyllen —P||2 +2a, (U — P, Xn1 — p)
= (by + ¢n) %0 —P||2 +dylle, —17||2 +2a, (U — p,Xni1 — P)
— b (1= )|, — ann”z = Cuhn(1 = Ay ||y _Knxn”Z' (11)
We now carry on with the proof by considering the following two cases: (I) {|lx, — pl} is
eventually decreasing, and (II) {|lx, — p||} is not eventually decreasing.
Case I: Suppose that {||x, — p||} is eventually decreasing, that is, there is N € N such that
{llx, — pll}u=n is decreasing. In this case, lim,,_, « |x, — p|| exists in R. By condition (ii), we

may assume that there are two b, ¢ € (0,1) such that b < b, and ¢ < ¢, for all n € N. Then
from inequality (11) we have

0 E bl‘«n(l - Mn)||xn - G’nxn”2 + C)\n(]- - )"n)”xn - I<nxn||2
S bnﬂn(l - :Uvn)”xn - ann ”2 + Cn)‘n(l - }‘n) ”xn - [(nxn ”2
< (by + cu)ll®n —P||2 = l%n1 —P||2 +dylle, —P||2 +2a, (4 — p, X1 — P)

= (1= (an +d) 1% — pI* = %1 — PI* + dullen — pII* + 2, (1 = p, Xp1 — p)
and noting via condition (i) that

lim (1 - (@, + dy)) %, — plI* = lim [, —plI> and
n—00 n—o0o

lim d,lle, —pll* = lim 2a, (4 - p,x,1 —p) =0,
n—>00 n—>00
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we conclude that

nlingo(bﬂn(l = ) [|%n — annllz + (L= Ap) |y — I(nxn”z) =0,

which implies that
lim ||x, — Gux,| = lim ||x, — K,x,]| = 0. (12)
n—00 n— 00

Then from condition (3.2) we deduce for all m € N that
lim |, — Gpx,ll = lim |lx, — Ky, || = 0. (13)
n—00 n—00

Since {x,} is bounded, it has a subsequence {x,, } such that {x,, } converges weakly to some

z € H and
limsup(u — p, xy41 — p) = klim (u—p, X, —p) =(u-p,z—p) <0, (14)
n—00 — 00

where the last inequality follows from (13) since z € Q by Lemma 2.3. Choose M > 0 so
that sup{lles - p2 + 2llu = pll[,1 — pll : n € N} < M. From (1) we have

%1 = pII*
< (1= (an +dn)xn = pI* + (@n + dy) - 2(tt = p, %041 = p)
+dy(llen = plI* + 2]l = plll|xn1 - pl)
< (1= (an +dp))xn = pII* + (@ + dy) - 2(t = p, X1 — p) + dM. (15)

Accordingly, because of (14) and condition (i), we can apply Lemma 2.4 to inequality (15)
with s, = ||, — pl12, oty = @ + dyy tn = 2{tt — p, %1 — p) and v, = d,M to conclude that

lim x, = p.

n—00

Case II: Suppose that {||x,, — p||} is not eventually decreasing. In this case, by Lemma 2.5,

there exists a nondecreasing sequence {m} in N such that m; — oo and
max{ %, - pl, % =PI} < X —pl,  VkeN. (16)

Then it follows from (11) and (16) that

1%, — P17
2
= ”xmkﬂ —P”
< (b + o) %y, = PII* + dill€m, = pII?
+ Zamk(u _p! xmk+l _p> - bmkﬂmk (1 - Mmk)||xmk - Gmkxmk ”2

= Cong e (L= Do ) %y, — Koy 2, |1 17)
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Therefore,

0 = bmkﬂmk (1 - /“Lmk) ”xmk - Gmkxmk ”2 + ka)\'mk(l - )\mk) ”xmk - Kmkxmk ”2
= _(1 - (bmk + ka))”xmk —P”2 + dmk ”emk —P”Z + dek (M _p7xmk+l —P>

= _(dmk + dmk)”xmk —P||2 + dmk ”emk —P||2 + 2ﬂmk (u — DXy +1 -p)
and then proceeding just as in the proof in Case I, we obtain
klggo 1% = Gy || = klglgo 1%, = Ky |l = 0, (18)
which in conjunction with condition (3.2) shows for all m; that
klggo ||xmk - Gm,'xmk I = klglc;lo ”xmk _I<mjxmk =0,
and then it follows that

limsup(u — p, %41 —p) <O0. (19)

k—o00

From (17) we have

(1 - (bmk + cmk)) (e —P||2 = dmk Il € —P||2 + 2y (U = Py X1 = D),

and thus

||emk _P”2+ <u_p!xmk+l —P)

%, — pII* <
k e + Ay g + Ay

d
< % Nlew, —plI* +2(t — P, X1 — ).
Ay,

Letting k — oo and using (19) and condition (i), we obtain

lim [y, = 0. (20)
k—o00

Also, since
”xkarl — Xy ”

= Amy llu — Xy I+ bmkﬂmk ”Gmkxmk — Xy I+ Comge oy ”I(mkxmk — Xy l

+ dmk e, = % |l
which together with (18) implies limy_, o [|%; +1 — %m, || = 0, and so
lim %41 —pll =0 (21)
k—o00

by virtue of (20). Consequently, we conclude limy_, o, || %% — p|| = 0 via (16) and (21). In addi-
tion, note that the condition liminf,,_, o, b,, = 0 is used to establish lim,,_, o, ||x, — G,.x,|| = 0
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and limy_, oo 1%, — Gy || = 0 in (12) and (18) respectively. However, both limits hold
trivially without this condition provided every S,, is the identity mapping I.
Next, we show that {y,} converges strongly to p too. Applying Lemma 2.4 to the follow-

ing inequality

ynse1 = X1 ll < anllt, — ull + (by + Cn)”yn =%l + dullv, — el

= (1_("171 +dn))||yn _xn” +an||un _u” +dn||Vn _en”

for all n € N, we see that lim, .« ||y, — #,| = 0, and hence lim,_. y, = p follows. This

completes the proof. d
The following lemma is easily proved and so its proof is omitted.

Lemma 3.3 For any n € N, suppose that S,, = (1 — u,)I + £,G, and T,, = (1 — A)I + A,K,
are averaged self-mappings on a nonempty closed convex subset C of H such that condition
(3.1) holds. Then {S,} and {T,} satisfy condition (3.2) if and only if {G,} and {K,,} satisfy
condition (3.2).

If the sequence {S,} (resp. {T,}) of averaged mappings consists of a single mapping S
(resp. T), then {S,} and {T}} obviously verify conditions (3.1) and (3.2), and hence from

Lemma 3.3 we have the following corollary.

Corollary 3.4 Suppose S and T are two averaged self-mappings on a nonempty closed
convex subset C of H with Q = F(S) N F(T) # &, and suppose that {a,}, {b,}, {c,} and {d,;}
are sequences in [0,1] with a, + b, + ¢, + d, =1 and a, € (0,1) forall n € N, and {e,} and
{v,.} are two bounded sequences in C. For an arbitrary norm convergent sequence {u,} in C

with limit u, start with an arbitrary x, = y; € C and define two sequences {x,} and {y,} by

X1 = apth + b, Sx, + ¢, Tx, + dey;

Vil = Aulhy + by Syy + ¢ Tyy + dyvy.

Then both of {x,} and {y,} converge strongly to Pqu provided the following conditions are
satisfied:

d o0 oo
(i) lim a,= lim = =0, Zan:oo, Zdn<oo;
n=1 n=1

n—00 n—>o00 dq,
(i) liminfb, >0, liminfc, > 0.
n— 00 Hn—> 00

Moreover, when S is the identity mapping I, the result still holds without the condition

liminf,_, o b, > 0.

Theorem 3.5 Forany n € N, suppose S,, and T, are firmly nonexpansive self-mappings on
a nonempty closed convex subset C of H with 2 := (2, F(S,) "oy F(T,) # @, satisfying
condition (3.2). Suppose further that {a,}, {b,}, {c.} and {d,} are sequences in [0,1] with
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ay+b,+c,+d,=1anda, €(0,1) forall n € N, and {e,} and {v,} are two bounded se-
quences in C. For an arbitrary norm convergent sequence {u,} in C with limit u, start with
an arbitrary x1 = y1 € C and define two sequences {x,} and {y,} by

Ks1 = Aplh + b Syxy + € Ty + dye;

Yn+l = Gy + bnSnyn +Cy Tnyn + ngn'

Then both of {x,} and {y,} converge strongly to Pqu provided the following conditions are

satisfied:
N . dy = =
O Jmeslng =0 Lmzeo Qs
(ii)) liminfb, >0, liminfc, > 0.
n— 00 n— 00

Moreover, when every S,, is the identity mapping I, the result still holds without the condi-
tion liminf,_. o b, > 0.

Proof Since any firmly nonexpansive mapping is 3-averaged, condition (3.1) holds, and
hence by Lemma 3.3 we see that all the requirements of Theorem 3.2 are verified. There-
fore, the desired conclusion follows. O

If S, =Iand d, = 0 for all » € N in Theorem 3.2, then we have the following corollary.

Corollary 3.6 Suppose, foralln e N, that T,, = 1—*,)I + ), K, is an averaged self-mapping
on a nonempty closed convex subset C of H with Q = ﬂ;’il F(T,) #92,andlim, oo Ay, = A €
(0,1), and assume that condition (3.2) holds for {I} and {T,}. Suppose further that {a,},
{b,} and {c,} are sequences in [0,1] with a, + b, + ¢, =1 and a, € (0,1) for all n € N. Let
{a,} be a sequence in (0,00). For an arbitrary fixed u € C, start with an arbitrary x, € C
and define

Kps1 = Aplh + bpxy + ¢, Tyx,, neN.

Then the sequence {x,} converges strongly to Pqou provided the following conditions are

satisfied:
[o¢]
lim a, =0, E a, = 00, liminfc, > 0.
n— 00 1 n— 00
P

Corollary 3.7 Suppose, foralln € N, that T, = (1-X,)] + 1,K,, is an averaged self-mapping
on Hwith 2= (2, F(T,) # 2, and lim,_. oo A, = X € (0,1), and assume that condition (3.2)
holds for {I} and {T,}. Suppose further that {a,}, {b,} and {c,} are sequences in [0,1] with
ay+b,+c,=1anda, € (0,1) for all n € N, and that {e,} is a bounded sequence in H. Let
{a,,} be a sequence in (0,00). For an arbitrary fixed u € H, start with an arbitrary x; € H
and define

KXps1 = Aplh + bpxy, + ¢, Tyx, +e,, neN.
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Then the sequence {x,} converges strongly to Pou provided the following conditions are
satisfied:

[o¢]
(i) lima,=0, E a, = 00, liminfc, > 0;
n—00 1 n— 00
n=

o0
) e
(ii) either lim lexl =0 or Z||e,,|| < 00.
n=1

n—co a,

Proof Put p = Pqu. Let z; = x; and define a sequence {z,} iteratively by
Zpel = Aph + bz + ¢, Tyzy.

We have lim,,_, » 2z, = p by Corollary 3.6. Since

%51 — Znat | < bulln — zull + Cull Tty — Tzull + llexl]
< (b + cu)lln = zall + llenll

= (L—ay)llw, — zull + llexlls (22)
the limit lim,,—, o ||%, — 24| = O follows by applying Lemma 2.4 to (22), and thus,

lim x, = p. O
n— 00
4 Applications
In this section, we shall apply some of the strong convergence theorems in Section 3 to
approximate a solution of the split feasibility problem, a common zero of maximal mono-
tone operators, a minimizer of a proper lower semicontinuous convex function, and to
study the related equilibrium problem.
Xu [2] transformed SFP (1) to the fixed point problem of the operator (3):

Pc(I-yA*(I-Po)A).
He proved Lemma 4.1 below.

Lemma4.1[2] A pointx* € H; solves SFP (1) ifand only if x* is a fixed point of the operator
(3): Pc(I — yA*(I — Pgp)A).

Moreover, in the proof of Theorem 3.6 of [2], Xu showed the following lemma.

Lemma 4.2 [2] Foranyy e Rwith0<y < W, the operator (3): Pc(I — yA*(I — Pg)A) is
—2+VJL‘A||2 -averaged.

Invoking Lemmas 4.1 and 4.2, we obtain the theorem below from Corollary 3.4 by
putting S =7 and T = Pc(I - yA*(I — Pg)A) for all m e N.

Theorem 4.3 Let C and Q be nonempty closed convex subsets of two Hilbert spaces H;
and H, respectively, and let A : Hy — Hy be a bounded linear mapping. Put T = Pc(I —
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yA*(I — Pq)A), where y satisfies 0 <y < ||AH2 Suppose that the solution set Q of SFP (1)
is nonempty, and suppose further that {a,}, {b,}, {c,} and {d,} are sequences in [0,1] with
an+by+c,+d,=1anda, €(0,1) forall n € N, and that {e,} is a bounded sequence in C.
For an arbitrary fixed u € C, start with an arbitrary x; € C and define the sequence {x,} by

Xprl = Aplh + byx, + ¢, Ix,, + de,.

Then {x,} converges strongly to Pou provided the following conditions are satisfied:

d [ee] o0
(i) lim a,= lim = =0, Za,,:oo, Zdn<oo;

n—00 n—00 ﬂn

(i) liminfc, > 0.
n— 00
When the point « in the above theorem is taken to be 0, we see that the limit point v of
the sequence {x,} is the unique minimum norm solution of SFP (1), that is, ||v|| = min{x:
x e Q).
Here, readers may compare the above theorem with Theorem 3.6 of [2], which says, for
O<yc< IAH2 and sequence {a,} in [0

0
Zan( 2 dn>:OO,
2+ y|Al

n=1

4 . .
» W] satlsfymg

that the sequence {x,,} generated by
Xpe1 = (1 —ap)x, + a,,PC(I - yA*(I - PQ)A)xn

converges weakly to a solution of SFP (1) provided the solution set of SFP (1) is nonempty.
It is also interesting to compare Theorem 4.3 with Theorem 5.5 of [2] and Theorem 3.1
of [5]. Our method is different from those in [2] and [5] even in the case of u = 0, because
our algorithm contains an error term and uses the operator Pc(I — yA*(I — Pg)A) directly
without any regularization.

Theorem 4.4 Let C and Q be nonempty closed convex subsets of two Hilbert spaces H, and
‘H, respectively, and let A, B be bounded linear mappings from H; to H,. Put S =Pc(I -
yB*(I — Pg)B) and T = Pc(I — yA*(I — Pg)A), where y satisfies 0 < y < min{—25 T IAHZ}
Suppose the solution set Q of SFP (5) is nonempty, and suppose further that {a,}, {b,}, {c,}
and {d,} are sequences in [0,1] with a, + b, +c, +d, =1, and a, € (0,1) forall n e N, and
that {e,} is a bounded sequence in C. For an arbitrary fixed u € C, start with an arbitrary
x1 € C and define the sequence {x,} by

X1 = aplh + b, Sx, + ¢, Tx,, + de,.

Then {x,} converges strongly to Pou provided the following conditions are satisfied:

d [ee] o0
(i) lim a,= lim —= =0, Za,,:oo, Zdn<oo;

n—00 n—00 ﬂn

(i) liminfb, >0, liminfc, > 0.
n— 00 n— 00
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Proof 1t is clear that this theorem follows from Lemmas 4.1 and 4.2 and Corollary 3.4.

Replacing S, and T, in Theorem 3.2 with the resolvents ]gn and ];“n of two maximal

monotone operators B and A respectively, we have Theorem 4.5 below.

Theorem 4.5 Suppose that B and A are two maximal monotone operators on H with
B0 N A0 # @, and suppose that {a,}, {b,}, {c,} and {d,} are sequences in [0,1] with
ap+b,+c,+d, =landa, € (0,1) foralln € N. Let {«,,} and {8,,} be sequences in (0, 00), and
let{e,} and {v,} be two bounded sequences in H. For an arbitrary norm convergent sequence
{u,} in H with limit u, start with an arbitrary x; = y, € H and define two sequences {x,}

and {y,} by

B A .
Xns1 = Aplh + byufg X + Culy, Xn + dney;

Vn+l = Ay + bnlgnyn + Cn];lnyn + ngn-

Then both of the sequences {x,} and {y,} converge strongly to Pg-13n4-1ou provided the fol-

lowing conditions are satisfied:

d o0 oo
. . . n
(i) nhﬁrg() a, = nlglolo a =0, ;an =00, ;d,, < 00;
(i) liminfb, >0, liminfc, > 0;
n— 00 n— 00
(iii) liminfea, >0, liminf 8, > 0.
n—00 n—00

Proof Since all the requirements of Theorem 3.2 are satisfied except conditions (3.1) and
(3.2), we have to check these two conditions. For any n € N, let S, = ]gn and T, = ]g‘ﬂ. By
Lemma 2.1(b), we have B~10 = F(S,) and A0 = F(T,) for all # € N. Moreover, since all S,,
and T, are firmly nonexpansive, all of them are %—averaged, so condition (3.1) is satisfied
with p, = A, = % for all n € N. According to Lemma 3.3, it remains to prove that condition
(3.2) holds for {]gn} and {]D‘j‘n}. Since condition (iii) holds, we may assume that there is
T €(0,1) such that 7 <, and 7 < B, for all m € N. Let k1(n) = 2 + * and ka(n) = 2 + ﬂT”
Then, by virtue of the resolvent identity and the nonexpansiveness of ]j}m, one has for all

m € N that

Vax =Tl =

A [ %m Um \ 14 A
—x+(1-— x| =], x
]am ( Ay ( Oy )ja,, ) ]am

el = (12 ) -
ay

=

’

(7
1_2m
oy

and thus
V=5 < o = Teo %

< (1+“_m+1) A x—x]
oy

|+ 2,2 =]

< <2 + Ol?m) ||]2nx—x|| :/q(m)”];‘nx—x”, Vn>m,Vx € H.

Page 14 of 20
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The same argument shows for all m € N that

||]gmx—x|| §/<2(m)||]§nx—x , Vn>mVxeH.

Therefore, condition (3.2) is true for {]jﬂ} and {]gn}. a

Putting T}, = /g)n in Corollary 3.6 (resp. Corollary 3.7) and noting that {/} and {]g}}7 } verifies
condition (3.2) due to liminf,_, » o, > 0, we obtain the following two corollaries.

Corollary 4.6 Suppose that A is a maximal monotone operator on H with A0 # @, and
suppose that {a,}, {b,} and {c,} are sequences in [0,1] with a,, + b, + ¢, =1 and a,, € (0,1)

for all n € N. Let {«,} be a sequence in (0,00). For an arbitrary fixed u € H, choose an

arbitrary x, € H and define
Kysl = Aplh + bpX, + cn]:,‘nxn, neN,

Then the sequence {x,} converges strongly to P,-1yu provided the following conditions are

satisfied:
[o¢]
lim a, =0, E a, = oo, liminfc, > 0, liminfa, > 0.
n—00 1 n—00 n—00
e

Corollary 4.7 [16] Suppose that A is a maximal monotone operator on H with A0 # @,
and suppose that {a,}, {b,} and {c,} are sequences in [0,1] with a,, + b, + ¢, =1 and a, €
(0,1) for all n € N. Let {a,} be a sequence in (0,00), and let {e,} be a bounded sequence
in H. For an arbitrary fixed u € H, choose an arbitrary x, € H and define

KXpsl = Aplh + bpxy, + cn];“nx,, +e, nelN.

Then the sequence {x,} converges strongly to P,-1yu provided the following conditions are
satisfied:

o0
(i) lim a,=0, E a, = 00, liminf¢, > 0, liminfa,, > 0;
1 n—00 n—00
=

n—00

o0
i e
(ii) either lim | n”:O or E llex |l < oo.
n=1

n—00

Let f : H — (—00,00] be a proper lower semicontinuous convex function. The set of

minimizers of f is defined to be
argminf(y) = {z eH:f(x) <f(y)forallye H},
yeH
and the subdifferential of f is defined as

of ) = [z € H: (y—x,2) <f() —f(x), ¥y € H}
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for all x € H. As shown in Rockafellar [23], df is a maximal monotone operator. Moreover,

one has

0€df(z) < zeargminf(y),
yeH

that is,

(8f)710 = arg minf ().
yeH

Hence argmin, 4, f(y) = F (]oalf ) for any « > 0, and then invoking Corollary 4.6, we obtain

the following theorem.
Theorem 4.8 Let f : H — (—00,00] be a proper lower semicontinuous convex function,
and suppose that {a,}, {b,} and {c,} are sequences in [0,1] with a,, + b, + ¢, =1 and a, €

(0,1) for all n € N. Let {«,} be a sequence in (0,00), and put Q = argminyer(y). For an
arbitrary fixed u € H, choose an arbitrary x, € H and define

Kpsl = Aplh + bpx, + cnlgﬁxn. (23)

Then the sequence {x,} converges strongly to Pou provided the following conditions are
satisfied:

o0
(i) lim a,=0, Za,, = 00;
n=1

n—00
(i) liminfc, >0, liminfe,, > 0.
n—00 n— o0

For any n € N, define g, : H — (—00, 00] by

2
|z — 2l

1
an(2) =f(2) + 2, |

for all z € H. Then we have, for any z € H,
1
dgn(2) = 0f (2) + a—(z — %),
cf. [24]. Hence,

ze(3g)™0 & 0edg.(z)
& 0€df(n)+ ai(z—xn)

& xy,€z+0,0f(2) = ([ +a,f)(2)

& z=(I +a,df) %, =]3£xn.
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This means that ]gfxn = argmin, .4, g,(y) = argmin, 4, {f(y) + ﬁ lly — %,]%}, and thus the
iterative scheme (23) is can be replaced with

1
2w,

IIJ'—xnIIZ}.

Xpi1 = Aplh + byx, + ¢, argmin {f(y) +
yeH

Letf: C x C — R. An equilibrium problem is the problem of finding € C such that
f&y)=0, VyeC,

whose solution set is denoted by EP(f). For solving an equilibrium problem, we assume
that the function f satisfies the following conditions:

(A1) f(x,x)=0,Vx € C;

(A2) f is monotone, that is, f(x,y) + f(y,x) <0, Vx € C;

(A3) forallx,y,z € C, limsup, o f((1-t)x +tz,y) < f(x,y);

(A4) forallx € C, f(x,-) is convex and lower semicontinuous.

The following lemma appears implicitly in Blum and Oetti [25] and is proved in detail
by Aoyama et al. [26], while Lemma 4.10 is Lemma 2.12 of Combettes and Hirstoaga [27].

Lemma 4.9 [25,26] Letf:C x C — R be a function satisfying conditions (Al)-(A4), and
let r > 0 and x € H. Then there exists a unique z € C such that

1
Sfzy) + ;()/—Z,Z—x) >0, VyeC.

Lemma 4.10 [27] Let f : C x C — R be a function satisfying conditions (Al)-(A4). For
r>0,deﬁne]f:?—[—> C by

Fx= {zeC:f(z,y)+ %(y—z,z—x) ZO,VyeC}

forall x € H. Then the following hold:
(a) ]f is single-valued;
(b) His firmly nonexpansive;
(c) FU) =EP(f);
(d) EP(f) is closed and convex.

We call 7/ the resolvent of f for r > 0. Using Lemmas 4.9 and 4.10, Takahashi et al. [15]
established the lemma below.

Lemma 4.11 [15] Let f : C x C — R be a function satisfying conditions (Al)-(A4) and
define a set-valued mapping of H into itself by

{zeH: f(x,y) > (y—x2),VyeC}, VxeC(C,

Gr(x) =
9, Vx ¢ C.

Then the following hold.:
(@) Gy is a maximal monotone operator with D(Gy) C C;
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(b) EP(f) = G;'0;
(© /7% =FxforallxeH.

Theorem 4.12 Let C be a nonempty closed convex subset of H and let f;: C x C — R,
i = 1,2, be functions satisfying conditions (A1)-(A4) with EP(f;) N EP(f;) # &. Suppose that
{an}, {bn}, {c,} and {d,} are sequences in [0,1] with a,, + b, + ¢, + d,, =1 and a, € (0,1)
foralln e N. Let {a,} and {B,} be sequences in (0,00), and let {e,} be a bounded sequence
in ‘H. For an arbitrary fixed u € H, choose an arbitrary x, € H and define

2
Xl = Aplh + b,,f;nx,, + c,,]élnx,, +d,e,, neN.

Then the sequence {x,} converges strongly to Pep(;)nep(s,)u provided the following conditions
are satisfied:

o0 oo
. . . n
(i) lim a,= lim — =0, E a, = 00, E d, < o0;
n—00 n—00 (1, : 1
n= n=

(i) liminfb, >0, liminfc, > 0;
n— o0 n—00

(iii) liminfea, >0,
n— 00

liminf 8, > 0.

n—00
Proof The set-valued mappings Gy associated with f;, i = 1,2, defined in Lemma 4.11 are
maximal monotone operators with D(Gy,) € C, and it follows from Lemmas 4.10 and 4.11
that],Gfi =]f and F(],Gfi) = F(frfi) = EP(f}) = GfilO for any r > 0. Putting B = Gp, and A = G
in Theorem 4.5, the desired conclusion follows. O

Here, it is worth mentioning, just as the SFP, that the unique minimum norm solution
can be obtained through our algorithm for each of the minimization problem and the
equilibrium problem by taking # = 0 in Theorems 4.8 and 4.12.

For a nonempty closed convex subset C of H, its indicator function ¢¢ defined by

0, xeC;
te(x) =
oo, x¢C,

is a proper lower semicontinuous convex function and its subdifferential d.c defined by
dicx)={zeH:(y-x2) <ic(y) - clx), ¥y € H}

is a maximal monotone operator, ¢/ Rockafellar [23]. As shown in Lin and Takahashi [28],
the resolvent ]ralc of 3¢ for r > 0 is the same as the metric projection P¢, and (3:¢)™0 = C.

Theorem 4.13 Let C;, i = 1,2, be two nonempty closed convex subsets of H with C; N
C, # &. Suppose that {a,}, {b,}, {c,} and {d,} are sequences in [0,1] witha, + b, +c,+d, = 1
and a, € (0,1) for all n € N. Let {e,} be a bounded sequence in ‘H. For an arbitrary fixed
u € H, choose an arbitrary x; € H and define

Xps1 = Anlh + by Py %y + ¢, Pc %y + dye,, ne N

Page 18 of 20
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Then the sequence {x,} converges strongly to Pc,nc,u provided the following conditions are

satisfied:
N . dy = =
(i) lim a, = lim r 0, HE_I a, =00, nz_l d,, < 00;
(i) liminfb, >0, liminfc, > 0.
n— 00 n— 00

Proof Putting A = dic, and B = dic, in Theorem 4.5, the desired conclusion follows. [
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