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1 Introduction-Preliminaries
Normal Mann iterative scheme is an important iterative scheme to study the class of non-
expansive mappings [1]. However, the normal Mann iterative scheme is only weak conver-
gence for nonexpansive mappings; see [2—4]. In many disciplines, including economics [5]
and image recovery [6], problems arise in infinite dimensional spaces. In such problems,
strong convergence is often much more desirable than weak convergence, for it translates
the physically tangible property. Strong convergence of iterative sequences properties has
a direct impact when the process is executed directly in the underlying infinite dimen-
sional space. Recently, with the aid of projections, many authors studied Mann iterative
schemes. Theoretically, the advantage of projection methods is that strong convergence of
iterative sequences can be guaranteed without any compact assumptions. The purpose of
this paper is to study a modified Mann iterative scheme. Strong convergence of the scheme
is obtained in a reflexive Banach space.

Let E be a real Banach space, let C be a nonempty subset of E, and let T: C — C be a
mapping. In this paper, we use F(T') to denote the fixed point set of T'. Recall that T is said
to be asymptotically regular on C iff for any bounded subset K of C,

limsup{ || Ty — T”x” (X € K} =0.
n— 00

Recall that T is said to be closed iff for any sequence {x,} C C such that lim,_, . x, = %o
and lim,,—, » Tx, = yo, then Txy = yo. In this paper, we use — and — to denote the strong
convergence and weak convergence, respectively.

Recall that 7 is said to be nonexpansive iff

ITx - Tyl < llx-yll, VYxyeC.
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T is said to be quasi-nonexpansive iff F(T) # ¥, and
lp=Tyl <lp-yl, VpeF(T),VyeC.

T is said to be asymptotically nonexpansive iff there exists a sequence {k,} C [1, 00) with
k, — 1 as n — oo such that

|T"% - T"y| <kullx=yl, Vx,yeCV¥n=1.

T is said to be asymptotically quasi-nonexpansive iff F(T') # ¥ and there exists a sequence
{k,} C [1,00) with k, — 1 as n — oo such that

lp=T"y| <kalp-»ll, ¥peF(T),VyeC,Vn>1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [7]
in 1972. In uniformly convex Banach spaces, they proved that if C is nonempty, bounded,
closed, and convex, then every asymptotically nonexpansive self-mapping 7" on C has a
fixed point. Further, the fixed point set of T is closed and convex. Since 1972, a host of
authors have studied the weak and strong convergence of iterative schemes for such a
class of mappings.

Recall that T is said to be asymptotically nonexpansive in the intermediate sense iff it is
continuous and the following inequality holds:

limsup sup (| 7%¢ - T"y| - lx - yIl) <O0.

n—-oo xyeC

T is said to be asymptotically quasi-nonexpansive in the intermediate sense ift F(T) # ¢}
and the following inequality holds:

limsup sup (|p-T"y| - llp-yl) <o0.
n—o0 peF(T),yeC

The class of the mappings that are asymptotically nonexpansive in the intermediate sense
was considered by Bruck et al. [8] and Kirk [9]. It is worth mentioning that the class of
mappings which are asymptotically nonexpansive in the intermediate sense may not be
Lipschitz continuous. However, asymptotically nonexpansive mappings are Lipschitz con-
tinuous. For the existence of the mapping, we can find the details in [9].

In [10], Nakajo and Takahashi first investigated fixed point problems of nonexpansive
mappings based on hybrid projection methods in the framework of Hilbert spaces. Sub-
sequently, many authors investigated fixed point problems of nonlinear mappings based
on the methods in the framework of Hilbert spaces. The advantage of the method is that
strong convergence of iterative sequences can be guaranteed without any compact as-
sumptions.

Let E be a Banach space with the dual E*. We denote by J the normalized duality mapping
from E to 2" defined by

Jr = {f* € s () = 1l = |},
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where (-, ) denotes the generalized duality pairing. A Banach space E is said to be strictly
convex if ||%|| <1forall %,y € E with |lx|| = ||y|| =1 and x # y. It is said to be uniformly
convex if lim,—, « ||l%, — ¥, || = O for any two sequences {x,} and {y,} in E such that ||x,|| =
l721l =1 and lim,,, o, ||’%|| =1. Let Ug = {x € E : ||x|| = 1} be the unit sphere of E. Then

the Banach space E is said to be smooth provided lim;_, o ”x”yit”_”x”

exists for each x,y € Ug.
Itis also said to be uniformly smooth if the above limit is attained uniformly for x,y € Ug. It
is well known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous
on each bounded subset of E. It is also well known that E is uniformly smooth if and only
if E* is uniformly convex.

Recall that a Banach space E enjoys the Kadec-Klee property if for any sequence {x,} C E,
and x € E with x,, — x, and ||x,|| — ||x|, then ||x, —x|| — 0 as n — 00. For more details
on the Kadec-Klee property, the readers can refer to [11] and the references therein. It is
well known that if E is a uniformly convex Banach space, then E enjoys the Kadec-Klee
property.

As we all know, if C is a nonempty closed convex subset of a Hilbert space H and
Pc : H— C is the metric projection of H onto C, then P is nonexpansive. This fact ac-
tually characterizes Hilbert spaces and, consequently, it is not available in more general
Banach spaces. In this connection, Alber [12] recently introduced a generalized projec-
tion operator Il¢ in a Banach space E which is an analogue of the metric projection in
Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional defined by

¢(,y) = %1 = 2(x,Jy) + Iyl forx,yeE.

Observe that, in a Hilbert space H, the equality is reduced to ¢(x,y) = ||lx — |1, x,y € H.
The generalized projection Il¢ : E — C is a map that assigns to an arbitrary point x € E
the minimum point of the functional ¢(x,y), that is, [Tcx = X, where X is the solution to

the minimization problem
¢(x,x) = min p(y, x).
yeC

The existence and uniqueness of the operator Il follows from the properties of the func-
tional ¢(x, ¥) and strict monotonicity of the mapping /; see, for example, [11-13]. In Hilbert
spaces, I1¢ = Pc. It is obvious from the definition of a function ¢ that

(el = 191)* < ¢(x9) < (Iyll + x1)*,  Vay € E 1.1)

and

o,y =dx,2) + P(z,y) +2(x —z,Jz - Jy), Vx,y,z€E. (1.2)

Remark 1.1 If E is a reflexive, strictly convex, and smooth Banach space, then for x,y € E,
¢(x,9) = 0 if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From
(2.1), we have ||x|| = ||y[l. This implies that (x,/y) = %[> = [Jy||>. From the definition of /,

we have Jx = Jy. Therefore, we have x = y; see [11] for more details.
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Let C be a nonempty closed convex subset of E, and let T be a mapping from C into itself.
A point p in C is said to be an asymptotic fixed point of T [14] if C contains a sequence
{x,} which converges weakly to p such that lim,_, » ||x, — Tx,|| = 0. The set of asymptotic
fixed points of T will be denoted by E(T). A mapping T from C into itself is said to be
relatively nonexpansive [15, 16] if E(T) = F(T) # @ and ¢(p, Tx) < ¢(p,x) for all x € C and
p € F(T). The mapping T is said to be relatively asymptotically nonexpansive [17, 18] if
E(T) = F(T) # () and there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such
that ¢(p, Tx) < k,¢(p,x) for all x € C, p € F(T) and n > 1. The asymptotic behavior of
relatively nonexpansive mappings was studied in [14—16].

The mapping T is said to be quasi-¢-nonexpansive [19] if F(T) # ¥ and ¢(p, Tx) < ¢(p, %)
for all x € C and p € F(T). T is said to be asymptotically quasi-¢-nonexpansive [20-22]
if F(T) # @ and there exists a sequence {k,} C [0,00) with k, — 1 as n — oo such that
o, Tx) < k,¢(p,x) forallx e C,pe F(T) and n > 1.

Remark 1.2 The class of asymptotically quasi-¢-nonexpansive mappings is more general
than the class of relatively asymptotically nonexpansive mappings, which requires the re-
striction: F(T) = E(T).

T is said to be asymptotically quasi-¢-nonexpansive in the intermediate sense [23] if
F(T) # % and

limsup sup (¢ (p, T"x) — ¢(p,x)) <O. (1.3)

n—>0o0 peF(T)xeC

Put

&= max{O, sup (¢(p, T"x) - o(p, x)) }

PpeF(T)xeC

It follows that &, — 0 as # — oo. Then (1.3) is reduced to the following:
¢(p, T"x) <p(p,x) + &, Vp e F(T),VxeC. (1.4)

Remark 1.3 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense is a generalization of the class of asymptotically quasi-nonexpansive mappings
in the intermediate sense in the framework of Banach spaces.

Let E = R! and C = [0, 1]. Define the following mapping T : C — C by

- 1%, x€[0,1],
0, xe(31]

Then T is an asymptotically quasi-¢-nonexpansive mapping in the intermediate sense
with the fixed point set {0}. We also have the following

n n n n 2 1 1
("%, T"y) = |T"x - T"y|" = ﬁ|x—y|2§ x—y* =9y, Vxye [0,5}

O(T"%,T"9) = | T"x = T")|" =0 < lx =y = p(x.7), Vaye <%1]
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and

¢(T"%, T") = |T"x - T"y|°

2

?x—o

(Lo L)
1oL
=\

1 2
< _ i
< (Ix y|+2,,>

<lx-y* +&,

= ¢(x,9) V. 01 v 11
= ¢(x,y) + &y, xe[,i],%(i, ]

where &, = 2% + 2,,%1 Hence, we have ¢(T"x, T"y) < ¢(x,9) + &,, Vx,y € [0,1].

Recently, Matsushita and Takahashi [24] first investigated fixed point problems of rela-
tively nonexpansive mappings based on hybrid projection methods. A strong convergence
theorem was established in a uniformly convex and uniformly smooth Banach space. To

be more precise, they proved the following result.

Theorem MT Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into
itself, and let {o,} be a sequence of real numbers such that 0 < o, < 1andlimsup,,_, . o, <1.

Suppose that {x,} is given by

xo=x€C,

Y =T Sy + (1 — )] Txy),

H, ={z€ C:¢(z,y1) < ¢(z,x0)},
Wn={z€ C:{xy —z,Jx — Jx,) > 0},

Xp1 = p,nw,®, n=0,1,2,...,

where ] is the duality mapping on E. If F(T) is nonempty, then {x,} converges strongly to
Prryx, where Prry is the generalized projection from C onto F(T).

Recently, Su and Qin [25] introduced a monotone projection method for computing
fixed points of nonexpansive mappings. A strong convergence theorem was established in
the framework of Hilbert spaces; for more details, see [25]. Takahashi et al. [26] further
introduced the shrinking projection method for nonexpansive mappings; for more details,
see [26]. Subsequently, a lot results were obtained on the two methods in Hilbert spaces
or Banach spaces; see [27-38] and the references therein.

Motivated by the above results, some fixed point theorems of asymptotically quasi-
¢-nonexpansive mappings based on hybrid projection methods were established in the
framework of Banach spaces.

In this paper, motivated by Matsushita and Takahashi [24], Su and Qin [25] and Taka-
hashi et al. [26], we investigate a fixed point problem of an asymptotically quasi-¢-
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nonexpansive mapping in the intermediate sense. A strong convergence theorem is es-
tablished in a reflexive, strictly convex, and smooth Banach space such that both E and E*
have the Kadec-Klee property. The results improve and extend the corresponding results
in the literature.

For our main results, we need the following lemmas.

Lemma 1.4 [12] Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty, closed, and convex subset of E, and let x € E. Then

¢y, Mex) + p(Mex, x) < Pp(y,x), VyeC.

Lemma 1.5 [12] Let C be a nonempty, closed, and convex subset of a smooth Banach space
E, and let x € E. Then xo = Ilcx if and only if

{xo —y,Jx = Jxo) >0, VyeC.

2 Main results

Theorem 2.1 Let E be a reflexive, strictly convex, and smooth Banach space such that both
E and E* have the Kadec-Klee property. Let C be a nonempty, closed, and convex subset of E.
Let T : C — C be an asymptotically quasi-p-nonexpansive mapping in the intermediate
sense. Assume that T is asymptotically regular on C and closed, and F(T) is nonempty and
bounded. Let {x,} be a sequence generated in the following manner:

xo0 € E chosen arbitrarily,

G =C,

x1 = [, xo,

Y =T ey + (1= o) T",),
Cu={z € Cu:9(2,yn) < P(2, %) + &n},

Xn+l = ch+1x1!

where

&= max{O, sup (q)(p, T”x) - o(p, x)) }

PpeF(T)xeC

If the sequence {w,} satisfies the restriction limsup,_, . o, <1, then the sequence {x,} con-
verges strongly to I1pcrx1, where Ty is the generalized projection from C onto F(T).

Proof The proof is split into six steps.
Step 1. Show that F(T) is closed and convex so that ITrr)x is well defined for any x € C.
Let p1,ps € F(T), and p = tp; + (1 — t)p,, where ¢ € (0,1). We see that p = Tp. Indeed, we
see from (1.2) that

¢(p1, T"p) = ¢(p1,p) + ¢ (0, T"p) + 2{p1 —p.Jp —JT"p)

and

¢ (p1, T"p) = d(pr,p) + ¢ (0, T"p) + 2{p1 — p,Jp — JT"p).
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It follows from the definition of T that

¢(p, T"p) <2(p—p1,Jp —JT"p) + &, (2.1)
and

¢(p, T"p) <2(p - p2,Jp —JT"p) + &n. (2.2)

Multiplying ¢ and (1 — ) on both sides of (2.1) and (2.2), respectively, yields that
lim,, o ¢(p, T"p) = 0. In light of (1.1), we arrive at

lim | 7] = |pl|. (2:3)
It follows that
lim [|[7(7"p)| = el (2.4)

Since E* is reflexive, we may, without loss of generality, assume that J(7"p) — g* € E*. In
view of the reflexivity of E, we find that there exists an element g € E such that Jg = g*. It
follows that

¢(p. T"p) = IpI* = 2(p. 1 (T"p)) + | T"p | = 21 - 2(p. (T"p)) + |1 (T"p) |
Taking liminf,_, o on both sides of the equality above, we obtain that

0= [pl* - 2(p.q*) + |*|
= lIlpl* - 2(p,Jq) + IJq|®
= pl* - 2(p.Jq) + llqll®
= ¢ 9.

This implies that p = ¢, that is, Jp = ¢*. It follows that J(T"p) — Jp € E*. In view of the
Kadec-Klee property of E*, we obtain from (2.4) that lim,_. |[J(T"p) — Jp|l = 0. Since
J7': E* — Eis demicontinuous, we see that 7"p — p. By virtue of the Kadec-Klee property
of E, we see from (2.3) that T"p — p as n — oco. Hence, TT"p = T"*\p — p asn — oo. In
view of the closedness of T, we can obtain that p € F(T). This shows that F(T) is convex.
Since T is closed, we can easily conclude that F(T) is also closed. This completes the proof
that F(T) is convex and closed.

Step 2. Show that C,, is closed and convex.

It is obvious that C; = C is closed and convex. Suppose that Cj, is closed and convex for
some /1 € N. We now show that Cj,; is also closed and convex.

For z1,zy € Cp,1, we see that z1,z, € Cy,. It follows that z = z; + (1 — £)zy € Cj,, where
t € (0,1). Notice that

d(z1,9n) < dlz1, %) + & (2.5)
and

& (z1,9n) < dlz1, 1) + & (2.6)
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Notice that (2.5) and (2.6) are equivalent to

2z, Ja = Jyn) < ol = Ny l® + & 2.7)
and

2(z2, Jon = Jyn) < loull” = 1w l1* + & (2.8)
Multiplying ¢ and (1 — £) on both sides of (2.7) and (2.8), respectively, yields that

2z Jxn = Jyn) < 1sll> = lyul® + &
That is,

&z, yn) < Pz, %1) + &

This implies that Cy,; is closed and convex. Then, for each n > 1, C, is closed and convex.
This shows that I1¢,,, x; is well defined.

Step 3. Show that F(T) C C,.

F(T) C C; = C is obvious. Suppose that F(T) C C, for some & € N. Then, Vw € F(T) C

Cy,, we have

dw,yn) = ¢(w,J (S + (1 — )] T"x1))

= W% = 2w, s + (1 — ) T"x) + |anfx, + (1 - ) T, ||

< [IWI1? = 20 (w, Jon) = 2(1 = ) w, JT"63) + an i I + (1 = )| T3 |
and(w,x) + (1 — o) (w, T"x5)
= p(w,xn) — (1= an)p(w,xp) + (1 — o) (B (w, ) + £4)

=< ¢(W:xh) + Sh»

This shows that w € Cy,;. This implies that F C C,.
Step 4. Show that lim,,_, «, ||%,, — X|| = 0, where x is some point in C.
In view of x, = Il¢c,%;, we see from Lemma 1.5 that
(xn_zjjxl_]xn) Zov Vze Cn'
It follows from F(T) C C, that
(xn - W:]xl _]xn> = 0) Vw e F(T) (29)

It follows from Lemma 1.4 that

& (xn,x1) = ¢(Ic,x1,%1)
< ¢(Ipryx1,%1) — d(T ey, %)

< ¢(I1p(ryx1, %1).
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This implies that the sequence {¢(x,,x;)} is bounded. It follows from (1.1) that the se-
quence {x,} is also bounded. Since the space is reflexive, we may assume that x,, — x.
Since C, is closed and convex, we find that x € C,,. On the other hand, we see from the
weak lower semicontinuity of the norm that

$Ex1) = I1%1” - 2(%,Jor) + |l ]1®
< limiinf(|ls 1 = 26 Jor) + l2]1%)

= liminf ¢ (x,,, x1)

n— 00
< limsup ¢(x,, x1)
n—o0

= ¢(~7_C)x1)y

which implies that lim,,—, oo ¢(x,,, %1) = (%, x1). Hence, we have lim,,_, o ||, || = [|%]|. In view
of the Kadec-Klee property of E, we find that x,, — x as n — oo. This completes Step 4.
Step 5. Show that x € F(T).
Since %, = ¢, % and %41 = ¢, %1 € Cyu1 C Cy, we find that ¢(x,,,%1) < @ (%41, %1).
This shows that {¢(x,,x1)} is nondecreasing. It follows from the boundedness that
lim,,, o (%, 1) exists. In view of construction of x,,,1 = I¢,,, %1 € Cy1 C C,,, we arrive at

¢(xn+1:xn) = ¢(xn+1’HC,,x1)
< (i1, %1) — (I, %1, %1)

= P(xs1,%1) — P4, %1).

This implies that

Jim & (Xi1,%4) = 0. (2.10)
In view of %1 = ¢, , %1 € Cy41, we find that

P15 Yn) < PXns1, %) + &
This in turn implies from (2.10) that

Tim §(5ue1,70) = 0. (211)
In view of (1.1), we see that

1im (el = llyall) = 0.
It follows that

Tim flyall = %]
This is equivalent to

Tim [y, = I (2.12)
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This implies that {Jy,} is bounded. Note that both E and E* are reflexive. We may assume
that Jy, — y* € E*. In view of the reflexivity of E, we see that J(E) = E*. This shows that
there exists an element y € E such that Jy = y*. It follows that

& (Xni1,Yn) = ||xn+l||2 = 2{%us1, Jyn) + ||yn||2 = ”xn+1”2 = 2(%pe1,Jyn) + ||])/n||2
Taking liminf,_, o on both sides of the equality above yields that

0> &% = 2% y*) + [[y* | = IZ1% = 2@ Jy) + Wl> = %1% = 2 y) + I911® = ¢(E,9)-

That is, ¥ = y, which in turn implies that y* = Jx. It follows that Jy, — Jx € E*. Since E*
enjoys the Kadec-Klee property, we obtain from (2.12) that

nli)rgo Jyn =J%.
On the other hand, we have

Wt = Jyull < Wtn = JxI + 1% = Jyull.
It follows that

nlglolo 1/xn = Jynll = 0. (2.13)
In view of

V=] (onfn + (1= )] T" %),
we find that

Jxw = yn = (1= at) (Jotn = JT"%,,).
In view of the restriction limsup,,_, ., &, < 1, we find from (2.13) that

Jim [|[7(7" %) = Joeu | = 0. (2.14)
Notice that

7(T"%0) = Jx|| < |J(T" %) = Ju]| + 1 = J].
This implies from (2.14) that

lim |[7(7"x,) - /& = 0. (2.15)
The demicontinuity of /! : E* — E implies that T"x, — x. Note that

7" = 130 = [ (") | = W] < [7(T" %) = T3]
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With the aid of (2.15), we see that lim,,_, , || 7"x,]|| = ||X||. Since E has the Kadec-Klee prop-
erty, we find that

lim || 7"x, - % = 0. (2.16)

n—00

Notice that
1T s, = x| < || T 200 = T || + | T2 — %
In view of the asymptotic regularity of T, we find from (2.16) that

i 7713, - 5] =0,
that is, TT"x, — x — 0 as n — o0. It follows from the closedness of T that Tx = x. This
completes Step 5.

Step 6. Show that x = [T¢(r)x;.

Letting n — 00 in (2.9), we arrive at

(x—w,Jx1 —Jx) >0, VweF(T).
It follows from Lemma 1.5 that X = ITr(7)%;. This completes the proof of Theorem 2.1. [J

Remark 2.2 The sets C,,; become increasingly complicated, which may render the algo-
rithm unimplementable. One may use an inner-loop for calculating an approximation of
IIc,,, at each iterative step. The advantage of the algorithm is that strong convergence of
iterative sequences can be guaranteed in a reflexive, strictly convex, and smooth Banach
space such that both E and E* have the Kadec-Klee property without any compact as-

sumptions.
If T is quasi-¢-nonexpansive, then Theorem 2.1 is reduced to the following.

Corollary 2.3 Let E be a reflexive, strictly convex, and smooth Banach space such that both
E and E* have the Kadec-Klee property. Let C be a nonempty, closed, and convex subset of
E.Let T:C — C be a quasi-¢-nonexpansive mapping with a nonempty fixed point set. Let
{x,} be a sequence generated in the following manner:

x9 € E  chosen arbitrarily,

G =C,

x1 = I xo,

Y =T Ny + (1= @) Txy),

Cunn ={z € Cy: 9(2,9n) = P(2, %)},

Xntl = 1_IC,H.lxl'

If the sequence {a,} satisfies the restriction limsup,,_, ., o, < 1, then the sequence {x,} con-
verges strongly to Ilpcrx1, where Iy is the generalized projection from C onto F(T).
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Remark 2.4 Corollary 2.3 mainly improves the corresponding results [24] in the follow-
ing aspects: (1) from the relatively nonexpansive mapping to the quasi-¢-nonexpansive
mapping; (2) from a uniformly convex and uniformly smooth Banach space to a reflexive,
strictly convex, and smooth Banach space such that both E and E* have the Kadec-Klee
property. The algorithm is also different from the one in [24].

If E is a Hilbert space, then we have the following result.

Corollary 2.5 Let E be a Hilbert space. Let C be a nonempty, closed, and convex subset
ofE.Let T : C — C be an asymptotically quasi-nonexpansive mapping in the intermediate
sense. Assume that T is asymptotically regular on C and closed and F(T) is nonempty and
bounded. Let {x,} be a sequence generated in the following manner:

x0 € E  chosen arbitrarily,
G =C,

x1 = Pc, %0,

In = opn + (1= 0n) T"%p,

Cu1=1{z€Cy: ||Z_yn||2 = ||Z_xn||2 +&4),

KXn+l = PC,mxh

where

£, = max[O, sup (|p-T"|" - llp —x||2)}~
PpeF(T)xeC

If the sequence {u,} satisfies the restriction limsup,,_, . a, < 1, then the sequence {x,} con-
verges strongly to Prryx1, where Pr(r) is the metric projection from C onto F(T).

Proof In Hilbert spaces, we find that J is the identity and ¢ (x, ) = ||x — y]|%. We can imme-
diately derive from Theorem 2.1 the desired conclusion. O

Remark 2.6 Corollary 2.5 can be viewed as an improvement of the corresponding result
in Suand Qin [38]. The mapping is extended from asymptotically nonexpansive mappings
to asymptotically quasi-nonexpansive mappings in the intermediate sense.

If T is quasi-nonexpansive, then we have the following result.

Corollary 2.7 Let E be a Hilbert space. Let C be a nonempty, closed, and convex subset
ofE. Let T : C — C be a quasi-nonexpansive mapping with a nonempty fixed point set. Let
{x,} be a sequence generated in the following manner:

x0 € E  chosen arbitrarily,

G =C,

x1 = Pc, xo,

Yn = Xy + (L= ) Ty,

Cuni ={z € Cy 2 llz=yull* < 2= 24ll?},

Xntl = PC,,ﬂxl'
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If the sequence {a,} satisfies the restriction limsup,,_, ., o, < 1, then the sequence {x,} con-
verges strongly to Prryx1, where Pr(r) is the metric projection from C onto F(T).

Proof In Hilbert spaces, we find that J is the identity and ¢(x, y) = ||x — y||2. We can imme-
diately derive from Theorem 2.1 the desired conclusion. O

Remark 2.8 Corollary 2.7 can be viewed as an improvement of the corresponding re-
sult in Nakajo and Takahashi [10]. The mapping has been extended from a nonexpansive

mapping to a quasi-nonexpansive mapping. The sets Q, have also been relaxed.
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