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Abstract

In this paper, we introduce iterative schemes based on the extragradient method for
finding a common element of the set of solutions of a generalized mixed equilibrium
problem and the set of fixed points of a nonexpansive mapping, and the set of
solutions of a variational inequality problem for inverse strongly monotone mapping.
We obtain some strong convergence theorems for the sequences generated by these
processes in Hilbert spaces. The results in this paper generalize, extend and unify
some well-known convergence theorems in literature.
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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||, and let C
be a nonempty closed convex subset of H. Let B: C — H be a nonlinear mapping and let
¢ : C — RU {+00} be a function and F be a bifunction from C x C to R, where R is the set
of real numbers. Peng and Yao [1] considered the following generalized mixed equilibrium
problem:

Finding x € C such that F(x,y) + ¢(y) + (Bx,y — x) > ¢(x). (1.1)
The set of solutions of (1.1) is denoted by GMEP(F, ¢, B). It is easy to see that x is a solution
of problem (1.1) implying that x € domg = {x € C: ¢(x) < +00}.

If B = 0, then the generalized mixed equilibrium problem (1.1) becomes the following
mixed equilibrium problem:

Finding x € C such that F(x,7) + ¢(y) > ¢(x). (1.2)
Problem (1.2) was studied by Ceng and Yao [2] and Peng and Yao [3, 4]. The set of solutions
of (1.2) is denoted by MEP(F, ¢).

If ¢ = 0, then the generalized mixed equilibrium problem (1.1) becomes the following
generalized equilibrium problem:

Finding x € C such that F(x,y) + (Bx,y —x) > 0. (1.3)
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Problem (1.3) was studied by Takahashi and Takahashi [5]. The set of solutions of (1.3) is
denoted by GEP(F, B).

If ¢ = 0 and B = 0, then the generalized mixed equilibrium problem (1.1) becomes the
following equilibrium problem:

Finding x € C such that F(x,y) > 0. (1.4)

The set of solutions of (1.4) is denoted by EP(F).
If F(x,y) = 0 for all w,y € C, the generalized mixed equilibrium problem (1.1) becomes
the following generalized variational inequality problem:

Finding x € C such that ¢(y) + (Bx,y —x) > ¢(x). (1.5)

The set of solutions of (1.5) is denoted by GVI(C, ¢, B).
If 9 = 0 and F(x,y) = 0 for all x,y € C, the generalized mixed equilibrium problem (1.1)
becomes the following variational inequality problem:

Finding x € C such that (Bx,y —x) > 0. (1.6)

The set of solutions of (1.6) is denoted by VI(C, B).
If B=0and F(x,y) = 0 for all x,y € C, the generalized mixed equilibrium problem (1.1)

becomes the following minimization problem:
Finding x € C such that ¢(y) > ¢(x). 1.7)

Problem (1.1) is very general in the sense that it includes, as special cases, optimization
problems, variational inequalities, minimax problems, Nash equilibrium problems in non-
cooperative games and others, see for instance, [1-7].

For solving the variational inequality problem in the finite-dimensional Euclidean
spaces, in 1976, Korpelevich [8] introduced the following so-called extragradient method:

X=X € C,
Yn = PC(xn - )\an); (18)
X1 = Pc(x, — )LByn)

for every n=0,1,2,..., A € (0, %), where C is a closed convex subset of R”, B: C — R" is
a monotone and k-Lipschitz continuous mapping, and P¢ is the metric projection of R”
into C. She showed that if VI(C, B) is nonempty, then the sequences {x,} and {y,}, gen-
erated by (1.8), converge to the same point x € VI(C,A). The idea of the extragradient
iterative process introduced by Korpelevich was successfully generalized and extended
not only in Euclidean but also in Hilbert and Banach spaces, see, e.g., the recent papers of
He et at. [9], Géarciga Otero and Iuzem [10], Solodov and Svaiter [11], Solodov [12]. More-
over, Zeng and Yao [13] and Nadezhkina and Takahashi [14] introduced some iterative
processes based on the extragradient method for finding the common element of the set
of fixed points of nonexpansive mappings and the set of solutions of a variational inequal-
ity problem for a monotone, Lipschitz continuous mapping. Yao and Yao [15] introduced
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an iterative process based on the extragradient method for finding the common element
of the set of fixed points of nonexpansive mappings and the set of solutions of a variational
inequality problem for a k-inverse strongly monotone mapping. Plubtieng and Punpaeng
[16] introduced an iterative process, based on the extragradient method, for finding the
common element of the set of fixed points of nonexpansive mappings, the set of solutions
of an equilibrium problem and the set of solutions of a variational inequality problem for
a-inverse strongly monotone mappings.
In 2003, Takahashi and Toyoda [17], introduced the following iterative scheme:

X1 = Ay + (L= 0,)SPc(xy — A T,), (19)

where {«,} is a sequence in (0,1), and {A,} is a sequence in (0, 2«). They proved that if
F(S) N VI(A) # §, then the sequence {x,} generated by (1.9) converges weakly to some
z € F(S) N VI(A). Recently, Zeng and Yao [18] introduced the following iterative scheme:

xo=x€C,
Yn = Pc(xn = AnXn), (1.10)
Xptl = OpXo + (1 - an)SPC(xn - )\nAyn)r

where {A,} and {«,} satisfy the following conditions: (i) A,k C (0,1 - §) for some § € (0,1)
and (ii) @, C (0,1), Yo7, @y = 00, lim,,_, @, = 0. They proved that the sequence {x,} and
{yx} generated by (1.10) converges strongly to the same point Prs)nvyc,a)¥o provided that
limy,, o [[%ps1 — %l = O.

In 2006, Nadezhkina and Takahashi [19] also considered the extragradient method (1.9)
for finding a common element of a fixed point of nonexpansive mapping and a set of solu-
tions of variational inequalities, but the convergence result was still the weak convergence.
The question posed by Takahashi and Toyoda [17] on whether the strong convergence re-
sult can be proved by the same iteration scheme Algorithm (1.9) remains open.

In 2010, with the techniques adopted by Noor and Rassias [20], Huang, Noor and Al-
Said [21] set the projected residual function by

R,\(x) =X - Pc(x - AAx), (111)

it is well known that x € C is a solution of variational inequality (1.6) if and only if x € C is
a zero of the projected residual function (1.11). They proved the strong convergence result
of the iteration scheme (1.9) using the error analysis technique.

In this paper, inspired and motivated by the above researches and Huang, Noor and
Al-Said [21], we introduce a new iterative scheme based on the extragradient method for
finding a common element of the set of solutions of a generalized mixed equilibrium prob-
lem, the set of fixed points of nonexpansive mappings and the set of solutions of an inverse
strongly monotone mapping, as follows:

x1=x€C,

Ft,y) + (B, y = th) + () = 9(i4) + 1y = thyy = x,1) 20, ¥y € C,
Yn = Pc(u, — MAuy),

Fne1 = X + (1= 0,)S[ B + (1= B)Pc(Yn — AnAyn)],
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where {«,}, {B1}, {rn}, {Ay]} satisfy some parameters controlling conditions. We will obtain
some strong convergence theorems using the error analysis technique as in [21]. The re-
sults in this paper generalize, extend and unify some well-known convergence theorems
in the literature.

2 Preliminaries
Let C be a closed convex subset of a Hilbert space H for every point x € H. There exists a
unique nearest point in C, denoted by Pcx, such that

lx = Pcx|| < |lx—y| forallyeC.

P is called the metric projection of H onto C. It is well known that P¢ is a nonexpansive
mapping of H onto C and satisfies

(x —y,Pcx — Pcy) > ||Pcx — Pcyl|

for every x,y € H. Moreover, Pcx is characterized by the following properties: Pcx € C
and

(x — Pcx,y — Pcy) <0,
1)
lla = ylI*> > llx — Peax||* + lly — Pcx||®

forallxe H,y e C.
A mapping A of C into H is called monotone if

(Ax—Ay,x—y) >0
forallx,y € C. A mapping A of C into H is called inverse strongly monotone with a modu-
lus o (in short, a-inverse strongly monotone) if there exists a positive real number o such
that

(x —y,Ax — Ay) > a|| Ax — Ay||”

forallx,y € C.
Recall that a mapping S of C into itself is nonexpansive if

ISx =Syl < llx -yl forallx,yeC.
A mapping T of C into itself is pseudocontractive if
(Tx— Ty, x - y) < |-yl

for all x,y € C. Obviously, the class of pseudocontractive mappings is more general than
the class of nonexpansive mappings.

Let A be a monotone mapping from C into H. In the context of the variational inequality
problem, the characterization of projection (2.1) implies the following:

ueVI(A,C) <= u=Pc(u-rAu), X1>0.
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It is also known that H satisfies Opial’s condition; for any sequence {x,} with x,, — x, the

inequality
liminf ||x, — x| < liminf|x, — y||
Hn— 00 Hn— 00

holds for every y € H with y # .

For solving the generalized mixed equilibrium problem, let us give the following as-
sumptions for the bifunction F, the function ¢ and the set C:

(A1) F(x,x)=0forallx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 for any %,y € C;

(A3) for eachy e C, xF F(x,y) is weakly upper semicontinuous;

(A4) for each x € C, y+ F(x,y) is convex;

(A5) foreachx € C, yF F(x,y) is lower semicontinuous;

(B1) for each x € H and r > 0, there exist a bounded subset D(x) C C and

yx € CNdom(p) such that for any z € C — Dy,

1
F(z,y2) + 9(yx) + (Bz,yx —2) + < x — 2,2 - %) < ¢(2);
(B2) Cisabounded set.
Lemma 2.1 [1] Let C be a nonempty closed convex subset of a Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — RU {+0o0} be a proper

lower semicontinuous and convex function. Assume that either (B1) or (B2) holds. Forr > 0

and x € H, define a mapping T, : H — C as follows:
1
T, = {ze C:Fiz,y)+o)+(Bz,y—2z)+ - (y—z,z—x) <¢(z),Vy € C}
r

for all x € H. Then the following conclusions hold:
(1) Foreachx e H, T,(x) #;
(2) T, is single-valued,;
(3) T, is firmly nonexpansive, i.e., for any x,y € H,

| 7,60 = T.0)||* < (T, ) = T, 2 = y);

(4) Fix(T,(I —rB)) = GMEP(F, ¢, B);
(5) GMEP(F, ¢, B) is closed and convex.

Lemma 2.2 [22] Forany x* € VI(C,A), if A : C — H is a-inverse strongly monotone, then

Ry (x)is 11— ﬁ)—inverse strongly monotone for any X € [0,4«] and

st )= (1- 12 IR

where Ry (x) = x — Pc(x — AAx).
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Lemma 2.3 [21] Forallx € H and )/ > X > 0, it holds that

’

R ()] = || R:.(x)

where Ry (x) = x — Pc(x — AAx).

Lemma 2.4 [23] Let {a,} and {b,} be two sequences of non-negative numbers, such that
Ans1 < ay+by, foralln e N.IfY 02| b, < +00, and if {a,} has a subsequence {@n, } converging
to 0, then lim,_, a, = 0.

Lemma 2.5 [24] Let H be a real Hilbert space, and let C be a nonempty, closed and convex
subset of H. Let {x,} be a sequence in H. Suppose that, for any x* € C,

[0 =" < lu =" (e N).
Then lim,,_, oo Pc(x,) = z for some z € C.

3 Main results

Theorem 3.1 Let C be a closed and convex subset of a real Hilbert space H. Let F be a
bifunction from C x C — R satisfying (A1)-(A5) and ¢ : C — R U {+o0} be a proper lower
semicontinuous and convex function. Let A be an a-inverse strongly monotone mapping
from C into H and B be an B-inverse strongly monotone mapping from C into H. Let S be a
nonexpansive mapping of C into itself, such that Q = Fix(S)N VI(C,A) NGMEP(F, ¢, B) # (.
Assume that either (Bl) or (B2) holds. Let {x,}, {y,} and {u,} be sequences generated by

x1=x€C,
F(un’y) +(Bxy, ¥ — Uy) + (/7()/) - (P(My,) + i()’— Up Uy —%n) >0, VyeC, (3.1)
Yn =Pc(u, — X,Au,),

Xp+l = OpXy + (1 - an)S[,ann + (1 - ﬂn)PC(yn - )\nAyn)]

for every n=1,2,..., where {A,}, {r,}, {au}, {Bn} satisfy the following conditions: (i) 0 <
ry < 2B, {Ay} C [a,b] for some a,b € (0,2a) and (ii) {«,} C [c,d], {Bn} C le,f] for some
¢, d,e,f €(0,1), then {x,} converges strongly to p* € Q, where p* = lim,,_, o Po(x,,).

Proof We divide the proof into five steps.
Step 1. We claim that {x,} is bounded and lim,_, o R,(%,) = lim,,_,» R, (1,) = 0.
Put
Vi = PC(yVI - )\nAyn)’ Wy = ﬂnxn + (1 - ﬁn)Vm
R)\n (un) =Up— PC(un - )\nAun): Rkn ()’n) =Yn _PC(yn - )‘nAyn)
for every n =1,2,.... Take any p € Q and let {T},} be a sequence of mappings defined as
in Lemma 2.1, then p = Pc(p — AMAp) = T, (p — r,Bp). From u,, = T,, (x, — r,Bx,) € C, the
B-inverse strongly monotonicity of B and 0 < r, < 2, we have
2
Izt _P”2 = ” T,y — ruBx,) — T, (p - I"an)”

< || = 4B — (0 = 14Bp) |
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< ltn = pII* = 2 (s = p, Bty — Bp) + 1,,|| By — Bp|®
< % = pI* = 2B Bxy — Bp||* + 1, || Bx,, ~ Bp|*
= [l = pI* + u(rn — 2) 1B, ~ Bp|®

<% - plI, (3.2)

and from Lemma 2.2, we have

lyn = pI® = |ttn — Ry, 1) — p |

= ety = pI? = 2t - p, Ry, () + | R, () ||

A
<y 1P =2(1= 52 ) R + [ )|
o
An
= lun —pl* - (1 - 2—) | R, (2] (33)
o
which implies from (3.2) that
2 2 )\n 2
S (I (B | LNOAT 64
By the same process as in (3.3), we also have from (3.4) that
2 2 )‘n 2
v —pl° <y —pII" - (1 - 2—) 1R, )|
o
An
<tu-plP - (1= 32 ) IR 00
o
A 2 A 2
<llxu—pI* = (1= Z2 )| R, ) ||” = (1= 22 )| R, )| 3.5
<= = (152 ) R - (1= 2 ) 0] 65)
Further, from (3.1) and (3.5), we get
llw, = pII* = B3l1%n = pII* + 28,1 = Bu)%n = P,V =P} + (L= B2)* IV — pII?
= ,BZHxn _P”2 +2B,(1 = Bu)llxn _P||2 +(1- IBn)ZHxn —P||2
A
— (1= B (1 - 2—”) IR, ()|
o
2 2 )“n 2
= "xn —P” - (1 - ,371) 1- 2_ ”R)Ln(un)”
o
2 )‘n 2
= (1= Bn) <1 - 2—) ”RM ()/n)” . (3.6)
a

Hence, from (3.6), the nonexpansive property of the mapping S and 0 < A, < 2ct, we have

%061 =PI = @2ll%n = pII* + (1 = ) ISy = pII* + 20,(1 = 00,) (S, — Sp, % — P)
< aZllxy —pl* + (1 =) lwy = plI* + 20, (1 - ) 1% - pI*

< a2llxn = plI* + (L= )%, — Pl + 20, (1 — ) | — plI*
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Ko
—(1-,)*(1- B,)> (1 - %) IR, () ||

I

= |ty — plI* = (1 - @n)*(1 - By)? (1— ;—a) | Ry, (24)

(a1 ) (1 - 2—) 1R, 0
o

2
< llxn = pII".

(3.7)

Since the sequence {||x, — p||} is a bounded and nonincreasing sequence, lim,_, « [x, —

p| exists. Hence {x,} is bounded. Consequently, the sets {u,}, {v.}, {w.}, {y.} are also

bounded. By (3.7), we have

An
(1-a,)* (1= B,)° (1 - %> | Riy ) |* < Wt = P11 = 12001 — I

From the conditions (i) and (ii), there must exist a constant M; > 0 such that

An
My|| Ry, () ||* < (1= 00,2 (1= B,)? (1 - g) IR, @)||* < 16 =PI = %2 — 1%,

from which it follows that

oo oo
MY Ra )| * = Y[ = 21 = 161 = pI2] = 121 = pI|? < 00,
n=1 n=1

Hence, limy,_, oo Ry, (#4) = limy,—. 0 ||R;,, ()| = 0. Since Ry, (u,) = uy — Pc(t6y — 1Auy,) =

Uy — Yu» im0 |6, — y4|| = 0. Notice that A, > a, then by Lemma 2.3, ||R,(u,)]|

IR, (#,,)||. Therefore,
lim R,(u,) = lim R,,(u,) =0.
n—0oQ

n—00

By the same way, we also get that
lim ||R)\,,(y;f1)|| = lim ”yn - Vn” =0,
n—0o0 n—0o0
and thus
lim ||u, —v,|| =0.
n—00

Step 2. We show that lim,,_,  [|%, — #,|| = lim,— « ||Sx,, — %, ]| = 0.
Indeed, for any p € Q, it follows from (3.1) and (3.5) that

”Wn —P||2 = ﬂn”xn —P||2 + (1 _,Bn)”Vn —P||2 —/3,,(1 - ﬁn)”xn - Vn||2

< ll%n = pII* = Bu = Bu) 2w = vl
which implies that

%41 =PI = ulln =PI + (1= ) Wy — pII* — (1 — 0, [|SWy — 2,12

< 1%y = pII* = @@ = @) 1Sy = %, )1% = Bu(1 = B) 1% = Vil

A

(3.8)

(3.9)

(3.10)

Page 8 of 13
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Thus, it follows from (3.10) that

2 2 2
17 < 120 =PI = 1%001 = pII"

a,(1—ay)||Sw, — %,
From the condition (ii), there exists a constant M, > 0 such that

2 2 2 2
M ||Swy, — %4117 < @yl — ) 1Sy — %4l <l =pII" = %1 = pII%

from which it follows that

oo o0
My Y 18wy = xul> <D [l = pI” = 1401 = pII*] = 11 = plI* < 00.
n=1

n=1

Hence
lim ||Sw, —x,]| = 0. (3.11)
n—0oQ

From (3.10), we also get that
Ba(L = B l%n = vall® < 1% — pII* = %1 — pII>.

By the same way, we obtain that
lim [|%, — v, = 0, (3.12)
n—0oQ

which combining (3.9) implies that
lim ||x, — u,|| = 0. (3.13)
n— 00

Since

5% = 2ull < 11S%n = SVl + [1Svi = Swull + |SWi — x|
S 1% = Vall + [V = wall + [[Swy — %l

= 1% = Vull + Bull®n — vull + [|SWn — %,
which implies from (3.11), (3.12) that
nli)rrolo ISx, — x4l = 0. (3.14)
Further, it follows from (3.1) and (3.11) that
%ne1 = xnll = (1 = ) [SWy = x4 [l < (L= ) ISwy — x4l > O (1 — 00). (3.15)

Step 3. We claim that {x,} must have a convergent subsequence {x,} such that
limy_, oo %y, = p* for some p* € C. Moreover, p* € Q = Fix(S) N VI(C,A) N GMEP(F, ¢, B).
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Since {x,} is a bounded sequence generated by Algorithm (3.1), then {x,} must have a
weakly convergent subsequence {x,, } such that x,, — p* (k — o0), which implies from
(3.11) and (3.13) that Sw,,, — p* (k — o0) and u,, — p* (k — 00). Next we will show that
p* € Q=Fix(S)N VI(C,A) N GMEP(F, ¢, B).

Since A is inverse strongly monotone with the positive constant « > 0,s0 A is %-Lipschitz
continuous. Indeed, it yields that |[Ax — Ay| < é [l = y|| from the definition of the inverse
strongly monotonicity of A, such that

allAx - Ay|* < (Ax - Ay,x - y) < [|Ax — Ayll||x - yll.

From the é-Lipschitz continuity of A and the continuity of Pc, it follows that R,(x) =
x — Pc[x — aAx] is also continuous. Notice that p, > a, then by Lemma 2.3, ||R,(x,)| <
IR, (%) ]l. Then from Step 1,

i Rl = fm Ry, )] <.
Therefore from the continuity of R, (x),
R,(p*) = lim Ry(x,,) = 0.

This shows that p* is a solution of the variational inequality (1.6), that is p* € VI(C, A).
From (3.12), lim,_. [|lx,, — p*|l = 0 and the property of the nonexpansive mapping S, it
follows that p* = Sp*, that is p* € Fix(S). Finally, by the same argument as in the proof of
[7, Theorem 3.1], we prove that p* € GMEP(F, ¢, B). Thus p* € Q = Fix(S) N VI(C,A) N
GMEP(F, ¢, B).
Next, we will prove that x,, — p* (k — 00).
From (3.1), (3.6) and (3.7) we can calculate
>k 2 >k >k
%1 = p*||” = (ndn + A = €)Wy — p*, 26001 — P¥)
= an<xn _p*;xnﬂ —P*> + (1 - an)(SWn _p*:xnﬂ —P*>
%2 * *
<o, ”xn -p || + (1 - an)<SWn =P »Xu+1 — P )
%2 *
< | =P |+ (= ) (Swi — p*s i1 — %)
+ (1 - O[n)<SWn _p*)xn _p*>
%2 %2 *
< au|wn—p* |7+ Q=020 —p*| " + (1= ) (Swn — p* X1 — %)

= ||xn —P* ”2 + (1 - O[,,,)(SW,, _p*xx;ﬁl - xn)7
which implies

||x71+1 -p* Hz - ”xn -p* ”2 <(1- an)<SWn -P % _xn>

=< (1 - C)(SW,,, —P*’xml - xn>' (316)
From Sw,, — p* and x,, | — %, — 0 as k — 00, it follows from (3.16) that
|1 =2 | = o0n, =p"[ (k= 00).

Using the Kadec-Klee property of H, we obtain that limy_, o %, = p*.
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Step 4. We claim that the sequence {x,} generated by Algorithm (3.1) converges strongly
to p* € Q =Fix(S) N VI(C,A) N GMEP(F, ¢, B).
In fact, from the result of Step 3, p* € Q. Let p = p* in (3.7). Consequently, || x,,1 —p*|| <

I, — p* ||. Meanwhile, limy_, « [|%,, —p* || = O from Step 3. Then from Lemma 2.4, we have

lim,,_, « ||, — p*|| = 0. Therefore, lim,,_, ., x,, = p*.

Step 5. We claim that p* = lim,,_, o, Pox,,.
From (2.1), we have

(x,, — Pox,, p* — Pan> <0. (3.17)

By (3.7) and Lemma 2.5, lim,,_, o, Pox, = ¢* for some g* € Q. Then in (3.13), let n — oo,
since lim,_, » %, = p* by Step 4, we have

(p* _q*,p* _q*) S 0,

and, consequently, we have p* = g*. Hence, p* = lim,,_, oo PoX,,.
This completes the proof of Theorem 3.1. d

The following theorems can be obtained from Theorem 3.1 immediately.

Theorem 3.2 Let C, H, S be as in Theorem 3.1. Assume that Q2 = Fix(S) N VI(C,A) # @, let
{xu}, {yu} be sequences generated by

x1=x€C,
Yn = Pc(x, — AAx,),
Xp+l = OpXy + (1 - arz)S[anxn + (1 - ,BH)PC(yn - )"nAyn)]

foreveryn=1,2,..., where {A,}, {a,}, {Bu} satisfy the following conditions: (i) {r,} C [a, b]
for some a,b € (0,2a) and (i) {o,} C [¢,d], {B.} C [e.f] for some c,d,e,f € (0,1), then {x,}
converges strongly to p* € Q, where p* =lim,,_, oo Po(x,).

Proof Putting B=F =¢ =0, r, =1in Theorem 3.1, the conclusion of Theorem 3.2 can be
obtained from Theorem 3.1. O

Remark 3.1 The main result of Nadezhkina and Takahashi [14] is a special case of our
Theorem 3.2. Indeed, if we take 8, = 0 in Theorem 3.2, then we obtain the result of [14].

Theorem 3.3 Let C, H, F, A, B, S be as in Theorem 3.1. Assume Q = Fix(S) N VI(C,A) N
GEP(F, B) # W; let {x,}, {y,} and {u,} be sequences generated by

x1=x€C,

F(ttn,9) + (Bxmy = thn) + 1y = sty = %) 20, Yy €C,
Yn = Pcuy — ApAuy),

Fns1 = Ay + (1= ) S[Buxn + (1= B)Pc(yn — AuAyn)]

forevery n=1,2,..., where {1}, {r,}, {a,}, {Bu} satisfy conditions (i) and (ii) as in Theo-
rem 3.1, then {x,} converges strongly to p* € Q, where p* = lim,,_, o Po(x,).
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Proof Putting ¢ = 0 in Theorem 3.1, the conclusion of Theorem 3.3 is obtained. O

Remark 3.2 Theorem 3.3 can be viewed as an improvement of Theorem 3.1 of Inchan
[25] because of removing the iterative step C, in the algorithm of Theorem 3.1 of [25].

Theorem 3.4 Let C,H, F, A, S be as in Theorem 3.1. Assume that Q = Fix(S)N VI(C,A) N
EDP(F) #0; let {x,} and {u,} be sequences generated by

x1=x¢€C,

F(ty,y) + 5y =ttty = %) 20, VyeC,
Vn = Pc(uy — ApAuy),

X1 = U + (1= ) SPc(Vn — AnAyn)

for every n=1,2,..., where {A,}, {r,}, {a,} satisfy the following conditions: 0 < r, < 28,
{\y} C la,b] for some a,b € (0,2a), {a,} C [c,d] for some c,d € (0,1), then {x,} converges
strongly to p* € Q, where p* = lim,_, o Pa(x,).

Proof Taking B =¢ =0, 8, =0 in Theorem 3.1, the conclusion of Theorem 3.4 is ob-
tained. O

Remark 3.3 Theorem 3.4 is the strong convergence result of Theorem 3.1 of Jaiboon,
Kumam and Humphries [26].
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