Wang et al. Fixed Point Theory and Applications 2013, 2013:248 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2013/1/248 a SpringerOpen Journal

RESEARCH Open Access

Strong convergence theorems for fixed point
problems of a nonexpansive semigroup in a
Banach space

Xin Wang, Changsong Hu" and Jinlin Guan

“Correspondence:
huchang1004@yahoo.com.cn
School of Mathematics and
Statistics, Hubei Normal University,
Huangshi, 435002, China

@ Springer

Abstract
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1 Introduction
Let E be a real Banach space, and let K be a nonempty, closed and convex subset of E.

A mapping T : K — K is called nonexpansive if
ITx - Tyl < llx-yll, VxyeK. (1.1)

One parameter family S := {T'(s) : 0 < s < oo} is said to be a nonexpansive semigroup
from K into K if the following conditions are satisfied:

(1) T(O)x=xforallx € K;

(2) T(s+t)=T(s)T(¢) foralls,t>0;

B) 1IT®x- Tyl <llx-yl,Vx,y € K and £ > 0;

(4) for each x € K, the mapping T'(-)x from [0, 00) into K is continuous.

Let F(S) denote the common fixed point set of the semigroup S, i.e., F(S):={x € K :
T(s)x = x,Vs > 0}. It is known that F(S) is closed and convex.

A continuous operator of the semigroup S is said to be uniformly asymptotically regular
(ua.r) on K if for all # > 0 and any bounded subset C of K, lims_, o Sup,.¢ | T(h) T (s)x —
T(s)x|| = 0 (see [1]).

Approximation of fixed points of nonexpansive mappings by a sequence of finite means
has been considered by many authors (see [2—6]). In 2013, Yao et al. [7] introduced two
new algorithms for finding a common fixed point of a nonexpansive semigroup {7'(s)}s>0
in Hilbert spaces and proved that both approaches converge strongly to a common fixed
point of {T(s)}s>o-
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Theorem 1.1 [7] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let S ={T(s)}s>0 : C — C be a nonexpansive semigroup with Fix(S) # 0. Let {y¢}o<«ta and
{Xt}o<t<1 be two continuous nets of positive real numbers such that y; € (0,1), limyo y, =1
and lim;_,o Ay = +00. Let {x,} be the net defined in the following implicit manner:

At
x; = Pc |:t(ytxt) +(1- t)kl /0 T (s)x; dsi|, vVt e (0,1). (1.2)

Then, as t — 07, the net {x;} strongly converges to x* € Fix(s).

Theorem 1.2 [7] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let S = {T(s)}s>0 : C = C be a nonexpansive semigroup with Fix(S) # (. Let {x,} be the
sequence generated iteratively by the following explicit algorithm:

1 [
Zns1 = (L= Bu)xy + BuPc [an(ynxn) +(1- an)k— / T(s)xn dS} Vn >0, (1.3)
n JOo
where {a,}, {Bn} and {y,} are sequences of real numbers in [0,1] and {\,} is a sequence of
positive real numbers. Suppose that the following conditions are satisfied:
() limysooty =0, Y oog oty =00 and lim, 00 ¥ = 1;
(i) 0<liminf, , B, <limsup,_, . B, <L
An-l

(iii) 1im,_ o0 Ay = 00 and lim,,_, o = 1.

Then the sequence {x,} generated by (1.3) strongly converges to a point x* € Fix(s).

In this paper, we study the convergence of the following iterative schemes in a reflexive,
strictly convex and uniformly smooth Banach space which satisfies Opial’s condition:

Xy = QI([t(Vtxt) + (1 - t)T(st)xt]r Vit e (07 ]-)’
Xns1 = (1= Bu)xn + lgnQK[an(ynxn) +(1- an)T(Sn)xn]r Vn > 0.

Our work improves and generalizes many others. In particular, our results extend the main
results of Yao et al. [7].

2 Preliminaries
Let E be a real Banach space and E* be the dual space of E. The duality mapping J : E — 25"
is defined by

) = {f € E*: (u.f) = Il = I 11%}. 21

By the Hahn-Banach theorem, /(x) is nonempty.
Let dim E > 2. The modulus of convexity of E is the function é¢ : (0,2] — [0,1] defined
by

. x—
dg(€) = lnf{l - H Ty H el =1yl =15 € = IIx—yII}. (2.2)

E is uniformly convex if Ve € (0,2], there exists § = §(¢) > 0 such that if x,y € E with
lx]l <1, |lyll <1and ||x—y| > €, then || ’% | <1-4. Equivalently, E is uniformly convex if
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and only if 8¢(€) > 0, Ve € (0,2]. E is strictly convex if for all x,y € E, x Z, ||lx|| = |ly]| =1,
we have |[Ax + (1 - 1)y|| <1, VA € (0,1).
Let S(E) = {x € E: ||x|| = 1}. The space E is said to be smooth if

tim (|l + &y1| - |1 /¢ (2.3)

exists for all x,y € S(E). The norm of E is said to be Fréchet differentiable if for all x €
S(E), the limit (2.3) exists uniformly for all y € S(E). E is said to have a uniformly Géateaux
differentiable norm if for all y € S(E), the limit (2.3) is attained uniformly for all x € S(E).
The norm of E is said to be uniformly Fréchet differentiable (or uniformly smooth) if the
limit (2.3) is attained uniformly for x,y € S(E) x S(E).

It is well known that if E is smooth, then J is single-valued, which is denoted by j. Andif E
has a uniformly Gateaux differentiable norm, then / is norm-to-weak* uniformly contin-
uous on each bounded subset of E. The duality mapping J is said to be weakly sequentially
continuous if / is single-valued and for any {x,} € E with x, — «x, J(x,) =* J(x). Gossez
and Lami Dozo [8] proved that a space with a weakly continuous duality mappings satis-
fies Opial’s condition. Conversely, if a space satisfies Opial’s condition and has a uniformly
Géteaux differentiable norm, then it has a weakly continuous duality mapping.

Recall that if C and D are nonempty subsets of a Banach space E such that C is nonempty
closed convex and D C C, the mapping Q : C — D is said to be sunny if

Q(Qx + t(x - Qx)) = Qx,

where Qx + t(x — Qx) € C for allx € C and ¢ > 0.

A mapping Q: C — D is called a retraction if Qx = x for all x € D.

A subset D of C is called a sunny nonexpansive retraction of C if there exists a sunny
nonexpansive retraction from C into D (see [9, 10]). It is well known that if E is a Hilbert
space, then a sunny nonexpansive retraction is coincident with the metric projection from
E onto C.

Proposition 2.1 [11] Let C be a closed convex subset of a smooth Banach space E. Let D be
a nonempty subset of C. Let Q: C — D be a retraction, and let ] be the normalized duality
mapping on E. Then the following are equivalent:

(1) Q is sunny and nonexpansive.

(2) 1Qx - Qyl* < (x-y,J(Qx - Qy)), Vx,y € C.

(3) (x—Qx,J(y-Qx)) <0,VxeC,yeD.

Proposition 2.2 [12] Let C be a nonempty closed convex subset of a strictly convex and
uniformly smooth Banach space E, and let T be a nonexpansive mapping of C into itself
with F(T) # 9. Then the set F(S) is a sunny nonexpansive retraction of C.

Lemma 2.3 [13] Let K be a nonempty closed convex subset of a reflexive Banach space E
which satisfies Opial’s condition, and suppose that T : K — E is nonexpansive. Then the
mapping I — T is demiclosed at zero, that is, x, — x, x, — Tx,, — 0 implies x = Tx.

Lemma 2.4 [14] Let {x,}, {y.} be two bounded sequences in a Banach space E and B, €
(0,1) with 0 < liminf,_, o B, < limsup,_, ., B, < 1. Suppose x,.1 = Buyn + (1 = Bu)x, for all
integers n > 0 and limsup,,_, . (|¥ns1 = Yull = %1 — %1 ]) < 0. Then lim,_, o0 [|%, — ¥4l = 0.
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Lemma 2.5 [15] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

Aps1 = (1 - pn)an + PnOns n= 0;

where {p,} and {c,} are sequences of real numbers such that
(i) 0<pu<]
(ii) Zzoﬂ Pn = O0;
(ili) limsup,,_, o 0, <0 0r Y 2, |pu0nl is convergent.
Then lim,_, o a,, = 0.

3 Main result

Theorem 3.1 Let E be a reflexive, strictly convex and uniformly smooth Banach space
which satisfies Opial’s condition, and let K be a nonempty closed convex subset of E. Let
S={T(s):s>0}:K — K be a uniformly asymptotically regular nonexpansive semigroup
such that F(S) # (. Let {y:}o<t<1 and {s;}o<t<1 be two continuous nets of positive real numbers
such that y, € (0,1), limy—0 y; =1 and lim,_,¢ s, = +00. Let {x;} be the net defined by

Xy = QK[t(ytxt) +(1- t)T(st)x,], vVt €(0,1). (3.1)
Then, as t — 07, the net {x;} converges strongly to a point x* € F(S).
Proof Consider a mapping W on K defined by

W := QK[t(ytx) +(1- t)T(st)x], vVt e (0,1).
Vx,y € K, we have

|Wx — Wy| < H tysx—y)+ (1 - t)(T(st)x - T(st)y) H
<tyllx—yl+ @A -1)x -yl

=[1-@-y)e]llx-yll.

Hence, W is a contraction. So, it has a unique fixed point, denoted by x;. That is,

%= Q[ t(yexe) + (L= )T (s,)xc].

Therefore, the sequence {x;} defined by (3.1) is well defined.
Let p € F(S), then

e = pll = || Q[ t(yexe) + (L= ) T(se)xe ] - p|
< |ty = p) = 81 = y)p + (1= £)(T(s)x, - p) |
< tyellxe — pll + tA = y)llpll + (1= )||x: — pll

=[1- @ - y)t]llx - pll + e - y)llpll.


http://www.fixedpointtheoryandapplications.com/content/2013/1/248

Wang et al. Fixed Point Theory and Applications 2013, 2013:248
http://www.fixedpointtheoryandapplications.com/content/2013/1/248

It follows that

llx: — pll < lipll.
Thus, {x;} is bounded, so is {T'(s;)u,}.
Let R = ||p||. It is clear that {x,} C B(p,R). Then B(p,R) N K is a nonempty bounded

closed convex subset of K and T'(s)-invariant. Since {7'(s)} is u.a.r. nonexpansive semi-
group and lim;_, ¢ s; = 0o, then for all s > 0,

liII(l)” T(s)(T(s,)xt) - T(st)xtH < lim sup” T(s)(T(st)x) - T(s,)x” =0,
— n— 00 xeD

where D is any bounded subset of K containing {u,}. Since
e = T(se)axe|| < 2] vuxe — T(se)e | — O,
and

e = T(s)xe | < o0 = Tse)owe || + || T(se)xe = T(S)(T(se)oee) | + | T(8)(T(se)we) — T(s)axe

< 2||xt - T(St)xt” + || T(s¢)x: — T(s)(T(st)xt) ||
Thus, for all s > 0, we have
}E%th — T(s)x|| = 0. (3.2)
Set y; = t(yix) + (1 — £) T(s;)x;. Then x; = Qky;. By Proposition 2.1(2), we can get that

llx: = plI* = 1Qxy: — QxplI*
<(y: - p.jlxe - p))
= tyilwe — pj(xe = p)) = £ = v)p,j(xe = p)) + (1 = (T ()% — p, j(xe — p))

< [1- @ - y)e]lxe - plI* -t = ) p. j(xe — p)).
Thus
Il —plI* < =(p,j(x: = p)),  Vp € F(S). (3.3)
Since {x;} is bounded and E is reflexive, there exists a subsequence {x;,} of {x;} such that

%y, — x*. From (3.2), we have x,, — T(s)x;, — 0 as n — 00. Since E satisfies Opial’s condi-
tion, it follows from Lemma 2.3 that x* € F(S). From (3.3), we have

g, —plI* < ~(p,j(x0, —p)), Vo € E(S). (3.4)
In particular, if we substitute x* for p in (3.4), then we have

e, = [|* < = (0, — #%))- (35)

Page 5 of 10
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Since j is weakly sequentially continuous from E to E*, it follows from (3.5) that
. “12 _ 1 .y A\
i [, - " = im —[a*i (s, ') =0.

Suppose that there exists a subsequence {x;,} of {x;} such that x,, — %. Then we have
% € F(S) and

%, = pII* < ~(p,j(xs, = p)), VD € F(S). (3.6)
Since x*,% € F(S), from (3.4) and (3.6), we have

ll2,, = %> < —(%,j(xs, — %)), (37)
and

o6, =% < (e, —27)). (3.8)
Now, in (3.7) and (3.8), taking # — oo and m — oo, respectively. We get

o - %" < —.ix - ), (39)
and

7 -] <~ (& - 5)). (3.10)
Adding up (3.9) and (3.10), we have

| -] <.

We have proved that each cluster point of {x;} (as ¢ — 0) equals x*. Thus x; — x* as
t— 0. O

Remark 3.2 Theorem 3.1 improves and extends Theorem 3.1 of Yao et al. [7] in the fol-
lowing aspects.
(1) From a real Hilbert space to a reflexive, strictly convex and uniformly smooth
Banach space which satisfies Opial’s condition.
2) AL: 0)“ T (s)x; ds is replaced by T'(s;)x;.

Theorem 3.3 Let E be a reflexive, strictly convex and uniformly smooth Banach space
which satisfies Opial’s condition, and let K be a nonempty closed convex subset of E. Let
S={T(s):s> 0}: K — K be a uniformly asymptotically regular nonexpansive semigroup
such that F(S) # (. Let {x,} be a sequence generated in the following iterative process:

Fns1 = (L= Bu)xy + ﬂnQK[an(ann) +(1- a,,)T(s,,)x,,], Vn >0, (3.11)

where {a,}, {Bu} and {y,} are sequences of real numbers in [0,1] satisfying the following
conditions:
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@) limysooyn =12 oo (1 = yu)et, = 00, limy,— o0ty = 0.
(2) 0<liminf,_ s B, <limsup,_, . Bn < 1.

(3) h,s,, > 0 such that s,.1 = h + s, and lim,,_, » 8, = 00.

Then {x,} converges strongly to x* € F(S).

Proof Letp € F(S), we can get

[%ne1 = Il = |4 = Bu)&n + BuQic[etn(Vutn) + (1 = tn) T(5,)% ] - |
< (U= Ba)llan = pll + Bul| Quc[tn(yutn) + A = 00) T(s)24 ] - |
< (= Bk =PIl + Bul| v = p) — €u(1 = v)p + (1 = &) (T(s)%0 — p) |
< (1= B)l%n = pll + Bulenyulln — pll = 2u(1 = v Ipll + (1 = ) %0 — p1l)
= [1- (= vuBu] 1% - pll + (1= viewBullpl
< max{|lx, - pll, I pIl}
< max{lxo - pll, Ipl}.

Hence, {x,} is bounded, so is {T'(s,)x,}.
Set y, = Qr oty (Yuxy) + (1 — ) T(s,),] for all m > 0. Then x,,41 = (1 — B)x + BuYnu-

191 = Yull = || Quc[@nir (Vur1%ma) + (4 = 1) T(S141) %41 ]
= Qu[n(Yuxn) + A = o) T(s0)%,] |
< Metmr Wnrner) + (1 = i) T(Sna1)%ms1 ] = [ (viukn) + (1 = ) T(5)%] |
= ||t Vi1 a1 = %) + (@1 Vst = V) + (L= a1
X (T ($n41)%ns1 = T(Sn1)%n + T(51)%n — T(50)%n) + (@ns1 — 0n) T(8,)%n |
< W1 Vet %ne1 = X ll + 1Qns1 Vst = Va1l
+ (1= ns1) (Ins1 = x| + | T T ()% — T(50)%n )
+ 1ts1 — ol | T(s0)n |
= [1- (1 = Vs | 1%ne1 = Xl + 101 Vi1 — @Vl 1%

+ (1= ots1) | T (5)n = T(5)%n || + |otmar — il || T(51)2% |-
So,

1yns1 = Yull = %01 — Xl
< —(1 = V)@ %01 = Xull + 121 Vi1 — AVl %]

+ (1 - an+1) || T(h)(sn)xn - T(Sn)xn ” + |an+1 - an' H T(Sn)xrl ” . (312)
Since {T'(s) : s > 0} is uniformly asymptotically regular and lim,,_, o 5, = 00, it follows that

lim || T T ()%, — T(sp)x, || < nlim sup” Th)T (s,)x — T(sn)xH =0, (3.13)
n—00 — 00 xeB


http://www.fixedpointtheoryandapplications.com/content/2013/1/248

Wang et al. Fixed Point Theory and Applications 2013, 2013:248 Page 8 of 10
http://www.fixedpointtheoryandapplications.com/content/2013/1/248

where B is any bounded set containing {x,}. Moreover, since {x,}, {T(s,)x,} are bounded,

and «,, — 0 as n — 00, (3.12) implies that

limSUP(Hyml _yn” - ||xn+l _xn”) = 0.
n—00

Hence, by Lemma 2.4 we have limy,_.« ||y — %4l = 0 since x,,.1 — %, = B, (y» — %,). Conse-
quently, lim,,, o [|%41 — %5 ]| = 0.
It follows from (3.11) that

% = T (s | < 160 = Xnaa | + [| X1 = T(5) |
< Nn = Zpaa | + || (L= Bi) (0 — T(50)%n)
+ B (Qu[etn(yun) + A = n) T(5)% ] — T(5)) |
< lo6n = et | + (1 = Bu) | %0 = T | + | % — T(50) |
+ (L= ¥) | T(s)xu |

= 1% = Xl + (L = By + i ¥n) ”xn = T(su)xn ” +ay(1 = yn) ” T (s)%n ”
So,

% = T(s)xa | < (1% = %nst | + (X = y) | T (s ]| ) — O. (3.14)

:3;1 -
Since
[ = T ()

< |%n = T(su)xn | + | T(s)%0n = TR T (s0)xn || + | TR T (51)% — T ()|

<2 ”xn = T(sn)xn ” + “ T (sp)xn — T() T (s0)%y

’

from (3.13) and (3.14), we have
lim ||x, — T(h)x,|| = 0. (3.15)
n—00

Notice that {x,} is bounded. Put x* = Qr(s5)(0). Then there exists a positive number R such
that B(x*,R) N K contains {x,}. Moreover, B(x*,R) N K is T(s)-invariant for all s > 0 and
so, without loss of generality, we can assume that {7'(s) : s > 0} is a nonexpansive semi-
group on B(x*,R) N K. We take a subsequence {x,, } of {x,} such that

lir{gsip(—x*,j(xn —x%)) = klirgo(x*,j(xnk —x%)).

We may also assume that x,, — %. It follows from Lemma 2.3 and (3.15) that ¥ € F(S) and
hence

(=", j(® - ")) < 0.
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Since j is weakly sequentially continuous, we have

lim sup(—x*,j(x, — %)) = lim (=", (%, —x*)) = (-2, j(¥ - x*)) < 0.

n—00 k—00

Since lim,— o |2 — %4l = 0, we have y,, — x* — x,, — x*, so

lim sup(~«*,j(y, — 4*)) = lim sup(~«*, j (x, — x*)) < 0.

n—00 n—00

Set uy, = au(yux,) + 1 — ) T(sy)x,. It follows that y, = Qxu, for all n» > 0. By Proposi-
tion 2.1(3), we have

(yn - ”mj(yn —x*)) <0,

and so

[ = = (o =i (0 = 5°))
=y = w0 = #7)) o+ 1t = 25 (7 = 27))
= {un =", (yn - 2%))
= & Yultn — &%, j(n — &%) = ot (L= yu) (6", j (7 — %))
+ (1= a)(T(sn)xn — 5%, (yn — x%))
< V|0 = 2| iy = %) | = 0@ = v, j (90 — 5¥))
+ (U= 0n) [ T = 7| [ = 27) |
< [1= @ = ydatn] |n = || | = 2| = u(l = )",y — %))

< 1-(1-yway

1
< = | =2 = e =y~ 1)),

that is,
[y =2 |” < [1= @ = y)otu] |0 — & |* = 2001 = ) (6, (30 — %) ).
By the convexity of | - |2, we have
s =27 | = 0= Bl =5 + Bullyn = 2*]*
< [1- A= v |20 = 2| = 200 = v)ewnBulx™, j (3 — 2%)).
By Lemma 2.5, we conclude that %, — &*. O

Remark 3.4 Theorem 3.3 improves and extends Theorem 3.3 of Yao et al. [7] in the fol-
lowing aspects.
(1) From a real Hilbert space to a reflexive, strictly convex and uniformly smooth
Banach space which satisfies Opial’s condition.
2) i Ok" T (s)x, ds is replaced by T(s,)x,.
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