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1 Introduction
Let C be a closed convex subset of a real Hilbert space H. A mapping A : C — H is called
monotone if and only if

(x—y,Ax—Ay) >0, Vx,yeC. (1.1)

A mapping A : C — H is called a-inverse strongly monotone if there exists a positive
real number « > 0 such that

(x_y’Ax_Ay) ZOIHA?C—AJ’”Zy Vx,ye C. (1~2)

Obviously, the class of monotone mappings includes the class of the a-inverse strongly
monotone mappings.

A mapping T: C — H is called pseudo-contractive if Vx,y € C, we have
(Tx—Tyx—y) < e -yl (1.3)

A mapping T : C — H is called «-strict pseudo-contractive, if there exists a constant
0 <k <1 such that

(x—y, Te—Ty) < lx -yl x| (I - T)x = ([ - Ty’

, VYx,yeC. (1.4)
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A mapping T : C — C is called non-expansive if
ITx— Tyl < llx-yll, VxyeC. (1.5)

Clearly, the class of pseudo-contractive mappings includes the class of strict pseudo-
contractive mappings and non-expansive mappings. We denote by F(T') the set of fixed
points of T, that is, F(T) = {x € C: Tx = x}.

A mapping f : C — C is called contractive with a contraction coefficient if there exists a
constant p € (0,1) such that

[f@) -fW| <pllx-yl, vVxyeC. (1.6)

For finding an element of the set of fixed points of the non-expansive mappings, Halpern

[1] was the first to study the convergence of the scheme in 1967
Xn+l = Oyl + (1 - O‘n+1)T(xn)' (17)

In 2000, Moudafi [2] introduced the viscosity approximation methods and proved the
strong convergence of the following iterative algorithm under some suitable conditions

KXntl = anf(xn) + (1= a,)T(x). (1.8)

Viscosity approximation methods are very important, because they are applied to con-
vex optimization, linear programming, monotone inclusions and elliptic differential equa-
tions. In a Hilbert space, many authors have studied the fixed points problems of the fixed
points for the non-expansive mappings and monotone mappings by the viscosity approx-
imation methods, and obtained a series of good results, see [3-18].

Suppose that A is a monotone mapping from C into H. The classical variational inequal-
ity problem is formulated as finding a point u# € C such that (v —u, Au) > 0, Vv € C. The
set of solutions of variational inequality problems is denoted by VI(C, A).

Takahashi [19, 20] introduced the following scheme and studied the weak and strong
convergence theorem of the elements of F(T) N VI(C, A), respectively, under different con-

ditions
Xni1 = Uy + (1= 1) TP (% — M), (19)
where T is a non-expansive mapping, A is an «-inverse strong monotone operator.
Recently, Zegeye and Shahzad [21] introduced the algorithms and obtained the strong
convergence theorems in a Hilbert space, respectively,
Xne1 = f (%) + (1= ) T (1.10)

and

Kna1 = Opf Xn) + (1 — oty) Ty, Fry X (1.11)
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where T, are asymptotically non-expansive mappings, and T,,, F,, are non-expansive
mappings.

Our concern is now the following: Is it possible to construct a new sequence that con-
verges strongly to a common element of the intersection of the set of fixed points of a
pseudo-contractive mapping and the solution set of a variational inequality problem for a

monotone mapping?

2 Preliminaries

Let C be a nonempty closed and convex subset of a real Hilbert space H, a mapping Pc :
H — C is called the metric projection, if Vx € H, there exists a unique point in C, denote
by Pcx such that

¥ —Pex|| < [lx—yll, VyeC.
It is well known that P is a non-expansive mapping, and Pcx have the property as follows:

(x—Pcx,y—Pcx) <0, VxeH,yeC, (2.1)

ll = y]1> > |lx — Pex||® + |ly - Pexl|?>, VxeH,yeC. (2.2)

Lemma 2.1 [6] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

Aps1 = (1 - 9,,)(1,, + Oy, n= 0;

where {0,} is a sequence in (0,1) and {o,} is a real sequence such that
(D) 3n2o0n = 005
(ii) limsup,_, ., 3 <0 or 3 2,0y, < 00.

Then lim,_, o a,, = 0.

Lemma 2.2 [21] Let C be a closed convex subset of a Hilbert space H. Let A: C — H
be a continuous monotone mapping, let T : C — C be a continuous pseudo-contractive
mapping, define mappings T, and F, as follows: x € H, r € (0, 00)

1
T,(x) = {zeC:(y—z,Tz)—;(y—z,(1+r)z—x>§0,VyeC},
F,(x) = {zeC:(y—z,Az)+%(y—z,z—x) zO,VyeC}‘

Then the following hold.:
(i) T, and F, are single-valued,;
(i) T, and E, are firmly non-expansive mappings, i.e., | Tyx — Tyy||* < (T,x — T,y,x - ),
|Fx = Fpyl|* < (Fx — Fry, % — 9);
(iii) F(T,)=F(T), F(F,) = VI(C,A);
(iv) F(T) and VI(C,A) are closed convex.
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Lemma 2.3 [22] Let {x,} and {z,} be bounded sequence in a Banach space, and let {8}
be a sequence in [0, 1], which satisfies the following condition:

0 <liminf B, <limsup 8, < 1.
n—00 n—00

Suppose that

Xnsl = ,ann + (1 - IBH)ZW nz 0
and
lim (/121 = Zall = [%ns1 = %all) < 0.
n— 00
Then lim,,_, o ||z, — x| = 0.

Let C be a closed convex subset of a Hilbert space H. Let A : C — H be a continuous
monotone mapping, let 7: C — C be a continuous pseudo-contractive mapping. Then
we define the mappings as follows: for x € H, t,, € (0, 00)

1

Tfn(x)z{zeC:(y—z,Tz) <y—z,(1+r,,)z—x>§0,VyeC}, (2.3)

n

F. (x) = {z eC:(y—zAz) + Tl(y—z,z—x) >0,Vye C}. (2.4)
n

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C — C
be a continuous pseudo-contractive mapping, let A : C — H be a continuous monotone
mapping such that F = F(T) N VI(C,A) # @, let f : C — C be a contraction with a con-
traction coefficient p € (0,1). The mappings T, and F,, are defined as (2.3) and (2.4),
respectively. Let {x,} be a sequence generated by xo € C

Yn = Ay + (1 - )‘-n)Frnxn; (31)

Xn+l = anf(xn) + ,ann + Vn Tt,,,yny

where A, € [0,1], let {a,}, {Bu}, {yn} be sequences of nonnegative real numbers in [0,1] and
(i) an+Pntyn=1n=0;
(i) lim, o0 0t =0, D02 oty = 00;
(iii) 0 <liminf,_ o Ay <limsup, A, <1;
(iv) iminf,— oo Ty > 0, Y oy |Tus1 — Tul < 00.
Then the sequence {x,} converges strongly to x = Pef(x), and also x is the unique solution
of the variational inequality

(f®-xy-% =<0, VyeF. (3.2)

Proof First, we prove that {x,} is bounded. Take p € F, then we have from Lemmas 2.2
that

yn = pll < Al = pll + A = A 1 Fr, %0 — Fo,pll < %0 — pll. (3.3)
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For n> 0, because T;, and F;, are non-expansive, and f is contractive, we have

%1 = pll
= | (F@n) = P) + Bun = P) + Yu(To,yn = )|
< |f@n) =f @) | + @ul[f @) = p|| + Bullxn =PIl + vl To, 30 =
< paallan —pll + o |[f () = p|| + A = an) %, - pl
<[1-A-p)an]lx, —pll + | f ) - p|

foze))

< max{ X0 — P

Therefore, {x,} is bounded. Consequently, we get that {F; x,}, {T%,y.} and {y,}, {f(x,)}
are bounded.

Next, we show that ||x,,,1 —x,| — O.

”yn+1 _yn” = )"n+l||xn+1 - xn” + (1 - )"n+l)”Fr,,+1xn+l - Frnxn”

+ | Aa1 = Al oy = Fr 2]l (3.4)

Let v, = F;, %y, Vus1 = Fr,, %441, by the definition of the mapping F;,, we have that

1
Y=V Avy) + — (Y =V, V= %4) 20, VyeC, (3.5)
T,

n

1

()’ — Vil AVpi1) + (J’ — Vil Vil — %ps1) > 0, Vy eC. (36)

n+l

Putting y := v,,41 in (3.5), and letting y := v, in (3.6), we have that

1
<Vn+1 - Vn;AVn) + T_<Vn+1 ~Vus Vn _xn> > 0, (37)
n
1
(Vn - Vn+17AVn+l> + 'L'— (Vn — Vutls Vnsl _xn+l) > 0. (38)
n+l

Adding (3.7) and (3.8), we have that

Vu—=%Xn  Vnsl —Xnsl
<Vn+1 - VnrAVn _AVn+1) T\ Vu+1 = Vus - > 0.
n Tu+l

Since A is a monotone mapping, which implies that

Vi — Xy _ Vnil _xn+l> > 0.

<Vn+1 —Vus
n Tn+l

Therefore, we have that

Tn(Vn+l - xn+l)

+ Vni1 — Vn+1> = 0:
Tn+l

<Vn+1 —Vus Vn —Xn —
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2 Tn
”Vn+1 - Vn” S\ Vil = Vi Xg1 — X + 1- (Vn+1 _xn+l)

Tn+l

Tn

1-

< Va1 = vaull { %651 — % |l + 1Vns1 = Xnar |l } (3.9)

n+l

Without loss of generality, let b be a real number such that 7, > b >0, Vn € N, then we

have that
Ty
1Vis1 = Vil < %1 = xull + |1 = ——{1V41 = Xnaall
Tn+l
1
< %1 = xull + Z|Tn+l - TulK, (3.10)

where K = sup ||v,41 — %+1]]. Then we have from (3.10) and (3.4) that

(1= Apse1)|Te1 — Tl
Iyms1 = Yull < %s1 — x| + = b”* “K

+ |)‘n+1 - )\n| ”xn - Ftnxn ” (311)

On the other hand, let u,, = T%, ¥, 41 = T%,,;Yn+1, we have that

1
(y — uy, Tuy,) — —(y —uy, (L + 1)Uy —yn) <0, VyedC, (3.12)
T

n

1
(v = th1s (L + Tps1) s — Yun) <0, VyeC. (3.13)

n+l

(¥ — tns1, Tthps1) —

Let y := u,,; in (3.12), and let y := u,, in (3.13), we have that

1
(1 — tp, Ty) — T_<un+1 =ty (1 + Tp)ty _yn> <0, (3.14)
n
1
(U — tps1, Ttipi1) — _’:—(un = tpi1, (L + Tys1) i _yn+1) <0. (3.15)
n+l

Adding (3.14) and (3.15), and because T is pseudo-contractive, we have that

Up —Yn _ Upsl —yn+1> ~0

<Mn+l — Up,
Tn Tu+l

Therefore, we have

Ty (Mn+1 - yn+1)

+ Upy1 — un+1> >0.
T+l

<un+l — Uy, Uy _yn -
Hence we have that

1
le£e1 = uull < |¥ne1 = yull + E|Tn+1 - M, (3.16)

where M = sup{||u, — y,|| : n € N}.
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Let x,,.1 = Bux, + (1 — B)z,, hence we have that

(07785} (07788} oy
i =an =g () =f ) ¢ <1 B 1-B, )f(x”)
Vn+1 (u u ) ¥ ( Vi1 Vn )u
1= - .
1- ﬂVH-l " g 1- ,Bn+1 1- ,Bn s

Hence we have from (3.17), (3.16), (3.11) and condition (iii) that

1Zs1 = Zull = l1%ns1 — %l

(10 - 1)Oln+1 Upil oy
STy el ’1_,% “Toh ’{llf(xn)H + s}

Vil | Tnel = Tl Vn+l
1-A)K+M) +
1- :871+1 b ( " ) 1- ﬂn+1

Notice conditions (ii) and (iv), we have that
lim Sup(||zn+l = zyll = 11 _xn”) =0.
n—0o0

Hence we have from Lemma 2.3 that

limsup ||z, — x,|| = 0.

n— 00

Therefore, we have that
%01 = %nll = 1L = Bulllzy — %]l — 0.
Hence we have from (3.10) and (3.16) that
1Yns1 = yull = O, 4ns1 — unll — 0, Vi1 = vall = O.
Since %, = o1 (%-1) + Bu_1%n-1 + Yn-1Vu-1, SO we have that

”xn - Vn” = ”xn - Vn—l” + ”Vn—l - Vn”

< [1=- 1= )] 1%nt = Vi | + Vit = vl
According to Lemma 2.1, we have that
% = vull = 0.
In the same way, we have that
%0 = yull = O, %0 — tu |l — 0.
Consequently, we have that

”yn - un” — 0.

(3.17)

|)\n+1 - )\nl ”xn - Fry,xn”‘ (3~18)

(3.19)

(3.20)

(3.21)

(3.22)
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Now, we show that limsup,,_, . (f(*) — %, x,.1 — %) <O0.

Since sequence {x,} is bounded, then there exists a sub-sequence {x,} of {x,} andw € C
such that x,x — w. Next, we show that w e F = F(T) N VI(C, A).

Since v, = F;,x,, we have that

1
¥ = Vuko AViic) + — (¥ = Viko Vi — %) = 0,  Vy e C.
Tk

Letv,=tv+ (1 —-8t)w, t €(0,1), v € C, then we have that

Viuk — Xnk
(Ve = Vikr Avg) = (Vi = Vi, Avy — Av) — <Vt — Viks —>

Tnk

Since x,x — Vi — 0, and also A is monotone, we have that

0 < lim (v, — vy, Avy) = (v, — W, Avy).

k—o00

Consequently,
(v —w,Avy) > 0.

If t — 0, by the continuity of A, we have (v —w,Aw) > 0, Vv € C. Thus, w € VI(C, A).
In addition, since u,, = F;,y,, we have that

1
(J/ — Uk, Tunk) - ;O} — Unk> (1 + Tnk)unk _ynk> < 0, Vy eC.
n

Letv, =tv+ (1 -t)w, t € (0,1), v € C, then we have that

1+ T
(thuk = Ve Tve) = (Ve — i, Tt — TV) — (Vi — Uy ———— Uk — Yk
nk
1
> —(Ve = Upje, Ve) — — (Ve — Uk, Unk — Yk )-
Tuk

Since Yk — Uk — 0, if £ — 0, by the continuity of T, we have that
—(v—w,Tw) > —-(v—w,w), VveC.

Let v = Tw, we have w = Tw, thus, w € F(T). Consequently, we conclude that w € F =
F(T)NVI(C,A).
Because x = Pf(x), we have from (2.1) that

lim sup(f(a'c) — X, %, — 9_C> = (f(a'c) — Pef(x),w— pr(o_c)) <0. (3.23)

n—o0

Next, we show that x,, — . From formula (3.3), we have that

[1%241 _9_C||2 = ”O[n(f(xn) _7_‘:) + Bulxn — %) + Yty _9_5)”2

< @2 () = | + || Bl = %) + yulttn - D)
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+ 2an(f(xn) =%, Bu(% — %) + Yty — 55))
-2 - - -
<o |[f () = %] + A = ) llxn = Xl + 20 Bulf () — %, % — %)
+ 20, Yy “f(xn) - 9_‘:” 2ty — |l
_2 _ - _
<o |f(en) = %]+ (1= )% — ZI|* + 2000 Bulf (%) — X, %, — )
+ 200, Blf (%) = f (%), 260 — &) + 20,0 ¥ ||f () — || 1280 = X
_ _2 - _
= [ = an)? + 2000 B |12 — X% + 0| f(xn) — || * + 200 Bulf (%) — %, % — %)
+ 200, |[f (%) = % || |24 — X
- -2 -
= (1= 20, (1= pB)) I — %1% + @ [|f () = | + [l — XI|?]
+ 20,y “f(xn) - 9_‘:” e, — x| + 2anﬁn(f(~’_c) =X, %Xy —9_C>~
Let 6, = 20,(1 = pBn)s 0 = a2[Ilf (%) = ZI* + 120 — ZII*] + 20, ¥ullf (B) — X |14, — X +
20,8, {f (%) — %,%, — X). According to Lemma 2.1 and formula (3.23), we have that
lim,, o ||, — X|| = 0, i.e., the sequence {x,} converges strongly to x € F.
According to formula (3.23), we conclude that X is the solution of the variational inequal-
ity (3.2). Now, we show that x is the unique solution of the variational inequality (3.2).
Suppose that ¥ € F is another solution of the variational inequality (3.2). Because x is the

solution of the variational inequality (3.2), i.e., (f(¥) —x,y —x) <0, Vy € F. Because y € F,
then we have

[f®-%5-x<o. (3.24)
On the other hand, to the solution y € F, since x € F, so
fem-»x-y) <o. (3.25)

Adding (3.24) and (3.25), we have that

(F-7-(f@®-f3).%-3) <0,

(‘7_‘:_5]— (f(j_‘:) —f()_/)),a_c _5’> = <f(.7_6) _f@)r;‘:_y)
Hence
1% =717 < {f&) -f(3),x-¥) < pllx-7I*.

Because p € (0,1), hence we conclude that x = y, the uniqueness of the solution is ob-
tained. O

Theorem 3.2 Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C —
C be a continuous pseudo-contractive mapping, let A : C — H be a continuous monotone

Page 9 of 11
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mapping such that F = F(T) N VI(C,A) # @, let f : C — C be a contraction with a con-
traction coefficient p € (0,1). The mappings T, and F,, are defined as (2.3) and (2.4),
respectively. Let {x,} be a sequence generated by xy € C

K1 = Qf (%) + By + VT, Fr,%ns (3.26)

where {a,}, {Bn}, {vu} are sequences of nonnegative real numbers in [0,1] and
(i) ap+Bp+yn=1,n>0;
(i) lim, o0t =0, > 02 &ty = 00;
(i) Hminf, o0 Tu > 0, Y ooy |Tus1 — Tul < 00.
Then the sequence {x,} converges strongly to x = Pef (x), and also x is the unique solution

of the variational inequality
(f® -xy-% =<0, VyeF. (3.27)
Proof Putting A, = 0 in Theorem 3.1, we can obtain the result. O

If in Theorem 3.1 and Theorem 3.2, let f := u € C be a constant mapping, we have the

following theorems.

Theorem 3.3 Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C —
C be a continuous pseudo-contractive mapping, let A : C — H be a continuous accretive
mapping such that F = F(T) N VI(C,A) # @. The mappings T-, and F,, are defined as (2.3)
and (2.4), respectively. Let {x,} be a sequence generated by

xo=x€C,
yn = )"nxn + (1 - )"n)Frnxm (328)

Xp+l = Oyl + Iann +Vn Trnym

where ), € [0,1], and let {a,}, {Bn}, {vu} be sequences of nonnegative real numbers in [0,1]
and
@) an+PBu+ya=1,n=>0;
(i) lim, 00, =0, Y 02 oty = 00;
(iii) 0 <liminf,_ oA, <limsup, A, <1
(iv) liminfy, o Ty > 0, Yooy [Tus1 — Tnl < 00.
Then the sequence {x,} converges strongly to x = Pru, and also x is the unique solution of

the variational inequality

(u—xy-x) <0, VyeF. (3.29)
Theorem 3.4 Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C —
C be a continuous pseudo-contractive mapping, let A : C — H be a continuous monotone
mapping such that F = F(T) N\ VI(C,A) # &. The mappings T-, and F,, are defined as (2.3)

and (2.4), respectively. Let {x,} be a sequence generated by xy € C

KXpsl = Qplh + By + Vi TrnFrnxn; (3.30)
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where {a,}, {Bn}, {vu} are sequences of nonnegative real numbers in [0,1] and
@) ay+Bu+y,=1,n>0;
(i) lim, o0, =0, Y 02 @y = 00;
(iti) liminf, o0 T, > 0, D00, [Tye1 — Tul < 00.
Then the sequence {x,} converges to X = Pru, and also x is the unique solution of the

variational inequality

(u—xy-x) <0, VyeF. (3.31)
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