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1 Introduction

It is well known that concave operators are a class of important operators that are exten-
sively used in nonlinear differential and integral equations (see [1-12]). In [13], Krasnosel-
skii introduced in detail many important ideas and results about concave operators. A
problem is that there are various concepts of concave operators, such as uy-concave oper-
ators [5], ordered concave operators [1] and «-concave operators [7], which is somewhat
confusing. We should mention that Liang et al. [14] proved that both ordered concave
operators and «-concave operators are uo-concave operators and gave necessary and suf-
ficient conditions on which u,-concave operators have a unique fixed point. Furthermore,
Zhai et al. [11] considered an operator equation with general «-concave or homogeneous
operator, their results improved previous results (see Corollary 3.3 in [7]).

We note that Li and Liang [15] introduced the definition of ¢-concave operator, which
provided a general method to copy with such a class of operators together. Furthermore,
[8, 9] extended the concept of p-concave operator to ¢-concave(—) convex operators. In
[12], Zhao weakened some conditions and strengthened the conclusions. Mixed mono-
tone operators were introduced by Guo and Lakshmikantham [16] in 1987. Thereafter,
many authors have focused on various existence (and uniqueness) theorems of fixed points
for mixed monotone operators; for details, see [8, 9, 13, 16—33] and references therein. In
[20], Bhaskar and Lakshmikantham established some coupled fixed point theorems for
mixed monotone operators in partially ordered metric spaces and discussed the existence
and uniqueness of a solution for a periodic boundary value problem. Instead of using a
direct proof as in [20], Drici et al. [22] employed the notion of reflection operator and in-
vestigated fixed point theorems for mixed monotone operators by weakening the require-
ments in the contractive assumption and strengthening the metric space utilized with a
partial order. Sintunavarat and Kumam [34] extended classical coupled fixed point theo-
rems of Bhaskar and Lakshmikantham [20] to the coupled common fixed point theorems
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for mappings satisfying a new non-commuting condition. These theorems are generaliza-
tions of the results of [20]. Furthermore, Harjani et al. [25] improved the main results of
[22] using the altering distance functions. Sintunavarat et al. [35] established some cou-
pled fixed point theorems for a contraction mapping induced by the cone ball metric in
partially ordered spaces and also discussed the condition claim of the uniqueness of a
coupled fixed point. Very recently, Chandok et al. [21] were concerned with some coupled
coincidence point theorems for a pair of mappings having a mixed g-monotone property
in partially ordered G-metric spaces. Also, they presented a result on the existence and
uniqueness of coupled common fixed points. In [19], the authors introduced the concept
of W-compatible mappings. Based on this notion, a tripled coincidence point and a com-
mon tripled fixed point for mappings F : X x X x X — X and g: X — X were obtained,
where (X, d) is a cone metric space. We should point out that their results do not rely on
the assumption of normality condition of the cone.

On the other hand, there is much attention paid to mixed monotone operators with cer-
tain concavity and convexity; for example, see [8, 9, 23, 24, 27, 28, 30-33]. In [32], Zhang
and Wang modified the methods in [30, 31] to obtain some new existence and uniqueness
results of a positive fixed point of mixed monotone operators. Recently, in [29], Zhai and
Zhang presented a new fixed point theorem for a class of general mixed monotone opera-
tors, which extends the existing corresponding results. Moreover, they investigated some
pleasant results of nonlinear eigenvalue problems with mixed monotone properties. Based
on them, the local existence-uniqueness of positive solutions for nonlinear boundary value
problems which include Neumann boundary value problems, three-point boundary value
problems and elliptic boundary value problems for Lane-Emden-Fowler equations was
proved.

In this paper, by means of the concept of ¢-concave operator, some new theorems of
fixed points of mixed monotone operators with such concavity are obtained. Our theo-
rems unify and extend some previous results, then we apply these results in discussing a
class of Hammerstein integral equations and give the new condition for determining the

unique solution to this equation.

2 Preliminaries
Some definitions, notations and known results are from Refs. [2, 3, 23]. Let E be a real
Banach space. A nonempty convex closed set P is called a cone if it satisfies the following
conditions:

(i) x € P, A > 0 implies Ax € P;

(i) x € Pand —x € P imply x = 6, where 6 denotes the zero element of E.

Let E be partially ordered by a cone P of E, i.e., x <y, if and only if y — x € P for any
x,y € E. Recall that the cone P is said to be solid if the interior P° is nonempty, and P is
said to be normal if there exists a positive constant M such that 8 <x <y (x,y € E) implies
llx|l < M||y|l, where M is the normal constant of P. Let D C E. An operator A : D x D — E
is said to be mixed monotone if A(x, y) is nondecreasing in x and nonincreasing in y, that

is, for any x,y € D,

x,% €D, x<x = A,y <A(x,y)
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and
yuy2 €D, 1<y = Alxy) = Al y).

An element x* € D is called a fixed point of A if it satisfies A(x*,x*) =x*. A: D CE — E'is
said to be convex if for x,y € D with x < y and each ¢ € [0, 1], we have

A(tx+ (1 - t)y) < tAx + (1 - t)Ay;

A is said to be concave if —A is convex.
Let 1 > 6, write P, = {x € E | 3A, u > 0, such that A1 <x < uh}.
Let e > 0. An operator A : P — P is said to be e-concave if it satisfies the following two
conditions:
(i) A is e-positive, ie., A(P—{0}) C P,;
(i) Vx € P, V0 <t<1,3n=n(tx) >0 such that

Al(tx) > (1 + n)tAx,

where 1 = n(t,x) is called the characteristic function of A.
The operator T : P° — P° is said to be «-concave(—a-convex) (0 < « < 1) if

T(tx) > t* T (x) (T(tx) <t T(x)), Vx € P°,Vt € (0,1].
Let ug,vg € E with 1y < vy. Write

[0, vo] = {x € E| uo <x <o},
where [ug, Vo] is called an ordering interval.

Definition 2.1 (see [25]) Let A : P, — Pj, be a ¢-concave operator if there exists a function
¢ :(0,1] x Py — (0,1] such that ¢ € (0,1) implies ¢ < ¢(¢,x), and A satisfies the following

condition:
A(tx) > p(t,x)Ax, 0<t<1l,x€Py.

Definition 2.2 (see [2]) Let S be a bounded set of a real Banach space E. Let
«(S) = inf{a 50 ‘ S=|Js: with diam(S,) <8,i=1,2,...,m .
i=1
Clearly, 0 < «(S) < 00. «(S) is called the Kuratowski measure of noncompactness.

Definition 2.3 (see [36, 37]) Let D C E, A: D — E be an operator. Then S is said to be a
generalized condensing operator if for any S C D, a(S) # 0 implies a(A(S)) < «(S).

Lemma 2.1 (see [2, 37]) Let S, T be bounded subsets of E. Then
(i) «(S) =0 ifand only if S is relatively compact;
(i) S T implies a(S) < a(T);
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(ili) «(S) = a(S);
(iv) a(SUT)=max{a(S),x(T)};
(v) a(coS) = a(S), where coS denotes the convex hull of S.

3 Main results
Theorem 3.1 Let E be a real Banach space and P be a normal cone of E. Let uy,vo € E
with uy < vy and A : [ug,vo] x P — P be a mixed monotone operator. For fixed v € P,
A(-,v) : [ug, vo] = P is a p-concave operator. Suppose that

(i) there exists a real positive number ro such that uy > rovo;

(ii) wug and vy are such that

uo < A(uo, vo), A(vo, uo) < vo;

(iii) there exists an element wy € [ug, vol such that
p(t,%) = (£, wo),  V(t,%) € (0,1) x [uo, vol,

and

}L‘{l o(s,wo) >t, Vte(0,1);

(iv) for fixed u € [ug,vo], AN > 0 such that
A, ):P— P, A(u,v1) —A(u,v2) = —N(vy —vo), Vvy =g, vy, vp €P.

Then A has exactly one fixed point x* in [ug, vo].

Proof We divide the proof into three steps.

Step 1. We prove that for any fixed u € [ug, v], A(u, -) has exactly one fixed point T'(«) €
[A(uo,v0), A(vo, uo)] such that A(u, T'(«)) = T(). Our proof is the same as Theorem 2.1 in
[32]. For completeness, we list it as follows.

For fixed u € [ug, vo], there exists N > 0 such that A(u, v) + Nv is increasing in v. Let

_A(u,v) + Nv

B ==t

then B(u, v) = v is equivalent to A(u, v) = v.
Let xo = A(uo, Vo), yo = A(vo, uo) and X1 = B(u, %), Yne1 = B(tt, y,). By ug < 1 < v, % =
A(ug, vo) < vo, ug < vo and yo = A(vg, ug) > up, we have
A(uer) > A(MO, VO) = X0,

A(Myyo) =< A(VO) uO) =%o0,

thus
Ay, N N
%1 = B(u,x0) = (v, %0) + Nt > To+ o = Xo,
N+1 N+1
Au, y9) + N + N
y1=B(u,y0) = o)+ o Yot 2o = %o,

N+1 - N+1
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that is, x9g <1 <y <. By induction, we have x,, < x,,1 <¥,,1 <¥,. Thus we get that

A, Yy-1) + Ny — A, x,1) — Ny N
0 < n—Xn= =< n-1—Xn-1)-
SIn =% N+1 N + 1()/ 1 %)

Since P is a normal cone and by induction, we get that

N n
n— Sl = T 4 - ’ 31
lly. —x ||<C(N+1) llyo — xoll (3.1

where C is the normal constant of P.
Moreover (for any natural number p),

Xntp = Xn = Vnrp —%Xn = Yn — Xn> (3.2)

N n
[%n+p = Xnll < Cllyn — xull < Cz(m) lyo —%oll, (3.3)

which implies that x, is a Cauchy sequence. Noticing E is complete, x,, converges to some
element, we denote it by T'(«). Equation (3.1) implies that y, also converges to T (). By
% < T(W) < yu, (3.4)
Xp+l = B(urxn) < B(“; T(M)) < B(uryn) < YVn+1» (35)
using the normality of the cone P, we can conclude that x,, y, also converge to B(u, T (u)).
Thus B(u, T(u)) = T(u).
If B(u,x) = x, then we have for any integer n, x,, < x < y,, which implies by taking the
limit that x = T'(u), i.e., T(u) is the unique fixed point of A(x, -) in [A(uo, vo), A(vo, Uop)]-
Step 2. We prove that T'(x) is increasing in .

Ifu,u’ € [ug,vo], u < u, then we let xg = x; = A(uo, vo) in Step 1. Since B(u, v) is increas-
ing in both variables, we have

x1 = B(u, x0) < B(u/, %) = x].

By induction we know x,, < x/,. Taking the limit, we have T'(&) < T(«').
Step 3. We prove that T'(-) has a unique fixed point in [ug, vo].
Let uyy1 = T(uy), Va1 = T(vy), we have ug < uy, v; < vg. Thus, by conclusion of Step 2,
we get U, < Uy41, Vel < Vy, and u, <v,. By condition (i), we have
u1 = Al(uo, T (o))
> A(rovo, T(uo))
> @(ro, vo)A(vo, T(uo))
> @(ro, vo)A(vo, T(vo))

= ¢(ro, vo)vi,

that is

u1 = @(ro, vo)vi.
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Let r, = ¢(ry-1,V4-1), 1 =1,2,.... By induction, we know
Uy =1y, n=12,....

Obviously, the sequence {r,} is increasing with {r,} C (0,1]. Suppose r, — r (n — 00),

then r = 1. Otherwise, we have 0 < r < 1. Thus, by condition (iii), we have

T = @(ru-1, V1) = @(rn-1, Wo). (3.6)
Let n — o0 in (3.6), we have

r> 31151— o(s,wo) > 7,

which is a contradiction. Hence, we have r = 1.

Therefore, Vi, p > 1, we get
0 <Vp—tty <Vy =1y =1 =1,)v, < A =ry)vo,
and

95”n+p_unfvn+p_unfvn_um

efvn_vn+pfvn_”n+p§1}n_un-

Thus, by the normality of P, it is easy to see that v, —u,, — 0 (n — 00), and hence {u,}, {v,,}
are Cauchy sequences. Therefore, there exist u*, v* such that u,, - u*, v, —> v* (n — 00)
and u* = v*. Write x* = ™ = v*,

Now we show that T'(x*) = x*. It is easy to see that
T(x*) = T(un) = iy — %,
and so T'(x*) > x*. On the other hand, we have
T(x") < T(vn) = Va1 — &7,

so we obtain T'(x*) < x*. Hence T'(x*) = x*.

The proof of the uniqueness is the same as above in Step 1. Finally, from Step 1 we get
that x* is the fixed point of A in [ug, vo] such that T'(x*) = x* and A(x*, x*) = x™.

By the construction we can see that it is unique. If ¥ satisfies A(x,x) = x. By Step 1, T'(x)
is the unique fixed point of A(¥, -), thus T'(¥) = . By the uniqueness of the fixed point of
T(-), we get x = x*. This ends the proof of Theorem 3.1. |

Remark 3.1 In fact, by Theorem 2.3 in [30] and Theorem 1.1 in [29], we can know that
condition lim,_, ;- (s, wg) > t in Theorem 3.1 can be deleted, while the conclusions remain

the same.
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Theorem 3.2 Let E be a real Banach space and P be a cone of E. Let ug, vy € E with ug <vg
and A : [ug,vo] X P — P be a generalized condensing and mixed monotone operator. For
fixed v e P, A(-,v) : [ug, vo] = P is a -concave operator. Suppose that conditions (i)-(iv) of

Theorem 3.1 hold. Then A has exactly one fixed point x* in [ug, vo].

Proof For fixed u € [ug,vo], let S={x, | n=0,1,2,...}. We show that S C co{xy,A(S)}. Itis
easy to see that xg € co{xy, A(S)}. If xx € co{xo,A(S)} (k > 0), then for fixed u € [uo, vol,

Alu,x) + N Alu, i) ( 1 )
Kisl = = 1- X

N+1 T ON+1 N+1

Noticing that A(u, x¢), xx € co{xo,A(S)}, we have that x;,1 € co{xo,A(S)}. By induction, we
have that S C co{x,A(S)}. It follows from Lemma 2.1 that

a(S) < a(co{xo,A(S)}) = a(A(S)) <a(S).

This is a contradiction. Consequently, we find that «(S) = 0. In view of Lemma 2.1, we
have that S is a compact set in E. This implies that there exists a subsequence {x,,} of {x,},
which converges to x* in E.

Now, we prove that {x,} itself also converges to x*. If not, there exists another subse-
quence {x;} of {x,,}, which converges to another point x, # x* (x, € E). Thus, for any fixed
{x,,io }, and if #; is large enough, then Xnjy < K- Let n; — oo, we get that Ky < Koe Since

%y, is any fixed element of {x,,}, then for any element x,, of {x,,}, we have that x,, < x..

io
Let n; — oo, we get that x* < x,.. Similarly, we can prove that x,, < x*. Thus, x, = x*. This
is a contradiction. Therefore, x, — x*. In the same method, we can know that there exists
y* € E such that y,, — y*.

Since 0 <y, —x, < (%)"(yo —x0),n=1,2,3,.... Let n > 00, we have that y* = x*.

In the following, we show that x* is the fixed point of A. In fact, if m > 1, for any fixed

integer 1, %, < X,.m < ¥u. Let m — 0o, we have that x,, < x* < y,. Thus,
Au,x*) = A(u,x%) = A %21) + A1t 5,1
> —N(x* - x,,_l) + A, %-1)

= —Nx* + Nx,_1 + A(u, x,_1)

= —Nx* + (N + Dx,, > x*  (n— 00).
On the other hand,

A(u,x*) = A(u,x*) —A(tt, Y1) + AU, ¥,21)
< -N(x" = 1) + A, Y1)
= —Nx*+ Ny,_1 + A(u, y,1)
= —Nx* + (N + 1)y, > x* (n— 00).

Therefore, for fixed u € [ug, Vo], A(u,x*) = x*. The rest of the proof is the same as that of
Theorem 3.1. 0
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Corollary 3.1 (see Theorem 2.1in [32]) Let P be a normal cone of E,and let A: P x P — P
be a mixed monotone operator. Suppose that
1. For fixed v e P, A(-,v) : P — P is concave; for fixed u € P, AN > 0 such that
Au,-):P— P, A(u,v1) — A(u,va) > =N (v1 = v2), V1 > o, vy, vp € P.
2. Av>0,0<c<1suchthatd <A{¥,0) <Vvand

A(6,7v) > cA(v,0).
Then A has exactly one fixed point u* in [0,V] and A(0,v) <u* < A(®,0).
Proof Set
Uy = A(Uy_1,Vn-1), Ve =AWy, uy), n=L2,...,
uog =0, vo =, it is easy to show that

uo < A(vo, o) <vo, Al(uo,vo) > cA(vo, uo),
w >cvi,  ur =Auo,vo) < Alur, 1),
A(vi,u1) < v1 = A(vo, uo).
Now let us prove that A(-,v) : [u1,v1] — P is a ¢-concave operator for fixed v € [u1,11]. It
suffices to show A(-,v) : [ug, vo] — P is a ¢-concave operator for fixed v € [ug, vo].
For each u € [ug, o], t € (0,1), we see
Altu,v) = A(tu +(1- t)9,v)
> tA(u,v) + 1 = £)AO,v)
> tA(u,v) + (1 - )A(O,vp)
> tA(u,v) + c(1 — £)A(vo, uo)
> tA(u,v) + c(1 - H)A(u, v).

Set (t,x) =t + c(1—t), then ¢ : (0,1] X [ug,vo] — (0,1], ¢(¢,x) > £, VE € (0,1), limy_, .- (s,
wo)=t+c(l—t)>t. a

So, by Theorem 3.1, we see that A has exactly one fixed point x* in [u3,v;].
Similarly, if P is a solid cone, we have the following corollary.

Corollary 3.2 (see Theorem 2.3 in [32]) Let P be a normal solid cone of E, and let A :
P° x P° — P° be a mixed monotone operator. Suppose that
1. For fixed v € P°, A(-,v) : P° — P° is concave; for fixed u € P°, AN > 0 such that
A(u,-): P° — P°, A(u,v1) — A(u,v3) = =N (v — v3), Y1 > vq, V1, V5 € P°.
2. Aug € P°, vy € P° such that uy < vy, uy < A(uo, vo),A(vo, o) < vp.
Then A has exactly one fixed point in [uo, vo].

Proof 1t is easy to show that there exists a real number ¢ > 0 such that uy > ryv, since
uo,vo € P°, which completes the proof of Corollary 3.2 by means of Corollary 3.1. g
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Corollary 3.3 (see Remark 2.4 in [32]) Let P be a normal solid cone of E, and let A : P° x
P — P° be a mixed monotone operator. Suppose that
1. For fixed v € P, A(-,v) : P° — P° is a-concave; for fixed u € P, AN > 0 such that
A(u,"): P— P, A(u,v1) — A(u,v2) > =N (vi — v2), Y1 > vy, v1,v5 € P.
2. Jug € P°, vy € P° such that ug < vy, ug <K A(ug,vo),A(vo, ug) < vp.
Then A has exactly one fixed point in [up, vo].

Proof Take ¢(t,x) = t*, Vt € (0,1). Thus, by Corollary 3.2, we easily see that the conclu-
sions of Corollary 3.3 hold. O

Corollary 3.4 (see Theorem 2.2 in [11] or Theorem 2.1 in [10]) Assume that the operator
A satisfies the following conditions:
(Hi) A: Py — Py isincreasing in Pp;
(Hp) forVx € Py and t € (0,1), there exists a(t) € (0,1) such that
Atx) > 2O Ax.

Then A has a unique solution in Py.

Proof 1f A(u,v) is independent of v, then take ¢(t,x) = t*®@, Vt € (0,1). It is easy to check
that conditions (i), (iii) in Theorem 3.1 hold. By Lemma 2.1 in [8], assume that the operator
A satisfies conditions (H;) and (H,), we can know that there are ug, vy € Py, such that u, <
Vo, o < Augy < Avy < vg. Thus, condition (ii) in Theorem 3.1 holds. Therefore, it follows
from Theorem 3.1 that the conclusions of Corollary 3.4 hold. d

Corollary 3.5 (see Theorem 2.6 in [10]) Assume that the operator A satisfies the following
conditions:

(Hs) A:Py — Py is increasing in Py;
(Ha)

A(tx) > t*“®Ax, Vxe P, te(0,1),

where a : (0,1) x Py, — (0,1) is increasing in x for fixed t € (0,1);
(Hs) there exists ty € (0,1) such that

toh<Ah <

l—oz(to,%h) ’
0

Then A has a unique solution in Py,

Proof By Corollary 3.4, we only need to check condition (ii) in Theorem 3.1. By the proof

of Theorem 2.6 in [10], choose k € R such that k > #(to) Put ug = t’o‘h, Vo = tikh, set
0

U, =Au,_1, v=Av,.1,, n=12,...,
we have 1y, vy € Py, ug < vy, and ug < Aug < Avg < vy. O

Furthermore, we can easily obtain the following new result.
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Theorem 3.3 Let P be a normal cone of the real Banach space E, e > 0 and uy, vy € P with
ug < vy, and let A:P x P— P be a mixed monotone operator. Suppose that
(i) there exists a real positive number ro such that uy > rovo;
(i) uo < A(uo,vo),A(vo,uo) < vo;
(ili) for fixed v, A(-,v): P — P is e-concave with its characteristic function, n(t, x) is
monotone in x and continuous in t from left;
(iv) for fixed u € P, AN > 0 such that

A(u,-): P— P, Au,v) —A(u,v2) = —-N(vi —13), Vv = vy, v, vy €P.

Then A has exactly one fixed point x* in [uy, vo].

Corollary 3.6 (see Theorem 2.5 in [11]) Assume that the operator A satisfies the following
conditions:

(He) A: Py — Py is increasing in Py;
(Hy) foreach x € Py and t € (0,1), there exists n(t) € (0,1) such that

Altx) > t(l + n(t))Ax.

Then A has a unique solution in Py,

Proof Set n(t,x) = n(¢), by Corollary 3.4 and Theorem 3.3, we can know that the conclu-
sions of Corollary 3.6 hold. O

4 Application
In this section, we present an example to explain our results.

Example 4.1 Consider the following nonlinear integral equation:
x(8) = (Ax)(t) = / K(t,8)[x2 (s) + x(s) + %73 (5)] ds. (4.1)
RN
Conclusion 4.1 Suppose that K : RV x RN — R! is nonnegative and continuous with

1 1
— 5/ K(t,s)ds < —. (4.2)
11~ S 6

Then Eq. (4.1) has a unique positive solution x*(¢) satisfying 1072 < x*(¢t) < 1.

Proof We use Theorem 3.3 to prove Conclusion 4.1. Let E = Cz(RN) denote the set of all
bounded continuous functions on RN; we define ||x|| = sup,z~ |4(¢)], and then E is a real
Banach space. Let P = C;(RN) denote the set of all nonnegative functions of Cz(RN). Then
P is a normal cone of E. Obviously, Eq. (4.1) can be written in the form x = A(x, x), where

Ax,y) = A1 (x) + Az (9),

Ai(x) = /RN K(t, s)[x% (s) + x(s)] ds,

As(y) = /R K( s)y~ (s) ds.
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Now, let us show that the operator A satisfies all the conditions in Theorem 3.3. In fact,
set ug = 1072, vy = 1. It is easy to see that A : P x P — P is a mixed monotone operator. It is
obvious that ug, vy € P, uy < vy and there exists a real number €y > 0 such that uy > €yvp.
By (4.2) we can easily get

Aug, vo) = / K(t,5)(10™ +107 +1) ds > 107 = uo,
RN

and

A(vo,ug) = f K(t,s)(l +1+ 10%)d5 <1l=vy,.
RN

For fixed y, Vt € (0,1), 3n = n(t,x) = %Tti;/); > 0 such that

Altx,y) = (1 + n)tA(x, y),

where 7(t, x) is decreasing in x and continuous in ¢ from left.

For fixed x, 3N = % such that

500
A(xr Vl) _A(x, VZ) = _T(Vl - VZ)) VVI >V, V1, Vs € [10721 1]

Therefore, we see Conclusion 4.1 holds by means of Theorem 3.3. O
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