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1 Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H with the inner product
(-,-) and the norm || - ||. Let A be a strongly positive linear bounded operator on H if there

is a constant y > 0 with the property
(Ax,x) > y|lx|*>, VxeH.
We now recall some well-known concepts and results as follows.

Definition 1.1 Let B: C — H be a mapping. Then B is called

(i) monotone if
(Bx—By,x—y)>0, Vx,yeC;

(ii) v-strongly monotone if there exists a positive real number v such that
(Bx—By,x-y) = vlx-yl>, VxyeC;
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(iii) &-inverse-strongly monotone if there exists a positive real number & such that
(x—y,Bx— By) > &||Bx—By|*>, Vx,yeC.

Definition 1.2 Let 7: C — C be a mapping. Then
(i) anelement x € C is said to be a fixed point of T if Tx = x and
Fix(T) = {x € C: Tx = x} denotes the set of fixed points of T;
(i) a mapping T is called nonexpansive if

”Tx— TJ’H = ”x_yH; Vx;ye C;

(iii) T is said to be k-strictly pseudo-contractive if there exists a constant « € [0,1) such

that

2
I Tx - TyllI* < llx = y* + k|- T)x = U - Ty,

Vx,y € C.

Note that the class of «-strict pseudo-contractions strictly includes the class of nonex-

pansive mappings.

Fixed point problems arise in many areas such as the vibration of masses attached to
strings or nets (see the book by Cheng [1]) and a network bandwidth allocation problem
[2] which is one of the central issues in modern communication networks. In applications
to neural networks, fixed point theorems can be used to design a dynamic neural network
in order to solve steady state solutions [3]. For general information on neural networks,

see the books by Robert [4] or by Haykin [5].

Let G: C — H. The variational inequality problem is to find a point # € C such that

(Gu,v—u) >0

for all v € C. The set of solutions of the variational inequality is denoted by VI(C, G).
Variational inequalities were introduced and investigated by Stampacchia [6] in 1964. It

is now well known that variational inequalities cover as diverse disciplines as partial differ-

ential equations, optimal control, optimization, mathematical programming, mechanics

and finance; see [7-9].

Let F: C x C — R be a bifunction. The equilibrium problem for F is to determine its

equilibrium point, i.e., the set

EP(F) = {x € C:F(x,y) = 0,Vy € C}.

Equilibrium problems, which were introduced by [10] in 1994, have had a great impact
and influence on the development of several branches of pure and applied sciences. Nu-
merous problems in physics, optimization and economics are related to seeking some el-
ements of EP(F); see [10, 11]. Many authors have studied an iterative scheme for the equi-

librium problem; see, for example, [11-14].

In 2005, Combettes and Hirstoaga [11] introduced some iterative schemes for finding
the best approximation to the initial data when EP(F) is nonempty and proved the strong

convergence theorem.
In 2007, Takahashi and Takahashi [14] proved the following theorem.
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Theorem 1.1 Let C be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R satisfying

(A1) F(x,x)=0 forallx € C;

(A2) F is monotone,i.e., F(x,y) + F(y,x) <0 forall x,y € C;

(A3) Foreachx,y,z€ C,

lim F(tz +(1- t)x,y) < F(x,y);

t—0%

(A4) Foreachx € C,y+> F(x,y) is convex and lower semicontinuous;
and let S be a nonexpansive mapping of C into H such that F(S) N EP(F) # (). Let f be a

contraction of H into itself, and let {x,} and {u,} be sequences generated by x, € H and

1
F(”nr}’)"'r—(y—umun—x)z(), Vy€C7

n

Xn+l = ar(f(xn) + (1 - Oln)Sun

foralln € N, where {a,,} C [0,1] and {r,} C [0,1] satisfy some control conditions. Then {x,}
and {u,} converge strongly to z € F(S) N EP(F), where z = Prs)nepr)f (2).

Fori=1,2,...,N, let F; : C x C — R be bifunctions and «; € (0,1) with Zﬁl a; = 1.
Define the mapping Zf\il a;F;: C x C — R. The combination of equilibrium problem is to
find x € C such that

N
<Z a,'Fi) (x,y) >0, VyeC. (1.4)

i=1

The set of solutions (1.4) is denoted by

N N
EP(Z@H) = {x eC: (Zuﬁ) (x,9)>0,Vy e C}.
i=1

i=1

IfF;=F,Vi=1,2,...,N, then (1.4) reduces to (1.3).

Motivated by Theorem 1.1 and (1.4), we prove the strong convergence theorem for find-
ing a common element of the set of fixed points of an infinite family of ;-strictly pseudo-
contractive mappings and a finite family of the set of solutions of equilibrium problem and

variational inequalities problem.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. We denote
weak convergence and strong convergence by ‘—’ and ‘— respectively. In a real Hilbert
space H, it is well known that

Jax - (1 a)y|* = cllxl® + L - ) Iy11? - (1 - @)l - y11?

forallx,y € H and « € [0,1].

Page 3 of 26


http://www.fixedpointtheoryandapplications.com/content/2013/1/291

Suwannaut and Kangtunyakarn Fixed Point Theory and Applications 2013, 2013:291 Page 4 of 26
http://www.fixedpointtheoryandapplications.com/content/2013/1/291

Recall that the (nearest point) projection P¢c from H onto C assigns to each x € H the
unique point Pcx € C satisfying the property

llx - Pex| = ryréig ll =l
The following lemmas are needed to prove the main theorem.
Lemma 2.1 [15] Forgivenz e H andu € C,
u=Pcz & (u-z,v-u)>0, VveC.
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies
|Pcx — Pcyl|® < (Pcx — Pcy,x—y), Vx,y€H.

Lemma 2.2 [16] Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence
{x,} C H with x, — x, the inequality

liminf ||x, — x| < liminf ||x, — y||
n— 00 n— 00
holds for every y € H with y # x.
Lemma 2.3 [17] Let {s,} be a sequence of nonnegative real numbers satisfying
Sust < (L—ay)s, + 8, Yn >0,
where w,, is a sequence in (0,1) and {8} is a sequence such that

(1) Y2 s =00,
(2) limsup, , 22 <0o0r Y 2% 18] < co.

on

Then lim,_, o s, = 0.

Lemma 2.4 Let H be a real Hilbert space. Then
ll+ yI* < llel® + 20y, + ),

forallx,y e H.

Lemma 2.5 [15] Let H be a Hilbert space, let C be a nonempty closed convex subset of H,
and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Pc(I-2Au < uecVICA),
where Pc is the metric projection of H onto C.

Lemma 2.6 (18] Let C be a nonempty closed convex subset of a real Hilbert space H, and
let S: C — C be a self-mapping of C. If S is a «-strictly pseudo-contractive mapping, then
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S satisfies the Lipschitz condition
l+k
5% = Syll < mllx—yll, v,y e C.

For solving the equilibrium problem for a bifunction F: C x C — R, let us assume that
F and C satisfy the following conditions:

(A1) F(x,x)=0forallx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) For eachw,y,z€C,

ltlf})lF(tZ +(1- t)x,y) < F(x,y);

(A4) Foreachx e C, y+— F(x,y) is convex and lower semicontinuous.

By using the concept of equilibrium problem, we have Lemma 2.7.

Lemma 2.7 Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
1,2,...,N,let F;: C x C — R be bifunctions satisfying (Al)-(A4) with ﬂf\il EP(F;) #0. Then

N N
EP(Z mﬂ) = (\EP(E),
i=1

i=1
where a; € (0,1) foreveryi=1,2,...,N and ZZI a; =1.

Proof It is easy to show that (N, EP(F;) € EP(Y_N, a;F;).
Let xg € JEP(Z;\:]1 a;F;) and x* € ﬂﬁlEP(Fi). Then we have

N
(Z ﬂiFi) (%0,9) =0, VyeC (2.1)

i=1

and

Fr(x*,y) >0, forallk=1,2,...,N, andyeC. (2.2)
From (2.2) and xy € C, we have

Fi(x*,%0) > 0, (2.3)
forall k=1,2,...,N. From (2.3) and (A2), we obtain

Fk(xo,x*) < Fk(x*,xo) +Fk(x0,x*) <0. (2.4)

Since x* € C, it follows from (2.1) that

ZaiFi(xo,x*) > 0. (25)
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Applying (2.5), for each k =1,2,...,N, we obtain

(=)
IA
.MZ

L
—_

diFi (X(), x*)

>~

-1 N

a;F; (xo,x*) + aka(xo,x*) + Z aiFi(xo,x*). (2.6)
i=k+1

I
—_

From (2.3), (2.6) and (A2), it follows that
aka(xo,x*) > ZaiF,'(xo,x*) - Z aiFi(xo,x*)
k-1
> ZaiFi(x*,xo) + Z a,-Fi(x*,xo) > 0. (2.7)
i=1

i=k+1

Inequalities (2.7) and (2.4) guarantee that
Fk(xo,x*) =0 foreveryk=1,2,...,N. (2.8)

By using (2.8) and (Al), deduce that

X0 =x".

It implies that
N
xo € ) EP(E)).
i=1
Therefore,
N N
EP (Z‘ a,»F,») < () EP(F)).
i=1 i=1

Hence, we have

N N
EP (Z a,»Fi> =\ EP(F). -
i=1 i=1

Example 2.8 Let R be the set of real numbers, and let bifunctions F;: R x R - R, i =
1,2,3, be defined by

Fi(x,y) = x> + 5%,

Fy(x,y) = —2x% + xy + yz,

22 %
F3(x,y) = Y —2xy + > Vx,y e R.
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It is easy to check that F;(x, y) satisfy (A1)-(A4) for every i =1,2,3 and

3
(\EP(F) = {0}. (2.9)
i=1
By choosing a; = %, ay = % and a3 = i, we obtain
> 1
> aiFi(xy) = o (-372% + 4xy + 33y%). (2.10)
i=1

From (2.10), we have
3
EP(Z aiFi> = {0}. (211)
i=1
From (2.9) and (2.11), we obtain
3 3
EP(Z a,»Fi> =\ EP(F) = {0}.
i=1 i=1

Remark 2.9 By using Lemma 2.7, we can guarantee the result of Example 2.8.

Lemma 2.10 [10] Let C be a nonempty closed convex subset of H, and let F be a bifunction
of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then there exists z € C such that

1
F(z,y) + -(y-zz-x)>0, VyeC.
r

Lemma 2.11 [11] Assume that F : C x C — R satisfies (A1)-(A4). For r > 0, define a map-
ping T, : H— C as follows:

1
T,(x) = {ze C:F(z,y) + ;(y—z,z—x) >0,Vye C}

forall x € H. Then the following hold:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive, i.e., for any x,y € H,

| 720 - T,)|” < (Tow) - To), % - )

(iii) Fix(T,) = EP(F);
(iv) EP(F) is closed and convex.

Remark 2.12 From Lemma 2.7, it is easy to see that Zf\il a;F; satisfies (A1)-(A4). By using
Lemma 2.11, we obtain

N N
Fix(T,) = EP(Z a,ﬂ) ="\ EP(F),

i=1 i=1

where a; € (0,1), for eachi=1,2,...,N, and Zf\il a;=1.
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Definition 2.1 [19] Let C be a nonempty convex subset of a real Hilbert space. Let Tj,
i=1,2,..., be mappings of C into itself. For each j=1,2,..., let o = (4, o0y, 03) € I x I x I,

where I = [0,1], a{ +a + aé = 1. For every n € N, we define the mapping S, : C — C as

follows:

un,n+1 = I:
n n n
un,n =0 Tnun,n+1 + oy un,n+1 + 053[;

n-1 n-1 n-1
U =af Tpally,+ay Uy, +oy 1,

k+1 k+1 k+1
Un,k+1 =0 Tk+lun,k+2 + 0y Un,k+2 t 03 1,

k k k
Un,k =0 TkUn,k+l + oy Un,k+1 + 0131,

2 2 2
Uy =a;Tol, 3 + oyl 3 + a3l

Sp=U,y =t TyUyo + ayUy,o + adl.
This mapping is called S-mapping generated by T),,..., T; and oy, o1, ..., Q1.

Lemma 2.13 [19] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let {T;}2, be k;-strictly pseudo-contractive mappings of C into itself with (-, Fix(T;) # ¥
and k = sup,.y k;, and let o = (o), o, 0) € I x I x I, where I = [0,1], o} + oty + oy = 1,

o/1+a£ <b<1 and a{,aé,aé € (k,1) for all j = 1,2,.... For every n € N, let S, be an

S-mapping generated by T,,T,-1,...,T1 and oy, 0y-1,...,01. Then, for every x € C and
k e N, lim,,_, o, Uy, xx exists.

For every k € Nand x € C, Kangtunyakarn [19] defined the mapping Ut and S: C — C
as follows:

lim U, px = Uso px
n—00
and

lim S,x = lim U,x = Sx.

n—00 n—00

Such a mapping S is called S-mapping generated by 7,, T,,_1,... and &, @1, - . . .

Remark 2.14 [19] For every n € N, S, is nonexpansive and lim,_, o Sup,.p |S,x — Sx|| =0
for every bounded subset D of C.

Lemma 2.15 [19] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T:}22, be k;-strictly pseudo-contractive mappings of C into itself with (1,2, Fix(T;) # ¥ and
K = SUp;ey ki» and let o = (o, oy, o) € I x I x I, where I = [0,1], o) + oty + oty =1, o) + o) <

b<1and a{,aé,aé € (k,1) forallj=1,2,.... Foreveryn € N, let S,, and S be S-mappings
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generated by T, T,_1,...,T1 and oy, 0-1,...,00 and T,, Ty q,... and o, 03, . .., respec-
tively. Then Fix(S) = (i, Fix(T;).

Lemma 2.16 Let C be a nonempty closed convex subset of a real Hilbert space H. For
everyi=1,2,...,N, let A; be a strongly positive linear bounded operator on a Hilbert space
H with coefficient y; > 0 and y = min;1 5, n V;. Let {a;}f\il C (0,1) with Zﬁl a; = 1. Then the
following properties hold:
@) 1L-p ZZI aiAil| <1-pyandl-p Zf\il a;A; is a nonexpansive mapping for every
0<p<|lAl?(i=12,...,N).
(i) VI(C, YN, a:A;) = NX, VI(C,A)).

Proof To show (i), it is obvious that I — p Zf\il a;A; is a positive linear bounded operator
on H, which yields that

= sup{

Since A; is a strongly positive operator for all i =1,2,...,N, we get

N

I—pZﬂiAl’

i=1

N
<I -p ZaiAix,x>
i=1

:x € H, x| :1}. (2.12)

N N
<Z a[A,'x, x> = Z a; (Aixi x)
i=1 i=1

N
2
> > ayill|

=72l @13)

which implies that ZZI a;A; is a y -strongly positive operator.
Let |lx|| = 1. Then, by using (2.13), we obtain

N N
<(1 -p ZaiA,')x,x> = <x— 0 ZaiAix,x>
i=1 i=1

N
= ||ac||2 — ,0<Z aiA,-x,x>

i=1
<@1-pp)llxl?

=1-py. (2.14)
From (2.12) and (2.14), we have
N

I—pZa,’Ai

i=1

<1l-py. (2.15)
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Next, we show that I — p Zﬁl a;A; is a nonexpansive mapping. Let x,y € C. Then, using

(2.15), we obtain

N N
‘ (I— ) ZaiA,)x— (1— o ZﬂiAi)y
i1 i1

=

N
(1 - pP Z aiAi>
i=1

=@-pY)lx-yl

<lx-xl.

Hence, I - p Zf\il a;A; is a nonexpansive mapping.
To prove (ii), it is easy to see that

N N
ﬂ VI(C,A;) € VI(C, ZaiAL).

i=1 i=1

Let xy € VI(C, ZZI a;A;) and x* € ﬂf\il VI(C,A;). Then we have

N
<y—xo,ZaiAixo> >0, VyeC.

i=1

From (2.16), we have x* € VI(C, Zﬁl a;A;). It implies that

N
<y —x*,ZaiA,-x*> >0, VyeC.
i=1

From (2.17), (2.18) and x*,x € C, we obtain

N
<x* — X0, ZaiAixo> >0

i=1

and
N
<x0 —x", Z aiA,-x*> >0.
i=1
By summing up (2.19) and (2.20), we have
N N
0< <x0 —x", ZaiAix* - ZaiA,-x0>
i=1 i=1

N
* *k
= E aifxo — &, Aix* — Aixo)
-1

N
<= aifwo -+
i=1

N
(1 -p ZﬂiAi) (x=2)
i1

llx =yl

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Page 10 of 26


http://www.fixedpointtheoryandapplications.com/content/2013/1/291

Suwannaut and Kangtunyakarn Fixed Point Theory and Applications 2013, 2013:291
http://www.fixedpointtheoryandapplications.com/content/2013/1/291

N

<- Zﬂif ||x0 -x* ||2
i-1

=7 %0 - #*|".

It implies that xy = ™.
Then we can conclude that xy € ﬂf\il VI(C,A;). Therefore

N N
v1<c, ZaiAi) S VI(C A)).
i=1

i=1

Hence, we have

N N
v1<c, ZaiA,») = VI(C,A)). .

i=1 i=1

3 Main result

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
1,2,...,N, let F;: C x C — R be a bifunction satisfying (A1)-(A4), and let A;: C — H be a
strongly positive linear bounded operator on H with coefficient y; > 0 and y = min;.1, N V-
Let {T;}°, be an infinite family of k;-strictly pseudo-contractive mappings of C into itself,
and let o = (a{,aé,a’é) el x 1 x1,wherel =[0,1] andoz{ +o¢£ + 3 =1, a{ +oz£ <n<land
a{, ozé,aé €[p.q] C(k,1) forallje N. Foreveryn e N, let S, and S be the S-mappings gen-
erated by T, Ty 1, ..., T and 6,4,041,...,01 and Ty, Ty 4, ... and 6,,0y_1,. .., respectively.
Assume that F = ﬂﬁl EP(F)N ﬂfil VI(C,A) N2, Fix(T;) # D. Let the sequences {x,} and
{u,} be generated by x,,u € C and

ZﬁlaiFi(uVl’y)"'i(y_umun_xﬂ >0, Vye(C, (3.1)
Xns1 = Bulantt + (1= ,)Sux,) + (1= B)Pc = pp SN, biA)u,, Yn>1,
where {a,}, {84}, {on} € (0,1) and 0 < a;, b; <1, foreveryi=1,2,...,N, satisfy the following
conditions:
(i) 30 &, = 00 and lim,,_, oo &t = 0,
() 0<a<B,<b<l,VneN,
(111) hmn—>oo Pn = 0,
(iv) 0O<c<r,<d<1l,VneN,
W XN a=YY bi=1,
(vi Zi; ote1 — &t | < 00, Znoil |Brs1 — Bul < 00, Zio:l [Fi41 = 1| < 00,
Ziozl |Pns1 — Pul < 00 and Z:O:I c({’ < 00.

Then the sequences {x,} and {u,} converge strongly to zo = Pru.

Proof Since p, — 0 as n — 0o, without loss of generality, we may assume that p, <
VneNandi=1,2,...,N.

The proof will be divided into five steps.

Step 1. We will show that {x,} is bounded.

1
1411
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Since Zﬁl a;F; satisfies (A1)-(A4) and
ol 1
> aiFi () + Oy~ thwtty —2n) 20, VyeC,

i=1

by Lemma 2.11 and Remark 2.12, we have u,, = T}, x, and Fix(T;,) = ﬂf\il EP(F).
LetzeF. Sincez € ﬂf\il VI(C,A;), by Lemma 2.5 and Lemma 2.16, we have

BT R )|

i=1 i=1

From Lemma 2.16 and nonexpansiveness of T, , we have

”xn+1 _Z”

N
ﬁn (Olnbt + (1 - an)snxn) + (1 - ,Bn)PC (1 — Pn szAz> Uy —2

i=1

i=1

N
Pc<1—pn ZblAl) Uy, — 2

i=1

N
B (anu + (1= ) Sy — Z) + (1= Bu) (PC (1 ~ Pn ZbiAi> Uy — Z)

< B ”an(u —2) + (1 —0,) (S — Z)” +(1-By)

< Buleullu =zl + (1= ap)llxy = zll) + (1 = Bl — 2]l

= Buleullu — 2|l + (1 = an) 1, = 21l) + (1 = B T, — 2]l
< Bulenllu =zl + (1 = a)llxs = zll) + (1 = Ba) Il — 2l

< max{|lu - z||, [lx — 2]}

By induction on #, for some M > 0, we have ||x, — z|| < M, Vn € N. It implies that {x,} is

bounded and so {u,} is a bounded sequence.
Step 2. We will show that lim,,_, o [|%,,41 — %] = 0.
Putting D = YN, b;A;, from the definition of x,,, we have

%01 = %]
= || Bu(otnte + (1 = ) Spitn) + (1= Br)Pcl = puD)ity
= (Bua (oot + (1= 0ty1)Sysn1) + (1= Buct) Pl = puor D)ty ) ||
= || Bulotnt + (1= ) Sun) = Bu(nate + (1 = 1) Spo1%-1)
+ Bu(tnortt + (1= 1) Suc1%n1) = Bt (@t + (1= 1) Spo1%n-1)
+ (1= Bu)Pc = puD)uty — (1 = Bu)Pc(I = puD)tty1
+ (1= Bu)Pc( = puD)tty-1 = (1 = Bu)Pc = pu-1D)thy1
+ (1= B)PcI = pu1D)tyy — (1 = But)Pcl — puy D)ty |

< Bullotn = atual sl + || (1= ) S — (1 = ) Syt + (1 = 0) St
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= (1= o) Sp1tno1 + (1= ) Sp1%m1 — (1= 0tum1)Spo1%n | ]
+ 1B = Bual[@naa ]l + (1 = 2uc) 1Spm1%n1 1]

+ (1= Bu)| Pc = puD)ity = PcI = puD)tty |

+ (1= Bu)| Pc = puD)tty1 = PcI = pu1 D)ty |

+ 1B = Buaal | Pcl = pus D)ty |

IA

Balletn — e lluall + (1 = ) [1Stn — S |

+ (1= o) |Su%n1 = SucaFnea | + |etn = ot [ Suo1%na ]

+ 1B = Buat [ el + (1= 1) | Sp1na [ ]

+ (1= Bu)llttn = tpa || + (1= B) | = puD)ts = (I = Py D)ty |
+1Bu = Buatl | Pcl = puor D)t |

< Bu[lotw — atua [llaell + (A = ) 1360 — X ||

+ (1= ) [1Sun-1 — Su1%na || + letn — || Sp-1%u-1 1]

+1Bn = Bt [ na [l + (1 = o) |1Sp-1%n1 ]

+ (1= Bl = tya || + (A = Bl o = a1 Dt |

+ 1B = Bual | Pc = pu-i D)ty |-

By using the same method as in step 2 of Theorem 3.1 in [20], we have

2
”Snxn—l - Sn—lxn—l ” = O{{qm ”xn—l - Z”

Since u, = T,,x,, by utilizing the definition of T, we obtain

N
1

ZaiFi(Trnxmy) + }"_ O’ - Tr,,xnr Trnxn _xn) > 0; Vy € C)
n

i=1
and
N

Z aiFi(Trmlanrl:y) +
i=1

Tnsl

From (3.4) and (3.5), it follows that
al 1
Z ﬂiFi(Try,xm Trmlxml) + I"_ <Trn+1xn+1 - Tr,,xn: Trnxn —xu) >0,
i=1 "
and

N

1
E aiFi(Tr,,,,lan: Trnxn) + ’ (Trnxn - Tr,,+1xn+l: Tr,,+1xn+1 - xn+l> > 0.
i-1 n+l

()’ - Tr,,,+1xn+1r Trmlxwrl —Xue1) = 0, Vy eC.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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From (3.6) and (3.7) and the fact that Zf\il a;F; satisfies (A2), we have

1 1
- (Trn+1xn+1 - Trnxnr Trnxn - xn) + p <Tr,,xn - Tr,,+1xn+17 Trn+1xn+1 - xn+1) > 0:
n n+l

which implies that

Ty Xus1l —Xns1 Ly Xy —%
<Trnxn - Trn+1xn+1: T AL . > 0.
Tn+l 'n

It follows that
<Tr,,+1xn+1 - Trnxn: Trnxn - Trn+1xn+1 + Trmlxnﬂ —Xn

T
- _(Trmlxnﬂ _xn+1)> = 0. (38)

Tnsl

From (3.8), we obtain
” Trn+1xn+1 - Tr,,xn||2

n
=< <Tr,,+1xn+1 - Tr,,,xm Trn+1xn+1 —Xn — —(Trn+1xn+1 - xn+l)>

Tn+l

Ty
= <Trn+1xn+l - Trnxny Xn+l —Xp + (1 - )( Fpe1¥n+l — xn+1)>

Tnil

I'n
< Trmlxwrl - Trnxn” KXnl —Xp + <1 - >(Tr,,+1xn+1 = Xp41)
Tn+l
_ r
= ” Tr,,+1xn+1 - Trnxrl” ||xn+1 - xn” +|1-— ” Tr,,+1xn+l _er—l”
L n+l
[ 1
= ” Trn+1xn+1 - Trnxn ” ||xn+1 - xn” + V_ |rn+1 - Vn| ” Trn+1xn+1 — Xn+l ”
L n+l
i 1
< Trmlxwrl - Trnxn” (11 — 20| + ernﬂ —7ulll Trmlxnﬂ — Xl |5
which yields that
1
”un+1 - un” =< ||xn+1 _xn” + 3|rn+1 - rn|||un+1 - xn+1||' (39)

From (3.9), we have

1
ety — tnall < N%n — Xl + 11w = Tzl oty — %l (3.10)

d

By substituting (3.3) and (3.10) into (3.2), we obtain
%41 = %l < Ba |:|an — |l + (1 — ) 16 — %1 ]

2
+(1- Oln)%”m locn—1 =zl + |ay — 0ty1] ”Sn—lxn—l”]


http://www.fixedpointtheoryandapplications.com/content/2013/1/291

Suwannaut and Kangtunyakarn Fixed Point Theory and Applications 2013, 2013:291 Page 15 of 26
http://www.fixedpointtheoryandapplications.com/content/2013/1/291

+1Bn — ﬂn—1|[o‘n—1 llaell + (1 - o[n—l)”'S'n—lxn—l”]
1

+ (1= Ba)| 1 — 21|l + E|Vn = ol wn — x|

+ (L= Bu)lpn = pu-1l 1 Drtyp1 |

+ |ﬁn - ﬁn—1| ”PC(I - pn—lD)un—l ||

= ,371(1 — ) 1% — X || + (L= B 1% — % |l
n 2
+ oty — o lllull + o —— 1% — 2|l
1-«
+ 0t = e | |Sn1%naa | + 18n = Buca | [ 1]l + 1S 12601 1]
1
+ ern = Tl = %ull + 101 — Pua || Dtty |
+ 1B = Bual | Pcl = pu-1 D)ty |
n 2
<(1- an,Bn)”xn — X || + oty — 1 [K + (241 EI(
1
+ oty —oty1|K + | By = Bua 2K + p 7y — rua | K
+10n = pualK + | By — Bu11K

2K,
=(1- an,Bn)”xn — X || + 2K oy — | + mal

K
+3K1B8, = Bu-1l + E|rn_rn—l| + K| py — pu-l, (3.11)

where K = maxen{||ull, [ — zll, 1Suxnll, lt6n — %l | Dutn I, |1Pc( — pnD)uy||}. From (3.11),
conditions (i), (ii), (vi) and Lemma 2.3, we obtain

lim ||%,41 — %] = 0. (3.12)
n— o0
Step 3. We will show that lim,_,« ||u, — %,| = lim,_ e [[Pc — p,D)x, — x| =
lim,,_, o0 ||Sy%, — %]l = 0, where D = 22[:1 biA;.

To show this, let z € IF. Since u,, = T}, x, and T}, is a firmly nonexpansive mapping, then
we obtain

Iz = T %ull® = 1 T2 = Tr,ull> < (Ty, 2 — Ty 2 — %)
= %(nmen —zl® + %0 — 211> = | Ty, %0 — %all),
which yields that
lln = 2II* < 1% = 211> = |4 — 0> (3.13)

By nonexpansiveness of Pc(I — p,D), (3.13) and the definition of x,,, we have

2
l%441 — 2|l

= ||,3n(anu +(1- an)Snxn) + (1= Bu)Pc( ~ puD)uy — Z”2
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= || Bu(n( = 2) + (1 = @) (S — 2)) + (1 = B) (eI = puD)uy, - 2)|°

< Bullan(u—2) + (1= ) (S = 2)|* + (1 = B) | Pel = puD)ity — 2|°
< Bu(otullu = zII* + A = o) 1Sun — 201*) + (1 = Bu) | — 21|
< Bulanllu—zI* + @ — ) s — 2I17) + @ = B) (160 — 211> = Il — 241I%)

< ayllu—z)? + o, —2II* = (0 = Bl — xall?,
which implies that

2 2 2 2
(= Bully = xull” < anllse = 2lI” + 1% = 211" = |%ns1 — 2|

< aull—2z)1* + (1% — 2l + %01 — 20 11 — %l (3.14)
By (3.12), (3.14), conditions (i) and (ii), we have
lim ||, — %, = O. (3.15)
n—0oQ
Put w, = a,u + (1 — ,)S,x,. By the definition of x,, and z € F, we obtain

%01 = 202 = || Bawn + (1 = B)Pc( = puD)uty, - 2|
= | Bu(wn —2) + (1 = Bu)(PcU — puD)us — 2)
= Bullw, — 2| + (1= B,) | P — puD)u, - 2|

- /3,,(1 - ﬁn) Hwn _PC(I - an)un H2

I

< Bulcnts + (1= 00)Stn — 2|* + (1= B) s — 211
— Bl = ) [ Wn — Pcll ~ puD)uty |

< Bulenllu— 2l + (1= @) ISun — 2I12) + (1 = B) 2 — 211
~ Bu(l = ) [Wn — Pcll ~ puD)uty |’

< Bu(aulle = zII* + (1 — @) lxn — 201*) + (1 = Bu) ln — 2|

= Bu(1 - Bn) ||Wn —Pc(I - puD)u, Hz

2
<aullu—z|* + 1%, — 2lI> = Bu(1 = Bn) | Wn = PcU = puD)ut |,
which yields that
2
Ba(L = B) | wn — Pc( — ppD)usy||
<ayllu—zl” + 1%, — 2]* = |1 — 2l
< aullu—z)* + (Ioen = 2l + %1 = 201 %1 — %l (3.16)

By (3.12) and conditions (i) and (ii), we have

lim || w, — Pc(I — puD)u | = 0. (3.17)
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By the definition of x,,, we obtain
%1 — PcI = puD)uty = By(wy, — PcI = ppD)uy). (3.18)
By (3.18) and the definition of x,,, we have

”xn —Pc(I - puD)xy ” < 1% = Zuia |l + Hxnﬂ —Pc(I - puD)uy ”
+ HPC(I - an)un _PC(I_ an)xn ”
< 1% = X1 |l + Bn ||Wn —Pc(I - puD)uy, H

+ [y = %l
From (3.12), (3.15) and (3.17), we have
lim || %, — Pc(I = puD)x,]| = 0. (3.19)
n—00
Since

”xn —Pc(l = puD)uy ”
< | % = Pc = puD)x | + | Pcl = puD)s — Pc(I = puD)usy |

< ||%n = Pc = puD)xu | + %0 — tnll,
by using (3.15) and (3.19), we have
lim || %, — Pc(I = puD)un | = 0. (3.20)
n—00
By the definition of x,,, we obtain

X1 = X
= Bu(ntt + (1= ) Spxu) + (1= Bu)Pc(I — puD)uty, — X,
= Bu(otutt + (L= ) Spxtn — %) + (1= Bu) (P = puD) ity — %)
= Bt — %) + (1 = ) (Spxn — %)) + (1 = ) (PcU = ppD)tty — %)

= 0Bt — %) + Bl — ) (S — x0) + (1= ,Bn)(PC(I — puD)uy, — xn):
from which it follows that

Bl — an)lISpxy — x4l

< auBullte = xull + %001 =2l + (1 - ,Bn)”PC([ — PuD)y — %, ”
From (3.12), (3.20), conditions (i) and (ii), we have

lim ||S,x, —x,| = 0. (3.21)
n— 00
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Step 4. We will show that limsup,,_, . (¥ — z,x, — z) < 0, where z = Pru.

To show this, choose a subsequence {x,, } of {x,} such that

limsup(u — z,x, — z) = lim (u — z,%,, — 2z). (3.22)

n—00 k— o0

Without loss of generality, we can assume that x,, — w as k — oo, where w € C. From
(3.15), we obtain u,, — w as k — oo.

Assume that w ¢ ﬂﬁl VI(C,A;). Since ﬂﬁl VI(C,A;) = F(Pc(I — py, D)), we have o #
Pc(I - py,D)w, where D = Zﬁl biA;.

By nonexpansiveness of Pc(I — p,, D), (3.19) and Opial’s condition, we obtain

liklgiorolf [, — ol < likniir‘}f”xnk ~Pc(I - py D)o |
< liminf”xnk —Pc(I - pyD)xy, ||
k— o0
+ likrg ioro1f||PC(1 = P D)y, = Pc = pu D)o ||

< liminf||x,, — ol
k— o0

This is a contradiction. Then we have

N
w e[ VI(C,A)). (3.23)

i=1

Next, we will show that € (5 Fix(T}).
By Lemma 2.15, we have Fix(S) = (5, Fix(T;). Assume that o # Sw. Using Opial’s con-
dition, (3.21) and Remark 2.14, we obtain

liminf ||x,, — ol
k— o0
< liminf ||x,, — Sw||
k— o0
< Hminf(, = Sy |+ 1Sugn, = Sl + S0 = Sl

<liminf|x,, -l
k—o00
This is a contradiction. Then we have

€ Fix(8) = (| Fix(T)). (3.24)

i=1

Next, we will show that w € ﬂf\il EP(F)).

Since

N
1

E aiFi(un,y) + —(y —upuy —x,) >0, VyeC,
T

i=1
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and Zfil a;F; satisfies conditions (A1)-(A4), we obtain

N

1

— (Y — Uy, Uy — Xpy) > ZaiFi(y, uy), VyeC.
Tn i=1

In particular, it follows that

N
Up, —Xp
<J’— Upys %> > ZaiFi(y, Lt,,k), Vy e C.

(3.25)
"k i=1
From (3.15), (3.25) and (A4), we have
N
> aiF(y0) <0, VyeC. (3.26)
i=1

Puty;:=ty+ (1 -t)w, t € (0,1], we have y, € C. By using (Al), (A4) and (3.26), we have

N
0= Z aiF;(ye, yt)

i=1

N
= ZaiFi (yt, ty+(1- t)a))

i=1

N N
<ty aFiuy)+ 1= aiFiy,)

i=1 i=1

N
= L‘Zﬂiﬂ‘(ym}’)

i=1
It implies that
N

> aF(ty+(1-tw,y) >0, Vte(0,1]andVyeC. (3.27)
i=1

From (3.27), taking t — 0* and using (A3), we can conclude that

N
0<> aF(wy), VYyeC.

i=1

Therefore, » € EP(Y"Y, a,F;). By Lemma 2.7, we obtain EP(Y"N, a,F;) = (Y, EP(F,). It fol-
lows that

N
w € [ \EP(F).
i=1

(3.28)

From (3.23), (3.24) and (3.28), we can deduce that w € FF.
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Since x,, = w and w € IF, then, by Lemma 2.1, we can conclude that

limsup(u — z,x, — z) = lim (u - z,%,, —2)
n—00 k—00

=(u—-z,w-2)
<0. (3.29)
Step 5. Finally, we will show that the sequence {x,} converges strongly to z = Pru.
By nonexpansiveness of S, and Pc(I — p,D), we have
[E Z||2
= ||,3n(anu +(1- an)Snxn) + (1= Bn)Pc(I - pD)uy, — Z“2
= || Bu(otn(ut = 2) + (1 = ) (S — 2)) + (1 = Bu) (PcU — puD)usy — 2)
= ||05nﬁn(u = 2) + Bu(l = ) (Spxn — 2) + (1 - ﬁn)(PC(I ~ puD)uy — Z)

< [ Bu(l = eta)(Sutn = 2) + (1 = B) (Pcl — puD)itn — 2) |

I

I

+ 20, B, (U — 2,%041 — 2)
< (Bull = ) lln — 2ll + (U= B)l[1t — 211)° + 20 (1t~ 2, X1 — 2)
< (Bl = )l — 2l + (1= Bl = 211)* + 200 (18 — 2, %01 — 2)
= (L= uB) 1960 — 211 + 200 By 1t = 2,601 — 2)

<A -anBu)llx, - Z||2 + 20, Byt = 2, %441 — 2).

From (3.29), conditions (i), (ii) and Lemma 2.3, we can conclude that {x,} converges
strongly to z = Pru. By (3.15), we have {u,} converges strongly to z = Ppu. This completes
the proof. O

4 Application
In this section, we apply our main theorem to prove strong convergence theorems involv-

ing equilibrium problem, variational inequality problem and fixed point problem.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. For
i=1,2,...,N,let F: C x C — R be a bifunction satisfying (Al)-(A4), and let A:C — H
be a strongly positive linear bounded operator on H with coefficient y > 0. Let {T;}5, be
an infinite family of k;-strictly pseudo-contractive mappings of C into itself, and let o; =

(), oy, o) €I x I x I, where [ = [0,1] and o) + oty + & =1, o) + oty < <1 and o}, oy,

=

[p,q] C (k,1) for all j € N. For every n € N, let S, and S be the S-mappings generated by
Tw,Tya,...,Th and 6y,04-1,...,01 and T,, Ty a,... and 0,,0,1,..., respectively. Assume
that F = EP(F) N VI(C,A) N (2, Fix(T;) # 0. Let the sequences {x,} and {u,} be generated
by x1,u € C and

F(,y) + - (y =ty thy —2,) 20, VyeC,

(4.1)
X1 = Bulan + 1 — y)Syxy) + 1= Bo)Pc — ppA)u,, VYn>1,
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where {0}, {Bn}, {on} € (0,1) and 0 < a;,b; <1, foreveryi=1,2,...,N, satisfy the following
conditions:
(i) Yool =00 andlim,_, o, =0,

(ii) 0<a<B,<b<1l,VneN,

(iii) 1im,_ o pn =0,

(iv) 0<c<r,<d<1,VneN,

) Doniy ot =l <00, 302 1Bt = Bul < 00, 3002y Iren — 7l < 00,

S 1w = pl < 00 and Y2, o < oo,

Then the sequences {x,} and {u,} converge strongly to zo = Pyu.

(v

Proof Take F=F;and A=A;Vi=1,2,...,N. By Theorem 3.1, we obtain the desired con-
clusion. O

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H. For
everyi=1,2,...,N, let A; : C — H be a strongly positive linear bounded operator on H
with coefficient y; > 0 and y = miny;. Let {T;}{5, be an infinite family of k;-strictly pseudo-

contmctive' mappings of C into itself, and let o; = (a{,aé,aé) €l x 1 x I, whereI =10,1]

and oe{ + o +aé =1, o/l +a£ <n<land a{,aé,aé € [p.q] C (k,1) for all j € N. For every

neN,letS, and S be the S-mappings generated by T, T,,_1,...,T1 and 6,01, ...,01 and
Ty, Tpa,...and o,, 0y 1,. .., respectively. Assume that F = ﬂﬁl VI(C,A;) N[5 Fix(T;) # 0.
Let the sequences {x,} and {u,} be generated by x,,u € C and

N
X+l = ,Bn (Ol,,l/t + (1 - O‘n)Snxn) + (1 - IBn)PC (1 = Pn Z biAt)xm Vn > L (42)

i=1

where {a,,}, {Bu}, {on} C (0,1) satisfy the following conditions:
(i) Yool =00 andlim,_, o, =0,
(i) 0<a<B,<b<1,VneN,
(i) 1imy_ 0 o = O,
(iv) 0<c<r,<d<1,VneN,
v) Zﬁl bi=1,
(VD) D202 lotmr =l <00, 302 [Bust = Bul < 00, 3071 1rmst = 1l < 00,
> 1ons1 — pul <00 and y o2 af < co.
Then the sequences {x,} and {u,} converge strongly to zo = Pyu.

Proof Put F; =0, Vi =1,2,...,N. Then we have u, = Pcx, = x,, Vn € N. Therefore the

conclusion of Theorem 4.2 can be obtained from Theorem 3.1. O

Theorem 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H. For
i=12,...,N, let F;: C x C — R be a bifunction satisfying (Al)-(A4). Let {T;}}°, be
an infinite family of nonexpansive mappings of C into itself, and let o; = (a{,aé,aé) €
I x1x 1, where I =[0,1] and o, + o, + o, =1, o/l +a§ <n<1land a{,aé,aé € [pql C
(0,1) for all j € N. For every n € N, let S, and S be the S-mappings generated by
Ty, Ty,s..., Th and 0y,041,...,00 and Ty, Tyy_1,... and 0,,0,1,..., respectively. Assume

that F = ﬂfilEP(Fi) N Fix(T;) # 8. Let the sequences {x,} and {u,} be generated by
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x1,u € C and

Zﬁl aiFi(u,,y) + i(y— Up, Uy —%y) >0, VyeC,
Xntl = ,Bn(anu +(L—oy)Suxs) + (1 - ,Bn)PCunr Vn>1,

(4.3)

where {a,}, {Bn} {on} € (0,1) and 0 < a; <1, for every i =1,2,...,N, satisfy the following
conditions:
(i) Yol =00 andlim,_ o, =0,

(i) 0<a<B,<b<1,VneN,

(iii) 1im,_ o pn =0,

(iv) O<c<r,<d<1,VmeN,

W) Yha=1,

(Vi) 3000 letar — 0l < 00, 3001 1 Brst = Bul < 00, 300 a1 — 1l < 00,

Z;O:I |Pne1 — Pnl < 00 and 220:1 af <oo.

Then the sequences {x,} and {u,} converge strongly to zo = Pru.

Proof Put A; =0,Vi=1,2,...,N. Let ; = 0, then T; is a nonexpansive mapping for every
i=1,2,.... The result of Theorem 4.3 can be obtained by Theorem 3.1. O

5 Example and numerical results
In this section, an example is given to support Theorem 3.1.

Example 5.1 Let R be the set of real numbers, and let the mapping A; : R — R be defined
by A;x = %", Vx € R and b; = % + @ for every i=1,2,...,N. For n € N, let the mapping
T, : R — R be defined by

n

= x, VxeR,
n+1

WX
and let F: R — R be defined by
Filx,y) = i(—3x2 +xy+ 2y2), Vx,y € R.

Furthermore, let a; = 2 + Ly for every i =1,2,...,N. Then we have

3t 7 N3N
N Ny
ZﬂiFi(x,y) = Z<§ + W)i(—&cz +xy +2y°) = E(=3x" + xy + 29°),
i=1 i=1

where E = ZZI(% + Aﬁ)i. It is easy to check that YN a;F; satisfies all the conditions of
Theorem 3.1 and EP(Zf\i1 a;F;) = ﬂﬁ.\ilEP(Fi) = {0}. Let {x,} and {u,} be the sequences

generated by (3.1). By the definition of F, we have
al 1
0= iFi n VT % lUp — A
_Za (u y)+r(y Up, Uy — Xy

i=1 n

1
= E(=3u} + uyy +2%) + r—(y — ) (e, — %)
n

= E(—3ufl + Uy + 2y2) + rl(yu,, — YXy — ui + u,,x,,)
n
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<
0<Er, (—BMi + Uy + 2y2) + (yun — YXy — uﬁ + unxn)
= —BEuirn + Eu,ryy + 2Ey2rn + YUy — Yy — ui + UyXy,
= 2Er,1y2 + (Evgury + thy — %)Y + UpXy — ui - 3Euir,,.
Let G(y) = 2Er,y* + (wu(Ery + 1) — x,)y + %, — u% — 3Eu?r,,. G(y) is a quadratic function of
y with coefficient a = 2Er,, b = u,(Er, +1) — x,,, and ¢ = u,x, — u> — 3Eu>r,. Determine the
discriminant A of G as follows:
A =b*—4dac
= (un(Ery +1) - xn)2 — 4(2Er,) (unxy — u, — 3Eury )
= uf,(Er,, +1)% = 2x,u,(Er, +1) + xfl — 8Er, iy, x, + 24E2uf,ri + SEuflr,,
= Ezuiri + 2Er,,ui + ufl —2Ex, U, 1y, — 2x,U, + xi — 8Er, u,xy,
+24E%12r) + 8Eu’r,
= uz + IOErnuﬁ + 25E2uirﬁ - 2x,u, — 10Ex,u,r, + xfl
= (ty + 5Eunrn)® — 2,y + 5E,ry) + xfl
= (tyy + 5Euyry — %)%
We know that G(y) > 0, Vy € R. If it has at most one solution in R, then A <0, so we
obtain

Xn

U, = —. (5.1)
1+5 Zﬁl(% + @)zrn

For every n € N, x,y € R and T,x = 5% x, then we have T, is a nonexpansive mapping.

7n+l
It implies that T is 0-strictly pseudo-contractive for every n € N. For every j=1,2,..., let
=2 d = o= Theno = (s 2 )forallj=1,2 Since S,, is
17 52437 72 7 52437 73 7 5243° J T V52437 52437 5243 J=hss. n
an S-mapping generated by T}, T),3, ..., T1 and 0,,,0,1, ..., 01, we obtain

Un,n+1xn =X,

u 3 7n u 3n? u 21>
Nl +| —5— +——— |xm
=\ e 3\ 71 ) T\ 523 ) Y 52 13 M

— 3 -1\, =17
nn-1%Xn = (5(1’[ _ 1)2 +3 <7(V[ — 1) + 1) mn <m> i

2(n —1)?
T Sn-12+ 3)x”’

U B 3 kD) N 3(k +1)? u
kit =\ S 1243\ 7k 1)+ 1) T Sy 2+ 3 ) ke

) 2(k +1)? )
5(k+12+3 )"
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u 3 7k 0 3k2 0 2k?
nkXn = nk+l T nk T Xy
k 5k2+3\7k+1) " T\ k23 ) T B2 43

3 (14 12 8
Un,2xn = (% (E)un,?} + (g)unl + E)xnr
3(7 3 2
Suxn = Uiy = <§ (g)un,z + (g)l,[,,,z + g)?(in

From the definition of T, we obtain

{0} = [\ Fix(Ty). (5.2)
i=1
From (5.2) and the definitions of A; and F;, we have
N N 00
{0} = ﬂEP(P,-) N ﬂ VI(C,A;) N ﬂFix(Ti).

i=1 i=1 i=1

Put «), = %, Bn = %, Tn = 5y Pn = n%, Vn € N. For every n € N, from (5.1) we rewrite

(3.1) as follows:

n+l (1 1 1 S 1 n+l
1= —— | —u+(1=-=)Sx, ) +(1-
" nr2\n n) " 7n+2
N
1 7 1
><<1——3 (‘ﬁ N)A,) ., Vnzl (5.3)
n i-1 8 N8 1+52i:1(§+m)lrn

It is clear that the sequences {«,}, {8}, {r.} and {p,} satisfy all the conditions of Theo-
rem 4.1. From Theorem 3.1, we can conclude that the sequences {x,} and {u,} converge

strongly to 0.
Table 1 shows the values of sequences {x,} and {u,}, where u =x = -5and u=x, =5
and n =N =20.

Table 1 The values of {u,} and {x,} withn=N =20

n u=x1=-5 u=x1=5

un Xn Un Xn
-1.428571 -5.000000 1428571 5.000000

1

2 -0396825 -1.587302 0396825  1.587302
3 -0215646  -0.908795 0215646  0.908795
4
5

-0.130112  -0.563820  0.130112  0.563820
-0.086732  -0.382407  0.086732 0382407

0  -0.029311  -0.133993  0.029311  0.133993

16 -0.01629 -0.075553 001629  0.075553
17 -0015173  -0.070448 0.015173  0.070448
18 -0.014196 -0.065991 0.01419  0.065991
19  -0013336  -0.062064 0013336  0.062064
20 -0.012575 -0.058579 0012575  0.058579
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u_and x
n

"~

n

(a) u =21 = —5.

Figure 1 The convergence comparison with different initial values u and x;.

Conclusion
1. Table1 and Figure 1 show that the sequences {x,} and {u,} converge to 0, where
{0} = NX, EP(F) N NX, VI(C, A;) N (NS, Fix(T)).
2. Theorem 3.1 guarantees the convergence of {x,} and {u,} in Example 5.1.
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