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1 Introduction
Equilibrium problems have been revealed as a very powerful and important tool in the
study of nonlinear phenomena. They have turned out to be very useful in studying opti-
mization problems, differential equations, and minimax theorems and in certain applica-
tions to mechanics and economic theory; see [1-27] and the references therein. Important
practical situations motivate the study of a system of equilibrium problems. For instance,
the flow of fluid through a fissured porous medium and certain models of plasticity led to
such problems; see, for instance, [28]. Because of their importance, they have been exten-
sively analyzed. The aim of this paper is to present an iterative method for solving solutions
of an equilibrium problem, which is known as the Ky Fan inequality, and a nonlinear oper-
ator equation involving a finite family of asymptotically quasi-¢-nonexpansive mappings
in the intermediate sense.

The organization of this paper is as follows. In Section 2, we provide some necessary pre-
liminaries. In Section 3, an iterative algorithm is presented. A strong convergence theorem
is established in a reflexive Banach space. Some results in Hilbert spaces are also discussed.

2 Preliminaries

Let E be a real Banach space. Recall that the normalized duality mapping J from E to 2£°
is defined by

Jo={f* € B ) = Ixl? = ]},
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where (-, -) denotes the generalized duality pairing. Recall that E is said to be strictly convex

if || ’% |l <1forall x,y € E with |x|| = |ly]l =1 and x # y. It is said to be uniformly convex if
lim,,, o [|%, — ¥l = O for any two sequences {x,} and {y, } in E such that ||x,| = ||y, = 1and
lim,,_, o ||% | =1. Let Ug = {x € E : ||x|]| = 1} be the unit sphere of E. Then the Banach

Hx“yil‘_”x” exists for each x,y € Ug. It is said to be

space E is said to be smooth if lim,_,
uniformly smooth if the above limit is attained uniformly for x, y € Ug. It is well known that
if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of E. It is also well known that if E is uniformly smooth if and only if E* is uniformly
convex.

Recall that E enjoys the Kadec-Klee property if for any sequence {x,} C E, and x € E
with x, — x, and ||x,|| — ||x||, then |x, —x|| = 0 as n — oo. It is well known that if E is a
uniformly convex Banach space, then E enjoys the Kadec-Klee property.

Next, we assume that E is a smooth Banach space. Consider the functional defined by
¢(x,y) = Ixl® = 2(x.Jy) + Iyll>,  ¥x,y€E.

Observe that in a Hilbert space H, the equality is reduced to ¢ (x, y) = |x—y||%, x,y € H. As
we all know, if C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C
is the metric projection of H onto C, then P¢ is nonexpansive. This fact actually charac-
terizes Hilbert spaces and, consequently, it is not available in more general Banach spaces.
In this connection, Alber [29] recently introduced a generalized projection operator I1¢
in a Banach space E which is an analogue of the metric projection P¢ in Hilbert spaces.
Recall that the generalized projection I1¢ : E — C is a map that assigns to an arbitrary
point x € E the minimum point of the functional ¢(x, y), that is, [1cx = X, where x is the

solution to the minimization problem
(X, x) = min ¢ (y,x).
yeC

Existence and uniqueness of the operator I1¢ follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping J. In Hilbert spaces, I1¢ = P¢. It is obvious
from the definition of function ¢ that

(%l = 1y1)* < ¢x9) < (Iyll + Ix1)*,  Vay € E 21

and

o(x,y) =p,2) + P(z,y) +2{x —z,Jz—Jy), Vx,9,z€E. (2.2)

Remark 2.1 If E is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) = 0
if and only if x = y; for more details, see [29] and the reference therein.

Let f be a bifunction from C x C to R, where R denotes the set of real numbers and let
A : C — E* be a mapping. Consider the following equilibrium problem. Find p € C such
that

Sw.9) +(Ap,q-p) =0, VqeC. (2.3)
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We use EP(f,A) to denote the solution set of inequality (2.3). That is,

EP(f)={pe C:f(p,q) + (Ap,q - p) > 0,¥q € C}.

If A =0, then problem (2.3) is reduced to the following Ky Fan inequality. Find p € C
such that

fp,q9)>=0, VgeC. (2.4)

We use EP(f) to denote the solution set of inequality (2.4). That is,

EP(f)={peC:f(p.q) > 0,Yq € C}.

If f = 0, then problem (2.3) is reduced to the classical variational inequality. Find p € C
such that

(Ap,q-p) >0, VgeC. (2.5)
We use VI(C,A) to denote the solution set of inequality (2.5). That is,
VI(C,A)={peC:(Ap,q-p) = 0,Yg € C}.

Recall that a mapping A : C — E* is said to be «-inverse-strongly monotone if there
exists & > 0 such that

(Ax = Ay,x - y) = a|| Ax - Ay|)*.

For solving problem (2.3), let us assume that the nonlinear mapping A : C — E* is
a-inverse-strongly monotone and the bifunction f : C x C — R satisfies the following
conditions:

(Al) F(x,x)=0,VxeC;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0,Vx,y € C;

(A3)

lim supF(tz +(1- t)x,y) <F(x,y), VYx,y,z€C;
£10

(A4) foreachx € C, y+> F(x,y) is convex and weakly lower semi-continuous.

Let C be a nonempty subset of E and T : C — C be a mapping. In this paper, we use
F(T) to denote the fixed point set of T'. T is said to be asymptotically regular on C if for
any bounded subset K of C,

limsup{ H Ty — T"xH (X € K} =0.
n—00
T is said to be closed if for any sequence {x,} C C such that lim,_ .. %, = xp and

lim,—, oo T%, = Y0, then Txy = yo. In this paper, we use — and — to denote the strong con-
vergence and weak convergence, respectively.
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Recall that a point p in C is said to be an asymptotic fixed point of T iff C contains a
sequence {x,} which converges weakly to p such that lim,_, [, — T%,|| = 0. The set of
asymptotic fixed points of T will be denoted by E(T).

A mapping T is said to be relatively nonexpansive iff

ET)=F(I)#%, ¢ Tx) <¢@p.x), YxeCVpeFT).
A mapping T is said to be relatively asymptotically nonexpansive iff
ET)=F(T)#9,  ¢(pT"x) <1+ u)p@,%), YxeCV¥peF(T),¥n=>1,
where {u,,} C [0, 00) is a sequence such that i, — 0 as n — oo.

Remark 2.2 The class of relatively asymptotically nonexpansive mappings was first con-
sidered in Agarwal et al. [30].

Recall that a mapping T is said to be quasi-¢-nonexpansive iff
F(T)#9, o, ITx) < d(p,x), VxeC,VpeF(T).

Recall thata mapping 7 is said to be asymptotically quasi-¢-nonexpansive iff there exists
a sequence {u,} C [0,00) with u,, — 0 as n — oo such that

F(T) #4, qb(p, T”x) <A+pundpx), YxeCVpeF(T),Vn=>1.

Remark 2.3 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are more general than the class of relatively nonexpan-
sive mappings and the class of relatively asymptotically nonexpansive mappings. Quasi-
¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive mappings do not re-
quire the restriction F(T) = F (T); for more details, see [31-33] the reference therein.

Remark 2.4 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive
mappings and the class of asymptotically quasi-nonexpansive mappings in Banach spaces.

Recall that T is said to be asymptotically quasi-¢-nonexpansive in the intermediate
sense iff F(T) # ¥ and the following inequality holds:

limsup sup (¢(p, T"x) — p(p,x)) <O. (2.6)

n—oo peF(T)xeC

Put

&= max{O, sup (¢(p, T”x) - o(p, x)) }

PeF(T)xeC

It follows that &, — 0 as n — co. Then (2.6) is reduced to the following:

¢(p, T"x) <¢px)+&, VpeF(T)VxeC. (2.7)
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Remark 2.5 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense was first considered by Qin and Wang [34]; see also [35].

Remark 2.6 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense is a generalization of the class of asymptotically quasi-nonexpansive mappings
in the intermediate sense, which was considered by Kirk [36] in the framework of Banach

spaces.
In order to state our main results, we also need the following lemmas.

Lemma 2.7 [29] Let C be a nonempty closed convex subset of a smooth Banach space E
and x € E. Then xy = Hcx if and only if

(x0 =y, Jx = Jxo) =0, VyeC.

Lemma 2.8 [29] Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E and x € E. Then

¢, cx) + ¢(Mex, x) < d(y, %), VyeC.

Lemma 2.9 [37] Let E be a smooth, strictly convex, and reflexive Banach space, and let C
be a nonempty closed convex subset of E. Let A : C — E* be an a-inverse-strongly mono-
tone mapping and f be a bifunction satisfying conditions (A1)-(A4). Let r > 0 be any given
number, and let x € E define a mapping K, : C — C as follows: for any x € C,

1
Kx = {pe C:f(p,q) + (Ap,q—p) + ;(q—p,]p—]x) ZO}, Vg e C.

Then the following conclusions hold:
(1) K, is single-valued;
(2) K is a firmly nonexpansive-type mapping, i.e., for all x,y € E,
(Kix = Ky, JKrx = JKyy) < (Spx = Spy, Jx = Jy);

(3) F(K;) = EP(f,A);
(4) K, is quasi-¢-nonexpansive;

(5)
#(q, Kix) + p(Kx,x) < ¢p(q,%), Vq e F(K,);
(6) EP(f,A) is closed and convex.

Lemma 2.10 [38] Let E be a smooth and uniformly convex Banach space, and let r > 0.
Then there exists a strictly increasing, continuous, and convex function g : [0,2r] — R such
that g(0) = 0 and

|£x+ (1= £)y|)* < tllxll + @ = B)lIylI> - £ - £)g (1 — 1))

forallx,ye B, ={x€E:|x|| <r}andte[0,1].
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3 Main results

Theorem 3.1 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property, and let C be a nonempty closed and convex subset of E. Let
f be a bifunction from C x C to R satisfying (Al)-(A4), and let N be some positive integer.
Let A : C — E* be a k;-inverse-strongly monotone mapping. Let T; : C — C be an asymp-
totically quasi-¢-nonexpansive mapping in the intermediate sense for every1 <i < N. As-
sume that T; is closed asymptotically regular on C and ﬂf\il F(T;) N EP(f,A) is nonempty

and bounded. Let {x,} be a sequence generated in the following manner:

x9 € C chosen arbitrarily,

Y =T a0 + S S T ),

uy, € C such that f(u,,y) + (Au, +y — uy,) + %(y— Up, Juy —Jyn) >0, VyeC(C,
Hy ={z € C:¢(z,un) < ¢(z,%,) + NE,},

Wy ={z€C: (%, —2zJxo - Jxn) = 0},

Xn+1 = Hp,nw, %o,

where &,, = max{0, suppemi_\:le(Ti),xec(d)(p, T7'x)— o (v, %))}, {oni} is a real number sequence in
(0,1) for every 1 <i < N, {r,} is a real number sequence in [k, c0), where k is some positive
real number. Assume that Zﬁo ay; =1 and liminf,, o 0,00, > 0 for every 1 <i < N.
Then the sequence {x,} converges strongly to Hﬂﬁl F(T)NED(f,4)%0s where Hﬂf\il F(T)nEP(f.4) 1S
the generalized projection from E onto ﬂﬁl F(T;) NEP(f,A).

Proof Since F; is closed and convex for every 1 < i < N, we obtain from Lemma 2.9 that
the common element set ﬂf\il F(T;) NEP(f,A) is closed and convex. Next, we show that
both H,, and W, are closed and convex. From the definition of H,, and W,,, it is obvious
that H,, is closed and W, is closed and convex. We show that H,, is convex since ¢(z, u,,) <

¢(z,x,) + N&, is equivalent to
202, Joon = Jubn) < |l = lln||* + N,

It follows that H,, is convex. This in turn shows that I1y,~w,xo is well defined. Putting
Up = Kr,yn, from Lemma 2.9 we see that K, is quasi-¢-nonexpansive. Now, we are in a
position to prove that ﬂf\:[l F(T))NEP(f,A) CH,NW,.Letwe ﬂﬁl F(T;) N EP(f,A),

¢(W, un) = ¢(W: I<rnyn)

= ¢(W’yn)

N
=¢ (w,] - (an,oan + o Ti”xn>)

i=1
2

N
oS + Y i T}%,
i=1

N
= wl* - 2<w, athofn + Zan,i]Tl”xn> .

i=1

N N
< W12 = 200 (W, ) =2 W, T T ) + ctollall® + Y et | T

i=1 i=1
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N

= an,0¢(wr xn) + Zan,i¢(w’ Ttnx”)

i=1

N N
< nopWya) + Y cnipW,%) + ) iy

i=1 i=1
N
= ¢(W;xn) + Zan,ién
i=1

< ¢(w,x,) + N&,. 3.1

We have w € H,,. This implies that ﬂf\il F(T;) N EP(f,A) C H,. On the other hand, we see
that O\, F(T;) N EP(f, A) C Hy N W,. Suppose that (Y, F(T;) N EP(f,A) C H,, N W,, for
some m. There exists an element x,,,,1 € H,, N W,,, such that x,,,1 = I1y,,Aw,,%0. In view of
Lemma 2.7, we find that

(xm+1 - W,].X() _]xm+1) > O, we Hm N Wm
Since ﬂﬁl F(T;) NEP(f,A) C H,, N W,,, we arrive at
(Kpma1 — WsJXo = JXe1) = 0 (3.2)

for every w € (X, F(T;) N EP(f, A). We therefore find that (Y, F(T;) N EP(f,A) C Wi,,.1.
It follows that ﬂﬁl F(T;) N EP(f,A) C Hy11 N W,,,i1. This shows that the sequence {x,,} is
well defined.

Next, we prove that the sequence {x,} is bounded. It follows from the definition of W,
and Lemma 2.7 that x,, = [Ty, %o. In view of Lemma 2.8, we find that

& (X, x0) = (I, x0,%0) < (W, x0) — p(w,x,) < P(w,x0)

foreachw € ﬂﬁl F(T;)NEP(f,A) C W,. This implies that {¢)(x,, %)} is bounded. It follows
from (2.1) that {x,,} is also bounded. Since %141 = Iy,nw, %0 € W;,, we find from Lemma 2.7
that ¢(x,, %0) < ¢(x,41,%0). Therefore, we obtain that {¢(x,, x0)} is nondecreasing. So there
exists the limit of ¢(x,,, x0). It follows from Lemma 2.8 that

(41, %) = P(xn41, Ty, %0)
< ¢ Fni1,%0) — P(Tww, %0, %0)
= P(Xns1,%0) — P (X0, %0).
This shows that lim,_, o ¢(%,41,%,) = 0. Since X417 = Hp,nw,%0 € H, we find that
limy,—, 00 @ (X441, 4y) = 0. Since the space is reflexive, we may assume, without loss of gener-
ality, that x, — x. Since W, is closed and convex, we find that x € W,,. This implies from
%, = I, xo that ¢(x,,x0) < ¢(*,%0). On the other hand, we see from the weakly lower
semicontinuity of || - || that
P (%, %0) = %[> — 2(%, Jxo) + llxo I

< liminf(jla |* ~ 2(x, Jio) + ll%o%)


http://www.fixedpointtheoryandapplications.com/content/2013/1/305

Qing and Lv Fixed Point Theory and Applications 2013, 2013:305 Page 8 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/305

= liminf ¢ (x,, x9)
n— 00

< limsup ¢(x,, x0)

H—0Q
< ¢(5C; xO);
which implies that lim,,_, o, ¢ (%, %0) = (X, x0). Hence, we have lim,,_, o ||| = ||%||. In view
of the Kadec-Klee property of E, we find that x,, — X as n — oco. In view of (2.1), we see
that lim,,— oo (%51 ]| = l|l2£,]]) = 0. This implies that lim,,_, o, |21,/ = ||%]|. That is,
lim |[Ju, |l = Tim [ju, || = /%] (3.3)
n— 00 n— 00

This implies that {Ju,} is bounded. Note that both E and E* are reflexive. We may assume,
without loss of generality, that Ju,, — u* € E*. In view of the reflexivity of E, we see that
J(E) = E*. This shows that there exists an element u € E such that Ju = u*. It follows that

2 2
¢(xn+1: un) = ||xn+1” - 2<xn+11]un> + ”Mn”
2 2
= % ll” = 20041, Jun) + Jun||”

Taking liminf,_, on the both sides of the equality above yields that

0> [I%]% - 2(%, u*) + |u*|?
= %1% - 2% Ju) + 1Ju)l?
= [1x11* — 2(%, Ju) + [|ull®
= ¢(x,u).
That is, x = u, which in turn implies that u* = Jx. It follows that Ju,, — Jx € E*. Since
E* enjoys the Kadec-Klee property, we obtain from (3.3) that lim,_, Ju,, = JX. Since J -1,
E* — E is demi-continuous and E enjoys the Kadec-Klee property, we obtain that u,, — ¥,
as n — 00. Note that ||x, — u,|| < ||%, —X|| + ||* — u,]|. It follows that
lim ||x, —u,| = 0. (3.4)
n—0o0
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim ||Jx, — Ju,| = 0. (3.5)
n— o0

On the other hand, we have

dW,x,) — d(W, 1) = 1% 1> = et I* = 2(w, Joty, — Jotn)

< 1% = tull (1%l + Notnll) + 20wl 1 — Tl
We, therefore, find that

lim (¢(w,x,,) —o(w, u,,)) =0. (3.6)

n—00
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Since E is uniformly smooth, we know that E* is uniformly convex. In view of Lemma 2.10,
we find that

¢(W! Mn) = ¢(W1[<rnyn)
< oW, yn)

N
= ¢ (W;]1 (an,O]xn + Z an,z’]Tl‘nxn) )

i=1

N 2

an,O]xn + Z an,i]T,'nxn

i=1

N
= ||W||2 - 2<W; Oln,O]xn + Zan,i]Tjnxn> +

i=1

N

2 2
< Wl = 200 (W, Jo6n) =2 Yt i{w, JT}'%,) + et 1 |
i=1

N
+ 3 o T/ | = cnoenag (| = T T )
i=1

N
= 0P (W, x,) + Z(xn,i(p(W: Tl'nxn) - an,Oan,lg(”]xn —JT{%, H)

i=1

N N
< oW, %) + ) (W, %,) + Y i

i=1 i=1

- oln,O‘)[n,lg( ”]xn —JT{'%, H)

N
= pW,x) + Y it — o1 g ([ en —JT{ %)

i=1

< ¢w,x,) + N&, - o[;/1,005;/1,1g(”]xn _]Tlnxn ”)

It follows that o, 00, 18(I1/x, — JTT%411) < d(w,%,) — ¢(W,u,) + &,. In view of the restric-
tion on the sequences, we find from (3.6) that lim,_, o g(|/x, — JT{%,||) = 0. It follows
that lim,,_, o [|/x, — JT{'%, || = 0. In the same way, we obtain that lim,,_, o [lJx,, — JT7' %, || =
0, V2 < i < N. Notice that |JT/x, — Jx|| < JT %, — Jxu| + |lJx, — JX||. It follows that
lim,—, o [[JT7'%, —Jx|| = 0. The demicontinuity of /™' : E* — E implies that T7x, — x. Note
that

| 77| = W21 | = [|TT7%0 ]| = WN| < [JT7 %0 - J5].

This implies that lim,,_, o | 7%, || = ||%||. Since E has the Kadec-Klee property, we obtain
that lim,_, || 7%, — %|| = 0. On the other hand, we have

e e e e R R
It follows from the asymptotic regularity of 7; that lim, . || 77"'x, — || = 0. That is,

T;T'x, — x. From the closedness of T;, we find x = T;x for every 1 <i < N. This proves
X € ﬂf\il F(T;). Now, we state that x € EP(f, A). In view of Lemma 2.9, we find that

¢(”rnyn) = ¢(W7yn) - ¢(w,u,) < p(w,x,) + N&E, — p(w, u,).
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It follows from (3.6) that lim,_, o ¢ (24, y,) = 0. This implies that lim,,_, o (||2£,/]| — ||y« ]) = 0.
It follows from (3.4) that lim,—, « [|y.|| = [|1%]|. It follows that

lim |Jy, | = lim |ly,|l = [|X[| = [JX].
n—00 n— 00

This shows that {Jy,} is bounded. Since E* is reflexive, we may assume that Jy, — y* € E*.
Inview of J(E) = E*, we see that there exists y € E such that Jy = y*. It follows that ¢ (u,, y,) =

”un ”2 - 2<un7]yn> + ”]yn ”2
that

. Taking liminf,,_, o, on the both sides of the equality above yields

0> &) - 2(& ") + |7
= [I%[1* = 2(&, Jy) + Iy 11>
= &> = 2(& Jy) + Iyl
= ¢, ).

That is, ¥ = y, which in turn implies that y* = Jx. It follows that Jy, — Jx € E*. Since E*
enjoys the Kadec-Klee property, we obtain that Jy, — Jx — 0 as n — oco. Note that /™! :
E* — Eis demi-continuous. It follows that y,, — . Since E enjoys the Kadec-Klee property,
we obtain that y, — x as n — 0o. Note that ||, — y,|| < |l — %|| + ||X — y||. This implies
thatlim,_, o |4, — ¥l = 0. Since J is uniformly norm-to-norm continuous on any bounded

sets, we have lim,—,  ||Juty, — Jy.|| = 0. In view of the assumption r,, > k, we see that

o W=yl _

n—00 I

0. (3.7)
Since u, = K, y,, we find that

1
F(u,y) + —(y — thy, Juy — Jyu) =0, VyeC,
14

n

where F(u,,y) =f(un,y) + (Au, + y — u,) for every y € C. It follows from (A2) that

Vitn Pyl 1
ly — | =22l 2
rn n

(= thn, Jutw = Jyu) = F(y,u), VyeC.
It follows from (3.7) that
F(y,x) <0, VyeC.

For 0 <t <1andy € C, define y, = ty + (1 — t)x. It follows that y, € C, which yields that
F(y;,x) < 0. It follows from (A1) and (A4) that

0 = F(yt)yt) 5 tF(yt’y) + (1 - t)F()/tM—C) S tF()’t;)’)~
That is,

F(yt)_y) Z 0
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Letting ¢ | 0, we obtain from (A3) that F(x,y) > 0, Vy € C. That is, f(u,,y) + (Au, +y —
u,) > 0 for every y € C. This implies that x € EP(f, A). This completes the proof that x €
ﬂf\il F(T;) N EP(f,A). Since x,,11 = [y, nw,%o. In view of Lemma 2.7, we find that

(Xps1 — W Jxo — Jxu1) =0, weH,NW,.
Since ﬂf\il F(T;) NEP(f,A) C H, N W, we arrive at
(x}’H-l - W,]xo _]xn+l> > 0.

Letting n — oo in the above inequality, we obtain that

N
(% —w,Jxo —J%) = 0, Vwe(|F(T;) NEP(f,A).

i=1
It follows from Lemma 2.7 that x = Hﬁf\il F(T)NEP(f,4)%0" This completes the proof. g

Remark 3.2 Theorem 3.1 includes the corresponding results in the literature as special
cases. Since every uniformly convex Banach space enjoys the Kadec-Klee property, the

framework of the space can be applicable to L?, p > 1.

Next, we state a result on Ky Fan inequality (2.4) and a single asymptotically quasi-¢-

nonexpansive mapping in the intermediate sense.

Corollary 3.3 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property, and let C be a nonempty closed and convex subset of E. Let
f be a bifunction from C x C to R satisfying (A1)-(A4). Let T : C — C be an asymptotically
quasi-p-nonexpansive mapping in the intermediate sense. Assume that T is closed asymp-
totically regular on C and F(T) N EP(f) is nonempty and bounded. Let {x,} be a sequence

generated in the following manner:

x0 € C chosen arbitrarily,

Y =T Hanfxn + (1= )] T"x,),

u, € C such that f (u,,y) + i(y— Up, Juy — Jyn) >0, VyeC,
Hy ={z € C: ¢(z,un) < ¢(z,%,) + NEp},

Wy ={ze C: (%, —2Jxo —Jxn) = 0},

Xn1 = Hp,nw, %o,

where &, = max{0, suppep(T),xec(qb(p, T"x)—¢(p,x))}, {a,} is a real number sequence in (0,1),
{r,} is a real number sequence in [k, 00), where k is some positive real number. Assume that
liminf, o @, (1 — ) > 0. Then the sequence {x,} converges strongly to T1rr)nep()%o, where
I r(r)nepy) is the generalized projection from E onto F(T) N EP(f).

If the mapping T is quasi-¢-nonexpansive, we find from Corollary 3.3 the following.
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Corollary 3.4 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property, and let C be a nonempty closed and convex subset of E.
Let f be a bifunction from C x C to R satisfying (Al)-(A4). Let T : C — C be a quasi-
¢-nonexpansive mapping. Assume that F(T) N EP(f) is nonempty. Let {x,} be a sequence
generated in the following manner:

x0 € C chosen arbitrarily,

Yn =T Hanfxn + (1= )] Txy),

uy € C such that f(u,,y) + i (y—up, Juty = Jyu) >0, VyeC,
Hy,={z € C:¢(z,un) < ¢(z,%1)},

W, ={zeC: (x, —zJxo — Jx,) > 0},

Xni1 = Hg,nw, %o,

where {a,} is a real number sequence in (0,1), {r,} is a real number sequence in [k, 00),
where k is some positive real number. Assume that liminf,_, . o,(1 — ;) > 0. Then the
sequence {x,} converges strongly to I1rirynep(r)¥o, where I1p(rynepy) is the generalized pro-
jection from E onto F(T) N EP(f).

Finally, we give a result in the framework of Hilbert spaces based on Theorem 3.1.

Corollary 3.5 Let E be a Hilbert space, and let C be a nonempty closed and convex subset
of E. Let f be a bifunction from C x C to R satisfying (Al)-(A4), and let N be some positive
integer. Let A : C — E be a k;-inverse-strongly monotone mapping. Let T; : C — C be an
asymptotically quasi-nonexpansive mapping in the intermediate sense for every1 <i <N.
Assume that T; is closed asymptotically regular on C and ﬂf\il F(T;)NEP(f,A) is nonempty
and bounded. Let {x,} be a sequence generated in the following manner:

x9 € C chosen arbitrarily,

Yn = QX + Zf; i 17 %,

uy € C such that f(u,,y) + (Au, +y — uy,) + i(y— Up Uy — V) >0, VYyeC,
H,={ze C:llz—u,|® < |lz—x,|1* + N&,},

W,={z€C: (x, —z,%0 —x,) > 0},

Xn41 = Projy aw, %o,

where £, = max{0, suppeﬂf\ilF(T,'),xEC(”p_ T'x|? ~ |lp—x1*)}, {ot,} is a real number sequence
in (0,1) foreveryl <i < N, {r,} is a real number sequence in [k, 00), where k is some positive
real number. Assume that Zﬁo oy =landliminf,_, o a, 00, > 0 foreveryl <i < N.Then
the sequence {x,} converges strongly to ProjmiAi1 E(T)nER(f,A) %05 where Projmﬁ1 F(T)nER(f,A) IS
the metric projection from E onto ﬂf\il F(T;) NEP(f,A).

Proof Since ¢(x,y) = |x — y[|?> and J = I in the framework of Hilbert spaces, we draw the
desired conclusion immediately. g
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