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Abstract

In this paper, a common solution problem is investigated based on a projection
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1 Introduction

Bifunction equilibrium problems, which include many important problems in nonlinear
analysis and optimization, such as the Nash equilibrium problem, variational inequalities,
complementarity problems, vector optimization problems, fixed point problems, saddle
point problems and game theory, recently have been studied as an effective and powerful
tool for studying many real world problems which arise in economics, finance, image re-
construction, ecology, transportation, and network; see [1-23] and the references therein.
The theory of fixed points as an important branch of functional analysis is a bridge be-
tween nonlinear functional analysis and optimization. Indeed, lots of problems arising in
economics, engineering, and physics can be studied by fixed point techniques. The study
of fixed point approximation algorithms for computing fixed points constitutes now a
topic of intensive research efforts. Many well-known problems can be studied by using
algorithms which are iterative in their nature. As an example, in computer tomography
with limited data, each piece of information implies the existence of a convex set in which
the required solution lies. The problem of finding a point in the intersection of these con-
vex subsets is then of crucial interest, and it cannot be usually solved directly. Therefore,
an iterative algorithm must be used to approximate such a point. The well known con-
vex feasibility problem, which captures applications in various disciplines such as image
restoration and radiation therapy treatment planning, is to find a point in the intersection
of common fixed point sets of a family of nonlinear mappings. Krasnoselskii-Mann itera-
tion, which is also known as a one-step iteration, is a classic algorithm to study fixed points
of nonlinear operators. However, Krasnoselskii-Mann iteration only enjoys weak conver-
gence for nonexpansive mappings; see [24] and the references therein. There are a lot of
real world problems which exist in infinite dimension spaces. In such problems, strong
convergence or norm convergence is often much more desirable than weak convergence.
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To guarantee the strong convergence of Krasnoselskii-Mann iteration, many authors use
different regularization methods. The projection technique which was first introduced by
Haugazeau [25] has been considered for the approximation of fixed points of nonexpan-
sive mappings. The advantage of projection methods is that strong convergence of iterative
sequences can be guaranteed without any compact assumptions.

In this paper, we study a common solution problem based on a projection algorithm.
Strong convergence theorems of common solutions are established in a uniformly smooth
and strictly convex Banach space which also enjoys the Kadec-Klee property.

2 Preliminaries

Let E be a real Banach space, E* be the dual space of E and C be a nonempty subset of E.
Let f be a bifunction from C x C to R, where R denotes the set of real numbers. Recall
the following equilibrium problem: find X € C such that

f(xy)>0, VyeC. (2.1)
We use EP(f) to denote the solution set of equilibrium problem (2.1). That is,
EP(f)={x e C:f(x,y) > 0,Vy € C}.
Given a mapping A : C — E*, let
flx,y) =(Ax,y—x), Vx,yeC.
Then % € EP(f) iff X is a solution of the following variational inequality: find ¥ such that
(Axy—x)>0, VyeC. (2.2)

In order to study the solution of problem (2.1), we assume that f satisfies the following
conditions:

(Al) f(x,x)=0,Vx€C;

(A2) f is monotone, i.e., f(x,y) + f(y,x) <0, Vx,y € C;

(A3)

lim supf(tz +(1- t)x,y) <fxy), Vxy,z€C;
£0

(A4) foreachx € C, y — f(x,y) is convex and weakly lower semi-continuous.
Recall that a Banach space E is said to be strictly convex iff || ’% | <1forall x,y € E

with |lx|| = ||y|| =1 and x # y. It is said to be uniformly convex iff lim,_, » ||, — ¥, || = O for
any two sequences {x,} and {y,} in E such that |lx,| = ||y,|| =1 and lim,_ || % | =1.
Let Ur = {x € E: ||x|| = 1} be the unit sphere of E. Then the Banach space E is said to be
smooth iff

i 1 1= 1

t—0 t

exists for each x,y € U. It is also said to be uniformly smooth iff the above limit is attained
uniformly for x,y € Ug. It is well known that if E is uniformly smooth, then J is uniformly
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norm-to-norm continuous on each bounded subset of E. It is also well known that E is
uniformly smooth if and only if E* is uniformly convex.

Recall that a Banach space E enjoys the Kadec-Klee property if for any sequence {x,} C E,
and x € E with x,, — x, and ||x,|| — ||%[|, then ||x, —x| — 0 as n — oo. It is well known that
if E is a uniformly convex Banach space, then E enjoys the Kadec-Klee property. Let T :
C — Cbe a mapping. In this paper, we use F(T') to denote the fixed point set of T'. T is said
to be closed if for any sequence {x,} C C such that lim,_, %, = ¢ and lim,_, T, = yo,
then Txo = yo. In this paper, we use — and — to denote strong convergence and weak
convergence, respectively.

Recall that the normalized duality mapping J from E to 2¥" is defined by

Je={f* € B o) = 2l = 7)),

where (-,-) denotes the generalized duality pairing. Next, we assume that E is a smooth
Banach space. Consider the functional defined by

¢(,) = Ixl® = 2(x, ) + Iy, Vx,y €E.

Observe that, in a Hilbert space H, the equality is reduced to ¢(x,y) = [|[x—y||%, %,y € H. As
we all know, if C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C
is the metric projection of H onto C, then P¢ is nonexpansive. This fact actually charac-
terizes Hilbert spaces and, consequently, it is not available in more general Banach spaces.
In this connection, Alber [26] recently introduced a generalized projection operator I1¢
in a Banach space E which is an analogue of the metric projection P¢ in Hilbert spaces.
Recall that the generalized projection Il¢ : E — C is a map that assigns to an arbitrary
point x € E the minimum point of the functional ¢(x,y), that is, [1cx = X, where x is the
solution to the minimization problem

¢ (%, x) = min @ (y, x).
yeC

Existence and uniqueness of the operator I1¢ follows from the properties of the functional
¢(x,) and strict monotonicity of the mapping J. In Hilbert spaces, I1¢ = Pc. It is obvious
from the definition of a function ¢ that

(el = Iy1)* < ¢(x9) < (Iyll + Ix1)?, Vay € E, (2.3)

and

d(x9) = d(x,2) + P(z,9) +2(x —z,Jz- Jy), Vx,3,z€E. (2.4)

Remark 2.1 If E is a reflexive, strictly convex, and smooth Banach space, then ¢(x,y) =0
ifand only if x = y.

Recall that a point p in C is said to be an asymptotic fixed point of a mapping T [27] iff
C contains a sequence {x,} which converges weakly to p such that lim,,_, o [|x, — T%,]| = 0.
The set of asymptotic fixed points of T will be denoted by E(T).
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Recall that a mapping 7T is said to be relatively nonexpansive iff
ET)=FT)#% ¢ Tx) <¢@p.x), VaeC,VpeF(T).
Recall that a mapping T is said to be relatively asymptotically nonexpansive iff
E(T)=F(T) #9, ¢(p, T"x) < (1 + un)gpp,x), Vxe C,VpeF(T),Vn=>1,
where {11,,} C [0,00) is a sequence such that u, — 0 as n — oo.

Remark 2.2 The class of relatively asymptotically nonexpansive mappings was consid-
ered in [28] and [29]; see the references therein.

Recall that a mapping 7T is said to be quasi-¢-nonexpansive iff
F(T) #4¢, o(p, Tx) < ¢p(p,x), Vxe C,VpeF(T).

Recall thata mapping T is said to be asymptotically quasi-¢-nonexpansive iff there exists

a sequence {u,} C [0,00) with u,, — 0 as n — 0o such that
F(T) #9, o(p, T"x) <1+ n)dp(p,x), VxeC,VpeF(T),Yn=1.

Remark 2.3 The class of asymptotically quasi-¢-nonexpansive mappings was considered
in Zhou et al. [30] and Qin et al. [31]; see also [32].

Remark 2.4 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are more general than the class of relatively nonexpan-
sive mappings and the class of relatively asymptotically nonexpansive mappings. Quasi-
¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive mappings do not re-
quire the restriction F(T) = E(T).

Remark 2.5 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive

mappings and the class of asymptotically quasi-nonexpansive mappings in Banach spaces.
In order to get our main results, we also need the following lemmas.

Lemma 2.6 [26] Let E be a reflexive, strictly convex, and smooth Banach space, let C be a

nonempty, closed, and convex subset of E, and let x € E. Then
o, Mex) + p(Mex, x) < P(y,x), VyeC.

Lemma 2.7 [26] Let C be a nonempty, closed, and convex subset of a smooth Banach
space E, and let x € E. Then xo = lcx if and only if

(xo -y, Jx—Jxo) =0, VyeC.
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Lemma 2.8 [33] Let E be a smooth and uniformly convex Banach space, and let r > 0.

Then there exists a strictly increasing, continuous, and convex function g : [0,2r] — R such
that g(0) = 0 and

[tx+ @ - 2)y|” < el + (L= D)yl - (1 - g (Ilx — y1l)
forallx,ye B, ={x € E: ||x|| <r}andt €[0,1].

Lemma 2.9 Let C be a closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. Let f be a bifunction from C x C to R satisfying (Al1)-(A4). Let r > 0 and
x € E. Then

(a) [1] There exists z € C such that

1
Sfzy) + ;(J’—Z;]Z—]x) >0, VyeC.

(b) [31, 34] Define a mapping T, : E — C by

Syx = {ze C:f(z,y) + %(y—z,]z—]x),VyeC}‘

Then the following conclusions hold:
(1) S, is single-valued,;
(2) S is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

(er - Sryr]er _]Sry) =< (er - Sry:]x _]y);

(3) F(S,) = EP(f);
(4) S, is quasi-¢-nonexpansive;

(5)
¢(6I» er) + ¢(er: x) =< ¢(5I:x); Vq € F(Sr):
(6) EP(f) is closed and convex.

Lemma 2.10 [35] Let E be a uniformly smooth and strictly convex Banach space which
also enjoys the Kadec-Klee property. Let C be a nonempty closed and convex subset of E.
Let T : C — C be a closed asymptotically quasi-¢p-nonexpansive mapping. Then F(T) is a
closed convex subset of C.

3 Main results

Theorem 3.1 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let
A be an index set. Let f; be a bifunction from C x C to R satisfying (Al)-(A4), and let
T;: C — C be an asymptotically quasi-¢-nonexpansive mapping for every i € A. Assume
that T; is closed and uniformly asymptotically regular on C for every i € A. Assume that
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Mica F(T) (e EF(f) is nonempty and bounded. Let {x,} be a sequence generated in the

following manner:

x0 € E  chosen arbitrarily,

Cuay=C,
Ci =Nica Cuiy
X1 = ncle)

Vong) =T i Jon + 1 = T %),

Un) € C such that fi(ug,,, y) + ﬁ (Y = Uiy iy = ) =0, VyeC,
Cinsr,i) =12 € Cluiy 1 P(2, un) < P2, %0) + Ly Moy},

Cust =Nica Cinsrips

Xn+l = HCn+1x1:

where M,;y = sup{o®,%,) : p € (;cp F(T) N(Njen EE(D}; {t(n,)} is a real sequence in [0,1]
such thatliminf,_, o o) (1— () > 0, and {r(,;} is a real sequence in [a;, 00), where {a;} is
a positive real number sequence, for every i € A. Then the sequence {x,} converges strongly

to HﬂieA E(T)Nien EF(f)*1-

Proof We divide the proof into six steps.

Step 1. We prove that (), F(T7) N (), EF(f) is closed and convex.

In the light of Lemma 2.9 and 2.10, we easily find the conclusion.

Step 2. We prove that C, is closed and convex.

To show that C, is closed and convex, it suffices to show that for each fixed but arbitrary
i€ A, C, is closed and convex. This can be proved by induction on #. It is obvious that
Cu, = C is closed and convex. Assume that Ci, is closed and convex for some k > 1.
For z1,25 € Ciks1,), we see that z;, 2z, € C). It follows that z = ¢z, + (1 — £)z; € Cy,j), where
t € (0,1). Notice that

Bz, k) < Plz1,%k) + ik Mk,
and

B (22, wik) < P22, %) + ey Mik,i)-
The above inequalities are equivalent to

2z, Jox = ) < ol = Nl 1% + pegon Mk 3.1
and

2za, Jk = Juiron) < 1%kl = Nt 1 + 1o Mig,i- 32)
Multiplying £ and (1 — £) on the both sides of (3.1) and (3.2), respectively, yields that

2(z, Jok = Jugrsy) < Nl = Ny 1 + pey Mk,

Page 6 of 15
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That is,

Oz, uk) < (2, %) + Wiy Mk,iys

where z € Cy ;). This finds that Cix,; is closed and convex. We conclude that Cy,;) is closed
and convex. This in turn implies that C, = (");c, C(,i is closed and convex. This implies
that I¢,,,%; is well defined.

Step 3. We prove that (";c, F(T:) N (;cp EF(f) C Cy.

Mica E(T)N(;en EE(f)) C Cr = Cis clear. Suppose that (), , F(T:)N(;ep EE(f) C Cy
for some positive integer k. For any w € (), F(T;) N (;ep EF(f)) C Cii,iy» we see that

oW, i)
= ¢(W; Sr(ky,')y(k,i))
< oW, Yki)
= ¢ (w,J (oo + (L — o) TEx))
= |WII* = 2{w, ek + (1 — o) Tk
2
+ [l + (L= ot T T |
< Iwll® = 20, (w, Jee) = 2(1 = e (w, T T )
2
+ g e + (1= o) | T e |
= and(w,xx) + (1 — o) (w, Ty
< gy, xr) + (1 — )P (W, xx) + (1 — o) e,y @ (W, )
< oW, xx) + igiy®(W, %), (3.3)
which shows that w € C(1,). This implies that ()., F(T3) N (;cp EE(fi) C Ci,p- This in
turn implies that (,c, F(T;) N (jep EF(f) C (Nica Ciniy- This completes the proof that
Miea F(T) N (N;ea EF(f)) C Co.
Step 4. We prove that the sequence {x,} is bounded.
In the light of the construction %, = I1¢,x;, we find from Lemma 2.7 that (x,, — z, Jx; —

Jx,) > 0 forany z € C,.
Since (;cp F(T?) N(;ep EF(f;) C Cy, we find that

(%0 — w, Joy = Jan) = 0, Ywe (\F(T) N[ \EE(f). (3.4)

ieA ieA

On the other hand, we find from Lemma 2.6 that

(e, %1) < AN, FTINNicp EEGXL X1) = BTN FTNNicp EEG) X1 Xn)
< O(TIN, ) FTOMiep EF ) F1%1)-
This implies that the sequence {¢(x,,x;)} is bounded. It follows from (2.3) that the se-

quence {x,} is also bounded. Since the space is reflexive, we may assume that x,, — x.
Step 5. We prove that X € (), F(Ti) N[ ;en EF(f3).
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Since C,, is closed and convex, we find that x € C,,. This implies that ¢ (x,;, x1) < ¢ (X, x1).
On the other hand, we see from the weak lower semicontinuity of the norm that

P, x1) = 1X)1> = 2(x, J1) + || 12
< liminf ([l [* - 2w Jor) + 21 ]1%)
= liminf ¢ (x,,, x1)
n—00

<limsup ¢(x,,x1)
n—00

=< ¢(9_Crx1)r

which implies that lim,,_, oo ¢(x,,, %1) = (%, x1). Hence, we have lim,,_, o ||, || = [|%]|. In view
of the Kadec-Klee property of E, we find that x, — x as n — 00. Since x, = I1¢,*;, and
%pe1 = I, %1 € Cpa C Cy, we find that ¢ (x,,%1) < @ (11, %1). This shows that {¢(x,,x1)}
is nondecreasing. We find from its boundedness that lim,,_, o ¢(x,, %) exists. It follows
that

O Xni1, %) = P(Xa1, M, %1) < PXuir,x1) — (T, %1, %1)

= P11, %1) — P(%4, X1).
This implies that
Jim & (Xpi1,%4) = 0. (3.5)
In the light of x,,,1 = I¢,,, %1 € Cy41, we find that
A (ns1s Uini) < PXns1, %n) + iy Mn,iy-

This implies from (3.5) that

lim ¢(xn+lr u(n,z’)) =0. (36)
n—0oQ

In view of (2.3), we see that lim,,_, oo (|#4+1 | = |#4(n,)|I) = 0. This implies that
lim |z, [l = [I%]].
n—00

That is,
lim |[Jugpll = Hm |z, [ = 1121 = [IJ]]. 3.7)
n—0o0 n— 00

This implies that {Ju,,;} is bounded. Note that both E and E* are reflexive. We may assume
that Ju,;) — u™) e E*, In view of the reflexivity of E, we see that J(E) = E*. This shows
that there exists an element #’ € E such that Ju! = u™®?. It follows that

¢(xn+lr u(n,i)) = ||x}’1+1”2 - 2(xn+1’]’4(n,i)) + ||u(n,i)||2

= e 12 = 20001, S ()) + Ttk 1>
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Taking liminf,_, -, on the both sides of the equality above from (3.5) yields that

0> (1% - 2(%, u®™?) + |ul? |
= 171 - 208, 7u') + |
= 151” ~ 2ff Ju) + ]
= ¢(x,u').
That is, ¥ = &, which in turn implies that ™9 = J&. It follows that Ju(,; — Jx € E*. Since
E* enjoys the Kadec-Klee property, we obtain from (3.7) that lim,,_, o Jt#(,5) = /. Since J -1,

E* — Eis demicontinuous and E enjoys the Kadec-Klee property, we obtain that u,; — x,
as 1 — 00. Note that ||x, — u(y || < |%, — X[ + [|X — 4, || It follows that

lim ||%,, — 20, = 0. (3.8)

n—00

On the other hand, we have

dW, %) — dW, ) = 1> = b I1” = 2w, T — i)

< ot =ty | (11| + ety 1) + 20wl 1o = Jeaa -
In view of (3.8), we find that

lim (¢(W»xn) - ¢(W: u(n,i))) =0. (3.9)

n—00

Since E is uniformly smooth, we know that E* is uniformly convex. In view of Lemma 2.8,
we find that

PW, i)
= oW, Sy, Yini)
< ¢, Y()
= (W, T (i Jrn + (1= )T %))
= W% = 2(w, nJon + (L= up)T7%n) + | nion + (1 = )T 7% |
< IWI? = 200 (W, J) = 2(1 = ) (W, J T} )
+ ) 91> + (L = ) || T2 ||2 = ) (1 = ) ([0 =TT )
= QW) + (1= (0, (W, T{ %) = iy (1= )G (|| o6 =TT} | )
< dw, ) + (1= @) in) @ (W5 %) — 2, (1 = ) (| Jon =TT} % )

< dW, ) + nyMni) — iy — )G (| J6n =TT %0 ).
This implies that

Ol(n,i)(l = O(n,i) )g( ||]xn _]T,'nxn H) =< ¢(W: xn) - ¢(W7 u(n,i)) + M(n,i)M(n,i)~
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In view of the restrictions on the sequence {¢(,,;}, we find from (3.9) that
lim | Jox, —JT}'%4| = 0.
n— o0
Notice that ||JT]x, — Jx|| < IJT}%, — Jxull + |Jx, — J%]||. It follows that
lim |JT7%, —J| = 0. (3.10)
n—0o0
The demicontinuity of J 1.p* > E implies that T7x, — x. Note that
s = 1 = 7] = W < [, -

This implies from (3.10) that lim,,_, o || 77%,|l = [IX]|. Since E has the Kadec-Klee property,
we obtain that lim,_, « || 7%, — X|| = 0. On the other hand, we have

1705, = 777 17 | 55
It follows from the uniformly asymptotic regularity of T; that

lim || 77", - % = 0.
n—00

That s, T;T}x, — %. From the closedness of T}, we find X = T;x for each i € A. This proves
% € (;ep F(T}). Next, we show that x € (), EF(f;). In view of Lemma 2.6, we find that

AU,y Yini)) < QW Yiniy) — QW tn,i))
=< ¢(W>xn) + M(n,i)¢(wr Xp) — ¢(W, u(n,z’))~
It follows from (3.9) that lim,_ o ¢ (U, Y(n,)) = 0. This implies that lim,,_, oo (||26¢s, | —
1y, ll) = 0. In view of (3.8), we see that u,;) — X as n — oo. This implies that ||yl —
lx] — 0, as n — oo. It follows that lim,_ [yl = [IJ%]. This shows that {Jy,,} is

bounded. Since E* is reflexive, we may assume that Jy(,; — y*) € E*. In view of J(E) = E*,
we see that there exists y' € E such that Jy’ = y*). It follows that

S Wiy Yon)) = 1 I* = 2@ Vniy) + 1Yy I

= Nt 1> = 2080, i) + 1y I

Taking liminf),, ., on the both sides of the equality above yields that
0.2 &7 - 2(%y") + [’
= 1% - 205 ) + 1)
= 1% - 2% 7') + ||
= ¢(%.5).

That is, X = y', which in turn implies that y* = Jx. It follows that Jy(,; — J& € E*. Since
E* enjoys the Kadec-Klee property, we obtain that Jy(,; — Jx — 0 as n — oo. Note that
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J7': E* — E is demicontinuous. It follows that y(,; — . Since E enjoys the Kadec-Klee

property, we obtain that y(,; — x as # — o0o. Note that
4eni) = Yo | < ki) = XN + 1% = Y Il
This implies that
im |2 = Yl = 0-
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim (|, = Jyn |l = 0.
n— 00
From the assumption r(,; > a;, we see that

Ui, — .
lim ”] (n,i) ]y(n,z)”

n—00 r(}‘l,l)

=0. (3.11)

In view of 1, = S,W) Y(n,i)» We see that

1
Jilttinipy ) + =y = thn Jibiny = Y} 2 0, Vy € C.

n,i)
It follows from (A2) that

ety = Jy iyl - 1

Ty - T(n,i)

Zfi()’; u(n,i)); Vy eC.

ly = th(n,p) O = Uiy i) — IV ini)

In view of (A4), we find from (3.11) that
fily,x) <0, VyeC.

For 0 <t; <1 and y € C, define y¢,;) = t;y + (1 — £;)x. It follows that y.; € C, which yields
that f;(y(,,x) < 0. It follows from the (Al) and (A4) that

0 =fi(eip Vi) < tfieiy) + 1 = )i, %) < tifi(ei» y)-

That is,

Ji0iy) = 0.

Letting ¢; | 0, we obtain from (A3) that fi(x,y) > 0, Vy € C. This implies that x € EP(f})
for every i € A. This shows that x € (),., EF(f;). This completes the proof that x €
mieA F(T)N mieA EF(fi)~

Step 6. We prove that x = T, ) E(T)O e p EEG)¥1-


http://www.fixedpointtheoryandapplications.com/content/2013/1/308

Qin et al. Fixed Point Theory and Applications 2013, 2013:308 Page 12 of 15
http://www.fixedpointtheoryandapplications.com/content/2013/1/308

Letting n — o0 in (3.4), we see that
(x—w,Jx; —Jx) >0, VweCSS.

In view of Lemma 2.7, we find that x = T BT)O e EEG)1- This completes the proof.
a

Remark 3.2 Theorem 3.1 mainly improves Theorem 2.1 of Qin et al. [29] in the following
aspects:
(1) improves the mappings from a finite family of mappings to an infinite family of
mappings;
(2) extends the framework of the space from a uniformly smooth and uniformly convex
space to a uniformly smooth and strictly convex Banach space which also enjoys the
Kadec-Klee property.

If T is a quasi-¢-nonexpansive mapping, we find from Theorem 2.1 the following.

Corollary 3.3 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let A be
an index set. Let f; be a bifunction from C x C to R satisfying (Al)-(A4), and let T; : C —
E be a closed quasi-¢-nonexpansive mapping for every i € A. Assume that ()., F(T;) N
(Mica EE(f;) is nonempty. Let {x,} be a sequence generated in the following manner:

xo €E chosen arbitrarily,

Cuiy =G,
Ci =Niea Cuiy
x1 = I %o,

Vong) =T HmiJn + (1 = ) ) Ti%n),

U(n,i) € C such that f;(ug.,,y) + ﬁ 9 = Uiy i) — Vo) =0, VyeC,
Cinsri) = {2 € Cluiy : 9(2, i) < (2, %0)},

Cui1 = Niea Clnsriys

Xntl = HC,Hlxly

where {o )} is a real sequence in [0,1] such that liminf,_, o (., (1 — Q) > 0, and {rp,)}
is a real sequence in [a;, 00), where {a;} is a positive real number sequence for every i € A.

Then the sequence {x,} converges strongly to I1n\._, r(1)n(c, EE(f)%1-

Remark 3.4 Corollary 3.3 can be viewed as an extension of the corresponding results
announced in [36] and [37].

Since every uniformly convex Banach space is a strictly convex Banach space which
also enjoys the Kadec-Klee property, we see that Theorem 3.1 is still valid in a uniformly
smooth and uniformly convex Banach space. Theorem 3.1 improves the corresponding
results in Qin et al. [31].

For a single bifunction and mapping, we find from Theorem 3.1 the following.
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Corollary 3.5 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let f be
a bifunction from C x C to R satisfying (Al1)-(A4), and let T : C — E be an asymptotically
quasi-¢-nonexpansive mapping. Assume that T is closed and uniformly asymptotically
regular on C. Assume that F(T) N EF(f) is nonempty. Let {x,} be a sequence generated in
the following manner:

x0 € E  chosen arbitrarily,

G =C,

x1 = [ xo,

Y =T ey + (1= 0, )] T"%,),

uy € C such that f(u,,y) + i(y— Un, Juy — Jyn) >0, VyeC,
Cun ={z € Cy: (2, ) < P2, %) + LM}

Xn+l = IT Cps1¥ls

where M, = sup{¢(p,x,) : p € F(F) N EF(f)}, {o,} is a real sequence in [0,1] such that
liminf,_,  ,(1 — o) > 0, and {r,} is a real sequence in [a,00), where a is a positive real
number. Then the sequence {x,} converges strongly to I1r(r)ner()¥*1.

If T is the identity mapping, then Theorem 3.1 is reduced to the following.

Corollary 3.6 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let A
be an index set. Let f; be a bifunction from C x C to R satisfying (Al)-(A4) for every i € A.
Assume that [, EF(f;) is nonempty and bounded. Let {x,,} be a sequence generated in the
following manner:

x0 € E  chosen arbitrarily,

Cuy=0GC,
Ci=Niea Cai
x1 = ¢ xo0,

U(n,i) € C such that fi(ug.,i),y) + r(%,) = Uiy, JUni) — Jx%0) =0, VyeC,
Cinsri) =1z € Cluyy : (2, (i) < O(2, %) + Py Mnip }»
Cn+1 = ﬂieA C(n+1,i)»

Xne1 = ¢, %1,

where M,y = sup{o®, %) : p € (Nicp EF(f)}, {Q(ni)} is a real sequence in [0,1] such that
liminf,,_, oo @) (1 — (i) > 0, and {r(,;} is a real sequence in [a;, 00), where {a;} is a pos-
itive real number sequence, for every i € A. Then the sequence {x,} converges strongly to

HﬂteA EF(f;)X1-
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