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Abstract

An existence theorem for a fixed point of an a-nonexpansive mapping of a
nonempty bounded, closed and convex subset of a uniformly convex Banach space
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also extended to CAT(0) spaces.
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1 Introduction

The purpose of this paper is to study fixed point theorems of o-nonexpansive mappings
of CAT(0) spaces. A metric space X is a CAT(0) space if it is geodesically connected, and if
every geodesic triangle in X is at least as ‘thin’ as its comparison triangle in the Euclidean
plane (see Section 4 for the precise definition). Our approach is to prove firstly weak and
strong convergence theorems for Ishikawa iterations of «-nonexpansive mappings in uni-
formly convex Banach spaces. Then, we extend the results to CAT(0) spaces.

Here are the details. Let E be a (real) Banach space and let C be a nonempty subset of E.
Let T': C — E be a mapping. Denote by F(T') the set of fixed points of T, i.e., F(T) = {x €
C: Tx = x}. We say that T is nonexpansive if | Tx — Ty|| < ||x — y|| for all x, ¥ in C, and that
T is quasi-nonexpansive if F(T) # ¥ and || Tx — y|| < ||x — y|| for all x in C and y in F(T).

The concept of nonexpansivity of a map T from a convex set C into C plays an important
role in the study of the Mann-type iteration given by

Xne1 = BnTxn + (1= By)xy, x1€C. (L1)

Here, {8,} is a real sequence in [0, 1] satisfying some appropriate conditions, which is usu-
ally called a control sequence. A more general iteration scheme is the Ishikawa iteration
given by

Yn = ,Bn Txn + (1 - ﬁn)xm
Xnel = VnIYn + (1 = )%,

(1.2)
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where the sequences {8, } and {y,,} satisfy some appropriate conditions. In particular, when
all B,, = 0, the Ishikawa iteration (1.2) becomes the standard Mann iteration (1.1). Let T be
nonexpansive and let C be a nonempty closed and convex subset of a uniformly convex
Banach space E satisfying the Opial property. Takahashi and Kim [1] proved that, for any
initial data x; in C, the sequence {x,} of iterations defined by the Ishikawa iteration (1.2)
converges weakly to a fixed point of T, with appropriate choices of control sequences {,}
and {y,}.

Following Aoyama and Kohsaka [2], a mapping T": C — E is said to be «-nonexpansive

for some real number « <1 if
ITx - TyI? < all Te—y1” + all Ty —x]? + (1 - 2a) [ =312, VxyeC.

Clearly, 0-nonexpansive maps are exactly nonexpansive maps. Moreover, T is Lipschitz
continuous whenever @ < 0. An example of a discontinuous «-nonexpansive mapping
(with « > 0) has been given in [2]. See also Example 3.6(b).

An existence theorem for a fixed point of an «-nonexpansive mapping 7" of a nonempty
bounded, closed and convex subset C of a uniformly convex Banach space E has been
recently established by Aoyama and Kohsaka [2] with a non-constructive argument. In
Section 3, we show that, under mild conditions on the control sequences {8,,} and {y,}, the
fixed point set F(T') is nonempty if and only if the sequence {x,} obtained by the Ishikawa
iteration (1.2) is bounded and liminf,, « || 7%, —%,| = 0. In this case, {x,} converges weakly
or strongly to a fixed point of 7.

In Section 5, we establish the existence result of an «-nonexpansive mapping in a
CAT(0)-space in parallel to [2]. We then extend the convergence theorems obtained in

Section 3 to the case of CAT(0) spaces, as we planned.

2 Preliminaries
Let E be a (real) Banach space with the norm || - || and the dual space E". Denote by x,, — x
the strong convergence of a sequence {x,} to x in E and by x, — x the weak convergence.

The modulus § of the convexity of E is defined by

llx + ¥l

8(e) = inf{l— Al <Lyl <1, lle -yl = 6}

for every € with 0 < € < 2. A Banach space E is said to be uniformly convex if 5(¢) > 0 for
everyO0<e <2.LetS={x € E: ||x|| =1}. The norm of E is said to be Gdteaux differentiable
if for each x, y in S, the limit

x+tyl - v
i 12 D0 = Dl

t—0 t (21)

exists. In this case, E is called smooth. If the limit (2.1) is attained uniformly in x, y in §,
then E is called uniformly smooth. A Banach space E is said to be strictly convex if || % <1
whenever x,y € S and x # y. It is well-known that E is uniformly convex if and only if E’
is uniformly smooth. It is also known that if E is reflexive, then E is strictly convex if and

only if E” is smooth; for more details, see [3].
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A Banach space E is said to satisfy the Opial property [4] if, for every weakly convergent

sequence x, — x in E, we have

limsup ||x, — x| < limsup ||x, — ||
n—00 n—oo

for all y in E with y # x. It is well known that all Hilbert spaces, all finite dimensional
Banach spaces and the Banach spaces 7 (1 < p < 00) satisfy the Opial property, while the
uniformly convex spaces L,[0,27] (p #2) do not; see, for example, [4-6].

Let {x,} be a bounded sequence in a Banach space E. For any x in E, we set

r(x, {x,,}) = limsup [lx — x|

n—00

The asymptotic radius of {x,} relative to a nonempty closed and convex subset C of E is
defined by

r(C, {x,,}) = inf{r(x, {x,,}) (X € C}.
The asymptotic center of {x,} relative to C is the set
A(C,{xa}) = {x € Crr(x, {wa}) = r(C, {xu}) }.

It is well known that if E is uniformly convex, then A(C, {x,}) consists of exactly one point;
see [7, 8].

Lemma 2.1 Let C be a nonempty subset of a Banach space E. Let T : C — E be an o-
nonexpansive mapping for some o < 1 such that F(T) # ). Then T is quasi-nonexpansive.

Moreover, F(T) is norm closed.

Proof Letx € C and z € F(T). Then we have

[ Tx - z||*> = || Tx - Tz|?
<o|Tx-z|® +a|| Tz - x||> + A - 20) ||x — 2|)?
=a||Tx-z|* +allz-x|® + QA - 20)||x — 2||?

= af|Tx—z)* + 1-a)llx - 2]
Therefore,
1Tx —z|| < [lx—zl|.
This inequality ensures the closedness of F(T). O

Lemma 2.2 Let C be a nonempty subset of a Banach space E. Let T : C — E be an «-
nonexpansive mapping for some o < 1. Then the following assertions hold.
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(i) If0 <wa<],then

l+a
<

2 2 2
< ll = Txl|” + —— (allx -yl + | T = Tyl) llx — Tx|| + [lx - yl%,
l-« -«

llx = Tyll?

Vx,y € C.
(ii) Ifa <O, then

2
llx = Tyl1* < llx — Txl|> + m[(—d)llTx =yl + 1T = Tyl ]Il = Tx| + llx = y1I°,

Vx,y € C.
Proof (i) Observe

lx = Tyl = llx - T + T — Ty|)?
< (e = Tl + 1T - Tyl))
= llx = Tl + | T — Tyl + 2ljx — T|[|| T — T
< e — Tl + al| T — yI* + aeflx = Tyll* + (1 - 20) [l — yI|>
+ 2% — T | T — T
< o= Tl + (I Te = ]l + llx = y11)°
el = Ty|? + (- 20) |l — yI2 + 2|l — Tel| | T — T
< llx— T|® + l| T — x]1® + atll — y]1?
+ 20| T — x|l [l — yl| + ¢l — Ty
+ (1= 2a)llx = y11% + 2llx - Txll| Tx - Ty
= (L+a)llx— T)1® + 2a]| T — x| = yl| + el — Ty

+ (L= a)lle—yII* +2llx = Tl T - Ty.

This implies that

s 1+« 9
llx = IylI” < —— Il — Tx[|” +

=1 (cllx =yl + 11 T2 = Tyll) [l — Tl + llox =y
- l-«

(ii) Observe

lx = Tyl = llx — T + e - Ty|)?
< (I = Tl + 1T - Tyl))
= llx = Txl) + | Tx — Tyl + 2l|x — T ||| T — T
< llx = Txl® + al| Te - yII? + aellc = Tyl + (1 - 20) [l - 2
+2llx = Tl Tx — Tyl
= = Tx)® + | Tx — y11* + s — Ty

+(L=a)llx—yl* —allx = ylI* +2]lx = Tx||[| Tx - Tl
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< o= Txll* + || Tx - yI|* + l|x — Tyl
+ (1= a)llx -y - afllx - Txl* + | Tx - yI|* + 2]lx — Tx]|[| Tx - ]
+2|lx - Tx| | T — Ty

= (- a)llx— Tx|* + allx - Ty|)?
+ (1= a)llx -y - 2alx — Tx[|[| Tx — | + 2]lx — Tx||[| T — Ty

= (- a)lla— Tx| + al|x — Ty|)?

+ (1 - a)llx = yII* + 2[ () | Tx =yl + 1| Tx = Tyl ] llx - Tx||.

This implies that

2
ll = Tyl1* < lloc = Txl|* + m[(—a)llTx—yll + 1 T = Tyl ]Il = Tel| + [l = pl1°. O

Proposition 2.3 (Demiclosedness principle) Let C be a subset of a Banach space E with
the Opial property. Let T : C — C be an a-nonexpansive mapping for some o < 1. If {x,}
converges weakly to z and lim,,_, « || Tx,, — x,|| = 0, then Tz = z. That is, I — T is demiclosed

at zero, where I is the identity mapping on E.

Proof Since {x,} converges weakly to z and lim,_, || T%,, — x|l = 0, both {x,} and {T%,}
are bounded. Let My = sup{|lx,|l, | x|, |zl | Tz|| : n € N} < 00. If 0 < & < 1, then in view
of Lemma 2.2(i),

2
llxn — Tzl

+o 2 2 9
=1 a o, — T ||~ + o (allon =zl + 1 T — Tzl|) 160 — Tl + Nl — 2l

AM;(1 + )

2
% = Tl + [l — 2|1 °.
l-«

x 2
< ——lwn = Tull” +
l-«

If @ < 0, then in view of Lemma 2.2(ii),

2
lln — Tzl

< Il — T |1* + (=) T, — 2| + 1 T, = T2l ] 1120 = Tl + Il — 211

l-«
< %y = Txnllz +4M ||x, — Txy || + (1%, _Z”2'

These relations imply

limsup [|x, — Tz|| < limsup ||x, — z]|.
n—00 n—0o00

From the Opial property, we obtain 7z = z. O
The following result has been proved in [9].

Lemma2.4 Letr >0 be a fixed real number. If E is a uniformly convex Banach space, then
there exists a continuous strictly increasing convex function g : [0,+00) — [0, +00) with
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2(0) = 0 such that
|2+ (= 2)y|* < Al + (1= Ryl = 21— Mg (1l - 1)
forallx,yinB,(0)={u€E:||u|| <r}and X € [0,1].

Recently, Aoyama and Kohsaka [2] proved the following fixed point theorem for o-
nonexpansive mappings of Banach spaces.

Lemma 2.5 Let C be a nonempty closed and convex subset of a uniformly convex Banach
space E. Let T : C — C be an a-nonexpansive mapping for some o < 1. Then the following
conditions are equivalent.

(i) There exists x in C such that {T"x};°, is bounded.

(i) F(T)#9.

3 Fixed point and convergence theorems in Banach spaces
Lemma 3.1 Let C be a nonempty closed and convex subset of a Banach space E. Let T :
C — C be an a-nonexpansive mapping for some a < 1. Let a sequence {x,} with x, in C
be defined by the Ishikawa iteration (1.2) such that {B,} and {y,} are arbitrary sequences
in [0,1]. Suppose that the fixed point set F(T) contains an element z. Then the following
assertions hold.

) max{ &1 — 2l Iy — 211} < ll%s — 2l forall n=1,2,....

(2) lim,_ ||, — z|| exists.

(3) lim,_, o d(x,, F(T)) exists, where d(x, F(T)) denotes the distance from x to F(T).

Proof In view of Lemma 2.1, we conclude that

lyn -zl = ”,BnTxn + (1= Bu)xy _Z”
< Bul Txn — zll + (1 = Bl — ]|
< Bullxn —zll + 01 = Bu)llxy — 2

= [lxn — 2|l.
Consequently,

%1 =2l = [ VaTyu + (A = yu)xn — 2|
= Vall Tyn =zl + (1 = yu) I — 2|l
< Vallyn =zl + (= yu) % — 2l
< Vall®n =zl + (L= ya) s — 2]
= % — 2|l
This implies that {||x, —z||} is a bounded and nonincreasing sequence. Thus, lim,,_,  ||%, —
z|| exists.

In the same manner, we see that {d(x,, F(T))} is also a bounded nonincreasing real se-
quence, and thus converges. O
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Theorem 3.2 Let C be a nonempty closed and convex subset of a uniformly convex Banach
space E. Let T : C — C be an a-nonexpansive mapping for some a < 1. Let {B,} and {y,} be
sequences in [0,1] and let {x,} be a sequence with x, in C defined by the Ishikawa iteration
(1.2).
1. If{x,} is bounded and liminf,_, o || Tx, — x,|| = 0, then the fixed point set F(T) # (.
2. Assume F(T) # . Then {x,} is bounded, and the following hold.
Casel: O<a<l.
(a) liminf,_, o || %, — X, = O when limsup,,_, o, ¥»(1 - y,) > 0.
(b) limy,_ oo | Tx, — x|l = 0 when liminf,_, o v,(1 - y,) > 0.
Case 2: o <0.

(a) liminf,_ o || TX,; — %, || = 0 when

liminf,_, o ¥,(1 = yu) > 0, limsup,,_, Yu(l=¥u) >0,
or

liminf,_ o0 By < 1, limsup,_, o, Bn < 1.

(b) limy,_ o0 | T, — x4l = 0 when liminf,_, o v,(1 = v,) > 0 and
limsup,,_, o, Bn < 1.

Proof Assume that {x,} is bounded and liminf,_, « || 7%, — x,|| = 0. There is a bounded
subsequence {Tx,, } of {Tx,} such that limy_, « || Ty, — %y, | = 0. Suppose A(C, {x,, }) = {z}.
Let My = sup{|lxu, I, | Txu, |, lzIl, | 2| : k € N} < 00.If 0 < & < 1, then, by Lemma 2.2(i), we
have

2
%, — TZ]|

l+a
<

2
”xnk - Txnk” + 1

2
2
e Y (@l = 2l + 1T = T20) 1 = Tt [l + [l — 2l

< e = T 2+ L) el + o — 211
l1-« 1-o

This implies that

limsup [|x,,, — Tz|?
k— 00

+o . , 4Mi(1+a) .
limsup %, — Txy,, ||” + ————— limsup || Tx,, — %, ||
-0 koo l-o k— 00

1
<
1

+ lim sup [|x,, — z||?

k— o0

= lim sup [|x,, — z)|%
k—o00

If o < 0, then, by Lemma 2.2(ii), we have

2
%, — TZ]|

, 2
< en = T 17 + 1

Y (=01 Tty = 2I| + | Tty = T20) 16, = T [l + Il — 211

l+a 4ML(1 + @)

l-«o

2 2
= 1%, — T |17 + I Ty = X Nl + (1%, — 217

l-«

Page 7 of 20


http://www.fixedpointtheoryandapplications.com/content/2013/1/57

Naraghirad et al. Fixed Point Theory and Applications 2013, 2013:57
http://www.fixedpointtheoryandapplications.com/content/2013/1/57

This implies again that

limsup [|x,,, — Tz
k— o0

l+a
=

AM(1+
Lim sup %, — Ty, 12 + #

Lim sup || Tx,,, — %y, |l
-0 fk—>oco

k— o0

+limsup [|x,,, —z||*

k— o0

= limsup ||x,, — z||%
k—o00

Thus, we have in all cases

r(Tz, {x,,k}) = limsup ||x,, — 1Z||

n—0o0

< limsup ||x,, —z||
n—00

= r(z, {x,,k}).

This means that Tz € A(C, {x,, }). By the uniform convexity of E, we conclude that 7z = z.
Conversely, let F(T) # ¥ and letz € F(T). It follows from Lemma 3.1 that lim,, « [|x, —z||
exists and hence {x,} is bounded. In view of Lemmas 2.1 and 2.4, we obtain a continuous
strictly increasing convex function g : [0, +00) — [0, +00) with g(0) = 0 such that
%41 — Z||2 = ”VnTyn + (L= Yu)wn — 2”2

=< Vn”Tyn _Z||2 + (1 - yn)”xn _Z”Z - Vn(l - Vn)g(”Tyn —an)

=< Vn”yn - Z||2 + (1 - Vn)”xn _lez - Vn(]- - Vn)g(”Tyn _xn”)

< Vallxn = 2> + A = y) 1% = 201 = vl = )2 (1 Ty — %)

= N1 = 201 = ¥l = 7)g (| Ty = x4)- (3.1)

In view of (3.1), we conclude by applying Lemma 3.1 that

VL= Y@ (1 Ty = xall) < 11965 = 201> = 121 — 211

— 0, asun— 0.
It follows that

liminfg(ll Ty, — x,,||) =0 whenever limsup y,(1-y,) > 0.

n— 00

From the property of g, we deduce that

liminf || Ty, —x,|| =0 in case limsup y,(1 - y,) > 0. (3.2)
n—00

n—00

In the same manner, we also obtain that

lim || Ty, —x,|| =0 incase liminfy,(1-y,) > 0. (3.3)
n— 00 n—0o0

Page 8 of 20
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On the other hand, from (1.2) we get

Txy —yn = (L= Bu)(Txy — %), Xn—Yn = By — Txy). (3.4)

Observing (3.4), we see that the assertions about the case @ < 0 follow from (3.2) and (3.3).
In what follows, we discuss the case 0 < o < 1. Assume first liminf,_, o y,(1 — y,,) > 0.
By Lemma 2.1 and (3.3), we see that M, := sup{|| Tx,||, || Ty.|| : n € N} < co. Since T is o-

nonexpansive, in view of (3.4), we obtain

”Txn_xn”2
=Ty — Ty, + Ty, _xn||2

2
= (“Txn = Tyull + 1 Ty _xn”)

= 1 = Tyull® + 1T = 2al1® + 20 T = Tyl Ty =

2 2
I I

< &[Ty = yul® + @l Ty = 202 + (1= 20) %0 = 9ll? + | T — %
+4M || Ty — %

< af|(L= B (T — )| + (@ + DI Ty = al> + (L = 20) || Bl — T |
+4M || Ty — %

< [a@=Ba)* + (1= 20) B |11 Txn — xal1* + (0 + DI Ty — x|

+4Mo || Ty, — x4l (3.5)

Case (i): If 0 < < %, then (3.5) becomes

” Txn _xn”z
< [a@- B2 + A= 20)B2]I Ty — 21> + (¢ + DI Ty — x0ll* + 4Mo || Ty — x|

= (=) Ty = xall” + (@ + DI Ty — 2411 + 4Ma || Ty — 2,
since all B, are in [0,1]. We then derive from (3.3) that

1+ 4M.
1 T, — 6,12 < 7"‘||Tyn — il + =2 T =all > 0, asn > oo, (3.6)

Case (ii): If % < a <1, then (3.5) becomes

| %, — %I
< [a@ - B2 + A =20)B2]I Tty — x> + (¢ + DI Ty — 01> + 4Mo || Ty — |

< al| Ty — xu1* + (00 + D Ty — %0 1> + 4Mo || Ty — %

We then derive from (3.3) again that

l+a 4M2
1Tt =2 = T I T = 2l + T Ty = %all > 0, as 1 — oo, (3.7)

Page 9 of 20
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Finally, we assume limsup,,_, ., ¥,(1—y,) > 0 instead. By (3.2) we have subsequences {x,, }
and {y,, } of {x,} and {y,}, respectively, such that

Lim || Ty, — x4, || = 0.
k—o00

Replacing M, by the number sup{|| Tx,, ||, | Ty, |l : k € N} < 0o and dealing with the sub-
sequences {x,, } and {y,,} in (3.6) and (3.7), we will arrive at the desired conclusion that
limg, oo | 7%y, — %, || = 0. This gives liminf,,_, o | Tx, — %, = 0. (|

Theorem 3.3 Let C be a nonempty closed and convex subset of a uniformly convex Banach
space E with the Opial property. Let T : C — C be an a-nonexpansive mapping with a
nonempty fixed point set F(T) for some o < 1. Let {B,,} and {y,} be sequences in [0,1] and
let {x,} be a sequence with x, in C defined by the Ishikawa iteration (1.2).

Assume that liminf,_, o v,(1 — y,) > 0, and assume, in addition, limsup,_, ., B, < 1 if
a <0. Then {x,} converges weakly to a fixed point of T.

Proof 1t follows from Theorem 3.2 that {x,} is bounded and lim,,_, || X, — %, || = 0. The
uniform convexity of E implies that E is reflexive; see, for example, [3]. Then there exists a
subsequence {x,,} of {x,} such that x,, = p € C as i — oo. In view of Proposition 2.3, we
conclude that p € F(T). We claim that x, — p as n — 00. Suppose on the contrary that
there exists a subsequence {x,,} of {x,} converging weakly to some g in C with p # g. By
Proposition 2.3, we see that ¢ € F(T). Lemma 3.1 says that lim,,_, », ||%, — z|| exists for all z
in F(T). The Opial property then implies

lim |lx, — pll = lim ||x,, —pll < lim [lx,, —q]|
n— 00 1—>00 11— 00
= lim |lx, — g = lim ||x,, —q]|
n—oo J—> 00

< lim [|lx,, - pll = lim ||x, - p].
] 00 n—00
This is a contradiction. Thus p = g, and the desired assertion follows. g

Theorem 3.4 Let C be a nonempty compact and convex subset of a uniformly convex Ba-
nach space E. Let T : C — C be an a-nonexpansive mapping for some o < 1. Let {8,} and
{yu} be sequences in [0,1].

When 0 < o < 1, we assume limsup,,_, . ¥,(1 — v,) > 0. When a < 0, we assume either

liminf,_, o v,(1 - y,) >0, limsup,_, o ¥u(1—¥n) >0,
or

liminf,_ By <1, limsup,,_, o, Bn < 1.

Let {x,} be a sequence with x, in C defined by the Ishikawa iteration (1.2). Then {x,} con-
verges strongly to a fixed point z of T

Proof Since C is bounded, it follows from Lemma 2.5 that the fixed point set F(T') of T is
nonempty. In view of Theorem 3.2, the sequence {x,} is bounded and liminf,_, « || X, —
%4|l = 0. By the compactness of C, there exists a subsequence {x,,} of {x,} converging
strongly to some z in C, and limy_, oo || TX,,; — %y, || = 0. In particular, {Tx,, } is bounded. Let
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M3 = sup{[|x,, I, | T, I, 21, | 72| : k € N} < 00. If 0 < & < 1, then, in view of Lemma 2.2(i),

we obtain
2
%, — TZ||
< “—allx = T |I” + (ctllxn, — 2l + | T, — T2l1) 196, — Tt || + 1%, — 211
= ng ng Ny n 03 s s
l-« l-«o
l+a

4M;5(1 + @)

2 2
1o e = T 17 + Ty — X || + Nl — 217

Therefore,

limsup [|x,,, — Tz
k— o0
l+a
<

4M3(1 +
lim sup ||x,,, — Tx,,k||2 + M

limsup || Tx,,, —xp, |
—0 koo

k— 00

+ limsup [|x,, — z)|%
k— 00

If @ < 0, then, in view of Lemma 2.2(ii), we obtain

2
I, — TZ]|

2 2 2
< 1%y — T 17 + m[(—a)llTxnk =zl + I T = T20 1 = Tt [l + [l — 2l

4M;5(1 - a)

2
= Mo = T 1”4 ———

2
| T, = X |l + s, — 2117
Therefore,

limsup [|x,, — Tz|?

k— 00

<limsup [lx,, — Tx,, |* + 4Ms3 limsup || Tx,,, — %y, || + limsup [lx,,, — 2|1

k— 00 k— 00 k—o00

It follows that limy_, oo [|%,,, — TZ|| = 0. Thus we have TZz = z. By Lemma 3.1, lim,,_. o [l — 2|
exists. Therefore, z is the strong limit of the sequence {x,}. O

Let C be a nonempty closed and convex subset of a Banach space E. A mapping T': C —
C is said to satisfy condition (I) [10] if

there exists a nondecreasing function f : [0,00) — [0, 00) with f(0) =0 and f(r) > 0
for all » > 0 such that

d(x, Tx) Zf(d(x,F(T))), Vx e C.
Using Theorem 3.2, we can prove the following result.

Theorem 3.5 Let C be a nonempty closed and convex subset of a uniformly convex Banach

space E. Let T : C — C be an a-nonexpansive mapping with a nonempty fixed point set

Page 11 of 20
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F(T) for some o < 1. Let {B,} and {y,} be sequences in [0,1]. When 0 < « < 1, we assume

limsup,_, o ¥»(1 = ) > 0. When o < 0, we assume either

liminf,_ o v,(1 - y,) >0, limsup,_, o ¥»(1 = y4) > 0,
or

liminf, By <1, limsup,,_, o, B. < 1.

Let {x,} be a sequence with x; in C defined by the Ishikawa iteration (1.2). If T satisfies
condition (1), then {x,} converges strongly to a fixed point z of T.

Proof It follows from Theorem 3.2 that
liminf || Tx, — x,|| = 0.
n— 00
Therefore, there is a subsequence {x,, } of {x,} such that
Jim | T, = 2, = 0.
Since T satisfies condition (I), with respect to the sequence {x,, }, we obtain

leIIolod(x"k’F(T)) =0.

This implies that, there exist a subsequence of {x,, }, denoted also by {x,, }, and a sequence
{zx} in F(T) such that

1
AX, ) < > Vk e N. (3.8)

In view of Lemma 3.1, we have

1
W = 2l < 16, = 2ll < o, VK EN.

This implies

zkrr = 2kl < llZer = By | + 1%, — 2kl

1 1

= S T ok

1
<m, Vk=1,2,....
Consequently, {zx} is a Cauchy sequence in F(T'). Due to the closedness of F(T) in E (see
Lemma 2.1), we deduce that limy_, o zx = z for some z in F(T). It follows from (3.8) that
limy_, oo %y, = z. By Lemma 3.1, we see that lim,,_, o, ||, —z|| exists. This forces lim,,_, oo [|%,, —
z|| = 0. O

The following examples explain why we need to impose some conditions on the control

sequences in previous theorems.
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Examples 3.6 (a) Let T : [-1,1] — [-1,1] be defined by Tx = —x. Then T is a O-
nonexpansive (i.e., nonexpansive) mapping. Setting all 8, = 1, the Ishikawa iteration (1.2)

provides a sequence
Xn+l = J/nszn + (l_yn)xn =X, VYn=12,...,

no matter how we choose {y,}. Unless x; = 0, we can never reach the unique fixed point 0
of T via {x,}.
(b) Let T': [0,4] — [0,4] be defined by

0 ifx#4,
Tx = 7
2 ifx=4.

Then T is a %—nonexpansive mapping. Indeed, for any x in [0,4) and y = 4, we have
2 1 21 2 1 2
|Tx - Ty|" =4 <8+ §|x—2| = §|Tx—y| + ilx— Ty|“.

The other cases can be verified similarly. It is worth mentioning that 7" is neither nonex-

pansive nor continuous. Setting all 8, = 1, the Ishikawa iteration (1.2) provides a sequence
Xuil = Vn T?x, + (1 - V)Xy, Ym=1,2,....
For any arbitrary starting point x; in [0, 4], we have T%x, = 0 and

Xn+l = (1 - yn)xn

=1-y)A-p2) -1 =-ym

n
=[a-vm, ¥n=12,....
k=1

Consider two possible choices of the values of y,:

Case 1. If we set y,, = %, Vn=1,2,..., then lim,_ o y,(1 — y,) =1/4 > 0 and x,, — 0, the
unique fixed point of 7.
n+2

Vn=1,2,...,thenlim,_ « ¥,(1-y,) =0 and x,, = ZX=x; —

Case 2. If we set y,, = Do)

1
(n+1)2”
x1/2. Unless x; = 0, we can never reach the unique fixed point 0 of T via x,,.

4 An existence result in CAT(0) spaces

Let (X, d) be a metric space. A geodesic path joining x to y in X (or briefly, a geodesic from
x to y) is a map ¢ from a closed interval [0,/] C R into X such that ¢(0) = x, ¢(l) = y, and
d(c(t),c(t')) = |t —t'| for all £, ¢’ in [0,/]. In particular, ¢ is an isometry and d(x, y) = [. The
image « of ¢ is called a geodesic (or metric) segment joining x and y. When it is unique,
this geodesic is denoted by [x, y]. The space (X, d) is said to be a geodesic space if every two
points of X are joined by a geodesic, and X is said to be a uniquely geodesic if there exists
exactly one geodesic joining x and y for each x, y in X. A subset Y of X is said to be convex
if Y includes every geodesic segment joining any two of its points.
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A geodesic triangle A(x;,%,,%3) in a geodesic space (X, d) consists of three points x;, x3,
x3 in X (the vertices of A), together with a geodesic segment between each pair of vertices
(the edges of A). A comparison triangle for a geodesic triangle A(x;,x5,%3) in a geodesic
space (X, d) is a triangle A (x1, x5, %3) := A(%1, %, %3) in the Euclidean plane E? together with
a one-to-one correspondence x — X from A onto A such that it is an isometry on each of
the three segments. A geodesic space X is said to be a CAT(0) space if all geodesic triangles
A satisfy the CAT(0) inequality:

d(x,y) <dm(%,7), Vx,y€A.

It is easy to see that a CAT(0) space is uniquely geodesic.

It is well known that any complete, simply connected Riemannian manifold having non-
positive sectional curvature is a CAT(0) space. Other examples include inner product
spaces, R-trees (see, for example, [11]), Euclidean building (see, for example, [12]), and
the complex Hilbert ball with a hyperbolic metric (see, for example, [8]). For a thorough
discussion on other spaces and on the fundamental role they play in geometry, see, for
example, [12-14].

We collect some properties of CAT(0) spaces. For more details, we refer the readers to
[15-17].

Lemma 4.1 [16] Let (X, d) be a CAT(0) space. Then the following assertions hold.

(i) Forx,yinX and tin [0,1], there exists a unique point z in [x,y] such that
dx,z) =td(x,y) and d(y,z)=(1-10)d(x,y). (4.1)

We use the notation (1 — t)x @ ty for the unique point z satisfying (4.1).
(i) Forx,yin X and tin [0,1], we have

d((l —-Hx D ty, z) <1 -0dx,z) + td(y,z).

The notion of asymptotic centers in a Banach space can be extended to a CAT(0) space as
well by simply replacing the distance defined by || - —- || with the one defined by the metric
d(-,-). In particular, in a CAT(0) space, A(C, {x,}) consists of exactly one point whenever

C is a closed and convex set and {x,} is a bounded sequence; see [18, Proposition 7].

Definition 4.2 [19, 20] A sequence {x,} in a CAT(0) space X is said to A-converge to x in
X if x is the unique asymptotic center of {x,, } for every subsequence {x,, } of {x,}. In this
case, we write A-lim,,_, o, x,, = x, and we call x the A-limit of {x,}.

Lemma 4.3 [19] Every bounded sequence in a complete CAT(0) space X has a A-
convergent subsequence.

Lemma 4.4 [21] Let C be a closed and convex subset of a complete CAT(0) space X. If {x,,}

is a bounded sequence in C, then the asymptotic center of {x,} is in C.
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Lemma 4.5 [22] Let X be a complete CAT(0) space and let x € X. Suppose that 0 < b <
ty<c<landx,,y,€X forn=1,2,.... If for somer > 0 we have

limsupd(x,,x) <r, limsupd(y,,x) <r, and lim d(tnx,, d1- tn)y,,,x) =7,
n—0o0

n—00 n—00

then lim,,_, oo d(x,, y,) = 0.

Recall that the Ishikawa iteration in CAT(0) spaces is described as follows: For any initial
point x; in C, we define the iterates {x,} by

Yn = BuTx, © 1- ,Bn)xn:
Xn+l = Vn Tyn ©® (1 - yn)xm

where the sequences {#,} and {y,} satisfy some appropriate conditions.
We introduce the notion of &-nonexpansive mappings of CAT(0) spaces.

Definition 4.6 Let C be a nonempty subset of a CAT(0) space X and let & < 1. A mapping
T : C — X is said to be o-nonexpansive if

d(Tx, Ty)* < ad(Tx,y)* + ad(x, Ty)* + 1 - 20)d(x,y)*, Vx,y € C.

The following is the CAT(0) counterpart to Lemma 2.5. However, we do not know if the
compactness assumption can be removed from the negative « case.

Lemma 4.7 Let C be a nonempty closed and convex subset of a complete CAT(0) space X.
Let T : C — C be an a-nonexpansive mapping for some a < 1. In the case 0 < o < 1, we have
F(T) #9 ifand only if {T"x}32, is bounded for some x in C. If C is compact, we always have
F(T)#0.

Proof Assume first that 0 < « < 1. The necessity is obvious. We verify the sufficiency. Sup-
pose that {T”x}%°, is bounded for some x in C. Set x,, := T"x for n = 1,2,.... By the bound-

edness of {x,}°°;, there exists z in X such that A(C, {x,}) = {z}. It follows from Lemma 4.4

that z € C. Furthermore, we have
d(x,, T2)* < ad(x,,2)* + ad(x,_1, T2)* + A - 20)d(%,_1,2)%, Vn=1,2,....
This implies

lim sup d(x,, Tz)?

n—00

< «alimsupd(x,, 2)? + alim supd(x,_1, Tz)? + (1 - 2) lim supd(x,_1, 2)2.

n—00 n—00 n—00

Thus,

limsup d(x,, Tz) < limsup d(x,, z).
n—00 n—0oo

Consequently, 7z € A({x,}) = {2z}, ensuring that F(T) # ?.
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Next, we assume « < 0 and C is compact. In particular, T is continuous and the sequence
of x,, := T"x for any x in C is bounded. In what follows, we adapt the arguments in [2] with
slight modifications.

Let u be a Banach limit, i.e., u is a bounded unital positive linear functional of £, such
that o s = . Here, s is the left shift operator on £.,. We write u,a, for the value of u(a)
with a = (a,) in £ as usual. In particular, u,a,,; = u(s(a)) = u(a) = n,a,. As showed in
[2, Lemmas 3.1 and 3.2], we have

nd (%, TY)* < pnd(xn,y)*, ¥y €C, (4.3)
and

g(y) = Mnd(xmy)z

defines a continuous function from C into R.

By compactness, there exists ¥ in C such that g(y) = infg(C). Suppose that there is an-
other z in C such that g(z) = g(y). Let m be the midpoint in the geodesic segment joining
y to z. In view of Lemma 4.1, we see that g is convex. Thus, g(m) = g(y) too. Observing the

comparison triangles in E?, we have
2 2 2, 1 2
Axn, )" + d(xn,2)" > 2d(x,, m)" + Ed(y’z) , VYn=1,2,....

Consequently,

1
Und (X 9)* + 1 (X, 2)? > 20 d (%, ) + 7 Hnd 0 2.

This amounts to say

gW) +g(z) = 2g(m) + %d(y,z)z.

Since g(y) = g(z) = g(m), we have y = z. Finally, it follows from (4.3) that g(Ty) < g(y) =
inf g(C). By uniqueness, we have Ty =y € F(T). (|

The proofs of the following results are similar to those in Sections 2 and 3.

Lemma 4.8 Let C be a nonempty subset of a CAT(0) space X. Let T : C — X be an -
nonexpansive mapping for some o < 1 such that F(T) # (). Then T is quasi-nonexpansive.

Lemma 4.9 Let C be a nonempty closed and convex subset of a CAT(0) space X. Let T :
C — X be an a-nonexpansive mapping for some « < 1. Then the following assertions hold.
(i) If0 <wa<1,then

1
d(x, Ty)? < 1+—ad(x, Tx)? + (ad(x,y) +d(Tx, Ty))d(x, Tx)+d(x,y)*, Vx,yeC.
-«

l1-«o

(i) Ifa <O, then

2
d(x, Ty)? < d(x, Tx)* + N

[(—a)d(Tx,y) +d(Tx, Ty)]d(x, Tx)+d(x,y)%, Vx,yeC.
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Lemma 4.10 Let C be a nonempty closed and convex subset of a CAT(0) space X. Let
T : C — C be an a-nonexpansive mapping for some o < 1. Let a sequence {x,} with x; in C
be defined by (4.2) such that {B8,} and {y,} are arbitrary sequences in [0,1]. Let z € F(T).
Then the following assertions hold.:

(1) max{d(x,s1,2),dYn,2)} <d(x,,2) forn=1,2,....

(2) 1im,,_, o d(x,, 2) exists.

(3) lim,,_, o d(x,,, F(T)) exists.

Lemma 4.11 [15] Let C be a nonempty convex subset of a CAT(0) space X andlet T : C —
C be a quasi-nonexpansive map whose fixed point set is nonempty. Then F(T) is closed,
convex and hence contractible.

The following result is deduced from Lemmas 4.8 and 4.11.

Lemma 4.12 Let C be a nonempty convex subset of a CAT(0) space X and let T : C — C
be an a-nonexpansive mapping with a nonempty fixed point set F(T) for some o < 1. Then
F(T) is closed, convex, and hence contractible.

Lemma 4.13 Let C be a nonempty closed and convex subset of a complete CAT(0) space X
andlet T : C — C be an a-nonexpansive mapping for some o < 1. If {x,,} is a sequence in C
such that d(Tx,, x,) — 0 and A-lim,,_, o x, = z for some z in X, then z € C and Tz = z.

Proof It follows from Lemma 4.4 that z € C.
Let 0 <« < 1. By Lemma 4.9(i), we deduce that

l+a
d(x,, Tz)* < T A, Tx,)* +
-

. (o (%, 2) + A(Tx, T2) ) A%, Totn) + A%, 2)°
-

for all # in N. Thus we have

limsupd(x,, Tz) < limsupd(x,, z).

n— 00 H— 00
Let o < 0. Then, by Lemma 4.9(ii), we have

2

-

A%, T2)* < d(x, Tiy)* + 1 [(~e)d(Tx, 2) + (T, T2)|d(%n, Tt) + A0, 2)°

for all # in N. This implies again that

limsup d(x,, Tz) < limsup d(x,, z).

n—0oQ n—0o0

By the uniqueness of asymptotic centers, 7z = z. O

5 Fixed point and convergence theorems in CAT(0) spaces
In this section, we extend our results in Section 3 to CAT(0) spaces.

Theorem 5.1 Let C be a nonempty closed and convex subset of a complete CAT(0) space
X and let T : C — C be an a-nonexpansive mapping for some « < 1. Let {B,,} and {y,} be


http://www.fixedpointtheoryandapplications.com/content/2013/1/57

Naraghirad et al. Fixed Point Theory and Applications 2013, 2013:57
http://www.fixedpointtheoryandapplications.com/content/2013/1/57

sequences in [0,1] such that 0 < liminfy_, o vy, <limsupy_, o, Vi, < 1forasubsequence {y,, }
of {yu}. In the case a < 0, we assume also that limsup,_, ., B, <1. Let {x,} be a sequence
with x1 in C defined by (4.2). Then the fixed point set F(T) # @ if and only if {x,} is bounded
and limy_, oo d(T%yy,%4,) = 0.

Proof Suppose that F(T) # ¥ and z in F(T) is arbitrarily chosen. By Lemma 4.10,
lim,,_, oo d(x,, 2z) exists and {x,} is bounded. Let

lim d(x,,z) = L. (5.1)

n— o0

It follows from Lemmas 4.8 and 4.1(ii) that

A(Tyn2) < d(yn,2)
= d(BuTxn ® (1= B)%n, 2)
=< Bud(Txy,2) + (1 = Bn)d(xy,2)
< Bud(xn,2) + (1 = Bn)d (x4, 2)

= d(x,,2).
Thus, we have
limsupd(Ty,, z) <limsupd(y,,z) <limsupd(x,,z) =L (5.2)
n—>00 n—>00 n—00

On the other hand, it follows from (4.2) and (5.1) that

Tim d(yuTyn @ (L= yu)n,2) = lim d(xs1,2) = 1. (5.3)
In view of (5.1)-(5.3) and Lemma 4.5, we conclude that

Am ATy %) = 0.

By simply replacing || - — - || with d(-,-) in the proof of Theorem 3.2, we have the desired
result limy_, oo d(TX,, %) = 0. The proof in the converse direction follows similarly. [

Theorem 5.2 Let C be a nonempty closed and convex subset of a complete CAT(0) space
X and let T : C — C be an a-nonexpansive mapping for some « < 1. Let {B,,} and {y,} be
sequences in [0,1] such that 0 < liminfy_, o ¥y, <limsupy_, o, Vi, < 1forasubsequence {y,, }
of {Yu}. In the case a < 0, we assume also that limsup;_, ., B, < 1. Let {x,} be a sequence
with x, in C defined by (4.2). IfF(T) # 0, then {x,,} A-converges to a fixed point of T.

Proof It follows from Theorem 5.1 that {x,} is bounded and limy_, o d(Tx,,,%,,) = 0. De-
note by wy,(x,,) := [ JA(C, {u,}), where the union is taken over all subsequences {u,} of
{#, }. We prove that w,, (x,,,) C F(T). Let u € w, (%, ). Then there exists a subsequence {x,}
of {x,,} such that A(C, {u,}) = {u}. In view of Lemmas 4.3 and 4.4, there exists a subse-

quence {v,} of {1, } such that A-lim,,_, », v, = vfor some vin C. Since lim,,_, o, d(TV;,, v;) = 0,
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Lemma 4.13 implies that v € F(T). By Lemma 4.10, lim,,_, o d(x,, V) exists. We claim that
u = v. For else, the uniqueness of asymptotic centers implies that

limsup d(v,, v) < limsupd(v,, u) < limsupd(u,, u)

J—> 00 11— 00 n—00
< limsupd(u,,v) = limsupd(x,,v) = limsupd(v,,v),
Hn—0oQ n—o0 n—o0
which is a contradiction. Thus, we have u = v € F(T) and hence w,,(x,,) C F(T).

Now, we prove that {x,,} A-converges to a fixed point of T'. It suffices to show that
wy (%, ) consists of exactly one point. Let {u,} be a subsequence of {x,, }. In view of Lem-
mas 4.3 and 4.4, there exists a subsequence {v,} of {u,} such that A-lim,_, v, = v for
some vin C. Let A(C, {u,}) = {u} and A(C, {x,, }) = {x}. By the argument mentioned above,
we have u = vand v € F(T). We show that x = v. If it is not the case, then the uniqueness

of asymptotic centers implies that

limsupd(v,,v) < limsupd(v,,x) < limsup d(x,, x)

< limsupd(x,,v) = limsupd(v,, ),

Hn—0oQ n—00

which is a contradiction. Thus we have the desired result. O

Theorem 5.3 Let C be a nonempty compact convex subset of a complete CAT(0) space
X and let T : C — C be an a-nonexpansive mapping for some « < 1. Let {B,,} and {y,} be
sequences in [0,1] such that 0 < liminfy_, o vy, <limsupy_, o, Vi, < 1forasubsequence {y,, }
of {Yu}. In the case a < 0, we assume also that limsup;_, ., B, < 1. Let {x,} be a sequence
with x1 in C defined by (4.2). Then {x,} converges in metric to a fixed point of T

Proof Using Lemmas 4.7 and 4.9 and replacing || - — - || with d(-,-) in the proof of Theo-
rem 3.4, we conclude the desired result. O

As in the proof of Theorem 3.5, we can verify the following result.

Theorem 5.4 Let C be a nonempty compact convex subset of a complete CAT(0) space
X and let T : C — C be an a-nonexpansive mapping for some « < 1. Let {B,} and {y,} be
sequences in [0,1] such that 0 < liminfy_, o vy, <limsupy_, o, Vi, < 1forasubsequence {y,, }
of {yu}. In the case a < 0, we assume also that limsup,_, ., B, <1. Let {x,} be a sequence
with xy in C defined by (4.2). If T satisfies condition (1), then {x,} converges in metric to a
fixed point of T
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