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1 Introduction

Nonlinear analysis plays an important role in optimization problems, economics and
transportation. The theory of variational inequalities has emerged as a rapidly growing
area of research because of its applications; see [1-17] fore more details and the refer-
ences therein. To study variational inequalities based on iterative methods has been at-
tracting many authors’ attention. For the iterative methods, the most popular method is
the Mann iterative method which was introduced by Mann in 1953; see [18] and the ref-
erences therein. The Mann iterative process has been proved to be weak convergence for
nonexpansive mappings in infinite dimension spaces; see [19] and the reference therein.
Recently, many authors studied the modification of Mann iterative methods. The most
popular one is to use projections. We call the method a hybrid projection method; see
[20] and the reference therein. In this paper, we study equilibrium problems, fixed point
problems and variational inequalities based on the hybrid projection method. Strong con-
vergence theorems for common solutions of the problems are established in infinite di-

mension Hilbert spaces.

2 Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-,-) and the norm | - ||. Let C be a nonempty closed convex subset of H. Let
S: C — C be a mapping. In this paper, we use F(S) to denote the fixed point set of S.

Recall that the mapping S is said to be nonexpansive if

1Sx—Syll < llx—yll, VYx,yeC.
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S is said to be quasi-nonexpansive if F(S) # @ and
[Sx -yl =lx-yll, VxeC,yeF(©S).
Let A: C — H be a mapping. Recall that A is said to be monotone if
(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be strongly monotone if there exists a constant « > 0 such that
(Ax—Ay,x—y) = allx -yl VxyeC.

For such a case, A is also said to be «-strongly monotone. A is said to be inverse-strongly

monotone if there exists a constant o > 0 such that
(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

For such a case, A is also said to be «-inverse-strongly monotone. A is said to be Lipschitz

if there exits a constant L > 0 such that
[Ax — Ay < Lllx-yl*, Vx,yeC.

For such a case, A is also said to be L-Lipschitz. A set-valued mapping T : H — 2 is said
to be monotone if for all v,y € H, f € Tx and g € Ty imply (x — y,f — g) > 0. A monotone
mapping T : H — 2 is maximal if the graph G(T) of T is not properly contained in the
graph of any other monotone mapping. It is known that a monotone mapping 7 is maximal
if and only if, for any (x,f) € H x H, {(x —y,f —g) > 0 for all (y,g) € G(T) implies f € Tx.
Let F be a bifunction of C x C into R, where R denotes the set of real numbers and A :
C — H is an inverse-strongly monotone mapping. In this paper, we consider the following

generalized equilibrium problem:
Find x € C such that F(x,y) + (Ax,y —x) >0, VyeC. (2.1)
In this paper, the set of such an x € C is denoted by EP(F, A), i.e.,
EP(F,A) = {x € C: F(x,) + (Ax,y —x) > 0,Vy € C}.

To study the generalized equilibrium problems (2.1), we may assume that F satisfies the
following conditions:

(A1) F(x,x)=0forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) foreachx,y,z€C,

lim sup F(tz +(1- t)x,y) < F(x,5);
t10

(A4) for eachx € C, y—~ F(x,y) is convex and lower semi-continuous.
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Next, we give two special cases of the problem (2.1).
(I) If A =0, then the generalized equilibrium problem (2.1) is reduced to the following

equilibrium problem:
Find x € C such that F(x,y) >0, VyeC. (2.2)

(II) If F =0, then the problem (2.1) is reduced to the following classical variational

inequality:
Find x € C such that (Ax,y —x) >0, VyeC. (2.3)

It is known that x € C is a solution to (2.3) if and only if x is a fixed point of the mapping
Pc(I - AA), where A > 0 is a constant and [ is the identity mapping.

Recently, many authors studied the problems (2.1), (2.2) and (2.3) based on hybrid pro-
jection methods; see, for example, [21-36] and the references therein. Motivated by these
results, we investigated the common element problems of the generalized equilibrium
problem (2.1) and quasi-nonexpansive mappings based on the shrinking projection algo-
rithm. A strong convergence theorem of common elements is established in the frame-
work of Hilbert spaces.

In order to prove our main results, we also need the following definitions and lemmas.

The following lemma can be found in [4] and [9].

Lemma 2.1 Let C be a nonempty closed convex subset of H and let F: C x C — R be a
bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C such that

1
F(z,y)+-(y-22z-x)>0, VyeC.
r

Further, define
1
Tx = {ze C:Flz,y)+-(y—-zz—x)>0,Vye C}
r

forallr >0 and x € H. Then the following hold:
(@) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

IT,x = Tyl < (Tox - Ty x - y);

(c) F(T}) = EP(F);
(d) EP(F) is closed and convex.

Lemma 2.2 [37] Let B be a monotone mapping of C into H and Ncv the normal cone to C
atveC,ie.,

Ncv = {weH: (v—u,w) ZO,VueC}

Page3of 16
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and define a mapping M on C by

Bv+Ncv, veC(C,
V=

@, ve C.
Then M is maximal monotone and 0 € My if and only if (Bv,u—v) > 0 forallu € C.

3 Main results

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
F,, be a bifunction from C x C to R which satisfies (Al)-(A4) and A,, : C — H be a k-
inverse-strongly monotone mapping for every 1 < m < N, where N denotes some positive
integer. Let S : C — C be a continuous quasi-nonexpansive mapping which is assumed
to be demiclosed at zero and let B: C — H be a B-inverse-strongly monotone mapping.
Assume that F := ﬂfnlzlEP(Fm,Am) NVI(C,B)NF(S) # 0. Let {A,} be a positive sequence in
[0,28] and {r, .} be a positive sequence in [0, 2k,,] for every1 <m < N. Let {a,,}, {Bu1},---

and {B,n} be sequences in [0,1]. Let {x,} be a sequence generated in the following iterative

process:
X1 € C,
Cl = Cr

Zy = PrOjC(ZI;Z:l /Sn,mun,m - )\nB Zfi:l /Sn,mun,m)f
Yn = QpXy + (I - a,)Szp,

Cn+1 = {V € Cn : ”yn - V” =< ”xn - V”};

KXn+l = PC,Hlxh n= 17

where {u,,,,} is such that

1

Fm(un,m: Mm) + (Amxnx Uy — un,m) + (um - un,m: un,m _xn> 2 O; Vum S C

Tnm

foreachl < m < N.Assume that the above sequence also satisfies the following restrictions:
(@ a,<a<l;
() SN Bum=1and0<b<p,,, <1foreachl<m=<N;
(€ O<c<A,<d<2Band0<e<rum, <f <2y foreachl <m<N,

where a, b, ¢, d, e and f are real numbers. Then the sequence {x,} strongly converges to

Proj - x1.
Proof In view of Lemma 2.1, we see that

Unn = Ty Kn = TnmAm%n), Y1<m <N.
Letting p € F, we obtain that

p=Sp=ProjcU-1Bp=T,,,p—-rwmAnp), Ymei{l,2,... N}
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In view of the restriction (c), we obtain that

|| (I - Vn,mAm)x - (I - rnva"”)y”z

IA

1% = 11> = 27 % = 3, A = A} + 70 A = Ay

Il _y||2 - rn,m(ZKm - rn,m) |A _Amy”2

<lx-yl% VxyeC.

This shows that I — r,,,,A,, is nonexpansive for every m € {1,2,...,N}. In view of the re-

striction (c), we also see that I — A,,B is nonexpansive.

Next, we show that C, is closed and convex. In view of the assumption in the main body

of the theorem, we see that C; = C is closed and convex. Suppose that C; is closed and

convex for some i > 1. We show that C;,; is closed and convex for the same i. Indeed, for

any v € C;, we see that

lly: = vIl < |l = vlI

is equivalent to

llyill® = Nl 1> = 2(v, 3 — &) > 0.

Thus C;,; is closed and convex. This shows that C,, is closed and convex.

Next, we show that 7 C C, for each n > 1. From the assumption, we see that F C C = C;.
Assume that F C C; for some i > 1. For any v € F C C;, we see that

ly: = vl = [Jeizi + (1 — ;) Sz: — V||

<aillx; - vl + 1 - )z -Vl

N
<aillr—vil+ Q=) Y Bimllttim — vl

m=1

N
<ailloi = v+ A=) Y Bim|| Ty = rimAm)i = v |

m=1

N
<aillwi = v+ A=) Y Bim|| (I = rimAm)xi V]|

m=1

< llxi=vIl.

This shows that v € C;;;. This proves that /* C C,. Notice that x, = Projc, x1. For each
ve F C Cy,, we have

ller = xull <l = vl

In particular, we have

ler = % || < |lo¢1 — Proj z x4 ).
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This implies that {x,} is bounded. Since x, = Projc, 1 and x,41 = Projc, %1 € Cyi1 C Gy,
we arrive at

0 < (1= %% = Xa1) < =1 =217 + [l1 = 2| 21 = X |-
It follows that
1% — 211l < %01 — %1 ]|
This implies that lim,,_, o, [|%,, — %1 || exists. On the other hand, we have

2
[l = %1
= |l%n _7‘:1”2 +2(0, — X1, %1 — Xua1) + |21 _xn+1”2

1, = 21112 = 20106 = 211> + 200 = %1, %0 = K1) + 131 = Xt ||

< [loy = Hpan I1* = 1% — 211>
It follows that
lim ||x, — %411l = 0. (3.1)
n— o0

Notice that x,,,1 = Projc}Hl x1 € Cyy1. It follows that
yn = X1 ll < %0 = Xpsr |-

This in turn implies that
"_yn - xn” < ”yn _xn+1|| + ”xn - xn+1|| =< 2”xn _xn+l||'

In view of (3.1), we obtain that
fim (1%, -yl = 0. (3.2)
n— 00

On the other hand, we have

1% = Yl = (I — o) lloey — Szl

It follows from (3.2) that
lim ||x, —Sz,|| = 0. (3.3)
n—0oQ

For any p € F, we have from Lemma 2.1 that

121, _P”2 = ” Trn,m - rn,mAm)xn - Trn,m - rn,mAm)p||2

f ||(xn _p) - rn,m(Amxn _Amp) H2
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= |lon —P||2 = 2T um %0 — Py AmXn — Amp) + I‘imHAmx,, —Amp||2
=< l%n _PHZ - rn,m(z’(m - rn,m)”Amxn _Amp”2’

Vme{l,2,...,N}. (3.4)
On the other hand, we have

2
lyn =PI = ||etutn + (1 - ) Sz, — p|
< oyl — plI* + (1 = @) 1Sz, — p|I>

< aulln —plI* + (1= an)llz, - plI®

N
< llxn = pI* + A=) Y Bumllttnm — pII*. (35)
m=1
Substituting (3.4) into (3.5), we arrive at
N
Iy = pI* < 1060 = PI* = (L= 0t) D BrnTm (2K = ) | A e = Anp|I”. (3.6)

m=1

This in turn implies that

(1 - an)ﬁn,mrn,m(zkm - rn,m)”Amxn _Amp”Z
< 1% = pI* = lyn - pII*

< (I%n = pll + lyn =PI Ixn = yull, V€ {1,2,...,N}.

In view of the restrictions (a)-(c), we obtain from (3.2) that

lim ||Apx, —Ampll =0, Vme{1,2,...,N}. 3.7)

n—00

On the other hand, we have from Lemma 2.1 that

12, _PHZ = ” Trn,m (I = 1y mA )% — Tr,,,m - rn,mAm)p”z

S ((1 - Vn,mAm)xn - (I - rn,mAm)p; un,m _p>
1
= E(” (I = rumAm)xn — (I - ”'n,mAm)p”2 + [ 2t,m _PHZ
- ” (I = rumAm)%n = (I = TyumAm)p — U m —P)||2)
1
S E(Hxn —P||2 + ”un,m —19”2 - ”xn - un,m - rn,m(Amxn _Amp) ”2)

1
= E(Hxn —19||2 + | et,m —19||2 - (Hxn - Mn,m”z

- 2rn,m (xn - un,m¢Amxn _Amp> + rﬁ,m ”Amxn - Amp||2))

Page 7 of 16
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This implies that

2 2 2
”un,m —P” = ”xn —P” - ||xn - un,m” + 2rn,m”xn - un,m” ”Amxn -

Notice that

lyn = pII* < anllx, —plI* + A - o) 1Sz, — plI*

<ayllx, —pl* + Q- a)lz. - plI?

N
< yllxn = pI* + A=) Y Busmlltnm —pII*.
m=1

Substituting (3.8) into (3.9), we see that

N

1y = B> < 120 =PI + A=) D Bum2nm 160 =ty | Aty — A

m=1

N
—(1-ay) Z,Bn,m”xn - un,mHZ
m=1

N
2
< ot =PI + Y 272 = 1A = Ap|

m=1

N
— (=) Y Bumlln — tyml® VI<m <N.

m=1

It follows that

(1- Oln),Bn,m (156 = 230, ”2
N
< %=1 =y =PI + > 2rwmll%n = tam | Amkn — Amp|

m=1

N

= (”xn =Pl + llyn _p”)”xn =l + ern,m”xn = Upm || |1 A, —

m=1

Vi<m<N.

Page 8 of 16

Ampll- (3.8)

mP |l

(3.10)

Ampll,

(3.11)

In view of the restrictions (a) and (b), we obtain from (3.2) and (3.7) that

lm [ — typmll =0, ¥1<m <N.
n—oQ

(3.12)

Since {x,} is bounded, we may assume that there is a subsequence {x,,} of {x,} converging

weakly to some point x. It follows from (3.12) that u,,,, converges weakly to x for every

me(L,2,...,N}.

Next, we show that x € EP(F,,, A,,) for every m € {1,2,...,N}. Since u,,, = Ty, (%, —

TumAmxy) for any u € C, we have

Fm(un,m’ um) + (Amxm Uy — un,m) +
Tnm

<um - un,m: un,m - xn) Z O
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From the condition (A2), we see that

(A s U — Up ) + (U = Wy Uy — Xn) = Foy (15 un,m)' (3.13)

Tnm

Replacing n by n;, we arrive at

uni,m - xni

<Amxnir Um — un,',m> + <um - un;,m; > Z Fm(um; uni,m)' (314)

T'n;m
For t,, with 0 < ¢,, <1 and u,, € C, let u,,, = t,,u, + (1 — t;,)x. Since u,,, € C and x € C, we
have u,,, € C for every 1 < m < N. It follows from (3.14) that
(utm - Mni,rmAmutm)
Mn,v,m - xn,-
Z (”tm - Mni,m:Amutm> - <Amxni,m: utm - Mni,m> - <utm - Mni,mv 7>
rni,m
+ Fm(”tm: uni,m)
= (utm - uni,m¢Amutm _Amun,-,m> + (th - un,-,m’Amuni,m _Amxni)

Unim — Xn;

- <utm - un,v,mr > + Fm(utm) uni,m)~ (315)

nj,m
From (3.12), we have A,,uy, » — Anxn;, — 0 as i — oo for every 1 < m < N. On the other
hand, we obtain from the monotonicity of A,, that (u,, — 4y, Amlts,, — Ambn,m) > 0. It
follows from (A4) that

(s, — %, Amiss,,) > Fputy,, %), VY1<m<N. (3.16)

From (Al) and (A4), we obtain from (3.16) that

0= Fm(utm; utm) < thm(utmrum) + (1 - tm)Fm(utmrx)
=< thm(utm’um) + (1 - m)(utm _vamutm>

= bt F (U, ) + (1 = ty) i (W — %, A i, )
which yields that
Fo(u,,, thn) + (1 = ty) (s — %, Aptaz,,) >0, V1<m <N.
Letting ¢,, — 0 in the above inequality for every 1 < m < N, we arrive at
F(x, t,) + (thy —%,A,,6) >0, V1<m<N.

This shows that x € EP(F,,, A,,) for every 1 < m < N, that s, x € (\_, EP(F,,, A,,). Putting
Wy = Y -1 Branlhnm> We see that

[Wn = pll < llx, - pll

Page9of 16
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and

lyn = pI? = |letntn + (1 = @,)Sz, - |
< @y, = pll* + (1= ) 1Sz, - pI°
< aullay - pll* + (1 =)z, - pII?
< ayllx, = pl* + A - a,) | (T = 2uB)w, - p||*

=< llxn —P||2 - (1= ap)du(2B = 1y) | Bwy, _BpHZ' (3.17)
This in turn implies that

(L —au)r,(28 — An) |1 Bw, _BPHZ < llxx —P||2 —1¥n —P||2

< (Il = 21l + 15 = 2N 1% = P (3.18)
In view of the restriction (a)-(c), we obtain from (3.2) that
lim [|Bw, — Bp|| = 0. (3.19)
n—00
On the other hand, we have from the firm nonexpansivity of Proj. that
. . 2
”Zn —P”Z = “PI‘O_]C(I - )\’VIB)WVI - Pro.]C(l - )\nB)p”
< (U = 2uB)Wy = (I = 2,B)p, 24~ )
1 2
= E(”(]_ AnBYw,, — (I - )LnB)p” + |2, _P”2
2
- ”(1 - AB)w,, — (I = A,B)p — (2, —P)” )

< Z(Iwn =PI + 120 = pII* = | Wy = 20 = An(Bw, — Bp)||*)

— N =

2 2 2
=< E(Hxn =PI+ llzn = plI” = Iwn — 2l

+ 22 Wy — 2y, Bw,, — Bp) — A2||Bw,, — Bpl|?).
This implies that
2w = pII* < %0 =PI = 1Wn = Zall® + 24l W = 24| | Bwys — Bpll,
from which it follows that

lyn = pII* < otullxn — plI* + (1 - ) 1Sz, — pII
< ayllxn = plI* + (1 - )20 - plI*
< l%n = pI* = (1= o) |wy — 21

+ 20wy, = zu ||| Bwy, — Bp|.
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Hence, we get that

(I —au)llwy, _Zn”2
< lltn =PI = Iy = PI* + 24 Wy — 24|l | Bw,, — Bp|

< (I%n =l + 11y =PI 1% = Yull + 225w = 2,1 Bw,, - Bp].

In view of the restriction (a), we obtain from (3.2) and (3.19) that

lim ||w, —z,| =0. (3.20)
n—0o0
Note that
N
12 = %all < 120 = Wall + (Wi = Zll < 120 = Wall + D Busm sy — 2l
m=1

In view of (3.12) and (3.20), we get that
lim ||z, —x,| = 0. (3.21)
n—0oQ

Next, we prove that x € VI(C,B). In fact, let M be the maximal monotone mapping
defined by

By+Ncy, yeC,
7 yé¢C.

My =

For any given (s,t) € G(T), we have ¢ — Bs € N¢s. Since z, € C, by the definition of N¢, we
have

(s—z,,t—Bs) > 0. (3.22)
In view of the algorithm, we obtain that
(S —ZnyZn — (1 - )\nB)Wn) = 0

and hence

<s—zn, Z”;W” +Bwn> > 0. (3.23)

n

Since B is monotone, we obtain from (3.23) that

(s —zp;s t) > (s — 2y, Bs)

Zn, — Wi,

Zni — Wi +BW"£>
A

nj

> (s —zy,Bs) - <s - Zp;»

= (S — 2y, Bs — Bz,,) + (s — 2zy;, Bzy; — Bwy,)
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<s z Z"i_wni>
—(s—z,, 2=
Yo

Zp; — Wy,
> (s =2y, Bzy, — Bwy,) — (5 — 2y, |
ni

It follows from (3.21) that z,,, — x. On the other hand, we have that B is %—Lipschitz con-
tinuous. It follows from (3.20) that

(s—u,t) > 0.

Notice that M is maximal monotone and hence 0 € Mx. This shows that x € VI(C, B).
Notice that

1 = S|l < 1% = Szull + 11521 — Sxy .

We find from (3.3) and (3.21) that
lim [|%, — Sx,|| = 0. (3.24)
n— 00

Next, we prove that x € F(S). Since S is demiclosed at zero, we see that x € F(S). This
proves that x € F. Notice that Proj  x; C Cy41 and x4 = Projcm1 x1, we have

”xl - xn+l|| = ||xl - Proj]—'xln'
On the other hand, we have
lloe1 = Proj 721l < [l — x|
< liminf [} — 2%,
11— 00
< limsup [l — 2, ||
i— 00
< ll%1 — Proj £ 1.
We, therefore, obtain that

lloer — x|l = im [le; — x5, || = [l%1 — Proj = x|
11— 00

This implies x,,, — x = Proj 7 x;. Since {x,,} is an arbitrary subsequence of {x,}, we obtain
that x,, — Proj z x; as # — oo. This completes the proof. g

If S is an identity mapping, we obtain from Theorem 3.1 the following.

Corollary 3.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F,, be a bifunction from C x C to R which satisfies (Al)-(A4) and A,, : C — H be
a ky-inverse-strongly monotone mapping for every 1 < m < N, where N denotes some
positive integer. Let B: C — H be a B-inverse-strongly monotone mapping. Assume that
F = ﬂZﬂEP(Fm,Am) N VI(C,B) # 0. Let {A,} be a positive sequence in [0,28] and {r, ,}
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be a positive sequence in [0,2k,,] for every 1 < m < N. Let {a,},{Bua1},-.. and {B,n} be

sequences in [0,1]. Let {x,} be a sequence generated in the following iterative process:

x € C,

C=C,

T = 0ttt + (1= o) Proj (s Bumtnm = AnB Yoy Brmttnm),
Cor = (V€ Gyt 19 = VIl < I = V1),

Xn41 = Pc, %1, n>1,

where {uy,,} is such that

Fm(un,m: um) + (Amxm Uy — un,m) +

(U = Uy Uy — %) = 0, Vi, € C
Tnm

foreachl < m < N.Assume that the above sequence also satisfies the following restrictions:
(@ ay<a<l;
(b) 21;1[:1 Bum=1and 0 <b < B,,,<1foreachl <m<N;
(€ O<c<A,<d<2Band0<e<rum <f <2y foreachl <m<N,
where a, b, ¢, d, e and f are real numbers. Then the sequence {x,} strongly converges to
Proj - x1.

If N =1, we obtain from Theorem 3.1 the following.

Corollary 3.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R which satisfies (Al)-(A4) and A : C — H be a k-
inverse-strongly monotone mapping. Let S : C — C be a continuous quasi-nonexpansive
mapping which is assumed to be demiclosed at zero and let B: C — H be a B-inverse-
strongly monotone mapping. Assume that F := EP(F,A)N\VI(C,B)NF(S) # . Let {\,} be a
positive sequence in [0,28] and {r,} be a positive sequence in [0, 2« ]. Let {a,} be a sequence

in [0,1]. Let {x,} be a sequence generated in the following iterative process:

x€C,

C=C,

Yn = 0y + (1 — ) SProj-(u, — A, Buy),
Con={veCyillyn—vI = lIxa—vll},

Xn+l = PCn+1xl1 n= 17

where {u,} is such that

1
F(uy, u) + (Axy, v — uy) + — (U — ty, 4y —x,) >0, Vu, €C.
Tn
Assume that the above sequence also satisfies the following restrictions:
(@) ay<a<l;

(b) 0<b<Xr,<c<2Band0<d<r,<e<2 foreachl <m <N,
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where a, b, ¢, d and e are real numbers. Then the sequence {x,} strongly converges to

Proj - x1.
If B is a zero operator, we obtain from Theorem 3.1 the following.

Corollary 3.4 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F,, be a bifunction from C x C to R which satisfies (Al)-(A4) and A,, : C — H be a k,-
inverse-strongly monotone mapping for every 1 < m < N, where N denotes some positive
integer. Let S : C — C be a continuous quasi-nonexpansive mapping which is assumed to
be demiclosed at zero. Assume that F := ﬂl)n[:l EP(F,,,A,,)NE(S) #0. Let {ry,,} be a positive
sequence in [0, 2k,,] foreveryl <m < N.Let{a,},{Bn1},...and {B,n} be sequencesin [0,1].

Let {x,} be a sequence generated in the following iterative process:

X1 € C,
Cl = C»
Yn=0pXy + (1-a,)S Zi\nzzl By U

C;’1+1 = {V € Cn : ||yn - V” = ”xn - V”}:

Xn+l = PCn+1x1! n= 11

where {u,,,,} is such that

Fm(un,m: Um) + (A, Uy — Upm) + (U = Wy U — %) = 0, Vi, € C

Yvnm
oreachl < m < N.Assume that the above sequence also satisfies the following restrictions:
q g
(@) ap<a<l;
(b) fol:l Bum=1and 0 <b<B,,,<1foreachl <m<N;
() 0<c<rym=<d<2y,foreachl <m<N,

where a, b, c and d are real numbers. Then the sequence {x,} strongly converges to Proj r x;.

Finally, we consider the following optimization problem: Find an x” such that

@1(x") = mingec @1 (%),

@2(x") = mineec @2 (%),

en(x") = mingec oy (x),

where ¢,, : C — R is a convex and lower semicontinuous function for each 1 < m < N,

where N > 1 is some positive integer.

Theorem 3.5 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let ¢, be a proper convex and lower semicontinuous function for every 1 < m < N, where
N denotes some positive integer. Assume that F := OP(p) N VI(C,B) N F(S) # ¥, OP(p)
denotes the solution set of the above optimization problem. Let {a,,},{Bua}, ... and {Bun} be
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sequences in [0,1]. Let {x,} be a sequence generated in the following iterative process:

X1 € C,
Cl = Cr
Vn = QuXy + (1 - Ol,,,) Zif\njzl ,Bn,mun,m;

Crn={veCu:llyn—vIl < llxu = vI},

KXn+l = PC,Hlxh n>1,

where {u,,,,} is such that

1
(pm(um) - Qom(un,m) + —— U = Uy Uy — %) = 0,  Vu, €C

n,m

foreachl < m < N.Assume that the above sequence also satisfies the following restrictions:
(@ a,<a<l;
(b) 22:1 Bum=1land 0 <b < B,,,<1foreachl <m<N;
() O<c<rym=<d<ooforeachl <m<N,

where a, b, c and d are real numbers. Then the sequence {x,} strongly converges to Proj r x;.

Proof Putting S =1, A, = B=0 and F,,(x,7) = ¢(y) — ¢(x), we find from Theorem 3.1 the
desired conclusion immediately. O
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