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Abstract
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1 Introduction
Let E be a normed space. A subset K of E is called proximinal if for each x ∈ E there exists
k ∈ K such that

‖x – k‖ = inf
{‖x – y‖ : y ∈ K

}
= d(x,K).

It is known that every closed convex subset of a uniformly convex Banach space is prox-
iminal. In fact, if K is a closed and convex subset of a uniformly convex Banach space X,
then for any x ∈ X there exists a unique point ux ∈ K such that (see, e.g., [, ])

‖x – ux‖ = inf
{‖x – y‖ : y ∈ K

}
= d(x,K).

Wewill denote the family of all nonempty proximinal subsets ofX by P(X), the family of all
nonempty closed, convex and bounded subsets ofX byCVB(X), the family of all nonempty
closed and bounded subsets of X by CB(X) and the family of all nonempty subsets of X
by X for a nonempty set X. Let CB(E) be the family of all nonempty closed and bounded
subsets of a normed space E. Let H be the Hausdorff metric induced by the metric d on
E, that is, for every A,B ∈ E ,

H(A,B) =max
{
sup
a∈A

d(a,B), sup
b∈B

d(b,A)
}
.

If A,B ∈ CB(E), then

H(A,B) = inf
{
ε >  : A⊆N(ε,B) and B ⊆N(ε,A)

}
,

© 2013 Isiogugu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

http://www.fixedpointtheoryandapplications.com/content/2013/1/61
mailto:obifeli2001@yahoo.com
http://creativecommons.org/licenses/by/2.0


Isiogugu Fixed Point Theory and Applications 2013, 2013:61 Page 2 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/61

whereN(ε,C) =
⋃

c∈C{x ∈ E : d(x, c)≤ ε}. Let E be a normed space. Let T :D(T) ⊆ E → E

be a multivalued mapping on E. A point x ∈D(T) is called a fixed point of T if x ∈ Tx. The
set F(T) = {x ∈ D(T) : x ∈ Tx} is called a fixed point set of T . A point x ∈ D(T) is called
a strict fixed point of T if Tx = {x}. The set Fs(T) = {x ∈ D(T) : Tx = {x}} is called a strict
fixed point set of T . A multivalued mapping T :D(T) ⊆ E → E is called L-Lipschitzian if
there exists L >  such that, for any pair x, y ∈D(T),

H(Tx,Ty) ≤ L‖x – y‖. ()

In () if L ∈ [, ), T is said to be a contraction, while T is nonexpansive if L = . T is called
quasi-nonexpansive if F(T) = {x ∈D(T) : x ∈ Tx} �= ∅ and, for all p ∈ F(T),

H(Tx,Tp) ≤ ‖x – p‖. ()

Clearly, every nonexpansive mapping with nonempty fixed point set is quasi-nonexpan-
sive.
In recent years, several works have been done on the approximation of fixed points of

multivalued nonexpansive mappings by many authors (see, for example, [–] and ref-
erences therein). Different iterative schemes have been introduced by several authors to
approximate the fixed points of nonexpansive mappings (see, for example, [–]). Among
the iterative schemes, Sastry and Babu [] introducedMann and Ishikawa iteration as fol-
lows.
Let T : X → P(X) and p be a fixed point of T . The sequence of Mann iterates is given for

x ∈ X by

xn+ = ( – αn)xn + αnyn ∀n≥ , ()

where yn ∈ Txn is such that ‖yn–p‖ = d(Txn,p) and αn is a real sequence in (, )
∑∞

n= αn =
∞.
The sequence of Ishikawa iterates is given by{

yn = ( – βn)xn + βnzn,
xn+ = ( – αn)xn + αnun,

()

where zn ∈ Txn, un ∈ Tyn are such ‖zn – p‖ = d(p,Txn), ‖un – p‖ = d(Tyn,p) and {αn}, {βn}
are real sequences satisfying: (i)  ≤ αn,βn < ; (ii) limn→∞ βn = ; (iii)

∑∞
n= αnβ = ∞.

Using the above iterative schemes, Panyanak [] generalized the result proved by [].
Nadler [] made the following useful remark.

Lemma  Let A,B ∈ CB(X) and a ∈ A. If γ > , then there exists b ∈ B such that

d(a,b)≤ H(A,B) + γ . ()

Using Lemma , Song andWang [] modified the iteration process due to Panyanak []
and improved the results therein. They made the important observation that generating
the Mann and Ishikawa sequences in [] is in some sense dependent on the knowledge of
the fixed point. They gave their iteration scheme as follows.
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Let K be a nonempty convex subset of X, let αn,βn ∈ [, ] and γn ∈ (,∞) such that
limn→∞ γn = . Choose x ∈ K , z ∈ Tx. Let

y = ( – β)x + βz.

Choose u ∈ Ty such that ‖z – u‖ ≤ H(Tx,Ty) + γ and

x = ( – α)x + αu.

Choose z ∈ Tx such that ‖z – u‖ ≤ H(Tx,Ty) + γ and

y = ( – β)x + βz.

Choose u ∈ Ty such that ‖z – u‖ ≤ H(Tx,Ty) + γ and

x = ( – α)x + αu.

Inductively, we have{
yn = ( – βn)xn + βnzn,
xn+ = ( – αn)xn + αnun,

()

where zn ∈ Txn, un ∈ Tyn satisfy ‖zn –un‖ ≤ H(Txn,Tyn)+γn, ‖zn+ –un‖ ≤ H(Txn+,Tyn)+
γn and {αn}, {βn} are real sequences in [, ) satisfying limn→∞ βn = ,

∑∞
n= αnβn = ∞.

Using the above iteration, they then proved the following theorem.

Theorem  (Theorem , []) Let K be a nonempty compact convex subset of a uniformly
convex Banach space X. Suppose that T : K → CB(K) is a multivalued nonexpansive map-
ping such that F(T) �= ∅ and T(p) = {p} for all p ∈ F(T).Then the Ishikawa sequence defined
as above converges strongly to a fixed point of T .

Shahzad and Zegeye [] observed that if X is a normed space and T :D(T)⊆ E → P(X)
is any multivalued mapping, then the mapping PT :D(T)→ P(X) defined for each x by

PT (x) =
{
y ∈ Tx : d(x,Tx) = ‖x – y‖}

has the property that PT (q) = {q} for all q ∈ F(T). Using this idea, they removed the strong
condition ‘T(p) = {p} for all p ∈ F(T)’ introduced by Song and Wang [].
Recently, Khan and Yildirim [] introduced a new iteration scheme for multivalued

nonexpansive mappings using the idea of the iteration scheme for a single-valued nearly
asymptotically nonexpansive mapping introduced by Agarwal et al. [] as follows:⎧⎪⎨⎪⎩

x ∈ K ,
xn+ = ( – λ)vn + λun,
yn = ( – η)xn + ηvn ∀n ∈N,

()

where vn ∈ PT (xn), un ∈ PT (yn) and λ ∈ [, ). Also, using a lemma in Schu [], the idea of
removal of the condition ‘T(p) = {p} for all p ∈ F(T)’ introduced by Shahzad and Zegeye
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[] and the method of direct construction of a Cauchy sequence as indicated by Song and
Cho [], they stated the following theorems.

Theorem  (Theorem , []) Let X be a uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of X. Let T : K → P(K) be a mul-
tivalued mapping such that F(T) �= ∅ and PT is a nonexpansive mapping. Let {xn} be the
sequence as defined in (). Let (I – PT ) be demiclosed with respect to zero. Then {xn} con-
verges weakly to a point of F(T).

However, we observe that there are many multivalued mappings T for which neither
T nor PT is nonexpansive. Based on the above observation, it is our purpose in this
paper to firstly introduce the new classes of multivalued nonexpansive-type, k-strictly
pseudocontractive-type and pseudocontractive-type mappings which are more general
than the class of multivalued nonexpansive mappings. Secondly, we prove that if H is a
real Hilbert space and K is a nonempty weakly closed subset of H , T : K ⊆H → P(H) is a
multivaluedmapping fromK into the family of all nonempty proximinal subsets ofH . Sup-
pose that PT is a k-strictly pseudocontractive-type mapping. Then (I – PT ) is demiclosed
at zero (i.e., the graph of I – PT is closed at zero in σ (E,E*) × (E,‖ · ‖) or weakly demi-
closed at zero), where I denotes the identity on E, σ (E,E*) the weak topology, (E,‖ · ‖)
the norm (or strong) topology and PTx = {u ∈ Tx : ‖x – u‖ = d(x,Tx)}. Lastly, we prove
weak and strong convergence theorems for these classes of multivalued mappings with-
out the compactness condition on the domain of the mappings using Mann and Ishikawa
iteration schemes. Thus our results extend and improve the results on single-valued and
multivalued mappings in the contemporary literature.
In the sequel, we will need the following definitions and lemmas.

Definition  (See, e.g., []) Let E be a Banach space. Let T : D(T) ⊆ E → E be a mul-
tivalued mapping. I – T is said to be strongly demiclosed at zero if for any sequence
{xn}∞n= ⊆ D(T) such that xn converges strongly to p and a sequence {yn} with yn ∈ Txn
for all n ∈N such that {xn – yn} converges strongly to zero, then p ∈ Tp (i.e., F(T) �= ∅).
Observe that if T is a multivalued Lipschitzian mapping, then I – T is strongly demi-

closed.

Definition  (See, e.g., [, ]) Let E be a Banach space. Let T : D(T) ⊆ E → E be a
multivalued mapping. I – T is said to be weakly demiclosed at zero if for any sequence
{xn}∞n= ⊆D(T) such that {xn} converges weakly to p and a sequence {yn} with yn ∈ Txn for
all n ∈N such that {xn – yn} converges strongly to zero, then p ∈ Tp (i.e.,  ∈ (I – T)p).

Definition  Let E be a Banach space. Let T :D(T)⊆ E → E be a multivalued mapping.
A point p ∈ E is called an asymptotic fixed point of T if there exists a sequence {xn}∞n= ⊆
D(T) such that {xn} converges weakly to p and a sequence {yn} with yn ∈ Txn for all n ∈N

such that {xn–yn} converges strongly to zero. We denote the set of asymptotic fixed points
of T by F̂(T).

Definition  (See, e.g., [, ]) Let E be a Banach space. Let T : D(T) ⊆ E → E be a
multivalued mapping. The graph of I – T is said to be closed in σ (E,E*) × (E,‖ · ‖) (i.e.,
I –T isweakly demiclosed or demiclosed) if for any sequence {xn}∞n= ⊆D(T) such that {xn}
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converges weakly to p and a sequence {yn} with yn ∈ Txn for all n ∈ N such that {xn – yn}
converges strongly to y, then y ∈ (I – T)p (i.e., y = p – v for some v ∈ Tp).

Definition  ([]) Let H be a real Hilbert space. Let T : H → CB(H) be a multivalued
mapping. T is said to be monotone if given x, y ∈ H and u ∈ Tx, there exists v ∈ Ty such
that

〈u – v,x – y〉 ≥ ,

d(x,Tx)≥ f (d
(
x,F(T)

) ∀x ∈ K .

Definition  ([]) A multivalued mapping T : K → P(K) is said to satisfy condition ()
(see, for example, []) if there exists a nondecreasing function f : [,∞) → [,∞) with
f () =  and f (r) >  for all r ∈ (,∞) such that

d(x,Tx)≥ f (d
(
x,F(T)

) ∀x ∈ K .

Definition  Let E be a real Banach space. LetT : E → E be amultivaluedmapping. I–T
is said to be monotone in the sense of [] if given any pair x, y ∈ E and u ∈ Tx, there exists
v ∈ Ty such that

〈
x – u – (y – v),x – y

〉 ≥ .

Lemma ([]) Let {an}, {βn} and {γn} be sequences of nonnegative real numbers satisfying
the following relation:

an+ ≤ ( + βn)an + γn, n≥ n,

where n is a nonnegative integer. If
∑

βn < ∞,
∑

γn < ∞, then limn→∞ an exists.

Lemma  ([]) Let K be a normed space. Let T : K → P(K) be a multivalued mapping
and PT (x) = {y ∈ Tx : ‖x – y‖ = d(x,Tx)}. Then the following are equivalent:
() x ∈ Tx;
() PTx = {x};
() x ∈ F(PT ).

Moreover, F(T) = F(PT ).

Lemma  Let H be a real Hilbert space. Then the following well-known result holds: if
{xn}∞n= is a sequence in H which converges weakly to z ∈H , then

lim sup
n→∞

‖xn – y‖ = lim sup
n→∞

‖xn – z‖ + ‖z – y‖ ∀y ∈H . ()

2 Main results
Definition  Let X be a normed space. Amultivaluedmapping T :D(T)⊆ X → X is said
to be k-strictly pseudocontractive-type in the sense of Browder and Petryshyn [] if there

http://www.fixedpointtheoryandapplications.com/content/2013/1/61
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exists k ∈ [, ) such that given any x, y ∈ D(T) and u ∈ Tx, there exists v ∈ Ty satisfying
‖u – v‖ ≤ H(Tx,Ty) and

H(Tx,Ty) ≤ ‖x – y‖ + k
∥∥x – u – (y – v)

∥∥. ()

If k =  in (), T is said to be a pseudocontractive-typemapping. T is called nonexpansive-
type if k = . Clearly, every multivalued nonexpansive mapping is a nonexpansive-type
mapping.

From the definitions, it is clear that every multivalued nonexpansive-type mapping is
k-strictly pseudocontractive-type and every k-strictly pseudocontractive-type mapping is
pseudocontractive-type. The following examples show that the class of nonexpansive-type
mappings is properly contained in the class of k-strictly pseudocontractive-typemappings
and the class of k-strictly pseudocontractive-type mappings is properly contained in the
class of pseudocontractive-type mappings.

Example  Let X =R (the reals with usual metric). Define T : [,∞)→ R by

Tx =
[
–
x

,–x

]
. ()

Then PTx = {–x} for all x ∈ [,∞), hence it is not nonexpansive.

H(Tx,Ty) = max

{∣∣(x – y)
∣∣, ∣∣∣∣(x – y)

∣∣∣∣}
=



|x – y| = |x – y| + 


|x – y|.

Also, for each u ∈ Tx, u = –αx,  ≤ α ≤ 
 , choose v = –αy. Then

|u – v| = ∣∣–αx – (–αy)
∣∣ = α|x – y| ≤ 


|x – y| =H(Tx,Ty)

and ∣∣x – u – (y – v)
∣∣ = ∣∣x – (–αx) –

(
y – (–αy)

)∣∣
=

∣∣( + α)x – ( + α)y
∣∣ = ( + α)|x – y|.

Hence

H(Tx,Ty) = |x – y| + 


|x – y|

= |x – y| + 
( + α)

( + α)|x – y|

= |x – y| + 
( + α)

∣∣x – u – (y – v)
∣∣

≤ |x – y| + 
( + )

∣∣x – u – (y – v)
∣∣

= |x – y| + 


∣∣x – u – (y – v)
∣∣.
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Consequently, T is k-strictly pseudocontractive-type with k = 
 . It then follows that T

is pseudocontractive-type. Observe that T is not nonexpansive-type so that the class of
multivalued nonexpansive-type mappings is properly contained in the class of multival-
ued k-strictly pseudocontractive-type mappings. Next, we show that the class of multi-
valued pseudocontractive-type mappings properly contains the class of multivalued k-
strictly pseudocontractive-type mappings.

Example  Let X =R (the reals with usual metric). Define T : [,∞)→ R by

Tx = [–
√
x, –x]. ()

Then PTx = {–x} which is not nonexpansive. Also,

H(Tx,Ty) =max
{∣∣√(x – y)

∣∣, ∣∣(x – y)
∣∣} = |x – y| = |x – y| + |x – y|.

Furthermore, for each u ∈ Tx, u = –αx, ≤ α ≤ √
, choose v = –αy. Then

|u – v| = ∣∣–αx – (–αy)
∣∣ = α|x – y| ≤ √

|x – y| =H(Tx,Ty)

and

∣∣x – u – (y – v)
∣∣ = ∣∣x – (–αx) –

(
y – (–αy)

)∣∣ = ∣∣( + α)x – ( + α)y
∣∣ = ( + α)|x – y|.

It then follows that

H(Tx,Ty) = |x – y| + |x – y|

= |x – y| + ( + )|x – y|

≤ |x – y| + ( + α)|x – y|

= |x – y| + ∣∣x – u – (y – v)
∣∣.

Now, for any pair x,  ∈ [,∞), T = {}. It then follows that for any u ∈ Tx the corre-
sponding v = . In particular, for u = –x,

H(Tx,T) = |x – |

= |x – | + |x – |

= |x – | + ∣∣x – (–x)
∣∣

= |x – | + ∣∣x – u – (y – v)
∣∣

> |x – y| + k
∣∣x – u – (y – v)

∣∣ ∀k ∈ (, ).

It then follows thatT is a pseudocontractive-typemapping but not a k-strictly pseudocon-
tractive-type mapping.

Using themultivalued version of the method of the proof used in [], we then prove the
following.

http://www.fixedpointtheoryandapplications.com/content/2013/1/61
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Proposition  Let E be a real Banach space. Suppose T :D(T) ⊂ E → E is a pseudocon-
tractive-type mapping. Then I – T is monotone.

Proof Since T is pseudocontractive-type, for any pair x, y ∈ D(T) and u ∈ Tx, there exists
v ∈ Ty such that

‖u – v‖ ≤ H(Tx,Ty) ≤ ‖x – y‖ + ∥∥x – u – (y – v)
∥∥.

Now,

‖u – v‖ = ‖x – y‖ + ∥∥x – u – (y – v)
∥∥ – 

〈
x – u – (y – v),x – y

〉
≤ ‖x – y‖ + ∥∥x – u – (y – v)

∥∥.

Hence, 〈x – u – (y – v),x – y〉 ≥ . Hence, I – T is monotone. �

Proposition  Let E be a normed space. And let T : D(T) ⊆ E → E be a k-strictly
pseudocontractive-type mapping. Then T is a L-Lipschitzian mapping.

Proof Let T be a k-strictly pseudocontractive-type mapping. Then there exists k ∈ [, )
such that, for all x, y ∈ D(T) and u ∈ Tx, there exists v ∈ Ty satisfying ‖u – v‖ ≤ H(Tx,Ty)
and

H(Tx,Ty) ≤ ‖x – y‖ + k
∥∥x – u – (y – v)

∥∥.

We then have that

H(Tx,Ty) ≤ ‖x – y‖ + k
∥∥x – u – (y – v)

∥∥

≤ [‖x – y‖ +√
k
∥∥x – u – (y – v)

∥∥].
It then follows that

H(Tx,Ty) ≤ ‖x – y‖ +√
k
[‖x – y‖ + ‖u – v‖]

≤ ‖x – y‖ +√
k
[‖x – y‖ +H(Tx,Ty)

]
.

Hence

H(Tx,Ty) ≤ ( +
√
k)

( –
√
k)

‖x – y‖. �

Proposition  Let H be a real Hilbert space. Let K be a nonempty weakly closed sub-
set of H . Let T : K ⊆ H → P(H) be a multivalued mapping from K into the family of all
nonempty proximinal subsets of H . Suppose that PT is a k-strictly pseudocontractive-type
mapping. Then (I – PT ) is demiclosed at zero (i.e., the graph of I – PT is closed at zero in
σ (E,E*)× (E,‖ · ‖) or weakly demiclosed at zero).

http://www.fixedpointtheoryandapplications.com/content/2013/1/61


Isiogugu Fixed Point Theory and Applications 2013, 2013:61 Page 9 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/61

Proof Let {xn}∞n= ⊆ K be such that {xn} converges weakly to p and a sequence {yn} with
yn ∈ PTxn for all n ∈ N such that {xn – yn} converges strongly to . We prove that  ∈
(I – PT )p (i.e., p = v for some v ∈ PTp). Since {xn}∞n= converges weakly, it is bounded. Let
q ∈ PTp be arbitrary. From the definition of k-strictly pseudocontractive-type, for each
n ∈N, there exists vn ∈ PTxn such that

‖vn – q‖ ≤ H(PTxn,PTp), ()

and

H(PTxn,PTp) ≤ ‖xn – p‖ + k
∥∥xn – vn – (p – q)

∥∥ ()

for all n ∈N. Also, since vn, yn ∈ PTxn, ‖xn – vn‖ = ‖xn – yn‖. Thus we have

lim
n→∞‖xn – vn‖ = lim

n→∞‖xn – yn‖ = .

For each x ∈ X, define f : E → [,∞) by

f (x) := lim sup
n→∞

‖xn – x‖.

Then, from Lemma , we obtain

f (x) = lim sup
n→∞

‖xn – p‖ + ‖p – x‖ ∀x ∈ E.

Thus

f (x) = f (p) + ‖p – x‖ ∀x ∈ E.

Therefore,

f (q) = f (p) + ‖p – q‖. ()

Observe also that

f (q) = lim sup
n→∞

‖xn – q‖

= lim sup
n→∞

∥∥xn – vn + (vn – q)
∥∥

= lim sup
n→∞

‖vn – q‖

≤ lim sup
n→∞

H(PTxn,PTp)

≤ lim sup
n→∞

[‖xn – p‖ + k
∥∥xn – vn – (p – q)

∥∥]
= lim sup

n→∞
‖xn – p‖ + k

∥∥(p – q)
∥∥

= f (p) + k‖p – q‖. ()

Hence it follows from () and () that ( – k)‖p – q‖ = . Therefore p = q ∈ Tp. �

http://www.fixedpointtheoryandapplications.com/content/2013/1/61
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Theorem  Let K be a nonempty closed and convex subset of a real Hilbert space H . Sup-
pose that T : K → P(K) is a k-strictly pseudocontractive-type mapping from K into the
family of all proximinal subsets of K with k ∈ (, ) such that F(T) �= ∅ and T(p) = {p} for
all p ∈ F(T). Suppose (I-T) is weakly demiclosed at zero. Then the Mann type sequence
defined by

xn+ = ( – αn)xn + αnyn

converges weakly to q ∈ F(T), where yn ∈ Txn with ‖xn – yn‖ = d(xn,Txn) and αn is a real
sequence in (, ) satisfying: (i) αn → α <  – k; (ii) α > ; (iii)

∑∞
n= αn( – αn) = ∞.

Proof Using the well-known identity

∥∥tx + ( – t)y
∥∥ = t‖x‖ + ( – t)‖y‖ – t( – t)‖x – y‖,

which holds for all x, y ∈H and for all t ∈ [, ], we obtain

‖xn+ – p‖ = ∥∥( – αn)xn + αnyn – p
∥∥

=
∥∥( – αn)(xn – p) + αn(yn – p)

∥∥

= ( – αn)‖xn – p‖ + αn‖yn – p‖ – αn( – αn)‖xn – yn‖

≤ ( – αn)‖xn – p‖ + αnH(Txn,Tp) – αn( – αn)‖xn – yn‖

≤ ( – αn)‖xn – p‖ + αn
[‖xn – p‖ + kd(xn,Txn)

]
– αn( – αn)‖xn – yn‖

≤ ‖xn – p‖ + αnk‖xn – yn‖

– αn( – αn)‖xn – yn‖

= ‖xn – p‖ – αn
(
 – (αn + k)

)‖xn – yn‖.

It then follows that limn→∞ ‖xn – p‖ exists, hence {xn} is bounded. Also,
∞∑
n=

αn
(
 – (αn + k)

)‖xn – yn‖ ≤ ‖x – p‖ ≤ ∞.

Since α > , from (ii), we have that limn→∞ ‖xn–yn‖ = . Also, since K is closed and {xn} ⊆
K with {xn} bounded, there exists a subsequence {xnt } ⊆ {xn} such that {xnt } converges
weakly to some q ∈ K . Also, limn→∞ ‖xn – yn‖ =  implies that limn→∞ ‖xnt – ynt‖ = .
Since (I – T) is weakly demiclosed at zero, we have that q ∈ Tq. Since H satisfies Opial’s
condition [], we have that {xn} converges weakly to q ∈ F(T). �

Corollary  Let H be a real Hilbert space and K be a nonempty closed and convex subset
of H . Let T : K → P(K) be a multivalued mapping from K into the family of all proximinal
subsets of K with F(T) �= ∅. Suppose PT is a k-strictly pseudocontractive-type mapping with
k ∈ (, ). Then the Mann sequence {xn} defined in Theorem  converges weakly to a point
of F(T).
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Proof The proof follows easily from Lemma , Proposition  and Theorem . �

Remark  It is easy to see that Examples  and  satisfy the condition ‘given any pair
x, y ∈ D(T) and u ∈ Tx with ‖x – u‖ = d(x,Tx), there exists v ∈ Ty with ‖y – v‖ = d(y,Ty)
satisfying the conditions of Definition ’. Also, if T is a multivalued mapping such that PT

is a pseudocontractive-typemapping, then given any pair x, y ∈D(T) and u ∈ PTxwith the
corresponding v ∈ PTy satisfying the conditions of Definition , it is the case that ‖x–u‖ =
d(x,PTx) and ‖y – v‖ = d(y,PTy).

Based on Lemma  and Remark  above, we will first prove weak and strong conver-
gence for the new class of pseudocontractive-type mappings with the following two con-
ditions: (i) given any pair x, y ∈ D(T) and u ∈ Tx with ‖x – u‖ = d(x,Tx), there exists
v ∈ Ty with ‖y – v‖ = d(y,Ty) satisfying the conditions of Definition ; (ii) T(p) = {p} for
all p ∈ F(T), then obtain the case for an arbitrary multivalued mapping T such that PT is
a pseudocontractive-type mapping without the two conditions on PT as corollary.

Theorem  Let K be a nonempty closed and convex subset of a real Hilbert space X. Sup-
pose that T : K → P(K) is an L-Lipschitzian pseudocontractive-type mapping from K into
the family of all proximinal subsets of K such that F(T) �= ∅ and T(p) = {p} for all p ∈ F(T).
Suppose, for any pair x, y ∈ K and u ∈ Tx with ‖x – u‖ = d(x,Tx), there exists v ∈ Ty with
‖y– v‖ = d(y,Ty) satisfying the conditions of Definition . Suppose T satisfies condition ().
Then the Ishikawa sequence defined by{

yn = ( – βn)xn + βnun,
xn+ = ( – αn)xn + αnwn

()

converges strongly to p ∈ F(T), where un ∈ Txn with ‖xn – un‖ = d(xn,Txn), wn ∈ Tyn with
‖yn – wn‖ = d(yn,Tyn) satisfying the conditions in Definition  and {αn} and {βn} are real
sequences satisfying: (i)  ≤ αn ≤ βn < ; (ii) lim infn→∞ αn = α > ; (iii) supn≥ βn ≤ β ≤

√
+L+

.

Proof

‖xn+ – p‖ = ∥∥( – αn)xn + αnwn – p
∥∥

=
∥∥( – αn)(xn – p) + αn(wn – p)

∥∥

= ( – αn)‖xn – p‖ + αn‖wn – p‖

– αn( – αn)‖xn –wn‖

≤ ( – αn)‖xn – p‖ + αnH(Tyn,Tp)

– αn( – αn)‖xn –wn‖

≤ ( – αn)‖xn – p‖ + αn
[‖yn – p‖

+ d(yn,Tyn)
]
– αn( – αn)‖xn –wn‖

= ( – αn)‖xn – p‖ + αn‖yn – p‖ + αnd(yn,Tyn)

– αn( – αn)‖xn –wn‖. ()
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Also,

d(yn,Tyn)≤ ‖yn –wn‖

=
∥∥( – βn)xn + βnun –wn

∥∥

=
∥∥( – βn)(xn –wn) + βn(un –wn)

∥∥

= ( – βn)‖xn –wn‖ + βn‖un –wn‖

– βn( – βn)‖xn – un‖. ()

() and () imply that

‖xn+ – p‖ ≤ ( – αn)‖xn – p‖ + αn‖yn – p‖

+ αn
[
( – βn)‖xn –wn‖ + βn‖un –wn‖

– βn( – βn)‖xn – un‖
]

– αn( – αn)‖xn –wn‖, ()

‖yn – p‖ = ∥∥( – βn)xn + βnun – p
∥∥

=
∥∥( – βn)(xn – p) + βn(un – p)

∥∥

= ( – βn)‖xn – p‖ + βn‖un – p‖

– βn( – βn)‖xn – un‖

≤ ( – βn)‖xn – p‖ + βnH(Txn,Tp)

– βn( – βn)‖xn – un‖,
≤ ( – βn)‖xn – p‖ + βn

[‖xn – p‖ + d(xn,Txn)
]

– βn( – βn)‖xn – un‖

≤ ( – βn)‖xn – p‖ + βn‖xn – p‖ + βn‖xn – un‖

– βn( – βn)‖xn – un‖

= ‖xn – p‖ + β
n‖xn – un‖. ()

() and () imply that

‖xn+ – p‖ ≤ ( – αn)‖xn – p‖

+ αn
[‖xn – p‖ + β

n‖xn – un‖
]

+ αn
[
( – βn)‖xn –wn‖ + βn‖un –wn‖

– βn( – βn)‖xn – un‖
]

– αn( – αn)‖xn –wn‖

= ( – αn)‖xn – p‖ + αn‖xn – p‖ + αnβ

n‖xn – un‖

+ αn( – βn)‖xn –wn‖ + αnβn‖un –wn‖
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– αnβn( – βn)‖xn – un‖ – αn( – αn)‖xn –wn‖

≤ ‖xn – p‖ + αnβ

n‖xn – un‖ + αnβnH(Txn,Tyn)

– αn(βn – αn)‖xn –wn‖

– αnβn( – βn)‖xn – un‖

≤ ‖xn – p‖ + αnβ

n‖xn – un‖ + αnβ


nL

‖xn – un‖

– αnβn( – βn)‖xn – un‖

– αn(βn – αn)‖xn –wn‖

= ‖xn – p‖ – αnβn
[
 – βn – Lβ

n
]‖xn – un‖

– αn(βn – αn)‖xn –wn‖

= ‖xn – p‖ – αnβn
[
 – βn – Lβ

n
]‖xn – un‖. ()

It then follows from Lemma  that limn→∞ ‖xn – p‖ exists. Hence {xn} is bounded, so are
{un} and {wn}. We then have from (), (ii) and (iii) that

∞∑
n=

α[ – β – Lβ]‖xn – un‖ ≤
∞∑
n=

αnβn
[
 – βn – Lβ

n
]‖xn – un‖

≤
∞∑
n=

[‖xn – p‖ – ‖xn+ – p‖]
≤ ‖x – p‖ +D < ∞.

It then follows that limn→∞ ‖xn – un‖ = . Since un ∈ Txn, we have that d(xn,Txn) ≤ ‖xn –
un‖ →  as n → ∞. Since T satisfies condition (), limn→∞ d(xn,F(T)) = . Thus there
exists a subsequence {xnk } of {xn} such that ‖xnk – pk‖ ≤ 

k for some {pk} ⊆ F(T). From
()

‖xnk+ – pk‖ ≤ ‖xnk – pk‖.

We now show that {pk} is a Cauchy sequence in F(T).

‖pk+ – pk‖ ≤ ‖pk+ – xnk+‖ + ‖xnk+ – pk‖

≤ 
k+

+

k

=


k–
.

Therefore {pk} is a Cauchy sequence and converges to some q ∈ K because K is closed.
Now,

‖xnk – q‖ ≤ ‖xn – pk‖ + ‖pk – q‖.

Hence xnk → q as k → ∞,

d(q,Tq) ≤ ‖q – pk‖ + ‖pk – xnk‖ + d(xnk ,Txnk ) +H(Txnk ,Tq)

≤ ‖q – pk‖ + ‖pk – xnk‖ + d(xnk ,Txnk ) + L‖xnk – q‖.
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Hence, q ∈ Tq and {xnk } converges strongly to q. Since lim‖xn – q‖ exists, we have that xn
converges strongly to q ∈ F(T). �

Corollary  Let H be a real Hilbert space and K be a nonempty closed and convex subset
of H . Let T : K → P(K) be a multivalued mapping from K into the family of all proximinal
subsets of K such that F(T) �= ∅. Suppose PT is an L-Lipschitzian pseudocontractive-type
mapping. If T satisfies condition (), then the Ishikawa sequence {xn} defined in () con-
verges strongly to p ∈ F(T).

Proof The proof follows easily from Lemma , Remark  and Theorem . �
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